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Quartic surfaces, their bitangents and rational points

Pietro Corvaja and Francesco Zucconi

Abstract. Let X be a smooth quartic surface not containing lines, defined over a number field x.
We prove that there are only finitely many bitangents to X which are defined over x. This result
can be interpreted as saying that a certain surface, having vanishing irregularity, contains only
finitely many rational points. In our proof, we use the geometry of lines of the quartic double solid
associated to X.

In a somewhat opposite direction, we show that on any quartic surface X over a number field «,
the set of algebraic points in X(x) which are quadratic over a suitable finite extension «” of «x is
Zariski-dense.
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1. Introduction

11. The result

In the recent paper [CZ19] we investigated the geometry of the surface S which parametrizes the bitangents
to a generic smooth quartic surface in IP°. Although our results in [CZ19] were of a geometric nature, and
had been formulated over the complex number field, one of the motivation of our research came from
arithmetic. In the present paper we develop, among other things, some arithmetic consequences of our
previous researches.

Given a smooth quartic surface X C IP?> defined over a number field «, it is widely believed that its
set of rational points is potentially dense, by this we mean that there should exist a number field " D «
such that the set X(x’) is Zariski dense. For instance, K3 surfaces are “special varieties” in the sense
of Campana (see [Cam04]). While this is proved only in special cases, all of which requiring the Néron
Severi group of X having rank bigger than one (see e.g. the papers of Bogomolov, Harris, Hasset and
Tschinkel [BT00, HT00, HTO08] on elliptic K3 surfaces, and the older paper [S-D68] by Swinnerton-Dyer on
the Fermat quartic surface) we can prove the following weaker (and elementary) result for general quartic
surfaces.

Theorem A. Let X be a smooth quartic surface over a number field «. There exists a finite extension k’/x such
that the set of algebraic points in X(K) which are quadratic over k' is Zariski-dense.

Theorem A is proved by showing that every quartic surface can be covered by hyperelliptic curves of
genus two, all defined over a fixed number field together with their canonical involution, such that the
corresponding genus zero quotient has a rational point. Alternatively, one could use two genus one curves
on X: over a sufficiently large number field they would provide infinite families of secants defined over the
same number field, each providing two quadratic points on X.

We note that the irrationality degree of a general quartic surface is three (¢f [Yos94]). This implies
that there are no degree two rational maps X --> IP2, so that the quadratic rational points on X cannot be
constructed in the obvious way as pre-images of rational points on the plane. Also, since the irregularity of
X is zero, there cannot exist degree two rational maps X — A where A is an Abelian surface (actually no
dominant maps at all), so that again the quadratic rational points cannot be constructed from the rational
points on an Abelian surface.

Quadratic rational points can be naturally obtained from rational bitangents: every bitangent defined over
K intersects the surface X at two quadratic (exceptionally rational) points. Hence the presence of infinitely
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many rational bitangents would imply the infinitude of quadratic rational points. However, for generic
quartics we prove the finiteness of such rational bitangents.

Theorem B. Let X C P2 be a smooth quartic surface, defined over a number field x, containing no line. Then
there are only finitely many bitangent lines to X which are defined over x.

Of course, this statement formally implies that finiteness holds also for bitangents defined over a fixed
finite extension of k. Before going on, we remark in the projective space IP3* parametrizing quartic surfaces
in P, the Q-rational points corresponding to smooth quartics with geometric Picard number one are
Zariski-dense; this is the content of a result of R. van Luijk [vLui07], who also proves that one can construct
such quartic surfaces so to contain infinitely many rational points. Since having geometric Picard number
one prevents the existence of lines (over the algebraic closure of the field of definition), our theorem indeed
admits concrete applications.

