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1. Introduction

11. Aim and scope

In this article, we work over an algebraically closed field k of characteristic zero (even if most of the
partial results we obtain along the way are valid over any algebraically closed field k, as we explain at the
beginning of each section). We study IP'-bundles X — S (always assumed to be locally trivial for the Zariski
topology), where S is a smooth projective rational surface (the smoothness condition is actually not a strong
restriction; see § 2.2), and study the group scheme Aut(X) of automorphisms of X. This group scheme
can have infinitely many components, but the connected component of the identity Aut®(X) is a connected
algebraic group; see [MOG67]. The aim of this article is to study the pairs (X, Aut®(X)) and to classify these,
up to birational conjugation. In particular, we describe the geometry of the pairs arising and the restriction
of X — S to natural curves of S.

Our motivation for this study comes from the classification of connected algebraic subgroups of the
Cremona group Bir(IP3), stated by Enriques and Fano in [EF98] and achieved by Umemura over the field
k = C in a series of four papers [Ume80, Ume82a, Ume82b, Ume85] , using analytic methods. As explained
in [MU83, Ume88], these groups act on some minimal rational threefolds, and it turns out that most of the
threefolds obtained are IP!-bundles over rational surfaces. Our plan is to give a shorter geometric proof of
the classification of Umemura, and this article is the first step in this direction (the second step is in [BFT21]).
Instead of starting with the group action and trying to find threefolds where the group acts, we will directly
study the possible varieties and their symmetries, then reduce to some simple varieties, and in the end
compute the neutral component of their automorphism groups.

Our approach should be seen as the analogue of the following way to understand the classification
of connected algebraic subgroups of the Cremona group Bir(IP?). This classification was initiated by
Enriques in [Enr93] and can nowadays be easily recovered via the classification of smooth projective rational
surfaces, as we now explain. One can conjugate any connected algebraic subgroup of Bir(IP?) to a group of
automorphisms of a smooth projective rational surface S. Contracting all (—1)-curves of S, we can moreover
assume that S is a minimal surface, ie. that S is isomorphic to the projective plane IP? or a Hirzebruch
surface [F;, with a > 0, a # 1; see [Bea96] for a general survey on surfaces. One then checks that the groups
of automorphisms obtained are maximal, as these have no orbit of finite size: this forbids the existence of
equivariant birational maps towards other smooth projective rational surfaces. Every connected algebraic
subgroup of Bir(IP?) is thus contained in a maximal connected algebraic subgroup of Bir(IP?), which is
conjugate to the group Aut®(S), where S is a minimal smooth rational surface. See also [Bla09] for the
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classification of the (not necessarily connected) maximal algebraic subgroups of Bir(IP?) with a similar
approach.

The aim of our classification is then to proceed as in the case of surfaces and study minimal threefolds.
There are many more such varieties in dimension 3 than in dimension 2, and not all of them yield maximal
algebraic subgroups of Bir(IP?). Moreover, some maximal connected algebraic subgroups of Bir(IP3) are
realised by infinitely many minimal threefolds. Our aim is then to understand the geometry of the minimal
threefolds obtained in this way and the equivariant birational maps between them.

Another motivation consists in unifying some well-known results (most of them over the field of complex
numbers, using topological arguments) on IPl-bundles over minimal rational surfaces, i.e. the projective
plane P? and the Hirzebruch surfaces F,, and to obtain these results from the perspective of automorphisms
groups. See for instance Corollaries 3.3.3 and 4.2.2 and Remark 4.3.2.

We also provide moduli spaces parametrising the IP!-bundles X — TF, over Hirzebruch surfaces having
no jumping fibre (see Corollary 3.3.8), i.e. the Pl-bundles such that all fibres of the natural morphism
X — P! (induced by the structure morphism IF, — IP!) are Hirzebruch surfaces IF, for a fixed b not
depending on the fibre. These IP'-bundles can also be described using exact sequences of vector bundles
(see Corollary 3.3.3). The action of Aut®(IF;) on the moduli spaces, depending on some natural numerical
invariants (see Definition 1.4.1), is described explicitly; see § 3.4, and more precisely Corollary 3.4.6.

Our approach uses very basic tools and is aimed to be easy to follow by any interested reader, not
necessarily expert. Most of the time we give proofs which do not use any known results, and we make a
reference to the literature when we re-prove a known fact.

1.2. Summary of the classification
Definition 1.2.1. Let 7: X — S and 7¢’: X’ — S’ be two IP!-bundles over two smooth projective rational
surfaces S and S’. A birational map ¢: X --» X’ is said to be

(1) a square birational map (resp. square isomorphism/square automorphism) if there exists a birational map
n: S --> S such that 7" = 7 (and if @ is resp. an isomorphism/automorphism)

X---" _.x
n b
S——-—--—- > S/

we say in these cases that ¢ is above 17;
(2) a birational map (resp. isomorphism/automorphism) of P! -bundles if S = S’ and 7’ = 1 (and if @ is
resp. an isomorphism/automorphism)

(3) Aut®(X)-equivariant if  Aut®(X)p~! C Aut®(X’) (or, equivalently, if ¢ Aut®(X)p~! C Aut(X’)).
As the definition depends on 7t and 7/, and not only on X and X’, we will often write ¢: (X, ) -->
(X’,7’) and say that (X, ) and (X’,7¢") are, respectively, square birational/square isomorphic/birational
IP!-bundles/isomorphic IP'-bundles if @ satisfies the corresponding condition.

Remark 1.2.2. In the above definition, every element of Aut®(X) is a square automorphism (see Lemma 2.1.1)
but not necessarily a birational map of IP!-bundles.
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Definition 1.2.3. Let 7t: X — S be a IP-bundle over a smooth projective rational surface S. We say that
Aut®(X) is maximal if for each Aut®(X)-equivariant square birational map ¢: (X, ) --> (X', 7@’), we have
@ Aut®(X)p~! = Aut®(X’). If we moreover have (X', 1) ~ (X, ) (resp. ¢ is an isomorphism of P!-bundles)
for each such ¢, we say that the P!-bundle (X, 7t) is stiff (vesp. superstiff).

Remark 1.2.4. This definition depends on X and 7, and not only on X. For instance, taking X = P! x I
and two standard IP!-bundle structures 71: X — P! x P! and 7’: X — [F;, Aut®(X) is maximal with respect
to 7¢ but not with respect to 7. (The pairs (X, 1) and (X, 7’) correspond, respectively, to ]:01’0 and ]—"10’0,
see Definition 3.1.1, so this observation follows from Theorem A).

Remark 1.2.5. To the best of our knowledge, the notion of stiff/superstiff is new. It is analogous to the notion
of equivariant birational rigidity/superrigidity for Mori fibre spaces but is not equivalent since here we
only consider IP!-bundles. Moreover, birational rigidity for Mori fibre spaces is always up to squares, while
stiffness also detects these birational maps; see [Cor00] and [Pukl3] to know more about the notions of
rigidity and superrigidity for Mori fibre spaces.

The next statement, which summarises most of our work, is our main result (the notation is explained
after Theorem B).

Theorem A. Let 1t: X — S be a P'-bundle over a smooth projective rational surface S. Then, there exists an
Aut®(X)-equivariant square birational map (X, 1) --> (X', 70’) such that Aut®°(X’) is maximal. Moreover, the
group Aut®(X) is maximal if and only if (X, ) is square isomorphic to one of the following:
(a) a decomposable Pl-bundle ﬂb’c — [F, witha,b>0,a=1,ceZ,
c<0ifb=0,
and wherea=0o0rb=c=0
or—a<c<ab;
(b) a decomposable Pl-bundle P, —> P> for someb > 0;
(¢) an Umemura Pl-bundle L[f’c — [, forsomea,b>1,c>2,
withc—ab<2 ifa>2,
andc—ab<1 ifa=1;
(d) a Schwarzenberger P'-bundle S, —> P?> forsomeb > 1; or
(e) a Pl-bundle V, —> P> for someb> 2.

Remark 1.2.6. We keep the notation of Theorem A:

. Auto(ﬂb’c) is described in Lemma 3.1.5 and Remark 3.1.6;
o Aut®(P,) is described in Lemma 4.1.2 and Remark 4.1.3;

. AutO(Uf’C) is described in Lemma 3.6.3 and Remark 3.6.4;
« Aut®(Sy) is described in Lemma 4.2.5(2); and

» Aut®(V},) is described in Lemma 5.5.1(3)-(4).

Contrary to the dimension 2 case, there are many IP!-bundles X — S with maximal Aut®(X) which are
birationally conjugate. This means that the IP!-bundles of Theorem A are not always stiff. The next result
describes all the possible links between such IP'-bundles. The construction of such links is detailed in § 5.

Theorem B. The IP!-bundles of Theorem A are superstiff only in the cases:

(a) F2 witha=0 orb=c=0;

(b) Py forb > 0; and

(c) &1 = P(Tp2).
In the other cases, the equivariant square birational maps between the P'-bundles of Theorem A are given by
compositions of square isomorphisms of P-bundles and of birational maps appearing in the following list:
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(1) for all integers a,b >0, c € Z witha =1, —a<c <0, an infinite sequence of equivariant birational maps
of P -bundles

‘7_—ab,c N ]_-ub+1,c+a NN }-ab+n,c+an e

2

(2) for all integers a,b > 1 with (a,b) = (1,1), an infinite sequence of equivariant birational maps of
P-bundles

Mf,Z N u£+1,2+a BN Z/{éi-%—rz,2+an__9 .

)

(3) for each b > 2, a birational involution Sy --> Sp;

(4) for each b > 2, the equivariant birational morphisms L{lb 2 V), obtained by contracting the preimage of
the (—1)-curve of T, onto the fibre of a point of P? in V).

In Theorems A and B, decomposable IP!-bundles are simply the projectivisations of decomposable rank 2
vector bundles. The IP!-bundles over IF, and IP? are particularly easy to describe (see §§ 3.1 and 4.1). The
Schwarzenberger IP!-bundles over IP? are projectivisations of the classical rank 2 vector bundles of the same
name (see below). We describe the notation here.

Definition 1.2.7 (Schwarzenberger P!-bundles). Let b > —1 be an integer, and let x: IP! x P! — IP? be the
(2: 1)-cover defined by

K: P! x P! - P2
(lvo:31)lz0:21]) = [poz0:%071 +%120: 9121

whose branch locus is the diagonal A C P! x P! and whose ramification locus is the smooth conic
[ ={[X:Y:Z]|Y?=4XZ}CIP? The b-th Schwarzenberger P'-bundle S}, — P? is the IP'-bundle defined
by

Sy = P(1.0p1xpi (-b—1,0)) - P2,

Note that Sy, is the projectivisation of the classical Schwarzenberger vector bundle x,Opiyp1(—b—1,0)
introduced in [Sch61]. Moreover, there is a natural family of lines of P> whose preimage by S, — IP? is
isomorphic to I, for each b > 0 (by Lemma 4.2.5(1)). This explains the shift in the notation.

The families of Umemura P!-bundles Z/lf “, introduced by Umemura in [Ume88, § 10], need a bit more
notation to be described. This is done in § 3.6. The IP!-bundles Vlb — IP? is a family of P'-bundles such
that Aut®()}) is maximal and birationally conjugate to certain AutO(Ulb ‘), but with an action on IP? fixing
a point; see Lemma 5.5.1 for the precise relation between the two families.

Remark 1.2.8. Let us mention that the IP!-bundles that appear in Theorem A are toric varieties (families (a)
and (b)) or minimal smooth compactifications of SL,/H with H C SL, a finite subgroup (families (c), (d), and
(e) and certain members of families (a) and (b)). Here we call minimal smooth compactification of SL,/H an
SL;-equivariant embedding SL,/H < X such that X is a smooth projective variety and any SL,-equivariant
birational morphism X — X’, with X’ smooth, is an isomorphism; these SL,-threefolds were studied and
classified by Nakano in [Nak89] (over C) as an application of Mori theory. The finite subgroups of SL,(C)
are well known: there are the cyclic groups, the binary dihedral groups, and the binary polyhedral groups.
When H is non-cyclic, SL,/H admits a unique minimal smooth compactification, namely the Fano threefolds
Vs, Vzl\g U, and the smooth quadric Q3 for the binary polyhedral groups (see [Nak89, Proposition 2.5]), and
the Schwarzenberger IP'-bundles or IP? for the binary dihedral groups (see [Nak89, Theorem 2.8]). But
when H is cyclic, SL,/H admits several non-isomorphic minimal smooth compactifications including the
IP!-bundles corresponding to families (c) and (e) in Theorem A (see [Nak89, Theorem 2.31] for the complete
list).
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1.3. Comparison with Umemura’s classification

Each of the maximal connected algebraic subgroups of Bir(IPg’:) given in [Ume85, Theorem 2.1] acts
on some Mori fibre spaces (as explained in [Ume88]). The cases (P1), (P2), (El), (E2) correspond to Fano
threefolds, the cases (J10), (J12) to Del Pezzo fibrations (IP?>-bundles and quadric fibrations), and all other
cases (J1)-(J9), (J11) correspond to P!-bundles. We now explain to which of the cases (a)-(d) of Theorem A
these correspond.

Note that ]—;b’c = IP(Of, ® O, (~bs, + cf)) — F, (see Definition 3.1.1) and that P, = P(Op2(b) ® Op2) =
P(Op2 @ Op2(—b)) — IP? (see Definition 4.1.1).

(J1) is Aut®(P? x IP!) and is thus given by Py — P2.

(J2) is Aut°(IP! x IP! x IP!) and is thus given by ]-"00’0 — [F.

(J3) is Aut®(IF,, x IP!), with m > 2, which is given either by .7:,,9’0 — IF,, or by .7-"00’"1 — IFy, which is square
isomorphic to .7-—0m’0 — Fy (but not isomorphic as a P'-bundle).

(J4) is Aut®(PGL3/B) ~ PGL3 and is thus equal to Aut®(S;), as S; — P2, P(Tp2) — P2, and PGL3/B —
PGL3/P are isomorphic, by Remark 4.2.8.

(J5) is Aut®°(PGL,/D,,), with n > 4, and is thus equal to Aut®(Sy), with b =n—1 > 3, by Remark 4.2.7.

(J6) is Aut°(L,, ), where L, , — Fy is a IPl-bundle of bidegree (m, 1), with m > 2, n < -2 (see [Ume85,
Theorem 2.1(J6)] and [Ume88, § 5]). It thus corresponds to F,"" " — IF,, given in (a).

(J7) is equal to Aut°(J,,) = Aut°(J},), with m > 2, where the IP'-bundle J,, — IP? defined in [Ume88, § 6]
is a compactification of J}, of [Ume85, Theorem 2.1(J7)], isomorphic to P, — IP? with m = b, given in (b).

(J8) is Aut®(L,,,), where L,, , — IFy is a Pl-bundle of bidegree (m,1), with m > n > 1 (see [Ume85,
Theorem 2.1(J8)] and [Ume88, § 7]). It thus corresponds to """ — Iy, which is square isomorphic to
Fy"™ — Ty, both given in (a).

(J9) is Auto(F;n’n), for some integers m > n > 2 (see [Ume85, Theorem 2.1(J9)]), and is also equal to
Auto(F’fn,n) for each integer k > | m/n |, where F’,‘n'n =P(Op, ®Op, (~ks_,—mf)) = P(Of, ® O, (—ks, +(nk—
m)f)) = FF"™ S, given in (a).

(J1) is Aut®(E;}), where m = 1,1 > 3 or m,l > 2 (see [Ume85, Theorem 2.1(J11)]). Then E/! admits a family
of compactifications given in [Ume88, § 10] and depending on a parameter j > [; these compactifications
correspond to the Umemura bundles Z/{f’c —F,witha=m,b=j,c=(j-1)m+2.

Let us note that the family (e) in Theorem A was overlooked in the work of Umemura. These have to
correspond to maximal algebraic subgroups of Bir(IP?) and should appear in [Ume88, § 10].

Some of the elements of our list do not appear in [Ume85, Ume88]. This is sometimes because these do
not correspond to maximal algebraic subgroups of Bir(IP?), as we can embed the groups in larger groups of
automorphisms of Mori fibre spaces, or it is because they are equivalent to other elements of the list, by
a birational map not preserving the IP!-bundle structure. This is for instance the case of S, — P2, which
is Aut(S,)-equivariantly birational to P>, or of .7-'00'1 ~ T xP! - P! x P!, which is not maximal as it is
equivariantly birational to IP?> x IP!. There are many other cases, which are studied in [BFT21].

1.4. Overview of the proof

Starting with a P'-bundle 7: X — S over a smooth projective rational surface S, there is a birational
morphism #7: S — S, where S is a Hirzebruch surface FF, or the projective plane IP?. Applying Lemma 2.3.2,
we obtain a square birational map 1 : (X, 1) --> (X, ), unique up to isomorphism. Moreover, 1 is Aut®(X)-
equivariant. We then need to study IP!-bundles over Hirzebruch surfaces or over the projective plane.

Section 3 concerns the case of IP!-bundles over Hirzebruch surfaces 1t: X — F,, with a > 0. We denote
by 7,: F, — P! a P!-bundle structure on IF,, and we study the surfaces Sp= (t,m)"!(p) with p € P'. The
situation is described by Proposition 3.2.2; we explain it now. There is an integer b > 0 such that S, ~ I,
for a general p € IP'. If this holds for all points of P!, we in fact have a IFy-bundle 7,71: X — P!: we
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say that there is no jumping fibre. If a special point p € P! is such that Sp = Iy for some b # b, then
b’ > b and we can blow up the exceptional curve of S, ~ I, and contract the strict transform of S, in an
Aut®(X)-equivariant way. After finitely many steps, we reduce to the case where there is no jumping fibre.

We then associate to any IP!-bundle 7t: X — IF, with no jumping fibres two integers b, c € Z such that
b >0, and ¢ <0 if b = 0. The integer b is the one such that 7,7t: X — P! is a [F,-bundle, and the integer ¢
can be seen either with the transition function of 77 : X — F, or using exact sequences associated to the
rank 2 vector bundle corresponding to 7t, with the following definition (Corollary 3.2.3 shows the equivalence
between the two points of view).

Definition 1.4.1. Let a,b,c € Z be such that a,b > 0 and ¢ < 0 if b = 0. We say that a Pl bundle 7t: X — IF,
has numerical invariants (a, b, c) if it is the projectivisation of a rank 2 vector bundle £ which fits in a short
exact sequence

0—>0p —&—O0g(-bs;+cf)—0,

where f,s, CIF, are a fibre and a section of self-intersection a of 7,: IF, — P!,

In Proposition 3.3.1, we show that a IP!-bundle 7c: X — F, with numerical invariants (a,b,c) has no
jumping fibre and that every IP!-bundle 7c: X — IF, with no jumping fibre has numerical invariants (a, b, c),
for some uniquely determined integers b,c € Z, with b > 0, and ¢ < 0 if b = 0. The above numerical
invariants are thus really invariant under isomorphisms.

We then prove (see Corollary 3.3.7) that every IP!-bundle X — [F, with numerical invariants (a,b,c) is
decomposable if b = 0 or ¢ < 2, and construct a moduli space MZ’C, which is isomorphic to a projective space
(see Remark 3.3.9), parametrising the non-decomposable IP!-bundles X — IF, with numerical invariants
(a,b,c) when b > 1 and ¢ > 2 (see Corollary 3.3.8).

The group Aut®(IF,) acts naturally on this moduli space, via an algebraic action, which is detailed in
§ 3.4. Using this action, we are able to describe the geometry of IP-bundles X — TF, (see Proposition 3.7.4).
We prove in particular that if no surface S, (with the notation above) is invariant by Aut®(X), then 7 is
isomorphic to a decomposable IP!-bundle, to an Umemura IP!-bundle, or to a IP'-bundle S, — P xIP!, which
is obtained by pulling back the Schwarzenberger bundle S}, — IP? via the double cover «: P! x P! — IP?
defined above (see Lemma 4.2.4); the last two cases correspond to natural elements of the moduli spaces
M5 fixed by Aut®(FE,).

In the case Sb — P! xP! and in the case where a fibre Sp is invariant, we can reduce to the case of
decomposable P'-bundles over IF, (again by Proposition 3.7.4).

