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Abstract. We work on a projective threefold X which satisfies the Bogomolov-Gieseker conjecture
of Bayer-Macri-Toda, such as IP? or the quintic threefold.

We prove certain moduli spaces of 2-dimensional torsion sheaves on X are smooth bundles over
Hilbert schemes of ideal sheaves of curves and points in X.

When X is Calabi-Yau, this gives a simple wall-crossing formula expressing curve counts (and
so ultimately Gromov-Witten invariants) in terms of counts of D4-D2-D0 branes. These latter
invariants are predicted to have modular properties which we discuss from the point of view of
S-duality and Noether-Lefschetz theory.

Keywords. Gromov-Witten invariants, Calabi-Yau threefolds, 2-dimensional sheaves, modularity,
Noether-Lefschetz theory

2020 Mathematics Subject Classification. 14N35, 14D20, 14J60, 14F05

Received by the Editors on July 21, 2022, and in final form on January 4, 2023.
Accepted on February 7, 2023.

S. Feyzbakhsh

Department of Mathematics, Imperial College, London SW7 2AZ, United Kingdom
e-mail: s.feyzbakhsh@imperial.ac.uk

R.P. Thomas

Department of Mathematics, Imperial College, London SW7 2AZ, United Kingdom
e-mail: richard.thomas@imperial.ac.uk

We acknowledge the support of an EPSRC postdoctoral fellowship EP/T018658/1, an EPSRC grant EP/R013349/1 and a Royal
Society research professorship.

© by the author(s) This work is licensed under http://creativecommons.org/licenses/by-sa/4.0/


https://epiga.episciences.org/
http://creativecommons.org/licenses/by-sa/4.0/

2 S. Feyzbakhsh and R.P. Thomas

Contents

1. Imtroduction. . . . . . . . . . . . . . o000 L0 0o 2
2. Weak stability conditions . . . . . . . . . . . . . . .. . ... .. 4
3. From sheaves to Joyce-Song pairs . . . . . . . . . . . . . . . .. ... ... 8
4. Proof of the main theorem . . . . . . . . . . . . . . . ... ... ... .. 15
5. Relationship to the workof Toda . . . . . . . . . . . . . . . . . ... . .. 18
6. Modularity . . . . . . . . . . . . . . . ..o 0 Lo 19
References. . . . . . . . . . . . . . . . . . .. . ... L. ... 23

1. Introduction

A naive way to relate different moduli spaces of coherent sheaves on an algebraic variety is to replace
sheaves by cokernels of their sections (after twisting by an appropriately positive line bundle to ensure
the sheaves have predictable numbers of sections). This would give useful relations between enumerative
invariants counting sheaves, but it very rarely works due to stability issues.

This is one of a series of papers [Fey22, T21a, FT21b, FT21c| showing it can be made to work — modulo
the wall-crossing formulae required to move to a stability condition for which such cokernels are stable —
on a threefold X satisfying (a weakening of) Bayer-Macri-Toda’s Bogomolov-Gieseker conjecture [BMT14].
When X is Calabi-Yau, this gives relations between invariants involving unwieldy formulae. In this paper we
concentrate on the one case where the formulae are very simple. They equate the (virtual) counting of ideal
sheaves (of curves and points) with the counting of 2-dimensional pure sheaves,

(1Y) #(ideal sheaves) = c-#(2-dimensional pure sheaves),

with ¢ an explicit topological constant. The formula reflects the fact that in this case we are ultimately able
to prove (by crossing many walls) that no wall-crossing is necessary — the cokernels are stable and are the
only stable sheaves of the same topological type. Thus the relationship between the moduli spaces is also
very simple, with one being a projective bundle over the other. We explain below why this is so surprising
(to us).

The counts of ideal sheaves on the left-hand side of (1.1) are heavily studied, being equivalent, via
the MNOP conjecture [MNOPO6], to the Gromov-Witten theory of X. On the right-hand side, we have
counts of “D4-D2-D0 branes”, which the string-theoretic “S-duality conjecture” predicts are coefficients of
(vector-valued mock) modular forms. Thus (1.1) opens up the potential of governing the Gromov-Witten
theory of X by modular forms. This is discussed in Section 6, alongside a conjectural approach to proving
S-duality geometrically using Noether-Lefschetz theory.

In the sequel [FT21b, FT21c] we apply the same methods to DT invariants counting higher-rank sheaves.
Here the wall-crossing formulae are much more complicated, but ultimately express arbitrary rank DT
invariants in terms of the same data. That is, we can express them in terms of the rank 1 invariants on the
left-hand side of (1.1) (or, by the MNOP conjecture, the Gromov-Witten invariants of X). Or we can express
them in terms of the (conjecturally modular) rank 0 invariants counting D4-D2-D0 branes on the right-hand
side of (L.1).



Curve counting and S-duality 3

Statement of results

Let (X,0(1)) be a smooth polarised complex projective threefold. Gieseker and slope (semi)stability of
sheaves will always be defined by H :=¢;(O(1)).

Fix § in the image of H%X,Z) - H*(X,Q) and m € Z. Let I,,(X, ) denote the Hilbert scheme of
subschemes C C X of dimension at most 1 and topological type

Chz(Oc) = [C] = ﬂ and Ch3(0c) = m.
It is the moduli space of ideal sheaves I. Torsion-free sheaves of the same Chern character
v = (1,0,-B,-m) € @’ H¥*(X,Q)
are all of the form I ® T, where T is a line bundle with torsion c;(T) € H?>(X,Z). Their moduli space is
Lu(X, B) x PicO(X), where
Picy(X) := {T €Pic(X) : ¢/(T) = 0 € HA(X,Q)}.

For n >> 0 the generic section
(1.2) s: Ox(-n) —IcT

has cokernel a rank 0 Gieseker semistable 2-dimensional sheaf cok(s) of Chern character
1 1

(1.3) v, = v—-ch(O(-n)) = (0, nH, -p - EnzHZ, —-m+ gn3H3).

Let Mx p7(v,) denote the moduli space of Gieseker semistable sheaves of class v,,.

Theorem 1. For X satisfying the Bogomolov-Gieseker conjecture of [BMT14] and n > 0,

e cok(s)®L is slope and Gieseker stable for any s # 0 and any L € Picy(X);
o all points of Mx 1 (v,,) are of the form cok(s)® L for unique data (Ic®T,s),L);
o mapping cok(s)® L to (Ic,T,L) defines a morphism

Mx (v,) — Ly(X, B) x Picy(X) x Picy(X)
which is a smooth projective bundle with fibre PXV(M)=1,

We use the weak stability conditions of Bayer-Macri-Toda [BMT14] on the bounded derived category of
coherent sheaves D(X). Their conjectural Bogomolov-Gieseker inequality for weak semistable objects is the
key to proving the existence of Bridgeland stability conditions on D(X), and is now known to hold for many
threefolds, see [BMSI16, Kos18, Kos20, Kos22, Lil9a, Lil9b, MP16, Macl4, Schl4], such as IP3 or the quintic
threefold. In fact we only need its weakening stated in Conjecture BG,, below.

For weak stability conditions in the large volume limit, semistable objects F of Chern character v, are
slope semistable sheaves, giving the moduli space Mx (v,). Several applications of the Bogomolov-Gieseker
inequality show there is a single wall of instability for the class v,,. Below this there are no semistable objects,
while on the wall F is destabilised by an exact triangle

Ic®T®L— F — L(-n)[1]

expressing it as the cokernel of a section (1.2) tensored by L € Pic(X).
By [GST14] such sheaves F = cok(s) ® L are all of the form

(L4) L(Zc®L)

for some subscheme C of a divisor 1: D <> X in the linear system |T(n)| and L’ = T ® L in Pic,(X). (Here
Z¢ denotes the ideal sheaf of C on D rather than X, and the H, class of the pushforward of [C] to X is j8.)
So, remarkably, such sheaves are always Gieseker and slope stable, and these are the only sheaves in My p(vy,).
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In other words, semistable sheaves with Chern character v,, must have rank 1 on their support. This came
as a surprise to us. The support D can have reducible components which are non-reduced. For instance,
consider one of the form D = D; UrD, for r > 1. Then there are sheaves with Chern character v,, which have
support on the reduced divisor D; U D, but rank 7 on D,. Theorem 1 says they are necessarily unstable.!)
(Furthermore, there is a unique L” € Pic(X) such that after ®(L’)*, this rank 1 sheaf on D is anti-effective:
its dual has a section. In particular, if §-H <0, then My r;(v,,) must be empty.) We do not know of other
situations in which whole series of different moduli spaces of sheaves have been systematically shown to have

such a simple geometric relation as in Theorem 1.