As mentioned at the beginning, the set of bitangents to X is naturally endowed with the structure of
an algebraic surface S; this surface is smooth if and only if X contains no line. Theorem B consists in
proving the finiteness of the rational points on such a surface S, over every number field, hence providing
an instance of the validity in strong form of the so called Bombieri-Lang conjecture for surfaces of general
type. The same proof also provides the hyperbolicity of such surfaces, both in the sense of Brody (absence of
entire curves on S) and in the sense of Kobayashi (K. pseudo-distance being a real distance).

Besides the conjecture of Bombieri-Lang (for rational points) and Green-Griffiths (for entire curves),
surfaces of general type are believed to contain only finitely many curves of geometric genus < 1. This is the
content of the famous Bogomolov’s conjecture. For such surfaces S, we prove this conjecture in strong form.

Theorem C. Let X be a smooth quartic, defined over the complex number field C, containing no line. Let S be
the surface parametrizing the bitangents to X. Then S contains no curve of geometric genus < 1

The proof of Theorem B goes as follows. First by Chevalley-Weil Theorem (see e.g. [CZ17] for a discussion
and alternative formulations) proving the finiteness of rational points on S is tantamount to show it for the
étale double cover Sy — S realised by the Hilbert scheme of lines Sx of the quartic double solid Q — IP?
branched on X. The geometry of S and Sy has been the object of thorough investigations by M. Welters
[Wel81] and Tikhomirov [Tik81], which will be used in the present paper, together with some results from
our recent work [CZ19]. In particular, by a theorem of Welters it follows that the irregularity of Sy equals
ten, in particular it exceeds the dimension of Sx. This is sufficient to deduce, via a theorem of Faltings (see
[Fal91, Theorem 1J), the degeneracy of rational points on Sx. It remains to exclude possible infinite families
contained in curves of genus < 1, and this is done via our Theorem C.

We end by noticing that the hypothesis on the Picard number of X being equal to one cannot be omitted
from Theorem B. Indeed we found the following example of a smooth quartic admitting infinitely many
bitangents defined over Q.

Example. Let X C IP3 be the smooth quartic surface of equation
xt—xpd =2t - zud,
Then for every point (sg : s;) € P!, the line of equation
{sgx = s3z
Sow = $§12

is quadritangent to X, in particular it is a bitangent.

Note that the surface X defined above, known to some authors as Schur’s quartic surface, contains 64
lines (the maximal number of lines that can be contained in a smooth quartic) and its Picard number is 20
(the maximal possible value for a quartic surface). Geometrically, the above family of lines constitutes a
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rational curve on the corresponding surface S parametrizing the bitangents to X; in this case, the surface S
is singular.

2. The quartic surface

In this section we describe the geometry necessary to show Theorem C and hence Theorem B. Let V' be
a complex vector space of dimension 4 and let V'V be its C-dual. We set P> := IP(VV). Let F € Sym*V and
let X := (F = 0) C IP? be the associated quartic surface.

We suppose from now on that X is smooth, so that it is a K3 surface.

2.1. Morphism from elliptic curves to quartic surfaces

We first recall a proof of Theorem 2.1 stated below. We consider X C IP* and the full linear system of
hyperplane sections IP(H%(X,Ox(1))). To impose two nodes counts for two independent algebraic conditions.
Hence the locus Cx <> IP(H?(X,0x(1))) given by those hyperplane sections with at least two nodes has
dimension > 1.

Theorem 2.1. In any smooth quartic there exists a 1-dimensional family of curves whose general member is
irreducible of geometric genus 1.

Proof.: We consider two cases. If the general element of Cy is irreducible then the general element has exactly
two nodes (otherwise we would have an algebraic family of rational curves on a surface with vanishing
irregularity; this, however, would imply that X is rational). Hence we find a family of curves of geometric
genus one.

Assume now that its general element is reducible. If this consists into the union of two conics, then again
we would have a one dimensional family of rational curves on X, which is impossible.