Section 4 concerns IP!-bundles over IP2. Despite the fact that the geometry of such bundles is quite rich
and complicated (see e.g. [OSSl]] for an overview when k = C), our approach allows us to give a quite simple
proof in this case, using the work done in § 3 for IP'-bundles over Hirzebruch surfaces. We first study the
Schwarzenberger IP'-bundles S), — P? (see Lemmas 4.2.1, 4.2.4, and 4.2.5 and Corollary 4.2.2). We then take
a IPl-bundle 7t: X — IP? and denote by H C Aut(IP?) the image of Aut®(X). If H fixes a point, we blow up
the fibre of this point and reduce our study to the case of IP'-bundles over IF;. Otherwise, using the structure
of Aut(IP?), we see that either H = Aut(IP?) = PGL3 or H C Aut(IP?,C) = {g € Aut(IP?) | g(C) = C}, for
some smooth curve C which is a line or a conic (see Lemma 4.3.3). The case where C is a line cannot
happen (see Proposition 4.3.4), and the case where C is a conic corresponds to the Schwarzenberger case;
this is proven by using the double cover x: IP! x P! — IP? of Definition 1.2.7 and the results on P!-bundles
over Hirzebruch surfaces. The case where H = PGLj corresponds to the decomposable IP'-bundles over
IP? or to the special Schwarzenberger IP'-bundle S}, isomorphic to the projectivised tangent bundle IP(Tp:).
Again, this is proven by a reduction to the case of IP!-bundles of IF; (studied in § 3) by blowing up a point
of IP.

In § 5, we prove Theorems A and B, which achieves our classification. Once we have reduced our
study to decomposable P!-bundles over FF, or IP? or to Umemura or Schwarzenberger P!-bundles (see
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Proposition 5.1.1), we study birational maps of IP!-bundles between elements of these four families, which are
in fact obtained by elementary links centred at invariant curves (see Lemma 5.3.1), square isomorphisms,
and special contractions from IP'-bundles over IF; to IP!-bundles over IP? (see Remark 5.2.1). The study of
the possible links is made on each family, by describing the possible invariant curves. These are naturally
contained in the preimage of invariant curves of the surface S over which we take the IP!-bundles and are
most of the time obtained by a negative curve in the fibres of smooth rational curves.
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2. Preliminaries

All the results in § 2 are valid over an algebraically closed field k of arbitrary characteristic.

2.1. Blanchard’s lemma

We recall a result due to Blanchard [Bla56, § L1] in the setting of complex geometry, whose proof has been
adapted to the setting of algebraic geometry by Brion, Samuel, and Uma.

Lemma 2.1.1 (¢f [BSU13, Proposition 4.2.1]). Let f: X — Y be a proper morphism between algebraic varieties
such that f,(Ox) = Oy. If a connected algebraic group G acts on X, then there exists a unique action of G on'Y
such that f is G-equivariant.

2.2. Resolution of indeterminacies

The next result implies that if 77: X — S is a IP-bundle over a singular surface, then there exists an
Aut®(X)-equivariant square birational map (X, ) --» (X’,7¢), with 7" : X’ — S’ a IP!-bundle over a smooth
surface. Therefore, it is enough to consider the IP!-bundles over smooth surfaces to determine all the
maximal automorphism groups Aut®(X) in the sense of Definition 1.2.3.

Lemma 2.2.1. Let t: X — S be a P'-bundle over a singular projective surface S, and let G C Aut®(X) be
a connected algebraic subgroup. Then there exist a PY-bundle 7': X' — S’, equipped with a G-action, and
G-equivariant birational morphisms : S — S and 1j: X’ — X such that 1 is a resolution of singularities and
the diagram below is cartesian; in particular, i~  G1 is a subgroup of Aut°®(X’).

Proof. By Lemma 2.1.1, the group G acts biregularly on S. Since G is connected, we can solve the singularities
of S in a G-equivariant way by repeatedly alternating between normalization and blowing-up of the singular
points (see for instance [Art86]). We denote by 17: S — S a G-equivariant resolution of singularities of S
and define 77: X’ := X xg S’ — S’ to be the pull-back of 7 along 11: S’ — S. The pull-back of a P!-bundle
along a morphism of schemes is again a IP'-bundle (indeed, all the IP'-bundles that we consider are Zariski
locally trivial). Also, since S” — S is G-equivariant, G acts on X', and #j : X" — X is G-equivariant. The last
statement follows from the fact that #, and thus 7, is birational. ]
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In the following, we will only consider the IPl-bundles over smooth surfaces; in particular, we will not
describe the IP!-bundles X — S over singular surfaces such that Aut°(X) is maximal. There are many such
IP!-bundles, obtained from those of Theorem A by contracting the negative curve on a Hirzebruch surface
onto a singular point. The obtained threefolds have, however, singularities which are of codimension 2, so it is
natural to avoid them when working in birational geometry with the classical minimal model program (where
varieties have terminal singularities). We also recall that a IP”-bundle over a smooth variety is isomorphic to
the projectivisation of a rank 7+ 1 vector bundle over this variety (see e.g. [Har77, Exercise I1.7.10(c)]); this
well-known fact will be used implicitly throughout the rest of the article.

2.3. The descent lemma

The following simple observation will be often used later. It explains that P!-bundles 7 : X — S
over smooth projective surfaces are uniquely determined by a description on an open subset with finite
complement. This is for instance useful over IP? or Hirzebruch surfaces, where then only the restriction of 7t
to two open subsets isomorphic to A? is needed to describe the whole IP!-bundle.

Lemma 2.3.1. Let S be a smooth projective surface, let Q) C S be a finite set, and let g € Aut(S) be an
automorphism that satisfies ¢(Q) = Q. Let 711: X — S and 115: X, — S be two P'-bundles, and let
&: Xy --> X, be a birational map that restricts to an isomorphism (111)"1(S \ Q) = (11,)"1(S \ Q) and satisfies
1158 = 101g. Then ¢ is an isomorphism of varieties X — X»:

X1
RI\L
S

X
V7
S.

In particular, if g is the identity, then & is an isomorphism of P -bundles.

Proof- 1t suffices to take a point p; € (21 and to show that ¢ is a local isomorphism around every point of
the curve (17;)~!(p;) C X;. We denote by U; C S an open neighbourhood of p; and write U, = g(U;) for
its image, which is an open neighbourhood of p; = g(p;) € Q). By shrinking U;, we can assume that 77; and
7, are trivial IP!-bundles over U; and U,, respectively. The birational map ¢ is then described by

U]XIPI - UzXIPl

(L) =l 3

where M € GL,(k(S)). Since k(S) is the function field of O, (S), which is a UFD (because S is smooth), we
can multiplying M with an element of k(S) and obtain a matrix M’ whose entries are all in O, (S) and do
not have a common factor. Denote by f € O, (S) the determinant of M. If f does not vanish at py, it is
invertible in O, (S), and § yields an isomorphism U’ x P! — ¢(U’) x P!, where U’ C U corresponds to the
open subset where f # 0. This yields the result since p; € U".

It remains to show that f cannot vanish at p;. Indeed, otherwise the zero set of f yields a curve C of S
passing through pq, and there is then a curve C c C with 111(C) = C on which the map ¢ is not defined
(since the matrix M is unique up to multiplication with an element of O, (S)* and since at least one of the
entries of M’ is not divisible by f). O

We can then prove the following descent lemma, already invoked in the introduction.

Lemma 2.3.2 (Descent lemma). Let 77: S — 'S be a birational morphism between two smooth projective surfaces.
Let U CS and U C S be two maximal open subsets such that 1) induces an isomorphism U => U and Q = S\ U
is finite, and let 7t: X — S be a P -bundle.

Then, there exist a P'-bundle t: X — S and a birational map : X --> X such that nit = 7cp ( is a square
birational map over 1) and such that 1 induces an isomorphism 7t~ (U) = w1 (U). Moreover, { is unique, up
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to composition by an isomorphism of P! -bundles at the target, and 1 is Aut®(X)-equivariant, which means that
P Aut®(X)p! is a subgroup of Aut®(X).

Proof. Writing G = Aut®(X), Lemma 2.1.1 implies that 7t and 7 are G-equivariant for some unique biregular
action of G on $ and §.

If  is an isomorphism, everything is trivial. Otherwise, 77 is the blow-up of finitely many points, so
7 restricts to an isomorphism Us U, where U C S is an open subset, J = S\ U is a finite set, and
U= 771(U). We denote by j the inclusion U < S.

Let £ — S be a rank 2 vector bundle such that IP(£) ~ X, and let Ey — U be its restriction over U. Then
Ey — U identifies with 1.€ — U, and we can consider the reflexive hull £’ = (j,(17.£))"" of the coherent
sheaf j,(1.£) on S. By [Har80, Corollary 1.4], the reflexive sheaf £’ is locally free, and thus £’ — S is a
rank 2 vector bundle that extends (uniquely) #,E;. Writing X = IP(€’), we obtain a IPl-bundle X — S that
extends (uniquely) the P!-bundle IP(1.£p) — U.

Since 1/ : S — S is G-equivariant and the open subsets U and U are G-stable, the P'-bundle X — § is
G-equivariantly birational to Xy (= IP(#1.£y)) — U. It remains to apply Lemma 2.3.1 to see that the G-action
on Xy extends to X. (]

Remark 2.3.3. If 11 is the blow-up of a point p € S and E = 7!(p) C S is the exceptional curve, the
birational map 1) can be described as follows (according to [Mel02, § 5.7.4, p. 700]), depending on the surface
Z =71 (E) ~ F;: if a = 0, then 1 is a birational morphism whose restriction to Z ~ P! x P! is the “other
projection”; if a > 0, then 1 is given by the anti-flip of the exceptional curve of Z followed by the contraction
of the strict transform of Z, isomorphic to the weighted projective plane IP(1,1,a), onto a smooth point.

2.4. Hirzebruch surfaces

In the following, we will always use the following coordinates for Hirzebruch surfaces, which are the
analogue of the standard coordinates for IP? = (A% \ {0})/G,,.

Definition 2.4.1. Let a € Z. The a-th Hirzebruch surface T, is defined to be the quotient of (A?\ {0})? by
the action of (G,,)? given by

(Gw)* x (A*\{0})*  — (A%\{0})?
((10), @0.91,2021)) = (#p™*Y0, 4¥1, 020, p21)-
The class of (o, 1,2¢,21) will be written [y : ¥1;2¢ : 21]. The projection
7,0 By > P, [vo:v1520:21] — [20: 21 ]

identifies IF, with IP(Op1(a) ® Op1) as a IP'-bundle over IP'.
The disjoint sections s_,, s, C I, given by vy = 0 and y; = 0 have self-intersection —a and 4, respectively.
The fibres f CIF, given by zy = 0 and z; = 0 are linearly equivalent and of self-intersection 0. We moreover

get Pic(F,) = Zf P Zs_, =Zf P Zs, since s, ~s_, +af.

Remark 2.4.2. The surface [F, is naturally isomorphic to IF_, via [vg: v1520 : 21] = [91 : Y0520 : 21], SO we
will most of the time choose a > 0.

Let us recall the classical structure of the automorphism groups of Hirzebruch surfaces. The description
of Definition 2.4.1 allows one to present all automorphisms in a simple way.

Remark 2.4.3. If a = 0, then I, ~ P! x P! and the natural action of (GL,)? on (A? )\ {0})? yields a
surjective group homomorphism (GL,)? — Aut®(IFy) = (PGL,)? (see e.g. [BSU13, Corollary 4.2.7] for the last
isomorphism). All automorphisms are then of the form

[Vo: 91520 1 z1] > [ayo + By1 : yyo +0y150 20 + f'z1 1 Y 20 + 6721 ]
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The action of Aut®(IFy) on IF; is then homogeneous (one single orbit). Moreover, Aut(IFy) = Aut®(IF)) < (1),
with 12 [yo: 91520 1 21] > [20 : 21590 1 91
Remark 2.4.4. If a > 1, then the curve s_, given by yy = 0 is the unique section of negative self-intersection

of IF, — P! and is thus invariant. Denoting by k[z¢,z;], C k[2g,21] the vector space of homogeneous
polynomials of degree a, one gets an action of k[zy,z;], xGL; on FF, via

[vo: 91520 : 21] = [v0 : 91 + Yop(20,21); @z + P21 : Y20 + 621],
which yields an exact sequence
1 - p, - k[zp,21],<GL; — Aut(F,) —> 1,

where p, C GL, is the cyclic group of homotheties a with a” = 1. To prove the surjectivity of the morphism
k[zg,21],2GL, — Aut(IF,), it suffices to consider the elements acting trivially on the basis of the IP!-bundle
F, — P! (by Blanchard’s lemma, since GL, itself acts transitively on the basis IP'). One then restricts such
an automorphism to the two charts zy # 0 and z; # 0 and obtains two A'-automorphisms of IP! x A that
fix yo = 0, i.e. two triangular elements of GL;(k[z¢/z;]) and GL;(k[z/2p]), and that must coincide on the
intersection. A simple calculation then shows that it comes from an element of k[zg,z ], < GL, as above. In
particular, this implies that Aut([F,) is connected. Moreover, Aut(F,) = Aut®(IF,) acts on [F, with two orbits,
namely s_, and its complement.

Remark 2.4.5. 1t follows from Remarks 2.4.3 and 2.4.4 that for each a > 0, the morphism 7,: [F, — P! yields
a surjective group homomorphism
Aut®(FF,) » Aut(lP') ~ PGL,.
In particular, Aut(IF,) acts transitively on the set of fibres of 7,: IF, — P!
We also recall the following easy observation, that we will need further on.
Lemma 2.4.6. Leta> 0, and let £ — P! be a rank 2 vector bundle that fits into an exact sequence
0 — Op 5e — Opi(—a) — 0.
Then we have an isomorphism from P(E) — P! to IF, — P! which sends the section corresponding to 1(Op1)

onto s_,.

Proof. We trivialise £ on the two open subsets of P! given by {[1:z]|z€ A!} and {[z:1]|z € A'}, change
coordinates so that ((Op1) corresponds to xy = 0, and get a transition

A’ x Al > A*xAl
((xo,x1),2) > ((z%0,x1 +f(2)), 1)

for some f € k[z,z7!]. We can then compose at the source and target with some automorphisms of the
form ((xg,x1),2) = ((x0,v1 +h;(2)), z) for polynomials h,h, € k[z]. This replaces f by f +h;(z)+hy(z7!)z"
Since a > 0, we can thus replace f with 0. The projectivisation of £ is then isomorphic to IF,, by sending
([xo:x1],2z) e P x Al onto [xy:x;;1: 2] and [xg:x1;2: 1] = [x9z? : x1;1 : z71], on both charts. O

3. IP!-bundles over Hirzebruch surfaces

Most of the results in § 3 are valid over an algebraically closed field k of arbitrary characteristic.
More precisely, §§ 3.1-3.3 are valid in arbitrary characteristic, the results in § 3.4 are all valid in arbitrary
characteristic, but the proof of Corollary 3.4.6 that we give is shortened a bit by using the characteristic
zero assumption (see Remark 3.4.7); §§ 3.5 and 3.6 are also valid in arbitrary characteristic different from 2,
except Lemma 3.5.5(3), which fails if and only if char(k) divides b + 1 (see Remark 3.5.6). In § 3.7 we must
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assume that the ground field k has characteristic zero as Lemma 3.7.2 and Proposition 3.7.4 are false over
any field of positive characteristic (see Remarks 3.7.3 and 3.7.5).

3.1. Decomposable IP1-bundles over Hirzebruch surfaces

As for Hirzebruch surfaces [F; (Definition 2.4.1), one can give global coordinates on decomposable
P'-bundles over TF,.

Definition 3.1.1. Let a,b,c € Z. We define ]:ub’c to be the quotient of (A?\ {0})3 by the action of (G,,)*
given by
(G)> x (A% \ {0})° - (A%\{0})°
(4 p) (x0,x1, 90, 91,20,20)) > (A x0, A0~ x1, 1™ Yo, wy1, P20, 921
The class of (xg, x1,90,¥1,20,21) will be written [xg : X150 : V1520 : 21]. The projection
Fr¢ T, [xo:x15390: 91320 : 21) = [90 2 91320 : 21]
identifies ﬁb’c with
(O, (bs,) ® O, (cf)) = P(OF, ® O, (~bs, + cf))
as a P-bundle over IF,, where s,, f C TF, are given by y; = 0 and z; = 0.

Moreover, every fibre of the composed morphism 7, “STF,— P! given by the z-projection is isomorphic
to IFy,, and the restrictions of ﬂb’c on the curves s_; and s, given by 1y = 0 and y; = 0 are isomorphic to IF.
and [F,._,, respectively.

As for Hirzebruch surfaces, one can reduce to the case a > 0 without changing the isomorphism class, by

exchanging vy and y;. We then observe that the exchange of x( and x; yields an isomorphism ]-;b’c = ﬁ_b’_c.
We will assume a,b > 0 most of the time from here on. If b = 0, we can moreover assume ¢ < 0.

Remark 3.1.2. Every decomposable Pl-bundle over [F, is isomorphic to ]-"ab’c — [, for some b,c€ Z,b > 0.
We can moreover assume b > 0, and ¢ < 0 if b = 0, since }"ab’c ~ ]-'a_b’_c.

The IPl-bundle ﬂb’c — [F, has numerical invariants (a,b,c) (see Definition 1.4.1). As we will see later
(Remark 3.3.2), these numerical invariants are indeed invariant under isomorphism. This will show that
the isomorphism classes of decomposable P!-bundles over Hirzebruch surfaces are parametrised by these
invariants.

Remark 31.3. All decomposable IP'-bundles ]-;b’c are toric varieties, with an action given by the map
[x0 1 X1590 : Y1520 1 21] > [X0 : @x1590 : Y1520 1 ¥21):
Remark 3.1.4. We have two open embeddings
I x A - Fe

([xo SX13%0 ZJ1],Z) = ([xo 2x1Y0 0 Y11 3Z])

([Xo FX1590 3/1],2) - ([Xo PX15Y0 V152 1])
over which the [F,-bundle ]-"ab’c — P! is trivial, with a transition function

([0 : x1520 t1]z) o ([ 1 2125902 1 91 ), L),
Lemma 3.1.5. Leta,b >0 and c € Z. The morphism 1: ]-;b’c — [E, yields a surjective group homomorphism

p: Aut®(F2€) - Aut®(IF,).

Proof. The existence of p is given by Lemma 2.1.1. The fact that it is surjective can be seen by observing

that every automorphism g € Aut®(FF,) comes from an automorphism of (A?\ {0})* (see Remarks 2.4.3
and 2.4.4), so we can extend the action to (A3 {0})? and then ﬁb'c by doing nothing on x( and x;. d
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Remark 3.1.6. For each i, € Z, we denote by k[vo,1,20,21];,j C k[30,91,20,21] the space of homogeneous
polynomials of bidegree (i, j), where the variables v, 91,2, 2; are of bidegree (1,-a),(1,0),(0,1),(0,1). The
group of automorphisms of IP!-bundles of ﬂb’c identifies with the (connected) group

P1,00 P2-be Pk,i,j € kK[¥0,¥1,20, 21 ]i }
" 2 e PGL,(k[vo, V1, 20, 2 ] ]
{[p&b'c p4,0,0] 2(k[vo0, 91,20, 21]) for k=1,.. 4.

. bec .
whose action on JF; " is as follows:

[x0 : X130 : 91 : 20521] > [Xop1 + X1P2 : XoP3 + X1P43Y0 : Y1520 : 21)-

This can be seen directly from the global description of ﬁb’c in Definition 3.1.1 and by using trivialisations
on open subsets isomorphic to AZ.

3.2. Removal of jumping fibres

Removing a fibre into a Hirzebruch surface, we get an open subset isomorphic to A! x P!, It is then
natural to study the Pl-bundles over A! x P! in order to get a local description of the Pl-bundles over
Hirzebruch surfaces.

Lemma 3.2.1. Let w: X — A x P! be a P -bundle, and let T: A' x P! — A be the first projection. Then,
there exist an integer b > 0 and a dense open subset U C A (both uniquely determined by 1) such that the
Jollowing hold:

(1) The generic fibre of the morphism Trc: X — A is isomorphic to the Hirzebruch surface IFy,.
(2) There exists a commutative diagram

(zre)~1(U) U x T,

x m

U x P!

where pry x Ty, sends (u,x) onto (u,7y(x)) and 7y,: F, — P is the standard P-bundle.

(3) For each p € A\ U, the fibre (tr0)"'(p) is isomorphic to the Hirzebruch surface Iy, for some positive
integer €.