Suppose now that X is a Calabi-Yau threefold: Kx = Ox and H'(Ox) = 0. Since semistability equals
stability for our moduli spaces, they carry symmetric obstruction theories and virtual cycles of dimension 0,
see [HT10, MNOPO6, Tho00], and degrees

* bupX) = Jy oo 1 €25

e O, (X):= I[MX'H<-U”)]vir
The first is the count of (ideal sheaves of) curves and points on X conjectured by Maulik-Nekrasov-
Okounkov-Pandharipande to be equivalent to the Gromov-Witten theory of X; see [MNOP06]. This MNOP
conjecture has now been proved for most Calabi-Yau threefolds by Pandharipande and Pixton [PP17]. The

le”Z.

second counts D4-D2-D0-branes, or 2-dimensional torsion sheaves, and is subject to the famous S-duality
conjectures of physicists.

Write these invariants as Behrend-weighted Euler characteristics; see [Beh09]. As Theorem 1 gives a
smooth fibration My (v,,) — I,,,(X, ) with fibres of signed Euler characteristic

2
en = (=1 (w(n) (#H(X, Dors)
an immediate corollary is the following precise form of equation (1.1).

Theorem 2. Fix 3, m, then n>> 0. Suppose Conjecture BG,, holds on X. Then
(1.5) Qp,(X) = ey Lp(X).

In Section 6 we discuss the conjectural modular properties of the invariants (), from two points of view:
(i) S-duality from physics and (ii) Noether-Lefschetz theory [MP10].

Acknowledgements

We thank Arend Bayer, Luis Garcia, Chunyi Li, Jan Manschot, Davesh Maulik, Rahul Pandharipande and
an anonymous referee for their generous help with this paper. Our intellectual debt to Yukinobu Toda is
described in Section 5.

2. Weak stability conditions

Let (X,0O(1)) be a smooth polarised complex threefold and H = ¢;(O(1)). Denote the bounded derived
category of coherent sheaves on X by D(X) and its Grothendieck group by K(X) := K(D(X)). In this section
we review the notion of a weak stability condition on D(X). The main references are [BMT14, BMS16].

We define the ip;-slope of a coherent sheaf E on X to be

ch,(E)-H?> .
py(E) := chlo(E)H3 if cho(E) =0,
+00 if chy(E) =0.

Dof course, stable sheaves do exist with rank 7 > 1 on Dj, but if they have the same chy, chy as vy, then by Theorem 1 they
have chy < —m + %n3H3.
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Associated to this slope, every sheaf E has a Harder-Narasimhan filtration. Its graded pieces have slopes
whose maximum we denote by };(E) and minimum by pp(E).
For any b € R, let A(b) C D(X) denote the abelian category of complexes

21) A(b) = {E‘l 9 EY .yt (kerd) < b, ji(cokd) > b}.
Then A(b) is the heart of a t-structure on D(X) by [Bri08, Lemma 6.1]. Let w € R\ {0}. On A(b) we have

the slope function®

wehbH(E)-H-Lwd cho(E)H® .. | pH ,
Np,(E) = w? ch!f (E)-H? if chy"(E)-H" =0,
+0o if chtH(E)-H? =0,

where ch?!(E) := ch(E)e ", This defines a Harder-Narasimhan filtration on .A(b) by [BMT14, Lemma 3.2.4].
It will be convenient to replace this by

b2
(2.2) Vyw = ONps+b, where o:= 6(w— ?),
for w > %bz. This is because
chy(E)-H-wcho(E)H? .. 1 bH 1\ . 152
2.3) v, (E) = e rw Chlb (E)-H” =0,
' +0o if ch?(E)-H?>=0

has a denominator that is linear in b and numerator linear in w, so the walls of v}, ,,-instability will turn out
to be linear; see Proposition 2.5. Note that if ch;(E)- H"™ = 0 for i = 0,1, 2, the slope Vp,w(E) is defined
by (2.3) to be +oo. Since (2.2) only rescales and adds a constant, it defines the same Harder-Narasimhan
filtration as Ny, 5, so it too defines a weak stability condition on A(b).

Definition 2.1. Fix w > %bz. We say E € D(X) is v, -(semi)stable if and only if

e E[k] € A(b) for some k € Z, and
o v, (F)(<)v, ,(E[k]/F) for all non-trivial subobjects F < E[k] in A(b).

Here (<) denotes < for stability and < for semistability.

Remark 2.2. Given (b, w) € R? with w > %bz, the argument in [Bri07, Proposition 5.3] describes A(b). It is
generated by the v, ,-stable two-term complexes E = {E~! — E?} in D(X) satisfying the following conditions
on the denominator and numerator of v;, ,, from (2.3):

(a) ch?H(E)-H? >0, and
(b) ch,(E)-H —wcho(E)H? > 0 if ch®*(E)- H? = 0.

That is, A(b) is the extension-closure of the set of these complexes.

We recall the conjectural strong Bogomolov-Gieseker inequality of [BMT14, Conjecture 1.3.1], rephrased in
terms of the rescaling (2.2).

Conjecture 2.3. Forv,  -semistable E € A(b) with cth(E) -H = (w - %bZ)cho(E)H3,
bH w b\ 2

(2)This is called Vp,w in [BMTI14, Equation 7], but we reserve vy, ,, for its rescaling (2.2).
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Although this conjecture is known not to hold for all classes on all threefolds [Schl7], it is possible it
always holds for the special classes required to prove Theorem 1. Setting
n p-H n? B-H 3m (/3’-H)2
bo = - - — - ,
nH3

2 w3y YT R T H uEe

we require the following.

Conjecture BG,,. Conjecture 2.3 holds in case (i) below, and for (ii) when - H > 0.
(i) b=bg, we (ws—e€,wy] for some 0 <e < 1, and ch(E) = v,,.

(ii) b=chy(E)-H cha(E)H

w=0b%+ 15— and E a torsion-free sheaf with

1
-
cho(E) =1, chy(E)-H*> =0, —-chy(E)-H € [B-H,2p-H].

In fact an even weaker version of BG,, in enough to conclude Theorems 1 and 2, as shown in [FT2Ib,
Section 3.1]. Conjecture 2.3 follows from [BMS16, Conjecture 4.1], which has now been proved in the following
cases:

e X is projective space IP3 (see [Macl4]), the quadric threefold (see [Schi4]) or, more generally, any Fano
threefold of Picard rank 1 (see [Lil9b]),

X is an abelian threefold (see [MP16]), a Calabi-Yau threefold of abelian type (see [BMS16]), a Kummer
threefold (see [BMS16]), or a product of an abelian variety and IP" (see [Kosl8]),

X has nef tangent bundle (see [Kos20]),

X is one of the Calabi-Yau threefolds considered in [Kos22]; with some work, one can show the

weakening of Conjecture 2.3 proved in [Kos22, Theorem 1.2] is still strong enough to give Theorem 1
for n> 0, and

e X is a quintic threefold (see [Lil9a]), or a (2,4) complete intersection in P> (see [Liu22]), and (b, w)
are described below.

Theorem 2.4 (¢f. [Lil9a, Theorem 2.8], [Liu22, Theorem 2.14]). Conjecture 2.3 holds on a smooth quintic
threefold or a (2,4) complete intersection in P> when (b, w) satisfy
1 1
(2.5) w > §b2+5(b—LbJ)(LbJ+1—b).
In particular, Conjecture BG,, holds for n > 0.

Proof. Using the notation (a, §) for our (w, b), [Lil9a, Theorem 2.8] and [Liu22, Theorem 2.14] prove that
(2.5) implies [BMS16, Conjecture 4.1]. This gives Conjecture 2.3, so we only need to check that the parameters
in Conjecture BG,, satisfy (2.5).

For the parameters in the first part of Conjecture BG,,, we have

b} n® 3-H 3m 3(p-HY
B

2 8 2H3 wnH3 2\nHS3
which for n > 0 satisfies
o1 1
wfm > 5 2 E(bo—LboJ)(LboJ‘Fl—bo)-

Thus there exists an 0 < € < 1 such that (by, w) satisfies (2.5) whenever w € (wy —e€,wy].
For the second part of Conjecture BG,;, use the obvious inequality

1 1 1 R
2x(x—m) > F(l—m) or x > 1.