Then, it only remains to consider the case where inside Cx we have a linear system of hyperplane sections
which split in the union of a fixed line and a plane cubic. If the generic cubic in that family were singular, X
would be again covered by an algebraic family of rational curves, which as we said is impossible. Then the
generic cubic is smooth, i.e. of genus one, and we have finished. g

2.2. The surface of bitangents

While Theorem A holds for every smooth quartics, Theorem B will be proved only for quartics which do
not contain any line (and our example in the introduction shows that this assumption cannot be completely
removed). Indeed we mostly rely on the work of Welters [Wel81] and the statements we use require that
assumption to hold. So, from now on we assume that X contains no line.

Let G := G(2, V") be the Grassmann variety which parametrizes the lines of P,

Definition 2.2. A line [ C IP? is a bitangent line to X if the subscheme Xji = I is non reduced over each
supporting point.

Let f; be the binary form obtained by the restriction of X = (F = 0) to a line [ C IP3.
Definition 2.3. We call
(2.1) S:= {[l] € G| X;; = V(f;) where f; is a binary biquadratic form},
the variety of bitangents to X.
2.3. The surface of contact points

We have the standard exact sequence of vector bundles on G:

(2.2) 0—Q" —V®0g — S —0.
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A point @ € QY is a couple ([I],v) where [I] € G, v belongs to the 2-dimensional vector space whose
projectivisation is the projective line [.
We denote by P(Q) the variety Proj(Sym(Q)). Note for a vector space V, we denote by IP(V) the set of
lines of V. By definition IP(Q) coincides with the universal family of lines over G:
P(Q) ={([llp) e GxP*|pel}.

We denote by 7tg: IP(Q) — G the natural projection and following the mainstream we call the universal exact
sequence the following one (dual to (2.2)):
(2.3) 0—S8"—>Ve0Og— Q9 —0.

If Hg is the hyperplane section of the Pliicker embedding G — P(A%VV), we stress that Og(Hg) = detQ =
detS. Using the inclusion js: S <> G we can define Qg := j5Q. It remains to define the variety of contact
points.

Definition 2.4. We call
(2.4) Y:={([llp)eSxX|peX)
the variety of contact points.

Obviously there is an embedding jy: Y <= IP(Qg) and the natural morphism 7tg: IP(Qg) — S restricts to
a morphism 7t: Y — S which we call the forgetful morphism.

2.3.1. Basic diagrams.— Now we consider the standard conormal sequence of X inside IP%:

(2.5) 0— Ox(-4) — Ol

1
1P3|X — QX —d 0.

Following [Tik81] we can build the following diagram:

Jx: P(Q4(1)) — P(Qpy (1)) +— P(Qs)

(2.6) \ le \

XclP(VV) S

where the inclusion Jy: IP(Q%( )) — IP(QHﬁlX( )) is given by the sequence (2.5) and the morphism
P(Qg) — ]P(Qﬂﬁlx( )) is the restriction over S of the standard diagram:

P(Qps(1)) = P(Q)
2.7) / m
P(VY) G
and p’: IP(QIIIﬁlX( )) — IP(VV) is the obvious restriction.

2.3.2. Geometrical interpretation.— The IP!-bundle 7ig: IP(Q) — G is the universal family of G by the
sequence (2.3) and the IP2-bundle p: IP(Qllw(l)) — IP3 is the projective bundle of the tangent directions on

IP3, that is: p~(p) = IP(THﬁ’p) where Tps , is the vector space given by the tangent space to IP? at the point
p. The isomorphism IP(Q}PS(l)) = P(Q) is well-known.
It is also easy to verify that for the 3-fold ]P(Q%((l)) we have:

P(Q) (1)) = {(p,[l]) eXxG|le lP(TpX)}.

Inside S there is the subscheme By <> S which parametrizes the hyperflex lines. Using the surface of
contact points Y (¢f Definition 2.4) and By¢, we get an important fact about S.
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Proposition 2.5. There exists a non trivial 2-torsion element o € Div(S) such that the surface of contact
points Y can be realised as a subscheme ofIP(OS ®0s(0 +Hq3|5)). The restriction of the natural projection

IP(OS ®0Og(0 + H|S)) — S induces a 2-to-1 cover t: Y — S branched over By € |2HG|5|. In particular Y is a
smooth surface.