(4) For each p € A1\ U, we can blow up the exceptional section of (t70)~'(p) and contract the strict transform
of (t1)"\(p); this replaces X by another P'-bundle X' — P! x A' as above, with a new open subset U’
which is equal either to U or to U U {p}. After finitely many such steps, we get the case where U’ = Al,
corresponding to a trivial I, -bundle.

Proof: We choose two open subsets of Vj, V; € Al x P! isomorphic to A? via
1: A? S VycA'xP, 4 A? S5 VycAlxPL
(x,y) — (x,[l :y]) (x,y) — (x, [v: 1])

The restriction of 7t to the open subsets V; and V; yield IP!-bundles over A2, which are then trivial, by
the Quillen-Suslin theorem (see [Lan02, Theorem XXI.3.7]) combined with the fact that a IP'-bundle over
A? is isomorphic to the projectivisation of a rank 2 vector bundle over A? since A? is a smooth variety.
This gives the existence of isomorphisms @;: 771 (V;) — A2 x P!, for i = 0,1, such that 1;pr; @; = 7t, where
pr;: A2 xP! — A? is the first projection. The isomorphisms ¢; are uniquely determined, up to composing
at the target and the source with elements of PGL,(k[A?]) C Aut(A? x P'). We then write the transition
function @ (@g)~! as

(5 9) [ 0]) = (6 p™) [aa1 (6, p)u + a1a(x,9)v = @o1 (%, p)u + azp(x,9)0]),
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ayy ayp

where A = [a21 azz] € GL,(k[x,v,97!]). Note that the IP!-bundle 7t is determined by the equivalence class
of A modulo A ~ AMAM’, where ) € k[x,v,v7']" = k*v%, M € GL,(k[x,v7']), M" € GL,(k[x,]). In
particular, we can multiply A with an element of k* and assume det(A) € yZ.

Working over the field k(x), we get a IP'-bundle over 11311( p which is therefore isomorphic to a Hirzebruch

(x
surface Iy, with b > 0 (this follows from the fact that a vector bundle on P! is decomposable over any field).

This yields two matrices B € GL,(k(x)[y~!]) and C € GL,(k(x)[y]) such that

B'AC=D-= [ym 0 ]
0o y"

for some integers m,n € Z with m —n = b, and yields part (I). Since det(B),det(C) € k(x)* and
det(A),det(D) € yZ, we get det(A) = det(D) = y"™*", so det(B) = det(C) € k(x)".

Writing the equality AC = BD, we can multiply both B and C with the same element of k(x)* and assume
B € Mat, ,(k[x,y7!]), C € Mat,,(k[x,v]), and (B(A),C(1)) = (0,0) for each A € k, where B(A),C(1) €
Mat; ,(k()) are obtained by replacing x by A in B, C.

We denote by Z C A! the zero set of det(B) = det(C) € k[x]. On the open set U = P!\ Z, the matrices
B and C correspond to automorphisms of U x Al on the two charts, respectively, so we have a trivial
IF,-bundle on U. In particular, if Z =0, then 77t: X — Al is a trivial IF,-bundle, and the proof is over. We
can thus prove the result by induction on the degree of the polynomial det(B).

Suppose that A € Z is such that the fibre (t7t)~(1) is a Hirzebruch surface IF;. Hence, A(A) corresponds

to the transition function of IF;, which means that B~ A(1)C = [y(;ﬁ y(z"] with B € GL,(k[y~!]), C € GL,(k[y]),

1,7 € Z, and 1ii—ii = b > 0. Computing the determinant yields m+n = 11+ 7. Writing € = rii—m = n—1ii, we
then get b—b = (11— i) — (m—n) = 2¢. Replacing A, B, C with BYAC, (B)™'B, (C)~'C, we keep the equation
AC = BD, do not change the degree of det(B) = det(C) or the set Z, and can then assume A()) = [ "o ]

0 yﬂ
Writing B(A) = ﬁ; //;Z] yields

_ - |Buy™™ By | By ﬁlzlf_b_e]
ClA) =A@ BAD = Bary™ " ﬁzz}f"_ﬁ]_[ﬂzlyb+e B22y€ |

(a) If the first column of B(\) is zero, then so is the first column of C(A). Writing A = [Xa/\ ?], we get
B=DB’A and C = C’A for some B’,C’ € Mat, »(k[x,y,77!]). Replacing B and C by B’ and C’ does not
change the equation AC = BD, since D commutes with A, and decreases the degree of det(B). A similar
argument works if the second column of B is zero.

(b) If € < 0, then -b—€ = € —b < 0, so the second column of B()) and C(]) is zero since B(A) €
Mat, »(k[y71]) and C(A) € Mat; 5 (k[y]); we then apply (a).

(c) If e=b =0, then B(A) = C(A) € Mat, ;. There thus exists an R € GL, such that the first column of
B(A)R is zero. We can replace B, C with BR, CR, since R commutes with D =™ -1 =y" - I, and reduce to
case (a).

(d) If e =0 and b > 0, then By, = 0 and By; € k. If By, = 0, we do as above. If B, # 0, we
get B11 = 0 since det(B(A)) = 0, hence B(A) = [[321 ﬁgz]’ so the first column of B(A)- R is zero, with
R = [_’35221 (1)] € GLy(k[y™!]). Writing R”= D~'RD = [_ﬁﬁ:yb (1)] € GL,(k[y]), we can replace B and C with
BR and CR’ and get case (a).

(e) The last case is when € > 0, which implies that b = b+ 2e > b+ 2 > 2 and that p11=P12=0.

After applying the steps above, we can assume that all elements of Z give rise to case (e). Writing
U = A"\ Z, this yields parts (2) and (3).

It remains to show part (4), by studying more carefully case (e). Note that the fibre x = A corresponds to
the Hirzebruch surface IFj;, with b>2 and a special section corresponds to # = 0 in the charts A% x P
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The blow-up of the exceptional section, followed by the contraction of the strict transform of the surface IFj,
corresponds locally to

A?xP! - A% x P!
(xy)[u:v]) = () [u:(x-2A)v]).
This replaces the transition matrix A with A’ = A~1TAA, where A = [XE)’\ (1) :

A:[Ofn 0112] A’:[ a1 f,—li '

ay axn| (x—A)az; axn

Note that the new transition A’ still belongs to GL,(k[x,v,y~!]) since A(}) is diagonal, which implies that
a1, and a;p are multiples of x — A.

Moreover, the first line of B(A) and C(J) is zero, so we can write B = AB” and C = AC’ for some
B,C’ e Matzlz(k[x,y,yfl]). The blow-up replaces A by A’, and we can replace B,C with B’,C’ since
A’C’ = (A"YAA)(A~'C) = A"'BD = B’D. This process decreases the degree of det(B) = det(C); we get a
trivial IF,-bundle after finitely many steps. O

As a consequence of Lemma 3.2.1, we get the following result.

Proposition 3.2.2 (Removal of jumping fibres). Let a >0, and let 702 X — T, be a P*-bundle. There exist an
integer b > 0 and a dense open subset of U C P such that (t,7)"' (p) is @ Hirzebruch surface Iy, for each p € U.
Moreover, we have:

(1) IfU =P, then t,7c: X — P! is an Ty -bundle which is trivial on every affine open subset of P'. In this
case, we say that 7 has no jumping fibre.

(2) If one fibre (t,7)~ ({p}) is isomorphic to T, for some c = b, then c — b is a positive even integer (we say
that T, ({p}) is a jumping fibre), and the blow-up of the (unique) exceptional section of . followed by the
contraction of the strict transform of F. gives an Aut®(X)-equivariant birational map X --> X’ to another
Pl-bundle over V. After finitely many such steps, one gets case (1).

Proof- For each p € P!, we have a commutative diagram

Al XP ————F,\ 7. ({p})
|25 i/ Ty i/
Al ~ P!\ {p).
We can thus apply Lemma 3.2.1 on each affine subset IP! \ {p} and get the result. O

Another consequence of Lemma 3.2.1 is the following description.

Corollary 3.2.3. Lett: X — S = A xIP! be a P -bundle, let T: S — A" be the first projection, and let b > 0.
The following conditions are equivalent:

(1) The fibre (trc)~ (p) is a Hirzebruch surface ¥, for each p € A'.

(2) There exists a commutative diagram

X - Al xTF,

T

T PryXT)

S=Al'xP!

where pry x T, sends (u,x) on (u, Tp(x)).
(3) TheP'-bundle X — S is the projectivisation of a rank 2 vector bundle £ which fits in a short exact sequence

0—>05 > & — Og(-bs) >0,
where s is a fibre of pry: S — P (which satisfies Pic(S) = Zs).
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Proof. The implication (1) = (2) is given by Proposition 3.2.2(1). To get (2) = (3), we observe that (2) yields
an isomorphism between the P!-bundles X — A'! x P! and A! x IP(OHn EBOHn(b)) — A' xP!. To get
(3) = (1), we restrict the exact sequence to each fibre of 7: S — A! and apply Lemma 2.4.6. O

3.3. Moduli spaces of IP!-bundles over [, with no jumping fibre

The following proposition associates to every IP!-bundle over a Hirzebruch surface with no jumping fibre
three unique invariants (a, b, ¢), called numerical invariants in Definition 1.4.1. The integer a is given by the
Hirzebruch surface over which the P!-bundle is taken. The integer b is given by the generic fibre of the
projection to IP', which is a Hirzebruch surface IF,. The last integer ¢ can be seen using exact sequences or
using transition functions, as the following result explains.

Proposition 3.3.1. Let a >0, and let 7t: X — T, be a P-bundle.

(1) For all integers b > 0 and c € Z, the following are equivalent:
(i) The variety X is the gluing of two copies of T, x A' along TFy, x A' \ {0} by the automorphism
v, p € Aut(IF, x A\ {0}) given by
vep: ([x0: %1390 : 911,2) = ([%0 : X12° + X0 P(30,91,2): 902" : 91 £ )
for some P € k[vg,y1,2,27], homogeneous of degree b in v, v,, such that 7: X — F, sends
([x0 : x13%0 : ¥1),2) € B, x Al onto, respectively, [vo : v1;1 : z] € F, and [y : v1;2: 1] € T,
on the two charts.

(it) The P -bundle : X — T, is the projectivisation of a rank 2 vector bundle € which fits in a short
exact sequence

00 —&—Og(-bs,+cf)—0,

where f,s, CIF, are given by y; =0 and z; = 0.

(2) If there exists a b > O such that the preimage of each fibre of the P'-bundle t,: ¥, — P! is isomorphic to
IF, (no jumping fibre), then there is an integer c € Z such that the above properties are satisfied. If b > 0,
the integer c is unique. If b = 0, then |c| is unique and 7c: X — I, is isomorphic to the decomposable
bundles F,.¢ — IF, and Fr ¢ IE,.

Proof. We first prove (i) = (ii). The section xy = 0 being invariant by the transition function, one can see X
as the projectivisation of a rank 2 vector bundle £ which fits in a short exact sequence

0— O =>&—-0g(Bsa+yf)—0
for some integers 8, € Z. To compute these numbers, we take the two open subsets Uy, U; C IF; isomorphic
to A? via
0,: A?> = U, CF, 6,: A’ S U,cF,
(v,z2) — [l:y;1:z2] (v,2) — [p:1;z:1]

and observe that the vector bundle has a transition function of the form

Zﬂ
(x0,X1,9,2) ybzfcxo, x1+x9P(1,9,2)27¢, —,
Y

s

N | =

which yields p =—b and y =c.
We then prove (2). It follows from Proposition 3.2.2 that the pull-back on X of the two open subsets
Vo, Vi C I, given by

0,: PlxA' = V,CF, 6,: P'xA' =  V,CF,
(vo:v1lz) — [wo:vi;1:2] ([vo:vilz) — [vo:vi;z:1]
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are isomorphic to A! x I,. The transition function on IF, being given by ([vo : v1],2) --> ([z%v0 : v1],27}),
we get a transition function 1 € Aut(IF, x A\ {0}) of the form

]Fb XAI --> ]Fb XAI
(lxo:xi530:91)2) = ([folxox1,90,91,2) ¢ fi(X0, %1, %0, 91,2020 : 1], £ )

for some fy, fi € k[xo,x1,90,91][2,2"']. The isomorphism class of 7t: X — FF, (as in Definition 1.2.1) is
then determined by 1, up to composition at the source and target with automorphisms of the IP'-bundle
F,x Al > P! xAl

If b = 0, then 1 is of the form ([xg : X130 : v1],2) = ([@(2)x0 + B(2)x1; Y (2)x0 + O(2)x1527V0 : v1],270),
where A = [38 gg;] € GL,(k[z,z7!]). The isomorphism class of 7: X — [F, is then given by the matrix A,
up to replacing A by ABAC, where B € GL,(k[z"!]), C € GL,(k[z]), and A € k*. The class of A modulo
this replacement corresponds to a vector bundle over IP!, which is therefore equivalent to a decomposable
one, with a diagonal matrix A. We then get an integer ¢ € Z, unique up to sign, such that ¢ is of the form

p: ([xo 1X1;70 ¢ yl],z) > ([xo X125 902" :yl],%).

This shows that X — [F, is isomorphic to ﬁb'c R IE, (see Remark 3.1.4) and also to Foe E,.

If b > 0, then ¢ is of the form ([xo : X130 : ¥1],2) = ([x0 : (2)x1 + XoP(¥0,V1,2);2V0 : v1],27 1), where
#(z) € k[z,z7']* =k*-z% and P(v, v, 2) is a homogeneous polynomial of degree b in g, v;, with coefficients
in k[z,z7']. Applying a diagonal automorphism at the target, we can assume p(z) = z¢ for some c € Z.
We then observe that ¢ is unique since the transition function is determined up to automorphisms of
F, x A — P! x A! at the target and the source, which do not change c.

It remains to prove (ii) = (). The inclusion O < & corresponds to a section of X — IF,. We restrict
the exact sequence to a fibre f and get 0 > Oy — & — Of(-b) — 0. The corresponding section then
needs to be the exceptional section of IFj,, unique if and only if b > 0 (see Lemma 2.4.6). The preimage of
each fibre of the IP!-bundle 7,: IF, — IP! is then isomorphic to IF, (no jumping fibre). We then apply (2) and
get (i) for some unique integer ¢’. The calculation made in the proof of (i) = (ii) implies that ¢ = ¢’ since
the inclusion O, <> £ corresponds to the section xj = 0. O

Remark 3.3.2. Proposition 3.3.1 shows that two IP!-bundles with different numerical invariants (see Defini-
tion 1.4.1) are not isomorphic. The numerical invariants defined in Definition 1.4.1, which correspond to the
integers (a, b, c) of Proposition 3.3.1 (where ¢ < 0 when b = 0), are then really invariant under isomorphisms.

In particular, Fre - IF, is the unique isomorphism class of decomposable IP!-bundles with invariants
(a,b,c). (This follows from Remark 3.1.2).

As a direct consequence of Proposition 3.3.1, we obtain the following corollary (which is well known over
the field of complex numbers; see ¢.g. [ABM12, § 2.2]).
Corollary 3.3.3. Let a,b > 0, and let € be a rank 2 vector bundle over IF,. Then the following are equivalent:
(1) There exists an exact sequence
0O (ds_q+7f) > E > O (d's_g+1'f) =0
for some integers d,d’, v, v’ such thatb=d—d’.
(2) The preimage by IP(E) — ¥, of each fibre of the P -bundle t,: F, — P' is isomorphic to TF.

Moreover, the extension in (1) is unique if b > 0.

Proof. (1) = (2) The inclusion O, (ds_, + 1 f) <> € corresponds to a section of IP(£) — IF,. We restrict the
exact sequence to a fibre f and get 0 — O¢(d) — & — Of(d’) — 0, which yields the same IP!-bundle as
0 — Of = & — Of(-b) — 0. The corresponding section then needs to be the exceptional section of IF,
(see Lemma 2.4.6), which is unique if b > 0.

(2) = (1) This follows from Proposition 3.3.1(2). U
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Notation 3.3.4. Let a,b,c € Z, with a,b > 0, and ¢ < 0 if b = 0. For each
P ek[vg,v1,2 2 ]y = {f €k[vg,v1,2 2] homogeneous of degree b in vy, 7},
we denote by zbeP IF, the P!-bundle given by the gluing of two copies of IF, x Al along IF, x A\ {0} by
the automorphism v, p € Aut(IF, x A\ {0}) given by
1

Ve,p: ([Xo “X1Y0 Y1 ];Z) = ([Xo :x12° + X0 P (90, 91,2); 902" : 91, ;);
such that 7t: X — F, sends ([xg : X139 : ¥1],2) € [F, x Al onto, respectively, [y, : v1;1 : z] € F, and
[vo:y1;2: 1] € F, on the two charts.

Remark 3.3.5. Proposition 3.3.1 shows that every IP!-bundle over FF, with no jumping fibre is isomorphic
to ZS’C’P — I, for some b,c € Z with b > 0, and ¢ < 0 if b = 0, and some P € K[y, 71,2, z1;, and that
it has numerical invariants (a, b, c) (see Definition 1.4.1). Moreover, Z};’C’O — [E, is isomorphic to .ﬂb’c (see
Remark 3.1.4).

Lemma 3.3.6. Let 7c: Z};’C’P — E, and 10: Z};”C,’P, — IR, be two P -bundles as in Notation 3.3.4, with b > 1.

Then the following are equivalent:
(1) The P'-bundles 7c: ZYP ST, and ' zler IE, are isomorphic.
(2) We have b’ = b and ¢’ = c, and there exist A € K* and Qq, Q, € K[y, v1,2]| homogeneous of degree b in
V0, V1 Such that
P’ = AP + Q1 (y0,91,2)2° + Qa(902", 91,2 71).

Proof. If b # b’, then the two IP'-bundles are not isomorphic since the preimages of the fibres of the
P!-bundle 7,: IF, — P! are not isomorphic. We can thus assume b’ = b.

The two IP!-bundles are obtained by gluing two copies of IF, x Al over IF, x Al \ {0} by Vep, Ve pr €
Aut(IF, x A\ {0}) (see Notation 3.3.4). The IP'-bundles are thus isomorphic if and only if v, pr = av,pf
for some automorphisms a, p of the Pl-bundle IF, x A' - P! x Al. Since b > 1, such elements are of the
form

QA,Q: IFbXAl - IFbXAl
([xo:x1;90:91)2) = ([x0: Ax1 +x%0Q(W0,v1,2)0 : ¥1),2),
where A € k* and Q € k[yg,y1,2]p. The composition 6, o, v p0y, o, yields
F,xA'\ {0} 5 F, x A\ {0}
([xo: x1590: 1)z) > ([x0: 25 A1 Aax1 + %P (90,91,2);2°0 : 91 ], L), with

P(yo,1,2) = AP0, 91,2) + A2Q1 Vo, 91,2)2° + Qz(yoza,yl, %)

To get a transition function of the form v p,, we then need ¢’ =c and A; 1, = 1. U
From now on we write k[z]<, = {f € k[z]|deg(f)<r}=kekzd --dkz".

Corollary 3.3.7. Leta,b,c € Z, with a,b >0 and withc <0 ifb=0.

(1) There is a unique isomorphism class of decomposable P -bundles X — T, with numerical invariants
(a,b,c), represented by ﬁb’c —TF,.

(2) Ifb=0 orc <1, every P'-bundle X — F, with numerical invariants (a,b,c) is decomposable, and thus
isomorphic to 7, — T,

(3) If b > 1 and c > 2, every P -bundle with numerical invariants (a,b,c) is isomorphic to zheP IF,,
where

P(v0,91,2) = Li_o¥0'v1" 7 Pi(2)2"*!

and P;(z) € k[z]<._p_4i (hence P, =0 ifc <ai+2), fori =0,...,0b.
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The isomorphism class of the P'-bundle is determined by the class of P, up to scalar multiplication by an
element of K*. The IP'-bundle is decomposable if and only if P = 0.

Proof. Assertion (1) has already been proven (Remark 3.3.2). If b = 0, then Proposition 3.3.1 shows that every
P!-bundle over [F, with numerical invariants (a,b,c) is isomorphic to ﬂb'c = .7-;0’6. We can thus assume
b>1.

Proposition 3.3.1 shows that every IP!-bundle X — IF, with invariants (, b, ) is isomorphic to zbeP IE,
for some P € k[yg,91,2,27];. Lemma 3.3.6 shows that the isomorphism class is inside the set of IP!-bundles
with invariants (a,b,c) and corresponds to an equivalence class on k[, 91,2, z_l]b, where P and P’ are
equivalent if and only if P’ = AP + Q;(vo, ¥1,2)2¢ + Q2(v9z%, v1,27 1), for A € k* and Qy, Q; € k[vg, v1,2]p.