Rearranging gives

1 1 V¢ x 1 1
—(—x——) _X _(1__).
2 2H3) H3 ~ 4H3 2H3
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Substituting in x = —ch,(E)-H>pf-H >1 and b =ch,(E)-H - # makes this

b?> chy(E)-H 1 ( 1 )

> —
2T aH3\" " 2H3
For w = b? + Chzl({# this is
b2 1 1y 1 1
w-7 > 5(1-5)5m = 30-1e1-b+)
since ch,(E)- H € Z for E of rank 1 with ch;(E) = 0. Thus (2.5) holds for this (b, w). O

In Figure 1 we plot the (b, w)-plane simultaneously with the image of the projection map
IT: K(X)\{E: cho(E)=0} — RR?,
E o chy(E)-H? ’ ch,(E)-H |
chg(E)H3 " chy(E)H?3

Chz.H
A 7 chyH3
_ b
w=7
TI(E)
I
I
|
I
. ch,.H?
Chl(E)~H2 ’ Ch0H3
cho(E)H?

Figure 1. (b, w)-plane and the projection I1(E) when chy(E) >0

Note that for any weak stability condition vy, ,,, the pair (b, w) is in the shaded open subset
b2
(2.6) U := {(b,w)elRZ: w>7}.

Conversely, the image I'I(E) of v}, -semistable objects E with chy(E) # 0 is outside U due to the classical
Bogomolov-Gieseker-type inequality for the H-discriminant,

2.7) An(E) = (chy(E)- H?) = 2(cho(E)H?)(cho(E) - H) > 0,

proved for v}, ,,-semistable objects E in [BMS16, Theorem 3.5].%) By Remark 2.2 they lie to the right of (or
on) the vertical line through (b, w) if chy(E) > 0, to the left if chy(E) < 0, and at infinity if chy(E) = 0. The
slope vy, ,(E) of E is the gradient of the line connecting (b, w) to IT(E).

Objects of D(X) give the space of weak stability conditions a wall and chamber structure, explained in
[FT21a, Proposition 4.1] for instance.

Proposition 2.5 (Wall and chamber structure). Fix an object E € D(X) such that the vector (chy(E),ch, (E)-H?,
chy(E)- H) is non-zero. There exists a set of lines {€;};c in R? such that the segments €; N U (called “walls”) are
locally finite and satisfy:

(3)[BM516, Theorem 3.5] states (2.7) with ch replaced by chPH | but the result is still A (E). We use the stronger Bogomolov
inequality chy (E)2-H - 2chg(E)(chy(E)-H) > 0 for pgy-semistable sheaves in (3.18).
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(@) If cho(E) # 0, then all lines €; pass through I1(E).
(b) If cho(E) = 0, then all lines €; are parallel of slope — Chz H2
(c) The v, ,-(semi)stability of E is unchanged as (b, w) vanes within any connected component (called a
“chamber”) of U \ U;¢; €;-
(d) For any wall €; \U there are a k; € Z and a map f: E[k;] — F in D(X) such that
e forany (b,w) € ;N U the objects E[k;|, F lie in the heart A(D);
e E[k;] is v, -semistable with v, (E)=v, (F)= slope((;) constant on the wall {; N U, and
o f is a surjection E[k;] - F in A(b) which strictly destabilises E[k;] for (b,w) in one of the two
chambers adjacent to the wall {;.

ch,-H w ch,-H
* Cho H3 * Cho H3
N cho(E) =0 N chy(E) = 0
51 Sl €1 T~a
U U
by~
o ~o [ Z=eTI(E)
~ gz -
h -H? h -H?
b, i b, i

Figure 2. The line segments ¢; N U are walls for E.

3. From sheaves to Joyce-Song pairs

Let (X,0(1)) be a smooth polarised complex threefold, and let H := ¢ (O(1)). Fix $ in the image of
H*(X,Z) — H*(X,Q) and m € Z. In this section we investigate walls of instability for sheaves of Chern
character

1 1
v, = (o, nH, —p - EnZHZ, —m+ gn3H3)
when 7 > 0. For any sheaf F of rank 0, we define its v;-slope as

chy(F)-H . 2
+00 if Ch](P)-szo‘

We say that a sheaf F of rank O is slope (semi)stable if for all non-trivial quotients F — F’, one has

vy (F) () vy (F).
This section is devoted to proving the following half of Theorem 1.

Theorem 3.1. Fix f € im (H4(X,Z) — H4(X,Q)), meZ, n> 0, and suppose Conjecture BG,, holds on X.
Then any slope semistable sheaf F of Chern character v,, is slope stable, and there exist unique (L,1,s) such that
F = cok(s)®L,
where | =1c QT is a torsion-free sheaf of Chern character v = (1,0,—p,—m), the line bundles L, T have torsion

c1, and s: Ox(—n) — I is non-zevo.

We call (I,s) a_joyce-Song pair when 0 = s € H°(I(n)). Joyce and Song [JS12, Section 5.4] studied pairs
consisting of a sheaf and a section (of a very positive twist of the sheaf) satisfying a version of Gieseker



Curve counting and S-duality 9

stability for pairs. We use weak stability conditions instead, but ultimately we prove that in this simplified
rank 1 situation, both conditions amount to the same: that I is torsion-free and s is non-zero.

To prove Theorem 3.1, we start in the large volume limit, where a very similar argument to [Bri08,
Proposition 14.2] implies that a rank 0 sheaf is slope (semi)stable if and only if it is v} ,,-(semi)stable for any
beRand w> 0.

So now take a slope semistable sheaf F of Chern character v,,. It is in the heart A(b) for any b € R and
Vp,w-semistable for w >> 0. By Proposition 2.5 the walls of instability for F are all line segments of slope

by :=—%— [>’~_H3; see Figure 3. The lowest such wall is tangent to U at (bo, lbz). So it makes sense to move
nH 270
down the vertical line b = b which intersects all the walls of instability for F. Since
2173
H
cho(F) = 0 and ch?(p).H = —p.H- _pynH® = o,

Conjecture BG,, gives the Bogomolov-Gieseker inequality (2.4) for the stability parameters (by, w) where
w € (wr —¢, wf]. This says that while F is v}, , -semistable,

313 2p2 1 b2
ch"™(F) = —m+ — + boH -(p+ — |+ nH - 5biH? < |5 =2 |nH’.
2 2 3 6
Rearranging gives
2 2
n p-H 3m p-H
S T
(3.2) A R T e

We may assume we chose 1 > 0 sufficiently large that

b3 2 B-H 1(p-HY
wf>—0:n—+ﬁ—+—(ﬂ )
2 8 2H3 2\nH3

so the point (bg, wy) lies inside U. Therefore, moving down the line b = by, there is a point wy > wy where

F is first destabilised. Our ultimate aim (achieved in Proposition 3.7) will be to show that this point is
wy = %z + % where {b = by} intersects the upper (red) line in Figure 3. This is where F can be destabilised
by O(-n)[1] in (a rotation of) a triangle O(-n) — I — F made by a Joyce-Song pair for some sheaf I of
Chern character v. The next proposition gets us part of the way to this goal.

_BH

Proposition 3.2. The wall that bounds the large volume limit chamber w >> 0 for F has slope by = -5 — 33

and passes through the point (by, w), where
wr < wy < n2+(/3-H)2
f=m0 =y s )

On this wall there is a destabilising sequence F1 ~— F — F, in A(by), where F, is a 2-term complex with
dimsupp H(F,) < 1 and F is a rank 1 torsion-free sheaf with

(3.3) ch((F1)-H> = 0 and -2B-H < chy(F;)-H < —f-H.

Proof. By Conjecture BG,, and (3.2), F is v}, 4, -destabilised by a sequence F; < F — F; in A(by) for some
wo > wy. By Proposition 2.5 the corresponding wall is N U for £ the line pictured in Figure 3 with equation
w = byb + x, where

2-H 3m B-H\?

