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Abstract. We define a new notion of affine subspace concentration conditions for lattice polytopes
and prove that these conditions hold for smooth and reflexive polytopes with barycenter at the
origin. Our proof involves considering the slope stability of the canonical extension of the tangent
bundle by the trivial line bundle with the extension class ¢;(7x) on Fano toric varieties.
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1. Introduction

Subspace concentration conditions for polytopes and more generally for convex bodies have been of
interest to convex geometers recently. One main reason is its close relation to the logarithmic Minkowski
problem, which asks what finite Borel measure on S”~! is the cone-volume measure of a convex body in R".
In terms of polytopes, given vy,...,v,, € S" ! and Vj,...,V,, € (0,00), the problem asks if there is a polytope
P C IR" that contains the origin and has exactly m facets Fy,..., F,, such that the normal vector of each facet
Fy is exactly v and the volume of the cone over each Fy with vertex at the origin is exactly V. As it turns
out, subspace concentration conditions give a sufficient condition for a positive answer to the logarithmic
Minkowski problem. See, for example, [BLY*13, Zhul4, CLZ19].

In this paper, we introduce new conditions of the same type, which we call the affine subspace concentration
conditions, and we prove that these conditions hold for smooth and reflexive lattice polytopes with barycenter
at the origin.

Theorem A (=Theorem 4.4, Affine subspace concentration conditions). Let P CIR" be a smooth and reflexive
lattice polytope with barycenter at the origin, and denote its facets by Py, ..., P,,. For each facet Py, let v € Z" be
its primitive inner normal vector, and let vol(Py) be its lattice volume with respect to the intersection of Z" and
the affine span of Py.
Then, for every proper affine subspace A C IR", the following inequality holds:
m

1 1
mkz VOl(Pk) < n+ 1 VOl(Pk).

:‘l/kEA k=1

In addition, whenever equality holds for some A, equality also holds for some affine subspace A’ complementary
to A.

This theorem is inspired by [HNS22], in which the subspace concentration properties are shown for
polytopes with the same assumptions.

Proposition 1.1 (¢f. [HNS22, Corollary 1.7]). Let P C R" be a smooth and reflexive lattice polytopes with
barycenter at the origin. Then, for every proper linear subspace F C IR", the following inequality holds:

1
E <
T vol(Py) <
kZVkEF

m

vol(Py).

|-
~

=1

In addition, whenever equality holds for some F, equality also holds for some subspace F' complementary to F.

In fact, our result is neither stronger nor weaker than the original subspace concentration conditions;
specifically, our result gives something new whenever A is not a linear subspace of IR".
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Similar subspace concentration conditions have also been studied in more general settings. The subspace
concentration conditions are proved in [HL14] for centered polytopes and more generally in [BH16] for
centered convex bodies.

Example 1.2. Let P be a reflexive lattice triangle. The affine subspace concentration conditions hold for P
if and only if the lattice length of each side of P does not exceed one third of the perimeter and the total
lattice length of any two sides of P does not exceed two thirds of the perimeter. This is equivalent to all
three sides of P having the same lattice length.

Figure la is the unique smooth and reflexive lattice triangle, up to change of basis. Its barycenter is clearly
at the origin. The affine subspace concentration conditions are indeed satisfied since each of its sides has
lattice length 3.

Figure Ib is one example of polytopes for which the affine subspace concentration conditions fail. The
lattice lengths of its sides are 1, 1, and 2. Note that the triangle is reflexive but not smooth, and its barycenter
is not at the origin.

We do not claim that the converse to our main theorem holds. In fact, Figure Ic is a lattice triangle that
has its barycenter at the origin and is reflexive but not smooth. However, it satisfies the affine subspace
concentration conditions since all three sides has lattice length 1.

(a) (b) (©)

Figure 1. Reflexive lattice triangles

1.1. Idea of the proof

As in [HNS22], our proof of the main result relies on toric geometry as well as some Ké&hler geometry.
First, let X be the smooth Fano toric variety corresponding to the polytope P. We consider the canonical
extension
0—-0—E—>Tx—0

with the extension class ¢, (7x) € Ext!(Tx,0). The main work we will do is in Section 3, where we show that
this rank 7 + 1 extension £ can be made a toric vector bundle and compute its corresponding filtrations in
the sense of Klyachko’s classification theorem of toric vector bundles.