In particular, each equivalence class is given by an element

P(vo,v1,2) = X0 90’91 V7 Pi(2)2%,

where P;(z) € k[z] is of degree at most c —ai —2 for i = 0,...,b and the element P is unique up to
multiplication by A € k*. If ¢ < 1, then P is zero, so every IP!-bundle X — IF, with numerical invariants
(a,b,c) is decomposable. This achieves the proof. O

Corollary 3.3.8. Leta,b,c € Z, witha >0, b > 1, and c > 2. The isomorphism classes of non-decomposable
IP!-bundles X — ¥, with numerical invariants (a,b,c) are parametrised by the projective space

b . .
MG =P| Dy K[z)ccroai |-
i=0

Proof. This follows from Corollary 3.3.7(3). O

Remark 3.3.9. We have MY¢ ~ P2(@+1)2(c-1)-ad)~1 "\ here d is the biggest integer such that d < b and
ad < c¢—2 (and is thus equal to b if ab < ¢ — 2). Indeed, the dimension of the vector space k[z]<._, ,; is
equal to c—1—ai if ai <c—2 and to 0 if ai > ¢ — 2. Hence, the dimension of @?:Oyé f‘i K[z]<copgi is

equal to Y9 (c~1-ai)=3(d+1)(2(c~1) - ad).

3.4. Action of Aut®([F,) on the moduli spaces MZ’C

If 7: X — IF, is a P-bundle with numerical invariants (a,b,c), then so is ¢ o t: X — T, for each
@ € Aut®(IF,). Indeed, the action of Aut®(IF,) does not change the exact sequence of Definition 1.4.1. This
then gives a natural left-action of Aut®(IF;) on MZ'C, that we describe in this section; it will be very useful
later, for the following reason: a point [p: X — F,] € MUYE s fixed by g € Aut®(IF,) if and only if g lifts to
an automorphism of the variety X.

Since we have a group homomorphism GL, — Aut°(IF,) (see §2.4), we get an action of GL, on
MZ’C = IP( @?:O yéyi’_i -k[z]gc,z,m') (see Corollary 3.3.8). We will show that this GL,-action coincides with
the following one.

Definition 3.4.1. Let r > 0, and let us equip V = k? with the standard left-action of GL,. There is a unique
left-action of GL; on k[z]<, making the following map GL,-equivariant:

v = k[z]Sr

(u,v) — Y  u'v i

r—i.z'

Remark 3.4.2. Equipped with the GL;-action of Definition 3.4.1, the vector space k[z]<, identifies with
the r-th symmetric power of the standard representation of GL,. In particular, k[z]<, is an irreducible
GL,-representation (as we assumed k to be of characteristic zero).

We first need the following observations on the action of GL, on k|z]<, of Definition 3.4.1.
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Lemma 3.4.3. Letr > 0, and let P € k[z],.
) Ifo=|9 6] € GL,, then o(P)=P(z7!)-2".
2) Ifo = [g g] € GL,, then P := o(P) € k[z]<, is the unique polynomial that satisfies
)
@1 P = e P s

o"(fz+ ) Bz+a

where we identify k[z)<, with k[z)/(z"*') and compute the above equality in this ring.

Proof: (1) The action of ¢ on V being (u,v) +— (v,u), the action on P € k|z]., sends } |_, a;z" onto
Y _oar_iz', which is exactly P+ P(z71)z".

(2) We first observe that Equation (3.1) uniquely determines P in terms of P since a, 6, and fz + a are
invertible in k[z,z7']/(z"*!) (because ad # 0). We then check that if Equation (3.1) is true for P, Q € k[z]<,,

then it is true for all uP + vQ with y, v € k. We thus only need to check it for P = Zl 0 u'v'™ .z where

(u,v) € k?. By the definition of the action, we get P=0(P)= i_olau+pv) (6v)™" - Z', which yields
(Bz+a)*-P(z) = Yl uvz(fz+a)l,
LB (pz+ay (s i
Wl P(gz) = SRl o(au+ po)iov) T (5)

= Yioalau+pv)(pz+a) vz
Comparing the coefficients of z” for p =0,...,7 — 1, we need to prove that
L ou (a0 = 5 o pofer e

for each p=0,...,r — 1. Comparing the coefficients of 1¥p"

(r+1 )ﬁp ~k r+l-(p-k) _ Zf’: ( )131 —k k( )ﬂp igrtl-p

so the result follows from the next combinatoric lemma. O

, we get

Lemma 3.4.4. For all integers 0 < k < p <r, we have

e B a(f

Proof. The sides of the equations count the number of elements of the sets

S = {Cc {O,...,r} | C contains p — k elements},
S/ — ( AB) {k ’p} { 1}BC{Z+1 }l k
A contains i — k elements,B contains p — i elements

so it remains to prove that the map S’ — S, (i, A, B) — A U B is bijective. This corresponds to showing that
for each C € S, there exists a unique i € {k,...,p}\ C such that CN{0,...,i — 1} contains i — k elements.
This is because the map

t:{k,...,p} >N, i (i-k)—-|Cn{0,...,i—1}|
is non-decreasing, is increasing outside C, and satisfies 7(k) < 0 < 7(p). O
Lemma 3.4.5. Let a > 0,b > 1,c > 2. Let 7: Zf’C’P — T, be the P -bundle induced by P(vy,v1,2) =
Zl 03’03’? 'P(2)z%*! with P; € k[2]<c_p_qi (Notation 3.3.4).
For each ¢ € Aut®(IF,), the P'-bundle @t is isomorphic to Zf’C’P — TF,, where P is defined by P(vy,v1,2) =
Z?:o yéylb‘lﬁi(z)z“”l, with P, € k[z,27] given as follows:

O) Ifolvo:v1520 : 21]) = [0 : y1; @20 + P21 : Y20 + 021] for some o = [; ﬁ] € GL,, then B; = (D) for
each i, where the action of GL, on the vector space K[z]|<._,; is that of Definition 3.4.1.
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(2) Ifa=0and ¢([yo : 91520 : 21]) = [aYo+BY1; Y Vo+0V1 : 20 : 21] for some a, B, y, 6 € k with ad—By =0,
then P(y9,91,2) satisfies P(yo,91,2) = P(ayy + By1, yvo + 691, 2). .
( ) I_fﬂ >1 and (p([yo V1,20 - Zl]) [yo 0 +y0R(Zo,Zl) 12y Zl] _fOT some R € k[Zo,Zl]a, then P is such
z) =

that P(yo,v1,2) = P(yo,v1 + poR(z, 1), 2).

Proof. Recall that the transition function is given by v, p € Aut(IF, x Al \ {0}),
vep: ([0 %1530 1 91]2) = ([0 : X125+ %0P (M0, 91,2);302° : 91], 1)

and that the morphism 7t: ZZ’C’P — TR, is given on the two charts by 7,7 : F, x A! — IF,, which send
([x0 : x1590 : ¥1],2) onto, respectively, [yo:vy;1:2z] and [y :v1;2:1].

We construct a transition function v, p- of the Pl-bundle gpr: X — I, for some ¢ € Aut(IF,) and show
that it is equivalent to that of P (modulo the equivalence described in Lemma 3.3.6). To do this, we find
corresponding birational maps 6 and 67 compatible with the following commutative diagram:

(1) When @([vo : v1520 : 21]) = Vo : 15 @20 + f21 : Y2¢ + 021 ] for some 0 = [;’j g] € GL,, the action of ¢
on [F, corresponds to

Vo:y;1:2] = [yozyl;a+/52:y+6z]Z[(Oé+ﬁz) Yo:y1;l iaigi]

[vo:v152:1] = [vo:vi;az+f:yz+0]= [ Yz2+90)"v0 : y1; ;z:a 1]
on the two charts. To check that the action we gave on the moduli space is the right one, we only need to
check it for generators of GL,.

(1) We first do the case where y = 0 (upper-triangular matrices). The second chart of IF, is preserved, and
@ corresponds to

Wo:yliz] > [yo:yp;a+pz:oz] = [(a+ﬁz)a}/0'}/1; :a?rzﬁz]’
Wo:vz:1] = [vo:yp;az+p:0] [ylyo yl’aZ%ﬁ_l]

on the two charts. It then suffices to choose
91 : ]Fb X Al i) lFb X Al
(Ixo:x1590:9112) > ([xo:x1:6%0: 1),

0(Z+ )

and to choose a transition function P’(yo,v1,2) € k[vg,v1,2] such that Oy = (v, p/)"101v.p is a local
isomorphism at each point where z = 0. We compute that Oy([x( : x1;v0 : ¥1],2) is equal to

([xoi(ﬁzga) ( 1+— R(yo, 11,2 )):(ﬁ““)ayo:yl], 5z )

pz+a

where R(v9,v1,2) = P(vo,v1,2) — P’(yo(ﬁz + a)“,yl,ﬁfﬁ). We then only need to choose the transition
function P’(yy,v1,2) € k[vo,¥1,2] so that O is a local isomorphism at each point where z = 0, which
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corresponds to saying that the valuation of z at R is at least c. We will observe that such a P’ exists in the
equivalence class of P. Writing P’(v, v1,2) = ZZO yoyf 'P/(z)z"*1, we get

P'(yo(Bz+a)y1, 52%5) = 5 poip i ) i
yo ﬁz a ’yl’ ﬂz+a - ; OyO yl [Sz+a z »
1=

6ai+1p_l Fy X .
and then we need to choose the P/ such that W — P;(z) has valuation at least ¢ at z. Since

Bz + a is invertible in k[z]/(z¢"%~1), we find a unique solution in k[z]/(z6™%1), equal to sero (D) by
Lemma 3.4.3(2).
(71) It remains to consider the case where o [ ] The two charts are exchanged here, so it suffices to

choose v p: = (v, p)~1, which yields P’(yo,1,2) = —P(y92%,v1,2 ")z, which is equivalent to

P(yoz“,yl’ %)ZC — Zzb o(VoZ“)iylb_iPi(%)(%)Mlzf
Zfz Oy(l)yf Z( l(:lz)zC—ﬂi—Z)Zai+]

Yiovoyi o (R,

(2) Now suppose a = 0 and that @([vo : v1;20 : 21]) = [@Vo + BY1; VYo + OV1 : 2o : z1]. Choosing
01 =0;: ([x0:x15%0: 911, 2) = ([x0 : X1 : @Yo+PY1 : YYo+0y1],2), we get v, pO1 = O2v p with P(yg,¥1,2) =
P(ayo+By1, vyo +6y1,2).

(3) Now suppose a > 0 and @([vg : ¥1520 : 21]) = [Vo : ¥1 + VoR(20,21) : 2¢ : 21] for some R € K[z, z;],.
We then choose 0 : ([xq : x1;90 : 91],2) = ([x0 : X1 1 90 : 91 +90R(2, 1)}, 2) and 65 ([x : x1590 : 1], 2) =
([x0 : X1 : 90 : 91 +Y0R(1,2)],2) and get v, 501 = 0,v, p with P(vg,91,2) = P(y0,91 + 3oR(2,1),2). O

Lemma 3.4.3(1)

Corollary 3.4.6. Let a,b,c € Z, witha >0, b > 1, and ¢ > 2. We recall that GL, acts on k[z]<, (see
Definition 3.4.1) and on k[yg,y1], when a = 0 (see Lemma 3.4.5(2)). We have the following equivariant
isomorphisms:

(1) Ifa>1, then MZ’C o~ IP(@?:O y(i)yf_i 'k[z]SC—Z—ai) as GL, -varieties.

2) Ifa=0, then as GL, x GL, -varieties,

MG© = P(K[yo, p1] ® k[2]<c—2) = P Hom((K[po, y1])", k[z]<c2)).

Moreover, if b = c — 2, then HomSY2((k[vg,v115)" k[2)<p) = (AL; A € k), and the identity element
Zg’b”’P with

P= Zz 0 Ve ' Pi(2)z and Pi(z)=72' fori=1,...,b.

corresponds to

Proof. Assertion (1) and the first part of (2) follow from Corollary 3.3.8 and Lemma 3.4.5.
We now assume b = ¢ — 2 and define a non-degenerate bilinear form ¢ as follows:
P k[VOfyl] x Kzl o k
(Z] =0 JVOV1 , Z?:odizi) = Ligcd
The map ¢ is GL;-invariant. Indeed, by bilinearity, it suffices to check that for all g € GL,, forall j = 0,..., b,
and for all (#,v) € k?, we have

b
olg- yoyl ’g Z i b—i z) yoyl Z i b—lzz]:u]vb—]_
=0

This can be checked directly for g = and g = [ 0 ] Since these elements generate GL;, the GL,-
invariance of ¢ follows.

Therefore, the GL,-representations k[y, 91 ], and k[z]<; are dual to each other. Since they are both irre-
ducible (a consequence of Remark 3.4.2), it follows from Schur’s lemma that HomGLZ((k[yO,yl]b)*,k[z]sh) =
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{AI; A € k). Identifying k[z]<, with (k[vg,1]p)* via the map ¢ above, we see that {1,z,...,2"} is the dual
basis of {ylb,yoy’f_l,...,yg}. Hence the identity element corresponds to Z?:o y(l)yi’_’zi as an element of
k[0, v1]» ® k[2]<p, and so it corresponds to the P!-bundle ZUP*2P yith P as in the statement of the

corollary. g

Remark 3.4.7. In the proof of Corollary 3.4.6, we use the fact that the ground field is of characteristic zero
to say that the GL,-representations k[, v; ], and k[z]<;, are irreducible (this is used to prove the last part
of the statement). The statement of the corollary is true over any algebraically closed field of arbitrary
characteristic, but a general proof is slightly more complicated since we can no longer invoke Schur’s lemma
to prove that Hom“ 2 ((k[vo,v;]p)*, k[2z]<p) = {AI; A € k}, and we have to do the calculation by hand (using
Lemma 3.4.5).

3.5. The P!-bundles S, — IP! x IP!

We now study two families of non-decomposable IP!-bundles X — F,, in § 3.5 and § 3.6, which will play
an important role further on (see Proposition 3.7.4).

Definition 3.5.1. For each integer b > 1, we define Sb — Fy = P! x P! to be the P!-bundle Zg’b+2’P — TR,
where P = Z?:o y(i)yf_iPi(z)z and Pi(z) = Z'.

Remark 3.5.2. The P-bundle S, — IF, naturally arises in Corollary 3.4.6(2), which explains why the image
of Aut®(S;) — Aut®(IF,) contains the diagonal group Hx ={(g,2)| g € PGL,} € PGL, xPGL, = Aut®(IF).
Lemma 3.5.5 below makes this explicit and shows that Aut®(S;) ~ PGL,.

Remark 3.5.3. The Pl-bundle S, — [F, has numerical invariants (0, b, b + 2) since it is equal to Zg’b+2’P for
some polynomial P (see Remark 3.3.5).

Remark 3.5.4. We will prove in Lemma 4.2.4 that the P!-bundle Sy of Definition 3.5.1 coincides with the lift
of the Schwarzenberger bundle ), — P? of Definition 1.2.7.

Lemma 3.5.5. Let b > 1 be an integer, and let us denote by 70,70 the P'-bundles 1: S, — P! x P! and
7 ]_-Ob+1,b+1 — P! x P!, Then, the following hold:
(1) For each i = 1,2, denoting by pr;: P! x P! — P! the i-th projection, the morphism pr,m: Sy > Plisa
IF, -bundle. Denoting by S; C Sy the union of the (—b)-curves of the Iy, the intersection C =S, NS, isa
curve isomorphic to the diagonal A C IP* x P! via 1. It corresponds to the intersection of 7' (A) with the
surface xo = 0 in both charts.
(2) We have Auto(Sb) ~PGL, and a commutative diagram

/ X
S‘b \__: _ _l‘b ______ - %b+1,b+1,
P! x P!

where all maps are PGL, -equivariant, the action of PGL, on P! x P! is the diagonal one, the action of
b+1,b+1 . .
PGL, on %, is given by

(3.2) [x0 : X1590 : V1520 2 21] > [X0 : x15090 + Y1 : VYo + Y15 a20 + P21 ¢ Y20 + 621],
the morphism € is the blow-up of the curve C, and the morphism 1) is the blow-up of the curve C’ C ]-'()b+1’b+1
given by P! <—>.7-"0b+1’b+1, [u:v]>[1:1:u:v:u:v].
Moreover, every automorphism of the P! -bundle Sy — P x P! is trivial.
(3) If char(k) does not divide b+ 1, the curve C is the unique curve invariant by Aut®(S}).
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Proof: We write m = b+ 1. The fact that (3.2) yields an action of PGL; on F;""" follows from the fact that
[x0: %15 A0t Av; Azt Azy ] = [A"x0 : A™Xx1590 : V1520 2 21] = [%0 : X13V0 ¢ Y1520 : 21] for each A € k™. The
same argument shows that the map P! — F™", [u:v]—>[1:1:u:v:u:v]is a well-defined closed
embedding. The image C’ is sent to the diagonal A C P! xIP!, and the action on IP! x P! (via the IP'-bundle
Fm > P! x P!) is the diagonal action.
We now construct a birational map ¢: .7-"0m’m > Sm—l = Sb.
The two open subsets Uy, U; C F,"" where zj = 0 and z; = 0, respectively, are isomorphic to IF,, x Al
via
F,, x A — F
i ([%0:x590:912) > [x1ixosve:visliz)
ne ([xo:xive:mbz) o [xixee vzl
The transition function 6’ = (1)1 € Bir(FF,, x A!) is then given by
([Xo " X150 3}’1],2) = ([Xo :x12"590 : yl]é)r
and the curve C’ C .7-"0mm yields a section of IF,, x Al — Al given by A! < F,, x Al, z+> ([1:1;1:z2],2)
and z — ([1:1;z: 1],2), respectively, on the two charts. We can then blow up C and contract the strict
transform of 77~} (7/(C")); we do it on the two charts via

F,, x Al > F,, x Al
eo: ([xo:x590:9112) — ([Xo(oz=21):x1 = %0930 : 91),2),
o1: ([xo:xi530:9112) > ([xo(Bo-12): %1~ %0950 : 91)2).

Computing the transition function 6 = ¢, 0’(gg)~! € Bir(IF, x A'), we obtain

(Ixo: 2590 91) 2) ([XO 2 g A yl]’l)f
Yoz=h 2
which is the transition function of the IP'-bundle S, — P! x IP! (see Definition 3.5.1).

Since C’ and 7"~ (7/(C’)) = 7"~} (A) (where A C IP! x P! is the diagonal) are invariant by PGL,, the
birational map ¢ is PGL,-equivariant, for some biregular action of PGL, on S, acting diagonally on
P! x P!, and preserving the curve C C S, being the image of the contracted surface 7’~!(7/(C’)). Note
that this curve is given by the intersection of xy = 0 with 777!(A) in both charts, where A C IP! x P! is
the diagonal (this follows by replacing vy and y; by 1 and z in ¢ and by z and 1 in ¢;). This yields the
commutative diagram of (2), with ¢ = go_l. To achieve the proof of (2), we only need to show that the
homomorphism PGL, — Aut®(S},) constructed by this map is surjective.

The second projection pr,: P! x P! satisfies that pr,m: Sy — P! is a IF,-bundle, trivial on P* \ [0: 1]
and P! \ [1 : 0] with transition function 6. The union of the (=b)-curves of the [F, is a surface S, C S,
which corresponds to xo = 0 on both charts and is then sent by 1 onto the surface S; C 7" given by
X1 = 0.

The involution o’ € Aut(F, ™) given by o+ [xg : X1;90 : V1520 : 21] > [X1 : X0;20 : 21570 : ¥1] commutes
with PGL, and preserves C” and 7"~} (7r(C)); hence 0 = ' ¢"1) = @0’ € Aut(S,). Since ¢ and ¢ act
on IP! x P! by the exchange of the two factors, pr7: S, — P! is also an FF,-bundle. The union of the
(=b)-curves of the [F, is a surface S; = 0(S;y) C S}, which is then sent by 1 onto the surface S| C .7:0m’m given
by xo = 0. The two surface S;,S; C F,"" are disjoint and also disjoint from C’. Their strict transforms on
X are then again disjoint, and their images on Sb intersect only along C. This yields (1).