_ 2 2 _

(3.4) x = =by+wy = -bg+wy = - e _nH3_2(nH3)

Let b, < by be the values of b at the intersection points of £ and the boundary JU = {w = %bz} of the space

of weak stability conditions U,

bl = b0+,[b(2)+2x, b2 = bo—,/b§+2x.
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Chz -H
’ Cho H3

_ 7 ch;-H?
v 4 ChoH3

Figure 3. Walls for objects of class v,

We claim that

1 1
(35) bl > _ﬁ and bz < -n+ E .
2
The first is equivalent to b + 2x > (—bo - #) , and thus to
b 1 -H 1
x> —2 4 o P +

2H3 ' 8(H?)? 4H3  2n(H3)? ' 8(H3)?'

1
2H3

> (15 ) b0+ (1= 3 )) = 57 ) (s )

Both of these follow from (3.4) for n > 0.
By Proposition 2.5 there is a short exact sequence F; < F — F, in A(b() which strictly destabilises F

2
The second is equivalent to (bo +n-— ) < b(z) + 2x, and therefore to

below the wall. Taking cohomology gives the long exact sequence of coherent sheaves
(3.6) 0 — H Y(F;) — HY(F;) — F - H(F,) — 0.

In particular, the destabilising subobject F; is a coherent sheaf. If it had rank 0, then its slope vy, ,,(F;), see
(2.3), would be constant throughout U, like that of F, so we would not have a wall. Thus chy(F;) > 0, so
(3.6) gives

cho(H ™' (F;)) = chy(Fy) > 0.
Since rank F, = —rank F; # 0, Proposition 2.5 shows that II(F;) and I'I(F,) lie on the line ¢. All along
{NU — i.e for b € (by,b) — the objects F; and F, lie in the heart A(b) and (semi)destabilise F. Therefore,



Curve counting and S-duality 1

by the definition (2.1) of A(b),
_ 1 _ 1
(3.7) pi(HN(F)) < by < —n+ I and pup(Fp) = by > EYTER
Thus intersecting the identity ch;(F)—ch;(H°(F,)) = ch;(F;) —ch;(H~1(F,)) with H? and dividing by
chy(F;)H? gives
no chy(HO(F,))- H?
cho(Fy) chy(Fy)H?

(3-8) = g (F1) = pyy (M (F2))

- _ 1

> pp(F1) = pig(H ™' (Fy) = by=by > n-

with the last inequality following from (3.5). Now ch; (H%(F,))- H? > 0 since H°(F,) has rank 0. So (3.8)
can only hold for n > 0 if chy(F;) = 1 and ch;(H°(F,))- H? = 0. In particular, H°(F,) is supported in

dimension at most 1. Plugging rank F; = 1 back into (3.7) gives

ch;(F;)-H? 1
(39) % = ,uH(Fl) > _ﬁ’ SO ‘lle(Pl) > 0
Similarly, plugging rank H~'(F,)) = 1 into (3.7) gives
chy (H!(F,))- H? . 1 .
i 1;32)) = (T ED) < =nt sy so ug(HU(E) <

On the other hand, (3.8) gives n = p;(F;) - yH(H_l(Fz)), so in fact

p(F1) = 0 and  py(H'(F,) = —n = py(F,).

We use this to show that F; is torsion-free. Suppose for a contradiction that its torsion subsheaf T is
non-zero. If chy(T)- H? > 0, then since pg(F1) =0, we find ppy (F1/T) < —%. But pp;(Fy) < ppy(F1/T), so
this contradicts (3.7). Therefore, ch;(T)-H? =0, and T is supported in codimension at least 2. But then
Vpowo(T) = +00, so T strictly destabilises Fy, contradicting its vy, ,, -semistability.

To finish the proof, we consider the projected point I1(F,) = (—n, —ChZ(HL?'H

{={w="byb+x},

). Since it lies on the line

_cho(Fy)-H =n E+—'6 A +x.
H3 2 nH3
Since F; is v}, -semistable, it satisfies the classical Bogomolov-Gieseker inequality (2.7),
h,(F,)-H 2 -H
—% < n—, so that x < —/3—.
H3 2 H3

This proves that the line ¢ cannot be above the red uppermost line in Figure 3; i.e.

n /3-H)2 B-H  n? (/S-H)Q,

(3.10)

= b2 < (——— - -
o ERTEEAT T ym) T T s
. . . _(n chy(F)H .
as claimed in the proposition. Moreover, I1(F;) = (O, T) € { gives
h,(Fy)-H
(3.1) x = %

so the inequalities (3.10) and (3.4) imply
B-H _ chy(F)-H 28-H 3m B-H\?
- > > - - - 2( ) .
H3 H3 H3  nH3 nH3

ch,(F,)-H 28-H
ZH; Z g O

For n > 0 the second inequality becomes
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Remark 3.3. If - H <0, then (3.3) gives a contradiction, showing that no such F exists and Mx (v,,) is
empty. But then I,,(X, B) is also empty since there are no sheaves [c ® T with [C] = when 8- H < 0. Thus
Theorem 1 holds in this case, so from now on we will assume g-H > 0.

We now borrow some results from [FT2la, Section 8]. There we explain why it is profitable to work on
the vertical line {b = b’} N U, where b’ := —%; see Figure 4. In particular, a simple numerical argument
(precisely analogous to the argument that rank 1 sheaves can only be slope destabilised by their rank 0
torsion subsheaves) shows that rank 1 objects with ch;-H? = 0 are Vp -semistable at a point of this vertical
line if and only if they are vy, ,,-stable everywhere on the line.

Lemma 3.4 (¢f [FT2la, Section 8]). Take an object E € A(b’) of rank 1 with chy(E)-H? = 0. If E is
2

Vi -Semistable for some w > %(b’)z, then it is vy ., -stable for all w > %(b') .

By (3.5), we have b; > —ﬁ > b’, so Figure 4 shows that our wall of instability £ for F intersects {b = b’} at
an interior point of U. Therefore, the vy, ., -semistability of F; along the line segment £ N U and Lemma 3.4
show that F; is v}, -semistable for all w > %(b’)z.

Let ¢; be the line connecting I'1(F;) = (0, Chzg},)'H) to the point (b’, %(b’)z) where {b = b’} intersects dU.

By Proposition 2.5 the w | W limit of Lemma 3.4 shows that F; is v}, . -semistable for any (b,w) € {;NU.

ch,-H
A w, ChO H3

chy-H?
v ’ ChoH3

w="b%+x

TI(Fy) = (0,¢)
Figure 4. Walls for objects of class v

So by Conjecture BG,,(ii) we can apply the Bogomolov-Gieseker inequality (2.4) to Fy, so long as we can
find a point of £; N U satisfying chlz’H(Pl) -H = (w - %bz)chg(Fl)H3, ie

. 2 2
cho(Fy)-H b° _ b
H3 2 2
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This gives the lower parabola in blue in Figure 4. It intersects ¢; at (b*, w*), where

. _ « _ sz, Cho(F)-H
(312) b = Chz(Pl)'H— ﬁ} w = (b ) + T
Since 5 ,
" (b*) _ 1 1 Chz(Fl)'H
w2l = E(chg(Fl)-H—zHa) + S o,

the point (b*, w*) is in the interior of U. As in [FT2la, Proposition 8.3], Conjecture BG,,(ii) then gives the
following.

Proposition 3.5. If f-H > 0, the destabilising sheaf F, satisfies

2 1
Ch3(F1) < gChz(Fl)H(Chz(Fl)H—ﬁ) O

A similar argument given in [FT2la, Proposition 8.4] gives a similar inequality for F,(n).

Proposition 3.6. If - H > 0, the destabilising object F, satisfies

cha(Ea(m) < 3 cha(a(m)-H (chalFa(m) - H + 5. o

Proposition 3.7. We have chy(F,)-H =—p-H and chy(F,(n))-H = 0.