Proposition B (=Proposition 3.1). There is a T -action on the extension £ that makes it a toric vector bundle
whose corresponding filtrations EP (i) of the (n + 1)-dimensional C-vector space E = C"*' are given by

E, i<0,
EPk(i) = spanc{(vg,—1)}, i=1,
0, 1> 2.

Then we insert some Kihler geometry. Since P has its barycenter at the origin, it is known that X admits
a Kihler-Einstein metric; see [WZ04, Mab87]. A theorem of Tian [Tia92] then implies that the canonical
extension £ admits a Hermitian-Einstein metric, and by the easy direction of the Donaldson-Uhlenbeck-Yau
theorem, this implies the slope polystability of £ with respect to Ox(—Kyx).
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Combining this with Proposition B and a proposition in [HNS22] which characterizes the stability of toric
vector bundles, we prove the affine subspace concentration conditions in Section 4.
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2. Preliminaries

Here we list some definitions and facts regarding toric varieties and toric vector bundles that we will use in
this article. One may refer to [CLSI11, Ful93] for more details about toric varieties and to [Kly90, Per04, Pay08]
for more details about toric vector bundles.

2.1. Toric varieties

We work throughout over C. By a toric variety, we mean an irreducible and normal algebraic variety X
containing a torus T = (C*)" as a Zariski open subset such that the action of T on itself (by multiplication)
extends to an algebraic action of T on X.

Let M be the group of characters of T and N the group of 1-parameter subgroups of T. Both M and N
are lattices of rank 7 (equal to the dimension of T), i.e., isomorphic to Z", and they are dual to each other.
Explicitly, the character corresponding to u = (ay,...,a,) € Z" is given by

X T— C, (tl,...,tn)+—>tf1---tfl”,
and the 1-parameter subgroup corresponding to v = (by,...,b,) € Z" is given by
AV C — T, t—(th,.., ).

The pairing of M and N is denoted by (-,-): M x N — Z. We have x"(A?(t)) = t{**) for all u € M and
veN.

Every toric variety X is associated to a fan A in N := N ® R(= R"). Each cone ¢ corresponds to a
T-invariant open affine subset of X, denoted by U,. One has U, = SpecC[c¥ N M], where ¢" is the dual
cone of 0 in MR := M ®7 R

A fan A is said to be complete if it supports on the whole N and is said to be smooth if every cone in A is
generated by a subset of a Z-basis of N. A toric variety X is complete if and only if its associated fan A is
complete, and X is smooth if and only if A is smooth.

There is an inclusion-reversing bijection between the cones ¢ € A and the T-orbits in X. Let O, be the
orbit corresponding to ¢. The dimension of o is equal to the codimension of O, in X.

Fix a cone 0 € A, and let v be a lattice point in the relative interior of 0. The 1-parameter subgroup A"
approaches a point p, in the orbit O, as t — 0. This point p,, is called the distinguished point corresponding
to 0.

Given a 1-dimensional cone p € A, the closure of O, C X is a Weil divisor, which we denote by D,.
Suppose X is smooth. The canonical divisor Ky of X is equal to —Zp D,, where the sum is taken over all
1-dimensional cones p € A.

2.2. Polytopes and toric varieties

Let MR := M ®7 R = R". A lattice polytope P in My, is the convex hull in My of finitely many points
in M. The dimension of P is the dimension of the affine span of P. When dim P = dim Mg, we say that P
is full-dimensional.

Let P C My be a full-dimensional lattice polytope, and let Py, ..., P, be the facets of P, i.e., codimension
1 faces of P. For each facet P, there exist a unique primitive lattice point vy € N and a unique integer
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Ck € Z such that
B ={u € P[{u,v) = —ci}
and (u,vy) > —cy for all u € P.

Denote the (inner) normal fan of P by Ap. The 1-dimensional cones in Ap are exactly the rays generated
by vi. The toric variety X, , associated to Ap is called the toric variety of P and denoted by Xp. Let Dy be
the divisor corresponding to the 1-dimensional cone generated by vy. Then we may define a divisor on X
by Dp := ) /", cxDy. Such a divisor Dp is necessarily ample.