Proof. See [Wel8l, Proposition 3.11]. O

By the diagram (2.6) and by a slight abuse of notation we obtain the basic diagram:

2.8) y X
X cPp? ScG
As in the papers [Wel81] and [CZ19], the geometry of the surface Y will be crucial to understand that of S.

3. The quartic double solid

3.1. Some general results about the notion of line of a quartic double solid

Let mg: Q — IP3 be the 2-to-1 cover branched over X. In [Tik81] and in [Wel8]] it is shown how to relate
the geometry of Q with the one of S. We consider the tautological divisor Tp,ps of IP := IP (Ops & Ops(2)),
that is, following Grothendieck, p,Op(Tp/p3) = Ops ®Ops(2), where p: P — IP3 is the natural projection. We
denote by Hps the hyperplane section of IP*> and we set Op(n) := p*Ops (nHps). If Ty € H(IP, Op(Tp/p3))
and T,, € H)(IP, Op(Tp/ps ®p Op(-2)) it is easy to show that Q € |2T]P/Ip3| and

Q = (T12 —F(XO,XI,XQ,X3)T020 = 0)
By standard theory of double covers we get the following result.

Lemma 3.1. The Hodge numbers of Q satisfy: W1 (Q) = 0 ifi # j, except h*(Q) = h*1(Q) = 10, h"(Q) = 1,
0 <i < 3. Moreover Pic(Q) = Z.

Proof- See [Wel8], p. 8. O

3.2. Lines of the quartic double solid

The threefold Q is a Fano variety, that is the anti-canonical divisor —K ~ p*(2Hps3) is ample, and there
is a natural notion of line of Q.

Definition 3.2. A line of Q is a connected subscheme r C Q of pure dimension 1 such that r - p*(Hps) = 1.

In [Tik81, p. 374] there is a description of the lines of Q. Here we only recall that they come in couples of
irreducible rational curves which mutually intersect into two points.

Thanks to the polarisation on Q given by p*(Hps) we can construct the Hilbert scheme of lines of Q. An
important theorem by Iskovskikh (¢f [Isk77]) was used in [Tik8]] to show the following statement.

Proposition 3.3. The Hilbert scheme Sx of lines of the quartic double solid is a 2-to-1 étale cover f: Sx — S.

Proof. The details of the proof are in [Tik81, Propositions 2.4 and 3.1]. Another self-contained proof is in
[Wel81, Lemma 1.1]. See also § 3 of [CZ19]. O

Theorem 3.4. For the surface Sx we have the formulas:
Ks, = f*(38Hgs), 4(Sx)=10, pe(Sx)=101, h'(Sx,Qg )=220, and cy(Sx)=384.
Proof. See [Wel81, Cohomological study, pp. 41-45]. g
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3.3. Abelian varieties and quartic double solid

Some properties of the Abel-Jacobi map Sy — J(Q) where J(Q) is the intermediate Jacobian of the
quartic double solid Q are well-known.

Theorem 3.5. The Abel-Jacobi map Alb(Sx) — J(Q) is an isomorphism of Abelian varieties.

Proof. See [Wel81, Theorem 4.1]. O
Theorem 3.6. The differential of the Albanese map a: Sx — Alb(Sx) is injective at every point.

Proof. See [Wel8l, Corollary A. 3]. O

3.4. Special divisor inside the bitangents surface.

For any [I] € Sx denote by

DZZ:{[WZ]ESX|mﬂl¢(D, mil}

Analogously if [I] € S we can consider

Dp:={m]eS |mnl=0, m=l.