Proof. Set ¢ :=chy(Fy)-H. If B-H =0, then (3.3) gives c = —f - H = 0. So we now assume f - H > 0. Using
cho(F;) =1, chy(F;)-H? = 0 and the exact triangle F; — F — F,, we compute

(3.13) chy(Fy(n))-H* = 0, chy(Fy(n)-H = —p-H-c
(3.14) and chj(Fy(n)) = —m—chs(Fy)-n(f-H+c).
Thus Proposition 3.6 becomes
2 1
(3.15) —m—chs(Fy)=n(B-H+c) < 5(ﬂ-H+c)(/3-H+c _F)’
while Proposition 3.5 says
. 2 1
(3.16) chy(Fy) < gc(c—ﬁ).
Combining the two gives
(3.17) —m—zc(c—i)—n( H+c¢) < g( H+c)( H+C—L)
' 3 2H3 P = 30 P 2H3 )

By Proposition 3.2 we have c € [-28-H,—p - H], so the right-hand side of (3.17) is bounded while on the
left-hand side, n appears multiplied by —( - H +¢) > 0. This gives a contradiction for 7 > 0 unless
—(p-H+c)=0. O

Lemma 3.8. The sheaf HO(F,) is supported in dimension 0, and
chy(H™Y(F,)) = -nH in H*(X,Q).
Proof. Proposition 3.2 and the long exact sequence (3.6) show that H~!(F,) is a torsion-free sheaf of rank 1.
Therefore, it is y;;-semistable, and the classical Bogomolov inequality applies,
(3.18) chy(H Y (F,))?-H-2chy(H\(F,))-H > 0.

By (3.6) again, ch;(H~'(F,)) = ch;(F;) — ch;(F) + ch;(H°(F;)). Take i = 2 and intersect with H; then
Proposition 3.7 gives

2H3 2H3
T chy(H(F,)-H = 2

(3.19) chy(HY(F,))-H = -p-H+p-H+ +chy(HO(F,)) - H.
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Take i = 1 and intersect with H?; then Proposition 3.2 kills the first and third terms, so
(3.20) chy(HY(F,))-H? = —nH’.
Therefore, by the Hodge index theorem,
-1 2\?
(chy(H7Y(Fy))- H?)
H3

with equality if and only if ch; (H!(F,)) is a multiple of H in H*(X, Q).
Combining (3.18), (3.19) and (3.21) gives

(3.21) n’H = > chy(H™(F)*-H,

(3.22) chy,(HY(F,))-H < 0.

But dim supp H°(F,) < 1 by Proposition 3.2, so this shows dimsupp H°(F,) = 0, and (3.22) and (3.21) are
equalities. Thus ch;(H1(F,)) is a multiple of H in H*(X, Q), and by (3.20) that multiple is nH. 0

Lemma 3.9. We have ch;(F,) < +n3H3.

Proof. Lemma 8.2 of [FT2la] implies that Fy(n) € A(-b’) is v_p ,,-semistable for b’ = —% and w > 0.

Therefore, by [BMT14, Lemma 5.1.3(b)] the shifted derived dual F,(1)"[1] lies in an exact triangle
(3.23) E < Fy(n)'[1] — Q[-1],

with Q a 0-dimensional sheaf and E a v,  -semistable object of A(b’) for w > 0. Since rank E =1, it is a
torsion-free sheaf by [BMS16, Lemma 2.7]. Moreover, Lemma 3.8 and Proposition 3.7 give

chy(E) = 0 in H*(X,Q), chy(E)-H = 0.
Hence ch;(E) < 0, which by (3.23) gives ch;(F,(n)) < 0. O

We are finally ready to identify the destabilising sequence for F. By Lemma 3.8 there is a subscheme
Z C X of dimension at most 1 such that

(3.24) HUF,) = L(-n)®I,

for some line bundle L with ¢;(L) = 0 € H*(X,Q). By (3.19) we find ch,y(L(-n)®I)-H = $n*H> =
chy(L(-n))- H, so in fact Z is 0-dimensional. If it were non-empty, then v}, ,,(Oz) = +c0, so combining the
A(bg)-short exact sequences

Oy — H Y (F,)[1] — L(-n)[1] and HY(F,)[1] — F, — H(F,)

gives the destabilising subobject Oz <> F,. This contradicts the v;, ,, -semistability of F,, so in fact Z = 0.
Therefore, H ! (F,) = L(—n), which has ch; = —%n3H3.

Since ch3(F,) < %n3H3 by Lemma 3.9, this gives ch3(H%(F,)) < 0. But by Lemma 3.8 H°(F,) is
0-dimensional, so it vanishes and

Thus our destabilising sequence in A(by) is
(3.25) [~ F — L(-n)[1]

for some L € Picy(X) and rank 1 torsion-free sheaf I := F; € I,,(X, ) x Pic,(X) of Chern character
v =(1,0,—p,—m). Therefore, F ® L* is (the cokernel of) a Joyce-Song pair O(-n) - IQL".
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3.1. Uniqueness

To finish the proof of Theorem 3.1, we should prove the uniqueness of the sequence (3.25) and the slope
stability of F.

By [BMS16, Lemma 2.7(c)| the slope semistable sheaf I is v}, ,,-semistable for w > 0. Let ¢’ be the red
line segment in Figure 3 which passes through IT(Ox(-n)) and I1(v). By Lemma 3.4 — and the fact noted
there that £’ N U intersects {b = b’} — it is strictly stable all along N U. In particular, it is vy, -stable.
The same is true of L(—n)[1], by [BMSI16, Corollary 3.11(a)]. That is,

(3.26) I and L(-n)[1] are vy, -stable of the same phase.

As we move below the wall £ to w = w( — €, they remain stable for 0 < € < 1 but

Vho wo—ell) > Vbo,wofe(L(_”)[l])

by an elementary calculation with (2.3). Therefore, (3.25) is the Harder-Narasimhan filtration of F with
respect to Ve The uniqueness of the Harder-Narasimhan filtration gives the uniqueness of I and L.

3.2. Slope stability

It remains to prove that F is not strictly slope semistable in the sense of (3.1). Suppose F - F’ is a proper
quotient sheaf with v (F’) = v (F).
Since rank F’ = 0 = rank F, the formula (2.3) gives

VpulF') = vy(F') = vy(F) = v, (F)

for all (b,w) € U. Since all torsion sheaves are in A(bg), F’ is a quotient of F in the abelian category A(by),
and any quotient of F” in A(by) is also a quotient of F. Therefore, F’ is also vy, ,, -semistable. Since I is
Vp,,w,-Stable, the composition

[«——F—F

in A(by) must be either zero or injective. And it cannot be zero because this would give a surjection
L(-n)[1] > F” in A(by), contradicting the vy, ., -stability (3.26) of L(-n)[1].
So it is injective. Let C denote its cokernel in A(by), sitting in a commutative diagram

[ —— F —» L(-n)[1]

| |

IC F’ C.

Since F’ and I are vy, ,, -semistable of the same phase, C is also v}, -semistable. Therefore, the right-hand
surjection contradicts the vy, ., -stability (3.26) of L(-n)[1].

4. Proof of the main theorem

In this section we prove the rest of Theorem 1. Let JS,(v) be the moduli space of pairs (I,s), where
I =1c®T is a torsion-free sheaf of Chern character v = (1,0,—p,—m) and s: Ox(—n) — I is a non-zero
section. Since there are no strictly semistable sheaves of rank 1, this is a special case of the projective moduli
space constructed in [JS12, Section 12.1]. For n > 0 it is a projective bundle over I,,(X, f) x Picy(X) with
fibre IP(HO(I(n))); see [GST14, Lemma 3.2] for instance. For any such pair (I,s) the cokernel cok(s) is a
sheaf of Chern character v,,.

Proposition 4.1. Take a pair (1,s) € ]S, (v) for n > 0. Then cok(s) is slope stable.
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Proof. By the same argument as in (3.26), I and Ox(-n)[1] are vy, -stable of the same phase, where

wo = n + M Hence the exact sequence
0= 7 T (w2 q

(4.]) I — cok(s) — Ox(-n)[1]

in A(bg) shows that cok(s) is also vy, -semistable. Therefore, it is also slope semistable: any quotient
sheaf cok(s) - F’ is torsion, so lies in A(b() and satisfies

Vy w, €OK(s)) = vy (cok(s)) < vy(F) = v, (F').

As we just proved in Theorem 3.1, this implies that cok(s) is actually slope stable. O
Proof of Theorem 1. By Theorem 3.1 and Proposition 4.1 we have now proved that any slope or Gieseker
semistable sheaf F of Chern character v, is slope (and so Gieseker) stable, and we have established a
bijection
(4.2) JS,(v) x Picy(X) — Mx g (vy),

((I,s), L) > cok(s)®L.
Next we make the arrow into a morphism. By [LeP95, Theorem 4.11] the product JS,(v) x X carries a
universal Joyce-Song pair. Tensoring with (the pull back of) a Poincaré sheaf on X xPic(X) gives a universal
complex on JS,,(v) x Pic,(X) x X. Its cokernel is a flat family of sheaves over JS,(v) x Pic,(X) whose closed

fibres are slope and Gieseker stable sheaves of Chern character v,,. It is therefore classified by a map to the
moduli space My 7(v,), which gives (4.2).