To prove (2), it remains to show that Aut®(S}) ~ PGL, and that every automorphism of the P!-
bundle Sb — P! x P! is trivial. Every element of Auto(Sb) permutes the fibres of the two IF,-bundles
Pr 7, pry7m: Sb — P!, so S; and S, are both invariant, and the same holds for C = S; N'S,. Since
7(C) = A c P! x P!, the image of Auto(Sb) — Aut®(P! xIP!) is the diagonal PGL,. It then suffices to see
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that every automorphism of the P!-bundle Sy — P! x P! is trivial. This amounts to showing that every
automorphism of the IP'-bundle }—Omm — P! xIP! that fixes C’ is trivial. Indeed, every automorphism of the
Pl-bundle 7" — P! x P! preserves S; and S, so is of the form

[x0: X150 : Y1520 : 21] > [AX0 1 X1590 1 Y1520  21]
for some A € k*. It preserves C’ if and only if A = 1.

We finish the proof by proving (3). It follows from the construction that C =5, NS, C Sb is invariant by
Aut°($b). It remains to show that every curve € C S, invariant by Aut®(Sp) is equal to C when char(k) does
not divide b + 1. The action of Aut®(S}) on P! x IP! being the diagonal action of PGL,, we find that 7¢(¢)
is the diagonal A and thus have to see that C is the only curve invariant by the action of Aut°($b) ~PGL,
on the surface V = n_l(A), which is a P-bundle V — A. To do this, it suffices to find an isomorphism
V = P! x P! that sends C onto the diagonal. Indeed, the action of PGL, on P! x P! will then have to be
the diagonal action, which only preserves the diagonal.

We restrict the transition function of S to V and get

([xo cxp; 1 :z],z) > ([xo :x12" 2+ xo(b+1)20 51 :z],%) = ([xo s x12% + xo(b + 1)2;% : 1],%).

The curve C corresponds to xg = 0 on both charts. The isomorphism V = P! x IP! can then be chosen on

the two charts as
([xo cxq;1 :z],z) — ([xl txp(b+1)+x12],[1: z]),

([xo 1X152: 1],2) — ([—(b+ D)xg+x12:x1),[2: 1]),
which is an isomorphism since b+ 1 # 0 (as we assumed that char(k) does not divide b + 1). O

Remark 3.5.6. When char(k) divides b + 1, there are actually two curves invariant by Aut°($,) ~ PGL,.

Remark 3.5.7. Let m = b+ 1. An element g = [; g] € PGL; sends pg = [1:1;1:0;0: 1] € Z"" to
[1:1;a: p;B:0]. Therefore, g-py = po if and only if f =y = 0 and a™ = 6™ =1, and so H :=
Stab, PGL, = {[g aql ]; a™ = 1}. As dim(PGL,/H) = 3, we see that PGL,/H is a dense open orbit for
the diagonal action of PGL; on F, """, As Sy is PGL,-equivariantly birational to F,""", the same holds
for Sb.

3.6. Umemura P!-bundles

In this section we introduce a new class of non-decomposable IP!-bundles on Hirzebruch surfaces. To the
best of the authors’ knowledge, those appeared for the first time in the work of Umemura [Ume88, § 10], and
that is the reason why we chose to call them Umemura bundles.

Definition 3.6.1 (Umemura bundles). Let a,b > 1 and ¢ > 2 be such that ¢ = ak + 2 with 0 <k < b. We call
Umemura P*-bundle the P!-bundle Uf’c — [F, given by Z/{f’c = Zf,”c’P — F, with P = yéyi’_kzc_l .

Remark 3.6.2. Recall (see Notation 3.3.4) that L{f’c = Zg’C’P is obtained by the gluing of two copies of IF, x A
along T, x A' \ {0} by the automorphism v € Aut(IF, x A \ {0}),

k..b—k _c— 1
v ([xg:x1590:v1]2) ([xolezc+x0y0y1 z¢ 1;yoz“:y1],z)
= ([xo s x25% 4 xoylgyf_kzc‘“b‘l;yo ty1277, %),

and that Uf’c — TF, sends ([xp : 1390 : ¥1],2) € F, x Al onto, respectively, [yo : y1;1 : z] € [F, and
[vo:y1;2: 1] € [E, on the two charts. It then has numerical invariants (a, b, ¢).

Lemma 3.6.3. Let a,b > 1 and c > 2 be such that c = ak + 2 with 0 <k < b. The morphism 1: U >,
yields a surjective group homomorphism

p: Aut®(U>) > Aut®(IF,).
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Proof. The statement corresponds to showing that the element of ./\/lz’c corresponding to Z/{ab “ is fixed by the
whole group Aut®(IF;). We only need to check it for generators of Aut®(IF,), using Lemma 3.4.5.

Recall that the polynomial P is given by P(v,v1,2) = Y./ y(i)yf_iPi(z)z””l, with P; € k[z]<c_o_4i
(see Notation 3.3.4), where all P, are zero except one, namely P, which is equal to 1. Lemma 3.4.5(1)
shows that GL, fixes the class of L{f'c in MZ’C since Dy is sent onto o(P) € k[z]<.r_ak = k[z]<o = k.
Lemma 3.4.5(3) then shows that an automorphism [y : 1520 : 21]) = [vo : ¥1 + VoR(20,21) : 20 : 21] of
IF, sends P onto the polynomial P’ equivalent to the polynomial P(vy,7;,z) that satisfies ygyi]_kzc_l =
P(vo,v1,2) = p(yo,yl +99R(z,1),z). The polynomial P is then equal to P = 1, and all the polynomials P,
with i < k are zero and thus equal to P;. The other coefficients do not appear in the equivalence class since
c—ai—2 <0 for these. g

Remark 3.6.4. With the notation above, the group of automorphisms of IP!-bundles of Uf *“ identifies with the
vector group @le k[zg,21]4i— whose action on Uf’c can be described on the first chart by the following

biregular action:

IF, x A — IF, x Al
([xo:x1;90:91)2) = ([xo:x1+x0 LI 909V 9i(2. 190 : 91).2),
where Q = (q;)i=1,.b € @?:1 k[z,21]ai—c- This can be computed for instance by using the transition
function of Uab’c. The action on 77! (s_,), which corresponds to yy = 0 on both charts, is then trivial.

Remark 3.6.5. The group GL, acts on ube by acting rationally on both charts via, respectively,

IF, x Al - IF, x Al
c c—1. k. bk s
([xo:x15%0:91) 2) '—>([X0¢X1 (fgfg; +Xoﬁ(ﬁz+£_lg;°yl ;yo(ﬁz+a)u1yl]r,3§%):

S5)¢ S5)¢ 1 k. b—k
([XO 1X15%0 Zyl],Z) g ([XO X1 (o}t/("izjﬁ;)/ -Xy V(VZ_;(S)_ﬁ;joyl JVO(VZ"' 6)“}3}1 ]’ ;‘/*::Iz)

as can directly be checked using the transition function.

3.7. Invariant fibres

The following result shows that one can reduce the study of P!-bundles X — T, to the case where the
action of Aut®(X) on IF, is transitive on the set on fibres of 7,: IF, — IP!. This is in particular the case when
the action on [F, yields a surjective group homomorphism Aut®(X) -» Aut°(IF,) (see Remark 2.4.5) and
holds for decomposable IP!-bundles (see Lemma 3.1.5), for the IP!-bundles Sy — P! x P! (see Lemma 3.5.5),
and for Umemura bundles (see Lemma 3.6.3).

Lemma 3.7.1. Let w: X — I, be a P -bundle. If there is a point p € P such that the surface tr™! (p) C X is
invariant by Aut®(X) (where t,: F, — P! is the standard P'-bundle), then there exist a decomposable bundle

]—"ab’c — [E, and a commutative diagram

X___lp__>_jfub,c
> V
IF

where 1 is a birational map satisfying Y Aut®(X)p = ¢ Auto(};b’c).

Proof. The surface S = IF, \ (7,)~!(p) is isomorphic to P! x A!, and U = 7~!(S) is invariant by Aut®(X).
Applying Proposition 3.2.2, one can perform finitely many Aut®(X)-equivariant birational maps and reduce
to the case where 7,7t: U — P!\ {b} is a trivial IF,-bundle. We then find an integer ¢ > 0 and an inclusion
U< ﬂb’c such that the action of Aut®(X) extends to a biregular action on ﬁb’c. This will yield a birational
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map as above, satisfying 1 Aut®(X)p~! C Auto(};b’c). Moreover, equality does not hold since Auto(}"ab'c)

acts transitively on the set of fibres of 7,: IF, — P! (see Lemma 3.1.5 and Remark 2.4.5).
If b > 0, the action of every element ¢ € Aut®(X) on U corresponds to an automorphism of IF, x A! of
the form

([Xo “X1:%0 V1 ],Z) = ([Xo Faxy +Xo Zib:o yéy{"ipi(Z);fl (Yo, 91,2), f2(y0, 91,2)], az + b)

for some a € k* and p; € k[z], where f}, f, € k[, v1,2] correspond to the coordinates of the restriction of
an automorphism of IF,. The group Aut®(X) being an algebraic group, the degrees of the polynomials p;
are bounded by an integer which does not depend on g € Aut®(X). It then suffices to take an integer ¢ > 0
big enough and to send ([xg: X150 : V1],2) € Fy x Al to [xg: X139 : v1;2: 1] € ]-'ab’c to be able to extend
the action of all elements g € Aut®(X) to ﬂb’c. (This can be checked for instance using the description of
.7-"ab’c provided in § 3.)

If b = 0, the action of every element ¢ € Aut®(X) on U corresponds similarly to an automorphism of
Fy x Al =P! xIP! x A! of the form

([xo:x1590:91)2) = ([@(2)x0+Bl2)x1 : ¥(2)x0 +8(2)x1; fi (D0, 91,2), (%0, 91, 2)], 4z + b),
where a, 8,y,0 € k[z] are such that [;'j ’g] € PGL,(k[z]) (i.e. @6 — By € k) and where fi, f, € k[yg,91,2]

correspond to the coordinates of the restriction of an automorphism of IE,.

The morphism U — P! x Al ([xg : x1;90 : ¥1],2) = ([Xo : x1],2) then yields an algebraic group
homomorphism Aut®(X) — Aut(IP! x A'). The image H C Aut(IP! x A') is then a connected algebraic
subgroup of Bir(IP! x A!) that preserves the set of fibres P! x A!. There thus exist an integer ¢ > 0 and
an inclusion P! x A! — TF, which allows the image to extend. We then find an inclusion U <> ﬁb’c which
allows the action of Aut®(X) to extend. U

Lemma 3.7.2. Let H be a maximal proper connected subgroup of PGL,xPGL,. Then H is BxPGL, or
PGL, xB, where B C PGL, is a Borel subgroup (conjugate to the group of upper-triangular matrices), or H is
isomorphic to PGL,. In the latter case, H is conjugate to the diagonal embedding of PGL, in PGL, xPGL,.

Proof. Let py and p, be the two natural projections PGL, xPGL, — PGL,. If p;(H) € PGL,, then p;(H) is
contained in a Borel subgroup B of PGL,; (e.g. by [Hum?75, § 30.4, Theorem (a)]), and so H is BxPGL, or
PGL, xB since H is maximal.

We now assume p;(H) = PGL, for i = 1,2. Let K be the kernel of pig: H—- PGL,. As K is a normal
subgroup of H and pyy is onto, py(K) is a normal subgroup of PGL;. As H is a proper subgroup of
PGL; xPGL,, we must have p,(K) = {1}, and so K = {1} and p; is a bijective morphism of algebraic
groups H — PGL,. In particular, dim(H) = 3 by [Hum?75, § 4.1, Theorem].

We now show that H is simple. Let N be a normal subgroup of H. As p;y is onto, p;(N) is a normal
subgroup of PGL,. If p;(N) = PGL, for some 7, then N = H (as they have the same dimension). Otherwise,
p1(N)=p2(N)={1}, and so N = {1}. This achieves to prove that H is a simple group.

As dim(H) = 3 and H is of rank at most 2, the classification of simple root systems yields that H
is isomorphic to SLy or PGL,; see [Hum?75, § 32 and Appendix]. Since p; |y : H — PGL; is a bijective
morphism, H cannot be isomorphic to SL, (otherwise +I;, would be sent to I,), and so H =~ PGL,. In this
case, H is conjugate to the diagonal embedding of PGL, in PGL, xPGL,. Indeed, this follows from the
fact that a bijective morphism of algebraic groups is an isomorphism in characteristic zero (e.g. by Zariski’s
main theorem), together with the fact that all automorphisms of PGL, are inner [Dem65, Theorem 1.3 and
§ 3.6]. O

Remark 3.7.3. In characteristic p > 0, the above result is false: we get infinitely many embeddings of PGL,
intoZPGL2 xPGL, with pairwise distinct images, up to conjugation, given by [‘CI Z] - ([‘; S], [‘;’:n Z’;” ]) for
ne4.
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Proposition 3.7.4. Leta>0, and lett: X - F, be a Pl-bundle. Then, there exist b,c € Z such that one of the
Jollowing holds:

(1) X is isomorphic to a decomposable P -bundle Fre IF, (Definition 3.1.1);

(2) X is isomorphic to an Umemura P*-bundle ur - IF, (Definition 3.6.1);

(3) we have a =0, and (X,10) is square isomorphic to the P'-bundle S, — Ty of Definition 3.5.1; or

(4) there exist a P-bundle T: F, — P' and a closed point p € P such that (tr)"\(p) is invariant
by Aut®(X).

In cases (3) and (4), there exist a decomposable bundle Fre IE, and a commutative diagram

X___yb__>ﬂb,c
\¢
F

where 1 is a birational map satisfying P Aut®(X)~' ¢ Auto(]-;b’c).

Proof- Lemma 3.7.1 and Lemma 3.5.5 (2) give the existence of the birational map ¥: X --» ]-"ab’c in
cases (3) and (4), with i Aut®°(X)p~! C Aut°(ﬁb’c). Moreover, we cannot have equality since the ac-
tion of Auto(}'ab’c) — Aut(IF,) is surjective (see Lemma 3.1.5). It remains to show that we can reduce to the
four cases above.

We denote by H C Aut®(IF,) the image of Aut®(X) by the natural homomorphism Aut®(X) — Aut°(IE,)
(see Lemma 2.1.1). If the preimage of one fibre of 7,: [F, — IP! is invariant by Aut®(X), we get case (4).
We can in particular assume that all fibres of 7,71: X — IP! are isomorphic to F, for the same b > 0 (no
jumping fibre; see Proposition 3.2.2). Hence, X — IP! has numerical invariants (a, b, ¢) for some ¢ € Z, which
is positive if b = 0 (see Proposition 3.3.1 and Definition 1.4.1). We can moreover assume that X — [F, is
not a decomposable bundle since otherwise we obtain case (1). This implies that b > 1 and ¢ > 2 and that
X — [F, is isomorphic to zbeP IF,, where P(vg,v1,2) = Z?:o 20177 Pi(2)z*! and Pi(z) € K[z]<c_2—ai
fori=0,...,b (see Corollary 3.3.7).

For each h € Aut®(IF,), we have h € H if and only if there exists an h € Aut°(X) such that the following

diagram commutes:

(3.3) X X
) n
I, F,.

h

This is thus equivalent to asking that the class of X — IF, in MZ'C (see Corollary 3.3.8) is fixed by the action
of h.

We now consider two cases, depending on whether a > 1 or a = 0.

Case a > 1. We denote by iy the smallest integer such that P; # 0. For each element 0" € PGL,, there
exists an element of H C Aut(IF,) whose action on IP!, via 7, corresponds to & in PGL,. We can write this
element as ¢, @, where @1, ¢, € Aut(IF,) are given by

1 : [vo:yvzoiz]l = [voiyiazo+ Pz yzo+ 0z,

P2 ¢ [vo:yuzoiz] = [vo:y1+v0R(20,21) 201 21),
where 0 = [j g] € GL, represents the class 6 € PGL; and R € k[z(, z1|,. Lemma 3.4.5 describes the action
of ¢ and @, on the class [rt]. The element ¢, does not change the polynomial P, (see Lemma 3.4.5(3)),
so 0(P;,) has to be equal to a multiple of P, for the action of GL, on k[z]<,_,, given in Definition 3.4.1

(see Lemma 3.4.5(1)). This implies that the class of P, in IP(k[z]<._>_4,) is fixed by the corresponding
action of PGL,. This happens if and only if (k[z]SC—Z—aiO)SLZ is non-zero. As k[z]<._5_g4, is an irreducible
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SL,-representation (see Remark 3.4.2), (k[z]SC_z_aio)SLz is non-zero if and only if k[z]<,_»_g;, is the trivial
representation; that is, ¢ — 2 = aig and P is a constant polynomial. Since i is the smallest integer such
that P = 0, we have P; = 0 for all i <ij. Moreover, P; = 0 for i > iy since ¢ — 2 —ai < 0. This implies that
P(vo,v1,2) = /\yéoyffioz“i()”, and so that X — IF, is an Umemura bundle (see Definition 3.6.1).

Casea=0. Let a=0 and 7 : X — P! xIP! be a IP!-bundle. If H = PGL, xPGL, = Aut°(IF,), then the
moduli space Mg’c must contain a fixed point for the natural H-action, described in Corollary 3.4.6(2). This
cannot happen since the SL, x SL,-representation k[y¢, 91|, ® k[z]<,_» is irreducible, and non-trivial when
b>1 (as we assumed above).

Now assume that H C PGL, xPGL, is a proper subgroup. If one of the two projections H — PGL, is
not onto, then one fibre of a projection IP! x P! — IP! is invariant, and we get case (4). We then assume that
H surjects onto PGL, via both projections. By Lemma 3.7.2, H is conjugate to Hp :={(h,h) | h € PGL,} in
PGL, xPGL,.

If H is conjugate to Hp, then the moduli space /\/lg'c contains a fixed point for the natural Hj-
action. By Corollary 3.4.6(2), Mg’c ~ P(Hom((k[vo, v1]p)" k[2]<c_2) as an Hp-variety, where we identify
Hp =PGL,. Hence Mg’c contains a fixed point if and only if Hom™ ((k[yo, v115)", k[z)<c—2) # {0}. As the
SL,-representations (k[yo,y1])* and k[z]<._, are irreducible and of dimension b+ 1 and ¢ — 1, respectively,
it follows from Schur’s lemma that HomS%2 ((k[vg,v;]5)", k[z]<c—2) = 0 when b # ¢ — 2. On the other hand,
if b = c -2, then HomS((k[vo,v11p)", k[2]<c—2) = {AId; A € k}, and so Mg’b+2 has a unique fixed point
corresponding to the identity; the latter is given by P(vg,v1,2) = Z?:o yéyi’_izi“ (see Corollary 3.4.6(2)) and
yields case (3). g

Remark 3.7.5. In the proof of Proposition 3.7.4, the assumption that the base field k is of characteristic zero
is required. Indeed, the results from the representation theory of SL, that we use in the proof are not valid
in positive characteristic. In positive characteristic, there are actually more P!-bundles to consider.

4. IP'-bundles over IP?

The results in § 4.1 are valid over an algebraically closed field k of arbitrary characteristic, but in § 4.2
we need to assume char(k) # 2 (due to the fact that we work with a quadratic form and need 2 to be
invertible). In § 4.3, Lemma 4.3.1 and Proposition 4.3.4 both rely on Proposition 3.7.4, and so are valid only
in characteristic zero, while Lemma 4.3.3 holds in characteristic different from 2.

4.1. Decomposable bundles over P2

In this section, we give an explicit description of the decomposable P!-bundles over IP?, similar to the
one provided in § 3.1 for the IP!-bundles over the Hirzebruch surfaces. We also give global coordinates on
decomposable P'-bundles over P2,

Definition 4.11. Let b € Z. Define P, to be the quotient of (A2 \ {0}) x (A3 \ {0}) by the action of (G,,)?
given by
(G)® x (A2\ {0 x (A2\{0}) —  (AZ\{0})x (A’ \{0})
(P Bov2021,22)) = (W™ Y0, 4915 p20,p21, P22
The class of (o, V1,20,21,2;) will be written [y : v1;20 : 21 : 22]. The projection
Py — P2, [vo:91320:21: 2] — [20: 21 : 2]
identifies P}, with
P(Op2(b) ® Op: ) = P(Op2 @ Op2(-b))
as a IP1-bundle over IP2. As before, we get an isomorphism of IP!-bundles P, ~ P_, by exchanging v, with
y1 and will then often assume b > 0 in the following.
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Lemma 4.1.2. For each b € Z, the morphism 1c: P, — P? yields a surjective group homomorphism

p: Aut®(P,) -» Aut(IP?) = PGL3.
Proof. The existence of p is given by Lemma 2.1.1. The fact that it is surjective can be seen by making GL3
act naturally on 7P}, do nothing on ¢, v, and act naturally on zy, 2, 2. 0

Remark 41.3. Assume b > 1. The group of automorphisms of IP'-bundle of P, identifies with the (connected)
group

{[; ?\] € GL(k[zg,21,2,]) [ A €k" and p € k[ZO’Zl’ZZ]b}

whose action on Py is as follows:
(Ap)-[vo: 91520 : 21 : 22] = [0 : A1 + V0P (20,21, 22)520 : 21 : 22].