For any [I] € S denote by I’ and I the two lines inside the double solid Q such that (') =mo(l”) = 1,
that is, using notation of Proposition 3.3 we can write:

FEHI) = {1 17)-
It is known that
f*l}l = Dl; + Dl//
(¢f [Wel81, Formula 5.1, p. 61]). Let {p, q} = 1N X. Note that the tangent plane to X at the points p intersects
X in a plane quartic curve with a node at p. By Riemann-Hurwitz formula, it admits six bitangents through
p. Let 71, 75, 73, T4, 75 be the other five bitangents passing through p and 5y, 5;, 53, 54, 55 those through 4.
The following proposition holds.

Proposition 3.7. Let | be a general point of S. The curve Dy is irreducible and it has exactly 11 nodes
corresponding tol, 71,7, 73, T4, Ts5, 51, 52, 53, S4, and Ss. The curve Dy, is irreducible, it has only a node at the
point [I”’]. Moreover

/ 77 / 7”7 ’7 / 77
DyNDp ={r{,r{,...,75,75,5,,5],..., 55,55 }.

For a general [1] € Sy , the geometric genus of Dy is 70. For any (1] € Sx, Dy is ample and we have Dl2 = 20,
h%(SxOs, (D) =1 and h'(SxOs, (Dy)) =71 .

Proof. [Wel8l, Section 3, Proposition 5.2, and Corollary 5.4]. O

3.5. Elliptic curves - Proof of Theorem C

We need now to recall that there is an identification between Alb(Sx) and Pic(Sx). Fix a point [Iy] € Sx.
We consider a([ly]) = 0 € Alb(Sx). We can define a morphism

Sx 3 ([1]) — ([Dy] - [Dy,]) € Pic’(Sx).

Since a(Sx) generates Alb(Sx) as a group we may define the morphism @y : Alb(Sx) — Pic%(Sx) such
that @y 1: a([!]) = [D;] = [Dy,], which is an isomorphism; see [CG72, p. 301] or [Wel81, (6.8) p. 77].

We are now ready to prove Theorem C.
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Proof of Theorem C. First we show that if such a curve exists then it is smooth inside S. Indeed assume that
C C S is a curve such that g(C ) =1 where v: C — C is its normalisation.

By Proposition 3.3 we can consider C':=C xg Sx. By Theorem 3.6 there is a non constant morphism

" — Alb(Sx). Since there are no rational curves inside an Abelian variety it follows that C C’ is smooth.
Slnce the covering C’ - C is étale, by Theorem 3.6 it follows that C C’ < Alb(Sx). Then C’ - C is étale.
This implies that C is smooth.

Now consider again the 2-to-1 étale cover f: Sy — S of Proposition 3.3 and let EC S be an elliptic
curve. Then for f*(E) two cases can occur: f*(E) = E is a smooth elliptic curve and fie: E— E is a 2-to-1
étale covering or f*(E) = E; + E, where fig,: Ei — E is an isomorphism (i = 1,2). In both cases there exists
an elliptic curve, which we denote E since no confusion can arise, which is contained inside Sy and such
that the Albanese morphism a: Sy — Alb(Sy) restricted to E is an embedding. We consider the case when
E = f*(E) is an irreducible elliptic curve. The case where f*(E) is the union of two elliptic curves can be
treated similarly.

We fix a point [/y] € E and we consider the isomorphism ®@y; ;: Alb(Sx) — Pic®(Sy), which is induced by
the morphism ®@y; ;0 a([!]) = [D;] = [Dy,]. Since E C Sx and E <> Alb(Sy) this gives a surjective morphism

Pic? (Alb(Sy)) =~ Pic?(Sx) — Pic®(E)

which induces the surjective morphism h: Sy — Pic®(E) given by [I] — [Dye] = Dy, E]-