We are left with finding the inverse morphism. Start with F € Mx r(v,). By Theorem 3.1 we find a unique
L € Picy(X) with non-zero Ext!(F,L(-n)) = C defining an extension I € I,,,(X, f) x Picy(X),
(4.3) 0—L(-n)—I—F—0.
As noted in the proof of Proposition 4.1, I and L(-n)[1] are vj , -stable of the same phase, so
Ext!(I,L(-n)) = 0. Therefore, applying Ext( - ,L(-n)) to (4.3) gives

; C i=1

4.4 Ext'(F,L(-n)) = { .~ .__ .
+4) xU(E, L{=n)) {0, i<0ori>4

We would like to do this in families, as the pairs (F,L) move over My r(v,) X Picy(X). But Ext!(F, L(-n))
is the non-zero Ext group of lowest degree by (4.4), so basechange issues mean it does not show up in the
relative £xts of the family version. Instead, we use its Serre dual

H*(F®L'(n)®Ky) = Ext!(F,L(-n))".

To set up its family version (4.6) below, we let F be a universal twisted sheaf ) over X x My p(v,) and let
L be a Poincaré sheaf on X x Pic,(X). Suppressing some obvious pull back maps for clarity and pushing
forward along the map

(4.5) X x My () x Picy(X) — My () x Picy(X),
we consider the twisted sheaf
(4.6) G := R (F®L(n)®Kx) on My p(v,)xPicy(X).

By Serre duality applied to (4.4), there are no higher-degree push down cohomology sheaves, so basechange
applies to show that on restriction to any closed point (F,L) € suppg,

g|(FL) = HZ(F‘X’L*(”)@K)() = Eth(F,L(—n))* =~ C.

(4)W0rking with twisted sheaves is no harder than working with ordinary sheaves; the formalism is set up in [Cal00], for instance.
Eventually we will be able to remove the twisting to make F a coherent sheaf.
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Therefore, G is a (twisted) line bundle on its support Sg, where

Sg = suppG —— My p(v,) % Picy(X)

T~

Mx H(vy)

is a set-theoretic section of p, i.e. a single point in each Pic(X) fibre over My r(v,). We want to upgrade
this statement to one about schemes instead of sets.

Lemma 4.2. The support Sg of G is a section of p, so is scheme-theoretically isomorphic to Mx p(v,,).

Proof: We first prove Sg — My p(v,,) is an embedding by showing that the fibre over any closed point
F € Mx 1(vy) is a reduced point L € Picy(X). Here L is the unique line bundle such that Ext!(F,L(-n)) is
non-zero. Let e be a generator of Ext!(F, L(—n)), defining the extension (4.3). Applying Ext*( - ,L(-n)) to
(4.3) gives an isomorphism

(4.7) Ext!(L(-n), L(-n)) —> Ext*(F, L(-n))

Ue

because Ext<?(I,L(-n)) = 0 for I € I,(X, B)xPicy(X) and n > 0. This map takes any first-order deformation
of L in Pic((X) to the obstruction (in the right-hand group) to deforming e € Ext}((F,L(—n)) with it. Thus e
is totally obstructed — it does not deform to first order with L. That is, the Zariski tangent space to the
fibre of Sg over {F} — the kernel of (4.7) — is trivial. This shows that Sg¢ — My j(v,) is an embedding.

To prove S — Mx (v,) is an isomorphism of schemes, it is now sufficient to show its basechange to any
fat point of My 7(v,) is an epimorphism. That is, take the maximal ideal m C Oy, ,,(v,) at F, set

My = Spec(@/mk),

and assume inductively that we have proved Sy := Sg x My

( )Mk — M} is an epimorphism (and so an
n

’

isomorphism). We want to show the same is true for k + 1.

Let Fy, Ly be the restrictions of the universal sheaves to X x My x Pic,(X). By our inductive assumption
and basechange, we know that s, is a line bundle on S;. By relative Serre duality down 7t — the
basechange of 7t (4.5) to Sy — its dual is the line bundle

Exty (Fi Lp(-n)) on  Sp = M,
which therefore has a trivialising section e; € Ext!(Fj, Ly(—n)) defining an extension
(4.8) 0— Ly(-n)— I — Fr, — 0.

Since Pic(X) is smooth, the classifying map My — Picy(X) of Ly can be extended to Mj,; — Picy(X),
thus defining a preliminary Ly, over X x My,,. We already have Fy,; := F|xxp,,,- The obstruction to
extending the extension class ej to any

ek+1 € EXt}(me(Fk+1rLk+1(_”)))

is a class ob in

k k
> m ~ m
(4.9) Extioa, | Fo Le(=m) ® — ) Ter EXtXka(Lk(_”)rLk(_”) ® & )

Here the isomorphism follows from applying Ext*( < L(-n)® (mk/mk+1)) to (4.8); ¢f: (4.7). Now the space
of choices of Ly,; extending Ly (i.e. maps My, — Pic,(X) extending the given map from Mj) is a torsor
over the right-hand group of (4.9). Therefore, the class of (—ob) in this group defines a new L, for which
the obstruction to the existence of e;,; now vanishes. This e;, then trivialises

gxt}zkﬂ (Frs1,Lks1(=n))  on My,
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showing it is a line bundle and that we have defined an extension Sy, C Sg of Sy C Sg. Thus Sg — My g(v,)
is an epimorphism after basechange to My, 1, as required. g

By basechange G = 1,7, where 7 is the twisted line bundle

R2(anng)*((F@ﬁ*(n)@KXﬂXxsg) on Sg = My (v,).

Denote the composition of : with the projection to Picy(X) by f: Mx y(v,) — Picy(X), and let
1': X x My py(v,) = Mx p(v,) be the projection. Identifying Sg with M f;(v,), the above becomes

T = R (FRf'L'(n)®Kx) on My y(v,).
So replacing F by F ® (1’)*7 * gives a new universal sheaf (the twistings cancel) such that, by relative Serre
duality down 7/,
g'Xt?l'[’(‘F’f*‘C(_n)) = OMX,H(Vn)'
The section 1 € I'(O) defines an extension

0— f*L(-n)— I — F —0.

Since T ® f*L" is flat over Mx (v,,), we get a family of Joyce-Song pairs classified by a map My y(v,) —
JS,,(v). By construction, its product with f is the inverse of (4.2). O

5. Relationship to the work of Toda

This paper, its predecessor [FT21a] and its sequel [Fey22] use methods pioneered by Yukinobu Toda. In
[Tod12] he also studied 2-dimensional sheaves on threefolds X satisfying the Bogomolov-Gieseker inequality,
under the additional assumption that X is Calabi-Yau with PicX = Z. Like us, he starts in the large
volume region and then moves down a vertical line in the space of weak stability conditions to find walls
of instability by applying the Bogomolov-Gieseker inequality to weakly semistable objects. In this way, he
gave a mathematical formulation and proof of Denef-Moore’s version [DMI1I] of the famous OSV conjecture
[OSV04].

In our work we move down the same vertical line {b = by} but diverge from Toda’s method in two main
ways:

e Toda uses Pic(X) = Z and the Bogomolov-Gieseker inequality at the point (by, wy) of £NU to
constrain the Chern characters of the destabilising objects F;, F,. Instead, we employed a wall-
crossing argument to analyse Fy, F, along ¢ N U, using the fact that they stay in A(b) to constrain
ch(F;) (Proposition 3.2). Further, we then moved down {b = b’}, showing F; remains semistable to
apply the Bogomolov-Gieseker inequality to it at (b*, w*) as in (3.12). This gave a stronger bound for
ch;(F;). A similar argument (replacing b’ = —% by —n + % as in [FT2la, Section 8]) did the same
for ch3(F,(n)) (Propositions 3.5 and 3.6). Together, these completely specified ch,(F,)-H =p-H
(Proposition 3.7).

e In turn this allows us to show that all semistable sheaves of class v, are destabilised by Joyce-Song
pairs on the first wall. Since Toda does not take n>> 0 as large as we do, he also has to analyse many
subsequent walls.