This can be seen directly from the global description of P, in Definition 4.1.1, and by using trivialisations on
open subsets isomorphic to A

4.2. Schwarzenberger P!-bundles over IP?

In this subsection, we study the Schwarzenberger P!-bundles S, — P2, with b > —1, given by
IP(x,Opi xp1 (~b — 1,0)) — IP? (see Definition 1.2.7). As we will observe, only the cases b > 1 are interesting
since S_; and &) are decomposable (see Corollary 4.2.2).

Lemma 4.2.1. Denoting by Uy, U; C IP? the two open subsets

Up={[X:Y:Z]|X20}=~A% U ={X:Y:Z]|Z=0}=~A%
the restriction of Sy on P>\ {[0: 1 : 0]} is obtained by gluing P! x Uy and P* x U, along P! x (Uy N U,) via
the isomorphism given by

0: P! x Uy > P! x U;
X Lo ar(u,v) ap(uv)||x| [1 v
([xl]’[l e V]) "~ ([aﬂ(“rv) azz(u,v)] [M]'[; K 1])

where a;;(u,v) € k[u,v] are the polynomials satisfying

1 0.
[0 ]sz:—l,

—st

1 st —tb st(st=1 —¢b-1) ifb>0

aip(s+t,st) aja(s+t,st)
ar1(s+t,st) any(s+t,st)

Proof. Recall that S, = P(x,Op1yp1 (—m,0)), where m = b+ 1 and « is given by
i PP P2, ([yo:91)[20: 21]) = [¥0%0 : 9071 + 9120 2 9171]
(see Definition 1.2.7). The preimages of Uy, U; C IP? by « are then two open subsets Ty = ¥~ !(Up) and

21 _ Yo — 20

T, =« 1(U;) of P! x P! isomorphic to A? using the standard coordinates s, = ;)—(1), ty = zé,sl =yt =73

in k(P! x P!):
Ty =71 (Up) ={([po : 91). [0 : z1]) € P! x P! | g zg = 0} = Spec(k[so, to]),
Ty =x"1(U)) = {([}’0 1] [z0:21]) € P x P! |2y = 0} = Spec(K[s1, #])

The line bundle Op1,p1 (—m,0) is trivial on Ty and Ty, so Opiypi (—m,0) is the gluing of two copies of A3,
via the transition function
(A0} x AT\ {0 x A" = (AT [0} x AT\ {0})x A

11
(S0, to, ao) = (%, g,aosg”),
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which corresponds to the identifications a; = aysg’, 51 = %, t = tl_o This transition function implies that a

il] toil]

section on Tj ﬂ Tl correspond on the first chart to an element f(sq, ty) € k[s and on the second

chart to s f (L S Ly e k[s; %L, %)

To compute the transition on Uy and U;, we take standard coordinates 1y = %, vy = %, Uy = %, v = %
on Uy = Spec(k[ug,vg]) and U; = Spec(k[uy,v1]). We then observe that for i = 1,2, the morphisms
K|, = T; = Uj corresponds to the injective algebra morphism k[U;] = k[u;,v;] < K[T;] = K[s;, t;] that sends
U; and v; onto s; +¢; and s;t;, respectively.

The space of sections x,Opip1 (=1, 0)(U;) = Opiyxpi (—m, 0)(T;) = k[T;] = k[s;, t;] is a free k[U;]-module
of rank 2 generated by 1 and &; = s; — ;. This basis being chosen, it determines a transition function, which

is of the form
Ugx A> - U x A?

(u [bo]) (“0 1 [%1(“0:710) alZ(”OJ”O)] [bo])
Olv()l (g — 7 °
by vy Vo |a21(u,vg) ana(ug,vo)| | b1
for some a;; € k[ug, vo*']. We then take a section on Uy N Uy, which is given on the first chart by
folug, vo), fi (1o, vo) € K[ug, vo*! ]
goluy,vy) = Ofll(v1 vl )fo(,,1 v1)+a12(v1 7,1 )fl(,,—1 %)Ek[uhvl 1]'
gl(ulfvl) = a21(y1 yl )fo(yl vl) (vl 7/1 )fl(:: 7/1 )Ek[ul'vl 1]

The corresponding section on Ty N T; is then given on the two charts by

and on the second chart by

f(sorto) = folso+toSoto) + (so— to) fi(so + to,soto) € k[si', 5],
g(s1,t1) = Sl_mf(%r%)
= golsy+t,sity)+(s1 —t)gu(s1 +ty,s1t1) € k[sf, 6],

We then use the equalities

280(s1 +ty,81t1) = gls1,t1) +8(ty,51) Ek[ i t+1]

2g1(s1 +ty,511) = Wek[ 1 a1
(V_? %) = ayi(ug,vy)folug,vy) + aga(ug,vy) fi(ug,vy) ek[uo’vlil]’
g3 o) = ani(ugvi)folugvr) + ana(ug,v1) fy (g, v1) € K[ug, v1*']

to compute the a;;:

1

t
2g0(so+ 0 ﬁ) = g(sO,t0)+g(tO S0)_50 f(So,t0)+t6nf(t0,SO),
= (sg + 1) folso +to,Soto) + (5o — tg')(so — to) f1(so + to, Soto),
So+t 1 _ 1 1 1 1 Sotgp Sot
281( gotoo’%) - _(g(g’%)_g(% %))500 ?o - _(Sglf(so’ to) = t(r)nf(tO’SO))Soo—?o’

= —soto> = _to fo(so +to,s0to) —Soto(sg +ty') fi(so + to,soto)

and get

[a11(50+f0150f0) a12(50+to,50t0)] _ 1] sg +t0 (sg' = tg')(so — to)
= — t"
az1(so +to,S0to)  @aa(so +to,soto) | 2 |=soto L =soto(sy +1tg')

If m = 0, we get simply the matrix defined above. If m > 1, we change the transition function, by observing

that
1 s+t
b 5]

st [Tl gml o sp(smm2 - pme2)
Tt—s| st st(s™l—gmoh)[

e (s’”—t”’)(s—t)HZ s+t]

—stssj —st(s"™+t™) [[0 -1
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O
We then recover the following result already observed by Schwarzenberger [Sch6l, Proposition 7].

Corollary 4.2.2. We have the following isomorphisms of P'-bundles: S_; ~ P, = P(Op2(1) @ Op2), Sy ~ Py =
P! xIP?, and S; ~ P(Tp2).

Proof. Let us note that to obtain the transition function of the tangent bundle Tp2, it suffices to differentiate
the map corresponding to the change of coordinates between two affine charts of P2, It follows that the
transition function of the projectivised tangent bundle over IP? \ [0: 1 : 0] is

P! x UynU; = P! x UynU;
([xole],[lzu:v]) > ([xozx0u+x1v],[%:%:l]).
Applying Proposition 4.2.1, the transition functions for b = -1, 0,1 correspond, respectively, to the matrices
[(1) o ], [(1) o |, and [ L 9], which gives the result. O

Remark 4.2.3. One can also see §7 =~ IP(Tp2) as
Z ={([xo: x1: %2), [0 : 91 : 92]) € P2 x IP?| in%' =0},

with 7t: S; — IP? the projection onto the first factor. We again find the same transition function, by
trivialising the IP'-bundle over Uy and U; via

Uy x P! — Z
([1:u:v],[x0:x1]) - ([1:u:v],[—xou—xlv:xo:xl]),

U, x P! - Z
([v:u:l],[xole]) — ([v:u:1],[—x1:x0:—x0u+x1v]).

Seeing the equation with vectors, as 'x -y = 0, the group PGL3 then acts via (x,v) > (Ax, ‘A7 p).
We will see in Lemma 4.2.5(2) that Aut®(S;) =~ PGL3, so the above action yields all elements of Aut®(S;)
(but not of Aut(S;), as we also have (x,p) — (v, x)).

Lemma 4.2.4. For each b > 1, the following hold:
(1) The P -bundle Sy — P! x P! is isomorphic to
Sy Xp2 (]P1 X lPl) — P! x P!,
obtained by pulling back the Schwarzenberger bundle Sy, — P? via the double cover x: P! x P! — P2, In
particular, Sy, is isomorphic to

P(x* (.01 (~b—1,0))) > P! x P,

(2) The only curve invariant by Aut®(Sy) is the curve C C Sy, being the preimage of the curve D C S, given
on the two charts of Lemma 4.2.1 by
{([XO : Xl],([l 22t tz])) € H)l X U() | Xo + tXl = 0},
{([XQ . Xl],([tz 22t 1])) € ]Pl X Ul | Xo — txl = 0}
Proof. (1) We take as usual coordinates ([vy : v1],[20 : 2z1]) on P! x P! and denote by T, T; C IP! x P! the
open subsets given by, respectively, v9zo # 0 and p;z; # 0.

The restriction of 70: S, xp2 (P! x P!) - P! x P! to TyUT; = P! x P!\ {([0:1],[1:0]),([1:0],[0:1])}
is given by gluing IP! x Ty and IP! x T; along P! x TyN T; by the isomorphism 0 € Aut(IP! x Ty N T;) induced
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by
IPI X TO --> H)l X T1

(o] wspmem) = (Lot o STt L1 31])

(see Lemma 4.2.1). We then define two open embeddings ;: P! x T; < IF, x Al, i = 0, 1:

P! x T, & IF, x A!
([xo sxq ), ([1:s],[1: t])) — ([—xo —txy:xp51: s],t),
P! x T, SN F,x Al
([xo:x1] ([s: 1) [£:1]) > ([=xo+txy i x5s: 1))

and compute 1;60(19)"" € Bir(IF, x Al):

F, x A 16(19)7! IF, x Al
b b+l _ b+l
<[x01X1;1 :9],2) > ( o Pgm—xo+ 2 s g 1]%)
b b
= ([xo x1 272+ x0zY ) vizb :y],%)

This then yields v;, p1y = 110, where vy, p € Aut(IF, x A\ {0}) is given by

Vp,p: ([Xo TX1390 101 ]:Z) = ([Xo 1 x12"2 + xP(9,91,2); %0 ¢ }11],%),
with P(yo,91,2) = Y0, 99? "' Pi(2)z and P;(z) = 2’ € k[z], for i = 0,...,b. This shows that the P!-bundle
is isomorphic to S, — P! x P! over Ty U T; (see Definition 3.5.1) and thus over the whole P! x IP! by
Lemma 2.3.1. This achieves the proof of (1).

(2) By Lemma 3.5.5(3), there is a unique curve C C S}, invariant by Aut®(S,) which corresponds to the
intersection of =1 (A) with the surface xj = 0 in both charts P! x A!. It then corresponds to the curve

given in IP! x Ty and P! x T; by
{(xo:x1 L (1L [1:£])) € PT x Ty | xg + 2y =0},
{([xo: x1] ([£: 1] [£:1])) € PLx Ty | 0 — £ =0},
Sending this curve into S}, yields a bijection C — D, where D C &, is given locally as above. U

Lemma 4.2.5. Let t: S, — P2 be the b-th Schwarzenberger Pl-bundle, with b > 1, and let T C IP? be the conic
which is the ramification locus of 1c: P' x P! — P? (see Definition 1.2.7).

(1) IfL Cc P? is a line, the P -bundle 7' (L) SL=P! s isomorphic to

F, —» P! ifL is a tangent line to T;
Fy — P! ifL is a not a tangent line to T and b is even; or
IF, —» P! ifL is a not a tangent line to T and b is odd.

(2) The action of Aut®(Sy) on P? yields a group isomorphism

Aut(P2,T) = {geAut(lP?)|g()=T}~PGL, ifb>2;or

Aut™(5) ;’{ Aut(P?) =~ PGLs ifb=1.

Moreover, every automorphism of the P'-bundle Sy, — P? is trivial.

Proof Lemma 4.2.4 implies that 7t: Sb — P! x P! is isomorphic to S; xpz (P! x P!) — P! x P!,
Lemma 3.5.5(2) then yields Aut®(8},) ~ PGL,, with an action on P! x P! which is the diagonal one, and
thus corresponds, via x: P! x P! — P2, to Aut(IP?,T) ~ PGL,. This implies, in particular, that the image
of the group homomorphism Aut®(S,) — Aut(IP?) (given by Lemma 2.1.1) contains Aut(IP2,T) ~ PGL,.
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Taking a line L C IP? tangent to T, the preimage x!(L) C P! x P! consists of two fibres f;, f> of the
two projections, exchanged by the involution associated to the double cover k. In particular, 77-!(L) is
isomorphic to 777 (f;) =~ &7 (f,) = TF, since S, has numerical invariants (0,b,b+2).

To finish the proof of (1), we take a line L C IP? not tangent to I' and show that 7w~!(L) is isomorphic to
IFy or IF;, depending on whether b is even or odd. Using the action of Aut®(Sy), we can choose the line of
equation Y = 0. Using the notation of Proposition 4.2.1, the restriction of S, — IP? on IP? \ {[0: 1 : 0]} is
given by gluing P! x Uj and P! x U; with

0: P! x U, > P! x U,
X0 ayy(u,v)  app(w,v)|[xo| 1. 4
1w =201,
([Xl] (e v]) ~ ([aﬂ(’/‘:v) an(u,v) || x1 [v v ]
where a;;(u,v) € k[u, v] are the polynomials satisfying

ajp(s+t,st) ap(s+tst)| 1 st —tb st(st=1 -0 1)
a(s+1,5t) an(s+tst)|  s—t|sttl—¢btl st(s? —t?)

if n is even (by replacing t with —s), and that % = 5"l = +(st)

P
s—t

n-1
2

We then observe that s+t divides
(mod s+t) if n is odd. This yields

b
Og v if b is even,
[0‘11(0;7/) ap(0,v)] | |xvz 0
a21(0,v) ax(0,v)| bl
ivoz Om if b is odd
+v 2

and achieves the proof of (1).

To prove (2), we study the group homomorphism p: Aut(S,) — Aut(IP?). As we observed, the image
contains Aut(IP2,T) ~ PGL,. It is then equal to Aut(IP2,T) if b > 2 (this follows from (1)). If b = 1, then p is
surjective since S; =~ IP(Tp2) (see Corollary 4.2.2 and Remark 4.2.3). To finish the proof of (2), it remains
to show that every automorphism a of the IP!-bundle S, — IP? is trivial. The lift of & yields an element
& € Aut(S},) which acts trivially on P' x IP! and thus is trivial by Lemma 3.5.5(2). O

Remark 4.2.6. Let T C IP? be the smooth conic of Definition 1.2.7. Then the natural embedding of
Aut(IP?,T) ~ PGL, in Aut(IP?) = PGLj is the one induced from the injective group homomorphism

b a’ ab b?
(4.1) GL,(k) — GL3(k), ¢ > ———|2ac ad+bc 2bd|.
c d ad —bc 2 cd 72

Also, PGL, acts on P2 with two orbits, which are T and its complement. Indeed, the morphism x of
Definition 1.2.7 is PGL,-equivariant, where PGL, acts diagonally on P! x P!, and as P! x IP! is the union
of two orbits (namely, the diagonal and its complement), the result follows.

Remark 4.2.7. Let m = b+1 > 2. By Lemma 4.2.5, the group PGL; acts on S, and the (2 : 1)-cover Sy, — S,
is PGL,-equivariant. Hence, by Remark 3.5.7, S, has an open PGL;-orbit, say PGL, /F, where F is a finite
subgroup scheme that fits into an exact sequence 0 - H — F — Z/2Z — 0 with H = { 0 aql ]; a™ = 1}.

Actually, using (4.1), an explicit computation of the stabiliser of a general point in the P!-fibre over
[0:1:0]eIP? yields that F is conjugate to <H, [_01 (1)]>; see [Ume88, Lemma 4.5] for details.

Remark 4.2.8. Writing X = IP(Tp2), Lemma 4.2.5 shows that the action of Aut°(X) on IP? yields an
isomorphism Aut®°(X) = PGLj3. This classical observation can also be seen as follows. Let B be a Borel
subgroup of G =PGLj3, and let P be a maximal parabolic subgroup of G containing B. Then the structure
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morphism X — IP? identifies with the projection G/B — G/P (see e.g. [IP99, Example 2.1.8]). Therefore,
by [Dem?77, Theorem 1], we have Aut®(X) = Aut®(G/B) = G.

4.3. Reduction to P!-bundles of the four families

We first show that the Schwarzenberger and decomposable IP!-bundles over IP? are those which have
large automorphism groups.

Lemma 4.3.1. Let 1: X — P? be a P -bundle, let T C P? be the conic of equation Y?> = 4XZ, and let
H C Aut(IP?) be the image of Aut®(X). Then, the following hold:

(1) H = Aut(IP?) if and only if t: X — P? is a decomposable bundle or is isomorphic to the projectivised
tangent bundle.

(2) PGL, ~ Aut(P?,T) C H if and only if 1: X — P? is a decomposable bundle or is isomorphic to a
Schwarzenberger bundle Sy, — P? for some b > 1.

Proof. If 7t: X — IP? is a decomposable bundle, then H = Aut(IP?) (see Lemma 4.1.2). The same holds
if 7: X — P? is isomorphic to S; =~ IP(Tp2) (see Corollary 4.2.2 and Lemma 4.2.5). If 7t: X — P? is
isomorphic to S), for some b > 2, then H = Aut(IP?,T) (see Lemma 4.2.5(2)).

It then remains to assume Aut(ﬂ)z,F) C H and deduce from it that 7t: X — P? is decomposable or
isomorphic to Sj, — IP? for some b > 1. We use the double cover «: P! x P! — IP? ramified over I given
in Definition 1.2.7 and define a P'-bundle 7i: X = X xp2 (P! x P') —» P! x P!, By construction, the image
of Aut®(X) — Aut®(IP' x P!) contains the group PGL, embedded diagonally, namely the subgroup of
Aut®(IP! xP') preserving the diagonal A, the branch locus of «. This implies that 7t: X — IP! x P! is either
a decomposable P'-bundle or square isomorphic to S, for some b > 1 (see Proposition 3.7.4). In the latter
case, the isomorphism of P! x P! that comes in the square has to preserve the diagonal and lifts to Aut®(X)
(see Lemma 3.5.5(2)), so 7t: X — P! xP! is in fact isomorphic to Sp- Denoting by o € Aut(X) the involution
induced by the automorphism of P! x P! exchanging the two factors, we find X = X/o.

We first assume that X — IP! x P! is a decomposable IP!-bundle, say %ml’mQ. For i =1, 2, the fibres of
pr;ont: .E)ml’mz — IP! are the Hirzebruch surfaces ,,}, where pr;: P! x P! — P! is the i-th projection.
As 0 exchanges the fibres, we get m; = £m,. We now prove that up to conjugation by an isomorphism of
IP'-bundles, we have one of the following situations for the action of o on X:

o Jfom,—m = %m,—m
[X0:X1590:V1520:21] +—  [X0:X1520:21590 V1) m > 0;
o: Fo — F
[X0:X1390:V1520:21] — [Xo:—X1320:215V0:%1], m>0; or
o ]_—Omm = ]:(-)m,m
[x0:x1590: V1520 :21] > [x1: %0520 121390 : 91, m 2 0.

If m; = my, = 0, then .7:00’0 is isomorphic to (P')3, so o is of the form [xg : X390 : V1520 : 21] =
[1(x0 : x1);20 : 21;V0 : ¥1] for some element : € PGL,, which is either the identity or of order 2. Applying
conjugation, we get one of the above cases (the last two cases being conjugate).