Notice that if [I],[m] € E then Dy is not linearly equivalent to D,, since @y jg: E — Pic®(Sx) is injective.
Let o be the involution of Sy associated to the 2-to-1 cover Sy — S. Now, for every [I] € Sx we have
(0*Dy)g = Gl’E(D”E). This means that the morphism h: Sy — Pic’(E) is o-equivariant. In particular its
Stein factorisation h = hy o T is given by a fibration (that is a surjective morphism) h;: Sx — E; followed by
an étale covering 7: E; — Pic’(E). By naturality even the morphism h;: Sx — E; is o-equivariant. Since
E/{o) = E is an elliptic curve, the o-equivariance of the Stein factorisation gives a non constant morphism
S — Pic%(E). If f*(E) = E; + E, then E; and E, are two copies of E and o is given by an E-automorphism
without fixed points. Then we find two surjective morphisms h;: Sy — Pic®(E;) and hy: Sy — Pic®(E,)
which are exchanged by ¢. This implies again that we have a surjective morphism S — Pic’(E). This is a
contradiction since q(S) = 0 and it proves Theorem C. O

4. Proof of Theorem A

Let X be a smooth quartic surface. From Theorem 2.1 we know that it contains an algebraic family of
curves of geometric genus one; this family is parametrized by an algebraic variety, necessarily defined over
the algebraic closure of k. Pick one such curve, say C C X, defined over the algebraic closure of x, hence
also over a finite extension of x. After further enlarging this field if necessary, we can find a number field
&’ D« such that C is defined over k¥’ and contains infinitely many rational points in x’.

Let p € C(x’) be one such rational point. The tangent curve X, = X N T,(X) has geometric genus < 2
and is singular at p. (For all but finitely many p € C(x”’) its genus is exactly 2, but this fact will not be used.)
Since X, is a singular quartic with a node at p, one can define a morphism, over the field x’, X, — P!,
as follows: identify P! with the pencil of lines in T,(X) passing through p (note that the identification is
defined over «’) and send a generic point q € X,, to the line joining p and q. This is a degree two morphism,
identifying the quotient of Xp by its hyperelliptic involution with the line P!. Now, every rational point
x € IP!(x’) has two quadratic (or rational) pre-images in X, hence the set of quadratic points in X, is
infinite.

Moving p in the infinite set C(k’) of rational points on C, one obtains in this way a Zariski-dense set of
quadratic points on X. g
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Remark. An alternative idea would be to use two genus one curves C and C’; again after enlarging the
ground field we can suppose that both curves possess infinitely many rational points. Any line joining a
rational point on C to a rational point on C’ is defined over the enlarged ground field and intersects the
quartic in two more points which are quadratic (or rational).

5. Proof of Theorem B

Recall that the statement amounts to proving the finiteness of the rational points on the surface S of
bitangents of X, over every number field. The proof is achieved in two steps.

(1) By Proposition 3.3 and by the Chevalley-Weil Theorem (see e.g. [CZ17]) proving the finiteness of
rational points on S over every number field amounts to proving the same result for the surface Sx.
We shall then work on Sy and fix a number field ¥’ O x. By Theorem 3.6 we know that the Albanese
map a: Sy — Albg, is a closed immersion. Then, by Faltings’ theorem (¢f. [Fal91, Theorem 1]), we
obtain at once that all but finitely many rational points of Sx(x’) lie on the union of finitely many
curves. We have thus proved the degeneracy of rational points on Sy, hence on S.

(2) To end the proof of Theorem B, we must pass from degeneracy to finiteness. Indeed we have to
exclude the infinite families of rational points lying on finitely many curves on Sx. Again by Faltings’
theorem, such curves must have geometric genus < 1; since the Albanese map Sy — Albg, has an
injective differential, no curve is contracted by this map; now, since Abelian varieties cannot contain
any rational curve, the surface Sy also does not contain curves of genus zero. The same holds for S,
since the covering f: Sx — S is étale. It remains to exclude the presence of curves of genus 1 on Sy
(again, this is the same as excluding such curves on S). This is exactly the content of Theorem C.
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