As a result, our wall-crossing formula (1.5) of Theorem 2 is much simpler than Toda’s. If we specialise his

% and taking n > 0 (while noting that
his Conjecture 1.4 has now been proved, see [BBB*15]), his wall-crossing formula becomes the following.

result to our situation by fixing his parameters & =2, y = 12/;{—1;1 +

Theorem 5.1 (¢f [Tod12, Theorem 3.18]). Let X be a smooth projective Calabi-Yau threefold such that Pic(X) =
Z -H and Conjecture 2.3 holds. Fix n> 0, and let

(51) C = {(ﬂi,mi) € Hz(X)@Ho(X) : ﬁ,H < 6ﬂH, |m,| < (6[))H+1)7’l}
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Then ), (X) is given by

(5.2) Y ()BT (G w () =y - H) Ly g, (X) Py g, (X))
(Bimi)€C, pr—p1=p,
my—my—np-H=m

Here P, g(X) is the stable pairs invariant, see [PT09], the degree of the virtual cycle on the moduli space
P,.(X, B) of stable pairs (F,s) with x(F) = m and [F] = B.

Toda pointed out to us how (5.2) can be made compatible with our simplification (1.5). By another
application of the Bogomolov-Gieseker-type inequality one can prove Castelnuovo-type bounds to show that
P.(X, B1) and I} (X, B,) are empty for k sufficiently small. Since the bounds ;- H < 6 - H in the definition
(5.1) of the cone C are independent of 11, we can therefore choose a uniform 7 >> 0 so that each term in the
sum (5.2) has at least one of P_,, (X, 1) or I,,,,(X, B5) empty for m; —my = nf;-H+m (unless f; = 0 = m,).
This would give another (ultimately lengthier) proof of Theorem 2 when X is a Calabi-Yau threefold with
Pic =7Z.

In [Fey22] the first author extends our methods and Toda’s to prove an OSV-like result for general
Calabi-Yau threefolds, without the Pic(X) = Z condition.

6. Modularity

On Calabi-Yau threefolds, the invariants (), (X) are expected to have modular properties. There are
two points of view on this: one physical (“S-duality”) and one mathematical (Noether-Lefschetz theory). We
describe these now on a Calabi-Yau threefold X with H!(Ox) = 0 and H?(X, Z)oys = 0 for simplicity.

6.1. S-duality

Physicists have long conjectured that counts of D4-D2-D0 branes should have modular properties; see
[MSW97, GSY07, dBCD*06, DMI11]. In [GSYO07] the proposal was to use Gieseker stable sheaves, i.e. the
invariants QQ(v,,) := Q, (X). Some suggestive examples on the quintic threefold were calculated and shown
to be compatible with the conjecture in [GY07]. Over time the conjecture has evolved somewhat; see [AMP20)]
for the state of the art (and extension to refined counting invariants). It is now expected that one should
replace Gieseker stability by stability at the “large volume attractor point” for the charge v,. Here the central
charge of E can be found by pairing with minus the exponential of minus the complexified Kéhler form of
[AMP20, Equation 2.6], giving

%A2n2H2. chy (E)+ i/\(chz(E) -nH  chy (E). (/3 + %nsz)) +o(M)

to leading order in their parameter A — co. After scaling and adding a constant, this corresponds to the
slope function

ch,(E)-H 1 chy(E).p

chy(E)-H2 n chy(E)-H?
As n — oo with E fixed, this tends to v;;(E), defined in (3.1), and by Theorem 1 My p(v,) is precisely the
moduli space of vj;-stable sheaves. Furthermore, there are no strictly v;;-semistable sheaves, so we can
perturb v;; a little without changing this result. However, the sheaves whose stability we test also depend on
1, so this argument is suggestive but not a proof that sheaves in Mx r;(v,,) might be “attractor stable” (and
describe all attractor semistable sheaves of class v,) for large n. So we might expect the invariants (Q(v,,) to
be the “MSW invariants” of [MSW97, AMP20]. (We return to this point in Remark 6.1.)

Although Gieseker stability is not always preserved by tensoring by a line bundle, slope stability is.

Therefore, by Theorem 1, for 1 > 0 we have

(6.1) Q,) = Q(e‘v,) forall £ € H*(X,Z),
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where efv,, is the cup product of el e H*(X,Q) with v,,. Note that efv,, has the same H? class nH as v,
but H* class

1
—B- Ensz +nH L.
Therefore, the invariance (6.1) shows the data of all invariants ()(v,,), over all  and m (for fixed n > 0),(5) is
in fact captured in the smaller set of invariants (2(0,nH, ch,,chs) for

1 HYX,Z
(6.2) ch, +=n’H? € _HWXZ)

2 nHUH?(X,Z)
The group T is finite by the hard Lefschetz isomorphism UnH : H*(X,Q) = H*(X, Q). We let p/nH denote
the inverse image of f under this map. Therefore, all the enumerative information can be encoded in the

vector of generating series

1 1 =
(6.3) @hnH,ﬁ(q), hump(q) = ZQ (O,nH,—ﬂ—EnZHZ,—m+€n3H3)qm,
pel’ mn
where 1 is the following normalisation of chj:
. _ 1 1 1 1 B
6.4 = m+=nH-p——nH -c(X)— —n’H>+= | —=UBPB,
(6.4) mi= mkgnH - f =g - 6(X) = o 2LnH P

which is easily checked to be invariant under v,, - ¢‘v,,. The series (6.3) are the product of Laurent series in
g with a prefactor g¢, ¢ € Q. Setting g = e>™7, we think of them as meromorphic functions of T in the upper
half plane. In [GSY07], (6.3) was conjectured to be a vector-valued modular form of weight —b,(X) — % This
is now expected to be true only for irreducible ch;, which is far from our case of ch; = nH.

For more general chy, the current expectation is that (6.3) should be a vector-valued mock modular form of
depth k — 1, where k is the maximum over all non-trivial decompositions

(6.5) D = Dy+---+ Dy for all divisors D € |O(n)|.
That is, it should admit a non-holomorphic modular completion @ﬁer/h\”Hfﬁ(q) made from k —1 iterated

Eichler integrals involving the functions hip,} (q),-.., h[p,),6,(q)- Explicit formulae for the 7 in terms of

h are given in [AMP20, Equation 2.11] and inverted to express h in terms of 7 in [AMP20, Equation 2.15].
Under the modular group, the h should transform as in [AMP20, Equation 2.10] with weight —%bz(X )—1.

—

That is, h,p 5(—1/7) should be

(—iT)_%bZ(X)_l

/1 1 ) B \—~
T T e (—2mi (S n3HE - —op(X)- H))E 2 J— .
T eXP( 7”(4” 8C2( )-n yereXP Tl i nH,y

and

hygp(t+1) = exp(2m(24c2(X) nH + 2L e + 2[5 nH + 8” H )) hyp,p(7).

It is further predicted that, apart from their poles of order ﬁ((nH)z’ +¢5(X)-nH) at g = 0, the functions
h and &1 are bounded. Since they are vectors of length dimT = nH? and have modular weight —b,(X)/2 - 1,
the dimension of the relevant space of (mock) modular forms can be analysed; see [Man08]. In our case its
dimension works out as O(n#), so the first O(n*) Fourier coefficients Q(v,,) should determine the rest.

The hope would be to use this as a method for determining the MNOP invariants I,,, g(X) for m > O(n*)
in terms of those with smaller m. This does not currently work in general because once m becomes large,
we have to increase 7 in Theorem 2 to get the relationship between ()(v,) and I, 3(X). We would need

1/4)

the bound 7 > 0 required in Theorem 2 to be improved to n > O(m or better. But very recent work

(®)Since we choose 73> 0 only after fixing 7, we may need to truncate our generating series, considering bounded m < M(n) for
a given n. We return to this issue in Remark 6.1.
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[AFK* 23] manages to improve the bounds for small m, n in specific examples and thus use modularity to
calculate new Gromov-Witten invariants.

6.2. Noether-Lefschetz theory

Here we flesh out a suggestion of Davesh Maulik to explain, or perhaps one day prove, the modularity
properties of the generating series of invariants ()(v,,) directly. We thank Luis Garcia for his insight and
generous expert assistance with this section.