We then assume 1y = m, = m > 0. The union of —m-curves in the fibres of pr; o 7t: .7:0mm — P! is then
given by xo = 0 and x; = 0. This implies that o is of the form [x : x1;v0: v1;20 : 21] > [%1 1 EX0520 : 215 V0 -
1] for some & € k*. Conjugating by an automorphism [x( : X1;90 : V1520 : 21| — [pX0 : X150 : V1520 © 21),
we can assume & = 1. This gives the third case.

The remaining cases are when m; = —m; = m > 0. The union of —m-curves in the fibres of pr; o7t
is then given by xo = 0, for i = 1,2. This implies that o is of the form [x( : X590 : V1520 & 21] —
[x0 : px1 +x0P(V0,V1,20,21); 20 : 215V0 * 1], where p € k* and P is of bidegree m, m in vy, y1,20,21. As 0 is
an involution, we get y = +1 and uP (v, v1,20,21) + P(20,21,90,v1) = 0. In both cases, conjugating by the
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automorphism [xg : X1;V0 : V1520 21] > [x0 1 X1 £ %xOP(yO,yl,zo,zl);yO 191520 : 21], we can assume that
P =0 and obtain one of the first two cases.

We now study the three cases and show that only the first case can appear, in which case X is a
decomposable IP!-bundle over IP2. In the first case, we obtain that X = ]:Om’_m/O' =P(Op2(-m)®Op2) is a
decomposable P!-bundle over IP2. In the second case, we consider U :=[1:x;1:y;1: 2]~ A3, which is
a o-stable affine open subset of ﬁ)m’_m. The corresponding action on A3 is (x,9,2) = (—x,2,), which is
conjugate to (x,9,z) — (—x,—,z). In the third case, we consider V := [x—1:x+1;1:p+z;1:-p+z]~ A3,
which is a o-stable affine open subset of .ﬁ)m’m. The action is again given by (x,v,z) — (—x,-v,z). In both
cases, the quotient is singular since the invariant algebra is k[x2, xy, 92, z] = k[ X}, X5, X3, X4 /(X1 X3~ (X3)?),
which is impossible since X is smooth.

It remains to study the case where X — P! x P! is isomorphic to Sy — P! xPL. By Lemma 4.2.4, X is
equal to the pull-back of S, — IP?, so there is an involution ¢’ € Aut(X), acting on P! x P! as the exchange
of the two factors T € Aut(IP' x IP!), such that X/0’ = S},. Since every automorphism of the P!-bundle
Sy — P x P is trivial (see Lemma 3.5.5(2)), o = ¢’ is the unique lift of 7, which shows that 7t: X — IP? is
isomorphic to ), — IP2. U

Remark 4.3.2. If k = C, then Lemma 4.3.1(1) is a particular case of a classical result due to Van de Ven [VdV72,
Theorem], and Lemma 4.3.1(2) follows from a result due to Vallés [Val00, Theorem)].

The following result is well known to specialists. Here we give a very short proof relying on recent results
by Laurent.

Lemma 4.3.3. If G C Aut(IP?) = PGLj is a proper connected algebraic subgroup that does not fix any point of
P2, then one of the following holds:
1) G= Aut(IPZ,I‘) ~PGL,, where T’ C P? is a smooth conic; or
@) G is a subgroup of Aut(IP?,L) ~ GL,<k?, where L C P? is a line, equal either to Aut(IP?,L) or to
SL, xk? c Aut(IP%,L).
Moreover, in both cases, G acts on IP? with two orbits: the smooth conic T in case (1) or the line L in case (2), and
its open complement.

Proof. If G is solvable, then it acts on IP? with a fixed point by the Borel fixed-point theorem (see [Hum75,
§ 21.2, Theorem]). If G is semisimple, then by [Laul8, Proposition 3.4.1], the only possibility is case (1). If G
is not solvable nor semisimple, then by [Laul8, Proposition 3.4.4], the only possibility is case (2). The last
sentence of the statement can be checked with a direct computation. O

Proposition 4.3.4. Let 1: X — P? be a P -bundle. If X is not decomposable or isomorphic to a Schwarzenberger
bundle S, — P2, for some b > 1, then there exists a p € P? such that the fibre f = 1 (p) is Aut®(X)-invariant.
The blow-up n: X — X of f yields a commutative diagram with Aut®(X)-equivariant maps

U

X X
2| |
P ———— P

where X — T, is a P -bundle over ¥y and T is the blow-up of p.

Proof Let H C PGL3 be the image of the natural group homomorphism Aut®(X) — Aut(IP?). The
assumption implies that H does not contain any group Aut(IP2,T) for some smooth conic I' (see Lemma 4.3.1).

If H fixes a point p € IP?, we blow up simultaneously p in IP?> and f = 77~} (p) in X. Computing explicitly
these blow-ups in a trivializing local chart containing py, we see that X — IF; is again a IP!-bundle. Moreover,
since p and f are Aut®(X)-stable in IP? and X, respectively, the group Aut®(X) acts on X.
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It remains to show that the case where no point of IP? is fixed by H is impossible. By Lemma 4.3.3, this
case can only happen if H = Aut(IP?,L) ~ GL, x(k?,+) or H ~ SL,x(k?,+) € Aut(IP?,L), where L C IP?
is a line. We take a point p € IP? \ L and denote by G, and Hj the subgroups of G = Aut®°(X) and H
stablhzlng p (note that Hy ~ GL, or Hy ~ SL,). Blowing up the point p and its fibre yields a IP!-bundle
X — TF, equipped with a Gy-action. As the group H acts transitively on IP?\ (L U {p}) ~ A2\ {0}, it acts
transitively on the exceptional divisor of the blow-up in IF;, and thus H acts transitively on P! via the
structure morphism IF; — IP'. Therefore, by Proposition 3.7.4, the IP!-bundle X — IF; is a decomposable or
an Umemura IP'-bundle. In both cases, the natural group homomorphism G = Aut®°(X) — Aut(IF,) is onto
(see Lemmas 3.1.5 and 3.6.3), and so Hj acts transitively on the complement of the exceptional section of IF;
(see Remark 2.4.4). Moreover, by Lemma 2.3.1, the group G identifies with a subgroup of G; in particular, G
must act transitively on IP? \ {p}, contradicting the equality H = Aut(IP?, L). O

5. The classification

In this section, we first reduce to four families of IP'-bundles, in Proposition 5.1.1, which uses Proposi-
tions 3.7.4 and 4.3.4 and is thus valid only in characteristic zero. We then study equivariant square birational
maps between the four families, in §§ 5.2-5.7; the content of these subsections is valid over any algebraically
closed field of characteristic different from 2. We then apply the results obtained in §§ 5.1-5.7 to get the

main result in § 5.8, valid only in characteristic zero.

5.1. Reduction to the four families
As a first step towards Theorem A, we prove the following.

Proposition 5.1.1. Let t: X — S be a P'-bundle over a smooth projective rational surface S. There exists
an Aut®(X)-equivariant square birational map (X, 1) --> (X', 70") such that (X', 7’) is isomorphic to one of the
Jollowing:

(a) a decomposable PL-bundle }"ab’c — [, forsomea,b>0,ceZ;

(b) a decomposable Pl-bundle P, — P> for someb > 0;

(¢) an Umemura PL-bundle Z/Iub’c — F, forsomea,b>1,c>2;

(d) a Schwarzenberger P'-bundle S, —> P> for someb> 1.

Proof. Using the descent lemma (Lemma 2.3.2), we can assume S = IP? or S = F, for some a > 0.

In the case where S =IE,, we apply Proposition 3.7.4 to reduce to the case of decomposable or Umemura
bundles.

In the case where S = IP?, we apply Proposition 4.3.4 to reduce to the case of decomposable Schwarzen-
berger bundles, or to the case of [, already studied. g

5.2. First links

Remark 5.2.1. We now study equivariant square birational maps from a IP!-bundle X — S to another
Pl-bundle X’ — S’, both in the above families. The action being equivariant, we get a birational map
n: S --> S’ which conjugates the image H C Aut®(S) of Aut®(X) to a subgroup of Aut®(S’). Hence, # is
a sequence of blow-ups of points fixed by H followed by a sequence of contractions of curves invariant
by H. The nature of the pair (H,S) given above implies that no point of S is fixed and that the only
(—1)-curve invariant by H is the exceptional curve of IF;. We then only need to consider this case and
study the IP!-bundle over IP? obtained (which is given by the descent lemma (Lemma 2.3.2)) and square
isomorphisms/birational maps of IP!-bundles (doing nothing on S).

We then observe that no decomposable IP'-bundle over IF; has a maximal group of automorphisms.
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Lemma 5.2.2. For each b > 0 and each c € Z, the rational map

¢ }—117’6 - Pp—c
[x0:x1;90: V1520 :21] > [X0¥g : X15%020 : 1 : Yoz1]
is a square birational map above a birational morphism 1: Ty — P? corresponding to the blow-up of [0: 1 : 0].
Moreover, goAut"(]-'lb'C)(p_1 C Aut®(Py_.).

Proof. The birational morphism 1: F; — P2, [yo : v1520 : 21] = [Y020 : V1 : Yoz1] is the blow-up of
[0:1:0], and by the construction of ¢, we find that this is a square birational map above 7. We
then write U = P2\ {[0:1: 0]} and U = ™}(U) C IF; and observe that ¢ induces an isomorphism
#~1(U) S " }(U). By Lemma 2.3.2, ¢ is the unique square birational map above 7 having this property
(up to composition by an isomorphism of IP!-bundles at the target) and is Auto(}—lb’c)—equivariant, which
yields (pAutc’(J’:lb’C)(p_1 C Aut®(Py_.). We moreover have (pAut"(]:lb’C)(p_1 C Aut®(Py_.) since Aut®(Py_.)
acts transitively on P? (see Lemma 4.1.2), but every element of (pAuto(]:lb’C)(p_1 acts on IP? by fixing
[0:1:0]. O

5.3. Reduction of birational maps to elementary links

We show here that every birational map of IP'-bundles between the four types in Proposition 5.1.1 is a
sequence of elementary links.

Lemma 5.3.1. Let G be a connected algebraic group acting on a P -bundle X — S, let H C Aut®(S) be the
image of G under this action, and assume either that no curve of S is invariant by H or that (H,S) is one
of the following pairs: (Aut®(FF,),TF,) with a > 1, (Aut®°(IP! x P!, A),IP! x IP!), or (Aut(IP?,T),IP?), where
F={[X:Y:Z]|Y?=4XZ}CP? and A C P! x P! is the diagonal.

If’: X’ — S is a Pl-bundle and ¢: X > X' is a G-equivariant birational map of P'-bundles (as in
Definition 1.2.1) which is not an isomorphism, then we have a sequence of P'-bundles 7t;: X; — S,i=0,...,n,
with 7y = 7 and 1,, = U/, and we can write ¢ = @, 0--- o @1, where @;: X; --> X; 1 is the blow-up of
an irreducible curve €; C X;, followed by the contraction of the strict transform of 7;~(1;(€)), and where
Tile, o € — 1;(C;) yields an isomorphism between €; and either s_, CF, witha>1, A C P! x P!, or T c IP%.

Moreover, taking n minimal, the sequence @1, ...,Q, is unique up to isomorphisms of P* -bundles.

Proof. Taking an open subset U C S isomorphic to A?, the IP!-bundle X is trivial, so corresponds to IP* x A2
On this chart, the birational map ¢ is of the form

([xo 2x1], (1,v)) > ([a(u, v)xg + b(u,v)xq : c(u,v)xy + d(u,v)xl],(u,v))

for some a,b,c,d € k(u,v) with ad —bc = 0. Choose a,b,c,d € k[u,v] with no common factor; the
polynomials a,b,c¢,d are unique, up to multiplication by an element of k*. The zero locus of the determinant
P = ad — bc thus corresponds exactly to the subset of U over which ¢ is not an isomorphism.

Denoting by K C S the subset over which ¢ is not an isomorphism, we find that K is a union of closed
irreducible curves. The map ¢ being G-equivariant, K is invariant by H. The assumption made on (H, S)
implies that either K = (), in which case ¢ is an isomorphism, or (K, S) is one of the three cases (s_g, [F,),
(A, P! xIP1), or (T,IP?).

In the three cases, we can choose, for each point p € K, an open set U C S and an isomorphism
U = A? which sends K N A? onto the line u = 0. Writing ¢ with a,b,c,d € k[u,v] as above, we find that
ad —bc = Au" for some integer n > 1 and A € k™. As u does not divide all polynomials 4, b, ¢, d, the matrix
M(u,v) = [‘; g is such that My = M(0,v) has rank 1. The ring k[v] being a principal ideal domain, we
can use the Smith normal form and find A, B € GL,(k[v]) (that are in fact products of elementary matrices
since k[v] is Euclidean) such that AM(B = [8 8] for some e € k[v]\ {0}. Replacing M with AM B, we then

obtain b = ub’ and d = ud’ for some b’,d’ € k[u,v] and get M = M’R with M’ = [? Z: and R = [(1) 2] The
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base locus of ¢ is then given, in these coordinates, by u = 0 and x( = 0, corresponding to a curve £ C X
such that 7t yields an isomorphism 7t|,: £ — K. The blow-up of this curve followed by the contraction of the

n—1

strict transform of the surface 777! (K) is locally given by the matrix R. As det(M’) = Au""!, we proceed by

induction and obtain the result. U
5.4. Links between decomposable bundles over Hirzebruch surfaces

Lemma 5.4.1. Let a,b,c € Z with a,b > 0. The curves of}"ab’c invariant by Auto(ﬁb’c) are given as follows:

(1) The curve lyg given by xo = vy = 0 is invariant if and only if ab > 0 or ac < 0.
(2) The curve 1y given by x1 = yy = 0 is invariant if and only if ac > 0.
(3) No irreducible curve £ C ﬂb’c with € # 1oy and € # 1y is invariant.

Proof. By Lemma 3.1.5, the morphism 7t: Fre IF, yields a surjective group homomorphism Auto(.ﬂb’c) —»

Aut®(IF,). Hence, if € C .Elb’c is a curve invariant by Auto(]-;b’c), then 7t(¢) = s_, and a > 0 (see Remarks 2.4.3
and 2.4.4). Moreover, G,, acts on FPC via [X0: X150 : V1520,21] ¥ [X0 : tX1590 : V1520 © 21], so any point of
¢ should satisfy xy = 0 or x; = 0 (otherwise we get a whole fibre of a point of s_, which is contained in ¢);
hence ¢ has to be equal to lyg or l1o. This yields (3).

We can now assume a > 0 and show (1) and (2) by proving when lyy and /1, are invariant. The surface
7~ (s_,) = TF, being invariant, the curve [ is invariant when ¢ < 0 and [, is invariant when ¢ > 0. Moreover,
the fibres of the [F,-bundle Fre 5 pl (given in Remark 3.1.4) are exchanged by Auto(};b’c). If b > 0, the
surface S_j, given by xy = 0 is the union of the negative sections and is then invariant, so Iog = S_; N wl(s_,)
is invariant.

It remains to show that I and [, are not invariant in the other cases. If ¢ < 0, the group G, acts on
.7-'ab'c via (t,[xg : X150 : V1520 2 21]) > ([x0 1 %1 + txoy{’zfc;yo 191520 : 21]), so Iy is not invariant. If b =0
and ¢ > 0, then G, acts on F€ via (t,[x0 s %1590 1 ¥1520 2 21]) P> ([x0 + tx125 1 X1590 : V1520 © 21]), 50 Lyg is

not invariant. O
Lemma 5.4.2.
(1) Foralla,b,c € Z witha,b >0, the blow-up of the curve Lo C T given by xo = vo = 0 followed by the

contraction of the strict transform of the surface 70" '(s_,) onto I, C Fhrleta

a birational map
P Fb,c R ]_-b+1,c+a
. a a
(Ixo:xi530: 915201 21]) = ([%0 2 X1903%0 : V1320 : 21])
We then have (pAut"(.7-;b’C)g0_1 C Auto(ﬁbﬂ’ﬁa) if and only if ab > 0 or ac < 0, and we have
oL Aut® (FT Y g ¢ Aut®(FL) if and only if a(c+a) > .
(2) Foralla,b,c € Z with a,b >0, every Aut°(]{1b’c)-equivariant birational map of P'-bundles T X is
a composition of birational maps as in (1) (and of their inverses) and of isomorphisms of P -bundles.

given by x; =y = 0 yields

Proof. As we can check in local coordinates, the birational map IF, --> [F,,; given by [xg : x1;v0 : v1] —
[X0: X190; Vo : 1] is the composition of the blow-up of the point [0: 1;0: 1], followed by the contraction of
the strict transform of yy = 0 onto the point [1:0;0: 1]. Doing this within a family yields . We then have
(pAut"(]-;b’C)(p_1 C Aut°(.7:ab+l’c+a) if and only if Auto(ﬂb'c) preserves [y, and go_lAut"(]:fH’Hu)(p C
Auto(]-;b’c) if and only if Auto(]-;bﬂ’ﬁa) preserves 1. Hence, (1) follows from Lemma 5.4.1 for b > 0.

It remains to prove (2). By Lemma 5.3.1, we only need to consider elementary links €5 X, obtained
by blowing up an invariant curve £ C F2, followed by contracting 7c!(72(£)). The only curves in FY¢ that
are invariant are [y and I;( (see Lemma 5.4.1), and the links associated to these are given in (1): if we start
with g, then it is equal to ¢ as in (1); if we start with I, then it is equal to ¢! as in (1) when b > 1 and is
the composition of the isomorphism .7-;0'6 ~ .7-;0’_6 exchanging xo and x; with a link @ asin (1)if b=0. O
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We recall that the notions of stiff and superstiff IP'-bundle, used in the next result and later, were defined
in the introduction (Definition 1.2.3).

Corollary 5.4.3. Let a,b >0 and c € Z be such that c <0 when b =0. Then, Auto(]:ab’c) is maximal if and
only ifa = 1 and one of the following holds:

(1) a=0;ie fah’c is a decomposable P -bundle over Fy = P! x P!,
(2) b=c=0;ie T is isomorphic to F20 ~ T, xPL;
(3) —a<c<ab.
Moreover, ]—;b’c is superstiff in cases (1) and (2) and is not stiff in case (3).
More precisely, denoting by v the smallest integer such that c—ra <0, we find r < b and get an infinite sequence
of elementary links

j_;zb—r,c—m N f;lb,c N f_;zb*'lyf"'“ RN f_;zb-»-n,ﬁan >

which conjugates Aut°(.7-;b’c) to Auto(ﬁb+s’c+a5) for each integer s > —r. This gives all Aut°(.7-;b’c)—equivariant
square birational maps from J—;b’c to another P -bundle.

Proof If a =1, then Auto(}'ab’c) is not maximal, by Lemma 5.2.2. We can thus assume a = 1. In this case, as
we have a surjective group homomorphism AutO(};b’C) - Aut®([F,), every Auto(ﬂb’c)-equivariant square
birational map starting from ﬂb’c is in fact the composition of an element of Auto(}—ab’c) with an Auto(]-;b’c)—
equivariant birational map of IP!-bundles. These are compositions of links given in Lemma 5.4.2(1) and
isomorphisms of IP!-bundles, as explained in Lemma 5.4.2(2).

If a=0 or b =c=0, then every Aut°(ﬁb’c)—equivariant birational map of IP!-bundles starting from R
is in fact an isomorphism of IP!-bundles (see Lemma 5.4.2). This shows that ]—;b’c is superstiff and thus that
Aut°(fab’c) is maximal in these cases, corresponding to (1) and (2).

We then assume a > 2 and suppose (b,c) = (0,0).

Let us show that Auto(]-;b’c) is not maximal when ¢ > ab. Note that b > 0 in this case, by assumption
(we suppose ¢ <0 when b = 0). Lemma 5.4.2 yields an Auto(ﬁb’c)—equivariant birational map : ]-;b’c -->
ﬂo’c_ab given as the composition of the links ﬂb’c --> .Elb_l’c_“——a ... __9]:;11,(3—&1(5—1)__9ﬁo,c—ab‘ By construction,
l,l)Autc’(./"':ab'c)l,b_1 C Auto(ﬁo’c_ab) preserves the curve lyy, which then implies that gbAuto(ﬂb’C)gb_l -
Aut®(F %) by Lemma 5.4.1(1).