Again let X be a Calabi-Yau threefold with H!(Oyx) = 0, and again we work with bounded m and then
large 1 > 0. We return to this point in Remark 6.1. By Theorem 1 all sheaves in M (v, are of rank 1 on
their scheme-theoretic support, and that support is a divisor D € |O(n)|. The generic 1: D < X is smooth
and supports precisely the stable sheaves

(6.6) L(L®Iy),

where L is a line bundle on D and Z C D is a 0-dimensional subscheme. The existence of L means D lies in
one of the Noether-Lefschetz loci NL; 3 C |O(n)| of divisors containing an integral (1,1) class £:=c;(L)
such that 1,£ =  and the discriminant of the sublattice (¢,h) C H*(D,Z) is d. Here h:= H|p and

(6.7) d = disc(¢,h) := h**—(h-0)?

where the intersections are taken on D. (Of course, h? and h - € can be expressed on X as nH> and H - §,
respectively, but £? cannot be determined by its image § = 1,€ in X).

We briefly review some Noether-Lefschetz theory. We suppose H?(X,Z) = Z - H for simplicity. Set A :=
(h)+ ¢ H*(D,Z) to be the primitive cohomology. The Lefschetz theorems give H*(X,Z) = H*(D,Z)/A,
which surjects onto A*/A by the unimodular intersection pairing on D. The kernel is (/), so we can describe
the finite group I' from (6.2) as

H4X,Z) A*
6.8 r= —" "' =« ~ 7Z/NZ,
(6:8) nHUH%(X,Z) A /
where N = nH3. Then, up to the action of Aut (H 2(D,Z),h), the data of the 2-dimensional sublattice
¢, hyCcH 2(D, Z) is equivalent to the data of its discriminant disc and its coset — the image of ¢ in the
quotient of the group A*/A from (6.8) by +1.
We have a map @,: D > X, from the open set |O(n)|° of smooth divisors D to the moduli space!

6)
of weight 2 polarised Hodge structure of signature (h*(Op),h""!(D)—1). This moduli space X, contains
universal Noether-Lefschetz loci”) NL;,, consisting of Hodge structures on A admitting a (1, 1) vector in
A* of square d/h? and coset . (The link to 2-dimensional sublattices (£, h) C H*(D, Z) takes £ € H*(D,Z)

7\2
to its projection £ — %h € A* orthogonal to h. This has square £? — (hhi) = %, where d is the discriminant

(6.7))

Since the dimension of |O(1)|° matches the codimension of the Hodge loci NL, ,,,

dim|O(n)]° = h°(Ox(n))-1 = h*(Op) = codimNL,,,,

we could imagine defining their intersection by pulling back the Thom forms of the Hodge loci constructed in
[Garl8] and integrating over [O(n)|°. Below we will come back to the obvious problems of non-compactness
of the Hodge loci in showing such integrals converge; for now we ignore them and just work with smooth D
in the interior of the period domain.

The constraints of Griffiths transversality mean we can probably never expect the intersection of @, |O(n)|°
and NLy,, to be of the correct dimension 0. However, in order to formulate a conjecture, one can imagine

(6)Here X is the quotient of the period domain by Aut(H%(D,Z), h) = ker(Aut A — Aut(A*/A)).
(")These are called Hodge loci in the paper [Garl8], which extends results of Borcherds and Kudla-Millson from hermitian

symmetric spaces to the period domains of interest to us.
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perturbing the complex structure on X to a non-integrable almost complex structure (compatible with the
symplectic structure dual to H) to ensure the intersection is 0-dimensional. Since the virtual-dimension-0
deformation theory of 1,L, or of the pair (D,L), can be matched with the deformation theory of the
intersection (see [KT14, Section 2.1], for instance), we would, as usual, expect to be able to avoid such
non-algebraic deformations by working in situ with the virtual cycle, yielding the same intersection numbers
via excess intersection.

So we imagine ®;[NL; , | reduced isolated intersection points (D, L) with an extra Hodge class £ = ¢;(L)
of discriminant disc(¢,h) = d and coset y. Each such point would generate a component of a moduli space
Mx 1 (vy) given by

(6.9) Hilb*D = {(L®Z, : |Z| =k}
parameterising the sheaves (6.6). Here we take the charge m in v, see (1.3), to be
2 (H- /5)2 d
= |Z|+ = (/3 nH-0?) = k+ /5 nH =S = o

by calculating chjz = —n3 H?3 - m of (6.6). Taking the Euler characteristic of (6.9), weighting by ™, with 7 as
in (6.4), and summing gives, by the Gottsche formula, the generating series

o (D)
L4H ] = 4w ()P,

i= 1

(6.10)

where e(D) is the topological Euler characteristic of any smooth member D € |O(n)|,

e(D) = cp(X)-nH +n3H3,

a2
and c =nH - - (;f])s + %f[)’ % € Q. (As in the last section, we should really truncate this sum over
m < M(n) if we want to use Theorem 1 to identify M r;(v,,) with unions of Hilbert schemes (6.9), but see
Remark 6.1.)

Summing (6.10) over the divisors D, by summing over all discriminants and cosets in (6.8), the vector of
generating series (6.3) becomes

(6.11) @Z@ [NLa,y ] W

yel

Now 7(q)~¢ ¢(D) js modular of weight ——e( ), and @yer 2 [NLd'y] q_2hi2 is a vector-valued modular form

(with values in the cohomology of the moduli space X, of Hodge structures) of weight 5 dim H;nm(D) =
%(e(D) — 3), by [Garl8, Theorems 1.2 and 5.2].8)

So we conclude that (6.11) is modular of total weight —% if we can make finite sense of (DZ[NLd,y]- This
will involve further work studying degenerations of Hodge structure at the boundary of the space of Hodge
structures. It is natural to expect non-holomorphic corrections, turning modular forms into mock modular
forms. One point of view is that the Thom forms of the Hodge loci are not precisely holomorphic —
taking ] gives exact forms da on the moduli space of Hodge structures, see [Garl8, Equation 4.39], which
are therefore exact on pull back to |O(n)|° but may not be on the boundary of |O(n)| (where d(®;,a) may
have poles with non-zero residues). In a special case (Sym? of the Hodge structures of elliptic curves), the
boundary and convergence analysis was carried out successfully in [Fun02] and indeed found to give mock
modular forms.

2
(8)Note that our th =3 (f & hh) , see (6.7), corresponds to Garcia’s %(v,v), see [Garl8, Theorem 1.2], on setting v = {— %’h €
A* to be the projection of £ to (h)= ® Q.
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In particular, taking account of reducible and non-reduced D at the boundary of |O(n)| will necessarily
add cross-terms involving all non-trivial decompositions

D = Dy+---+D; for all divisors D € |O(n)|.

This is the same data used in (6.5) to generate the non-holomorphic mock modular completions H of
the generating series h from (6.3). So it seems reasonable to expect the Noether-Lefschetz story to be
compatible with, or one day even prove, S-duality. Gholampour and Sheshmani have been exploring example
calculations along related lines in recent years; see for instance [GST14, GS18].

Remark 6.1. In our modularity discussions of the last two sections, two issues have arisen which we consider
to be related. In Section 6.1 it was not clear we had the right stability condition for our invariants (}(v,,) to
be the MSW invariants. In both Sections 6.1 and 6.2 there was the issue that our description of Mx p(v,) in
Theorem 1 was only valid for bounded m < M(n).

Given the discussion in this section, it seems natural to suggest the solution to both problems should be
the following. We should take moduli spaces of sheaves 1,(L®1;) (6.6) for any m and n, and their invariants
should have mock modular generating series. In other words, we expect that the physicists’ attractor stable
objects should be precisely the sheaves (6.6) with rank 1 on their support, independently of m, n. (When D is
non-reduced or irreducible, we should also use a stability condition on the line bundle L, probably v;;-slope
stability.) Their virtual counts would then be the MSW invariants.

For small m < M(n) Theorem 1 gives precisely the sheaves 1,(L ® I;) (6.6) with L* effective.’). For
m e (M (n), My(n)], we find My p(v,) parameterises sheaves of the same form 1,(L®1Iy), see (6.6), but with
L = Op(C; — C,) possibly non-effective; this is proved in [Tod12] when Pic X = Z and [Fey22] in general. For
m > M,(n) we expect to have to change the stability condition to get a moduli space consisting of only the
sheaves (6.6) and to get the MSW invariants.
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