We now prove that Auto(};b’c) is not maximal when ¢ < —a. In this case, we use the Auto(]-;b’c)-equivariant
link @: ﬁb'c --> ﬂbﬂ’cm given by Lemma 5.4.2, which is made such that (pAu‘cO(./Tab’c)(p_1 C Auto(ﬂbﬂ’ﬁa)
preserves the curve ;o and thus yields (pAut"(]—;b’C)(p_1 c Auto(ﬂbH’Ha) by Lemma 5.4.1(1).

We can now assume —a < ¢ < ab. Denoting by r smallest integer such that c —ra <0, we find r < b and
get an infinite sequence of elementary links

ﬂb—r,c—ra BN fl-lb,c N j:ab+1,c+a RN jfab"'”'”“” s

b+s,c+as)

which conjugates Auto(};b’c) to Aut®(F,
equivariant birational map of IP!-bundles ]-"ab’c --> X is a composition of birational maps such as these and of
isomorphisms of IP!-bundles since I, is not invariant by Aut°(.7:ab7r’cfm) (see Lemma 5.4.1(2)) as c—ra <0

and b—r>0. O

for each integer s > —r (see Lemma 5.4.2). Every Auto(]-;b’c)

5.5. Links between Umemura bundles over Hirzebruch surfaces

We can similarly treat the case of Umemura IP!-bundles. Recall that such bundles Z/{f “ - TF, are defined by
positive integers a,b > 1 and ¢ > 2 such that ¢ = ak + 2 with 0 < k < b (see Definition 3.6.1 and Remark 3.6.2
for more details).

We start with the case where a = 1 and study the IP'-bundle V}, — IP? obtained from L{lb 2 IF; as follows.
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Lemma 5.5.1. Let11: F; — P2, [y0: 91520 : 21] = (Y020 : 91 : Y21 be the blow-up of [0 : 1 : 0], which induces
an isomorphism between U = 7Y (U) and U =P2\ {[0:1:0]}.
(1) For each integer b > 1, there exist a P -bundle 1c: V), — P2, unique up to isomorphism of P' -bundles, and
a birational morphism 1 : lelm — V), such that the following hold:
(¢) © is a square birational map over 1);
(i) ¥ induces an isomorphism 77~ (U) = = (U);
(iii) 1 is the blow-up of the smooth rational curve =" ([0:1:0]) C V).
(2) IfL C P? is a line, the P'-bundle 7' (L) 5L~ is isomorphic to

F, — P! if L is a line through [0:1:0];
By-2 > P! ifL is a line not passing through [0: 1 : 0].

(3) The image in Aut(IP?) of Aut®(V,) is equal to Aut(IP?) if b =1 and to Aut(IP%,[0:1:0]) ifb > 2.
(4) We have l,bAuto(Z/llb'z)l,b’1 C Aut®(Vy), with equality if b > 2.

Proof. The existence of a unique birational map t: Lllb 2 V), satisfying (1)(¢)-(é7) follows from the descent
lemma (Lemma 2.3.2). We now prove that 1 also satisfies (ii7), which implies that ¢ is a birational morphism.
To do this, we denote by W C IF; the open subset given by y; # 0 and show that 7t: Ulb’z — IF; is trivial
over W. As W contains the exceptional curve s_; CIF; of 7 (given by vy = 0), this will show that one can
contract 17! (s_;) ~ IP! x P! and obtain a birational morphism having the desired properties. To show the
triviality of 7t over W, we take the transition function of Mlb 2 given by v € Aut(IF, x A! \ {0}) as follows

2+x03/1b2}3/0213)1];%)-

The intersection of W with each chart is isomorphic to IP! x A2, via the inclusion P! xAz — F, x Al
given by ([xg : x1],9,2) = [xp : x1;v : 1],2), and the transition functlon becomes ([xg : x1],9,2) —
([xo : x12% + x¢z],vz,z7 1), which yields a trivial P!-bundle since 1 _1] [ ] [1 ‘Z] = [S 0] This
achieves the proof of (1).

(2)-(3)-(4) The existence and unicity of ¢ and V), being proven, we then observe that l,bAu‘[O(lelb’z)t,b_1 C
Aut®°(V,) also follows from the descent lemma (see Lemma 2.3.2). This shows in particular that the subgroup
H,, c Aut(IP?), being the image of Aut®()),), contains the group Aut(IP%,[0: 1 : 0]) = GL, xk?.

We now take the open subsets Uy, U; C P? given by Uy = {[X : Y : Z]|X # 0} ~ A? and U; =
{[X:Y:Z]|Z %0}~ A? and observe that U; = n~Y(U;) ~ U; for i = 0,1. Hence, 7w }(U;) ~ 7 1(0),
and the transition function is computed as follows: a point [1: u : v] € Uy N Uy corresponds to the point
[1:u;1:v] €T, and thus its preimage to ([xg : x;1 : u],v) € [F, x Al on the first chart is sent onto
([xg : x1v% + xoulv;v : ul,v™l) = ([xg : x 0270 b

v:([xole;yozyl],z) — ([xo:xlz

+ xXoU vl b;l : v_l],v_l) on the second chart. The transition
function is then given by

P! x U, -5 P! x U,
([xole],[lzu:v]) — ([xo x 020 + xqubvls b],[;:lzl]).

v
For b =1, we find the transition function of S&; ~ IP(Tp2) (see Corollary 4.2.2), which yields V, ~ S| and
thus H; = Aut(IP?) (see Remark 4.2.3 or Lemma 4.2.5(2)). In particular, 1,bAut°(Z/11b’2)l,l)_1 C Aut®(Vp) in this
case. Assertions (3) and (4) are then proven for b = 1.

We now prove (2) (for each b > 1). We observe that if L passes through [0: 1 : 0], its strict transform on
IF, is a fibre f of the IP'-bundle IF; — P!, so 27 (f) = TF,. Since =~ (L) ~ 2! (f) (because 1 is a blow-up
of a curve), we obtain 777! (L) ~ IF,. We now take a line L not passing through [0: 1 : 0], use the action of
Aut®(V,) to restrict to the case where L is the line given by Y = 0, and set # = 0 in the transition function
above to get 7~ !(L) ~ ST

Assertion (3) for b > 2 is now given as follows: [0: 1 : 0] has to be fixed by H}, because of (2), and
Aut(IP?,[0: 1: 0]) C Hy was already proven.
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It remains to show (4), and then to prove that every element g € Aut®(V,) belongs to P! g1) € Aut°(uf”2)

when b > 2. Assertion (3) implies that g preserves the curve 77~ 1([0: 1 : 0]), so this follows from (1)(iii). [

Lemma 5.5.2. Leta,b>1 and ¢ > 2 be such that c = ak + 2 with 0 <k < b. The curves of?/{f’c invariant by
Aut®(UC) are given as follows:
(1) The curve Ly given by xo = yo = 0 on both charts is invariant.
(2) The curve 11 given by x1 =yy = 0 on both charts is invariant if and only if k > 0 (i.e. when ¢ > 2).
(3) These are the two curves (respectively, the only curve) ofblf’c invariant by Auto(Z/{f’C) if ¢ > 2 (respectively,
when c = 2).

Proof. Since a > 1, the curve s_, C IF, is invariant by Aut®(IF,); hence the surface 7! (s_,) is given by yy = 0

on both charts. The fibres of the IF,-bundle L[f “ — P! are exchanged by Auto(Z/lab ‘). Since b > 1, the

surface S_; given by x( = 0 is the union of the negative sections and is then invariant. This yields (1).
Recall that the transition function of Z/{,f *“ is given by

v: ([xo 1X1;%0 1 V1 ],z) > ([xo 1 xp2¢ +xoyéyf‘kzc‘1;yoz“ tv1), %)
(see Remark 3.6.2). If k > 0, the surface 7w~ !(s_,), corresponding to y, = 0, is isomorphic to IF., and the
curve ;o given by x; = yy = 0 on both charts corresponds to the curve s_. C IF, (with ¢ > 0) and is thus
invariant.

It remains to see that /iy is not invariant if k = 0 and that no curve distinct from I;j or lyg can be
invariant.

(3) Let ¢ C Uf’c be an invariant curve. As the morphism 7: Z/{f’c — [, yields a surjective group
homomorphism Auto(l/{f’c) — Aut®(IF,) (see Lemma 3.6.3), and because a > 1, we have 7t(€) = s_,. We then
use the fact that € has to be invariant by the GL,-action given explicitly in Remark 3.6.5. We consider the
action of the upper-triangular group by taking = 0 and obtain that the image of ([x : x1;0: 1],0), on the
first chart, is equal to ([xo : xl‘g_l;O : 1],0) if k>0 and to ([xo : % - @;0 : 1],0) if k = 0. We then
find that either ([0:1;0:1],0) €€ or ([1:0;0:1],0) € £ and k > 0. In the first case, we get £ = Iy since

loo is an orbit. In the second case, /1 is an orbit and ¢ = I;(. This achieves the proof. 0
Lemma 5.5.3.
(1) For each Umemura P*-bundle U -, the blow-up of the curve lyg C ub* followed by the contraction of

the strict transform of the surface 70" (s_,) onto the curve €, yields a birational map ¢ UL -5 gyt

satisfying goAutO(z,{fff)(P—l — Auto(z/{5+l,c+a).
(2) For each a > 1, we have a birational map @: Uy™* - F>% such that @(Aut®(Uy " ?)e~! ¢
Auto(]{lo’z),

Proof. (1) For each a>1,b >0, and 0 < k < b, we write ¢ = ak + 2, denote by v,f’c € Aut(IF, x A' \ {0}) the
birational map

IF, x A -5 IF, x A

vbe ([xo X130 :yl],z) > ([xo L X125+ xRyl k219020 1y ],%),

and observe that va'C is the transition function of Uf’c if b > 1 (see Remark 3.6.2). We then denote by ¢,
the birational map

IF, x A! --> Fp,; x Al
oy ([xo:x13%0:91)2) > ([x0:x1%05%0:¥1],2)
and observe that (pbvf’cgol;l = v2+1’c+a. If b > 1, the blow-up of Iy C Uf'c, followed by the contraction of

the strict transform of the surface 7~!(s_,), yields a birational map given in the two charts by ¢;. This

then corresponds to a birational map L{f € L{f +1’C+a, which is the blow-up of the curve Iyy C L{f © followed
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by the contraction of the strict transform of the surface 77!(s_,). Since lyy and 77! (s_,) are invariant by
Aut°(U£’C) (see Lemma 5.5.2), we get goAut°(Z/l£’C)q0_l C Aut°(1/{f+l’c+a). We then observe that ¢! is the
blow-up of 1 C Z/[:H’Ha followed by the contraction of the strict transform of the surface 71 (s_,). As I}
is invariant by Auto(ufﬂ’ﬁa), we obtain quuto(Uf’C)qo_l = Auto(UfH’Ha). This achieves the proof of (1).

We now consider the above construction in the case b = 0 (which yields k = 0 and ¢ = 2). The transition

function VSH'CW still corresponds to the transition function of uéwl,cw = Z/{ul’ﬁz

, but the transition function
vg’c corresponds to a transition function on a Pl-bundle over [F, with numerical invariants (a, b, c), which
is therefore decomposable and isomorphic to }"ab'c =72 (see Proposition 3.3.1(2)). The maps (¢;)~! on
both charts then yield an elementary link ¢: Z/{al ar2 ]-;0’2 centred at [, which is then Aut"(l/la1 ’“+2)-
equivariant. We moreover have qo(Auto(Llal’aJrz))(p*1 - Auto(]-;o’2) since Auto(]{,o’2) contains a torus of
dimension 3 (see Remark 3.1.3), which is not the case for Aut®(U, a+2) (as follows from Remark 3.6.4). This

then achieves the proof of (2). g

Corollary 5.5.4. Let U be an Umemura bundle. Then, Aut°(Z/{f’C) is maximal if and only if one of the
Jollowing holds:

(1) a>2andc—ab<?2;
(2) a=1andc—-ab< 1.

In this case, UL is not stiff. More precisely, denoting by k the integer such that c = ak + 2, we find 0 <k <b and
get a sequence of birational maps

Uf‘k'z L uf—k+1,2+um $1 uab,c LR u£+n,c+nu KA
b 1,2 1 R

such that @, AutO(UfM’ZJ“m)(p,;l = Aut®(U, Tl 24t )a) for each n > —k. If a > 2, this gives all Auto(Z/If’C)-
equivariant square birational maps from Uf’c to another P -bundle. If a = 1, we add the birational morphism
L[ffk’z = L{lbfk'z — Vp—k,1 of Lemma 5.5.1.

Proof- We denote as usual by k the integer satisfying 0 < k < b such that ¢ = ak + 2 and find that
c—ab<2sk<b.

If c—ab > 2, then k = b, so ¢c = ab+ 2. We construct an Auto(blf’c)—equivariant birational map of
IP'-bundles L{f’c > Z/{al’ﬁz which is the composition of birational maps Z/lf’c = Uf’abﬂ --> Z/Iab_l'a(b_l)Jr2 ->
v Uy ™2 (see Lemma 5.5.3(1)). Since Aut®(U,""*?) is not maximal (see Lemma 5.5.3(2)), neither is
Aut®(U°).

We now assume ¢ —ab < 2, which means k < b. Lemma 5.5.3(1) yields a sequence of birational maps

uf—k,Z (_p_;k uf—k+1,2+a . g_o_; uf,c _(’_)g . qf’f;l Uﬂb+n,c+na _(F_)g .
o7 b+n,24nay 1 o7 /b+n+1,2+(n+1)a
such that ¢, Aut®(U, ), =Aut®(U, ) for each n > —k.

If a > 2, every Auto(Uf’C)-equivariant birational map of P!-bundles Llf’c --> X is a composition of
birational maps as these and of isomorphisms of IP!-bundles since [, is not invariant by Auto(L[f_k’z) (see
Lemma 5.5.2). We then get the result in this case (a > 2).

It remains to do the case where a = 1, which yields c=k+2 and c—ab=k-b+2. If c—ab =1,
then b —k = 1, which implies that Auto(Uffk’z) is not maximal (see Lemma 5.5.1) and thus neither is
Auto(blf’c). If c—ab <1, then b —k > 2. We thus get a birational morphism : Z/lf_k’z — V,_; which
satisfies l,bAutc’(lelb_k’z)z,b_1 = Aut®(V,_x) (see Lemma 5.5.1). It remains to show that we cannot get any
further link. At the level of surfaces, the only Aut(IF;)-equivariant birational maps [F; --> S, where S is a
smooth projective surface, are isomorphisms or blow-ups IF; — IP? of a point of IP2. We then only need
to show that there is no square birational map Vj,_j --> X, to a rt-bundle X — IP?, which is not a square
isomorphism. We can reduce to the case of birational of IP!-bundles (doing nothing on IP?) and then use
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Lemma 5.3.1, and only need to observe that no curve of IP? is invariant by the action of Aut®(V,_g), which
acts as Aut(IP?,[0: 1 : 0]). The result then follows from Lemma 5.3.1. O

5.6. Links between Schwarzenberger bundles

Lemma 5.6.1. Let b > 1, and let 70: S, — P? be the b-th Schwarzenberger P'-bundle. If b = 1, no curve of S,
is invariant by Aut®(Sy). If b > 2, there is a unique curve invariant by Aut®(Sy), which is given on the two
charts of Lemma 4.2.1 by

{([xo txq ], ([1:2¢: tz])) elP' x Uy | xg+1tx; = 0},
{([xo ) ([t2: 2t 1])) elP' x U |xg—tx; = 0}.

Proof- Let p: Aut®(S;) — Aut(IP?) be the group homomorphism induced by 7t. If b = 1, then p is surjective
(see Lemma 4.2.5(2)), so there is no curve of S; which is invariant. Now suppose b > 2, in which case p
yields an isomorphism Aut®(S;) = Aut(IP?,T) ~ PGL, (again by Lemma 4.2.5(2)). Every curve of S} is
then contained in the invariant surface X = 7~!(I') € S},. To understand the action of Aut°(S;) ~ PGL,
on X, we use the corresponding action on the P'-bundle 7 : Sb =Sy xp2 (P! x P') — P! x P!, obtained by
Lemma 4.2.4. The pull-back of X on Sy is the surface X = 72(A) C S (where A C IP! x IP! is the diagonal),

isomorphic to X via a PGL,-equivariant isomorphism. By Lemma 4.2.4, there is a unique curve in X
invariant by Auto(éb) ~ PGL,, which is sent onto the curve of X given locally as above. O

Lemma 5.6.2. Let b > 2, and let 7c: S, — P? be the b-th Schwarzenberger P'-bundle. There is a birational
involution @ : Sy --> Sy, such that o Aut®(Sy)p~! = Aut®(Sy,). Moreover, every Aut®(Sy)-equivariant birational
map of P1-bundle Sy --> X is either an isomorphism of P-bundles or a composition of @ with an isomorphism of
IP!-bundles.

Proof. By Lemma 5.6.1, there is a unique curve D C S;, which is invariant by Aut®(S;) and satisfies t(D) =T.
We consider the birational involutions

P P! x U, -5 P! x Uy
([xO:xl],[l:u:v]) — ([—ux0—2vx1 :2x0+ux1],[1:u:v]),
Py P! x U, -5 P! x U,

([xole],[v:uzl]) — ([ux0—2vx1:2x0—vx1],[v:u:1])

which correspond locally to the blow-up of D, followed by the contraction of the strict transform of
7"1(T), in the two charts (see Lemma 5.6.1 for the equation of D). We then check that ¢, 0 = 0¢, where
0: P! x Uy --> P! x U is the transition function of Sy, given in Lemma 4.2.1. This follows from the equality
-s—t 2 sb—tb st(sb‘1 - tb‘l) B st tb st(sb‘1 + tb‘l)
—2st s+ t||stHl - bt st(s?—tb) | [sUF! 4 £bHl st(s? +tP)

B sb—tb st(sPL =t Y| [s+¢ 2st
Tt bl e (sh — £b) -2 —s—t

and then yields a birational map of IPl-bundles ¢: S, --> Sj, given by the blow-up of D, followed by the
contraction of the strict transform of 77 1(T') onto D.

By Lemma 5.3.1, every birational map of IP!-bundles S, — X which is not an isomorphism is a composition
of ¢ with an isomorphism of P!-bundles. g

Corollary 5.6.3. Let b > 1. Then, Aut®(Sy) is maximal and Sy, is stiff. It is moreover superstiff if and only if
b=1.

Proof If b = 1, the IPl-bundle has no invariant curves (see Remark 4.2.3) (it is actually a homogeneous
variety), and we conclude by Lemma 5.3.1. If b > 2, we apply Lemma 5.6.2. U
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5.7. Rigidity for decomposable bundles over IP?

Lemma 5.7.1. Let b > 0, and let 7c: P, — P? be a decomposable P -bundle.

(1) Py does not contain any Aut®(Sy)-invariant curve.
(2) Aut®(Py) is maximal and Py, is superstiff.

Proof. Assertion (1) follows from the fact that Aut®(P,) surjects onto Aut(IP?) (see Lemma 4.1.2).

(2) Let ¢: P, --> X be an Aut®(P,)-square birational map of P!-bundles, over #: IP? --> X (where X is
a smooth projective rational surface). We want to show that ¢ is a square isomorphism. The action of
Aut®(P,) on IP? being transitive, the birational map 7 is an isomorphism, so we can assume X = IP?, and
that 77 is the identity. We then apply Lemma 5.3.1 to get that ¢ is an isomorphism. O

5.8. Last step

We have all the ingredients needed to prove the main theorems of this paper stated in the introduction.

Proof of Theorems A and B. These are simply a consequence of Proposition 5.1.1, together with Corollar-
ies 5.4.3, 5.5.4, 5.6.3 and Lemma 5.7.1. O

Remark 5.8.1. Our original motivation was to study the maximal connected algebraic subgroups of the
Cremona group Bir(IP3). These are studied in the article [BFT21]. Most of the families appearing in our
classification in fact give maximal connected algebraic subgroups of the Cremona group, even if some
sporadic cases (like S, and P;) disappear as they are conjugate to bigger subgroups, with a birational map
which does not preserve any IP!-bundle structure.

Remark 5.8.2. If we assume the characteristic of the algebraically closed field k to be positive, the strategy
to prove Theorems A and B should be analogous, but some of the results that we use in characteristic zero
are no longer valid in positive characteristic; see e.g. Remarks 3.7.3 and 3.7.5. As a consequence, it seems
that new Pl-bundles X — S analogous to Umemura bundles and Schwarzenberger bundles, and such that
Aut®(X) is maximal, could show up in the classification. The positive characteristic case will be studied by
the authors in a future work.
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