This process is reversible, and there is a 1-to-1 correspondence between full-dimensional lattice polytopes
P C My and pairs (X, D) of a complete toric variety X together with an ample T-invariant divisor D on X.

Fix a vertex u of P. Let uy,...,u, be the next lattice points on the n edges (i.c., 1-dimensional faces of P)
containing u. We say that P is smooth if {u; —u,...,u, —u} is a Z-basis of M for all vertices u of P. The
toric variety Xp of P is smooth if and only if P is smooth.

A polytope P is called reflexive if the integers ¢ (k = 1,...,m) defined above are all equal to 1, and
a smooth variety X is said to be Fano if its anticanonical divisor —Ky is ample. A reflexive and smooth
polytope P corresponds to a smooth Fano toric variety X = Xp together with its anticanonical divisor —Kx.

2.3. Toric vector bundles

A vector bundle 7t: £ — X over a toric variety X = X, is said to be toric (or equivariant) if there is a
T-action on & such that for=mot forallteT.

Let £ — X be a toric vector bundle. Fix a cone 0 € A, and let U, C X be the corresponding open affine
subset. The T-action on £ induces a T-action on sections given by

(t-s)(p):=t-(s(t™"-p)),
where t € T, p € U, and s € I'(U,, E). A section s € ['(U,,€) is called a T-eigensection if there exists a
u € M such that t-s = x“(t)-s for all t € T. For each u € M, let I'(U,,£),, be the set of T-eigensections s
with £-s5= x¥(t)-s.

Let ty € T be the identity and E = & the fiber over f;. The evaluation at t; defines an injection
I['(Uy,E), < E for each u € M. Define EJ C E to be the image of I'(U,,£),, under this injection.

Given a u’ € M that lies in the dual of o, defined by oV := {u € M|{u,v) > 0 for all v € o}, the
character x* of T extends to a regular function on U,. Then, the multiplication by x" gives a map
Uy, E)y = T'(Uy, E)y—yy and in turn induces an inclusion Ej, CE;_ . If u’ further satisfies (u,v) = 0 for
all v € o (i.e, u’ € 0+), then —u” also lies in 0, and we obtain EJ = E7_ .. Therefore, E{, depends only on
the class of u in M, := M/(M Ngo+).

Let p be a 1-dimensional cone in A. In this case, M, is isomorphic to Z. Let v, € N be the primitive
generator of p. For each i € Z, take one u; € M such that (u;,v,) = i, and define E°(i) := Eﬁi. Then, we get
a decreasing filtration of E

- DEP()2EP(i-1)2--.

These filtrations corresponding to the 1-dimensional cones in fact contain all information about a toric

vector bundle according to the following classification theorem of Klyachko.

Klyachko’s classification theorem (¢f. [Kly90, Theorem 2.2.1]). The category of toric vector bundles on a toric
variety X = X(A) is naturally equivalent to the category of finite-dimensional vector spaces E with collections
of decreasing filtrations {EP(i)} indexed by the 1-dimensional cones in A, satisfying the following compatibility
condition: for each cone o € A, there is a decomposition E = @[u]eMJ E(, such that

forallp <o andi€Z.
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Another way to consider a toric vector bundle £ is to restrict it to open affine sets. To discuss this, let o
be a cone in A and U, C X the corresponding open affine set. On U,, the toric vector bundle £ splits
equivariantly into a direct sum of toric line bundles whose underlying line bundles are trivial; see [Pay08,
Proposition 2.2]. Collecting non-vanishing sections of these toric line bundles, one can get a local frame
consisting of T-eigensections.

Lemma 2.1. Let p be a 1-dimensional cone contained in 0 and v, € p N\ N the primitive generator of p. Suppose
that € has a local frame {si,...,s,} on U, such that t -s; = x"k(t)- sy for some uy,...,u, € M, and define
Ly :=span{si(tg)} S E foreachk =1,...,r. Then, we have

EP(i) = Z Lt.

ki(ug,v,)>i

Proof. By assumption, we have

Ely, = Ebﬁk;
k=1

where L is the trivial line bundle U, x C spanned by s; equipped with the T-action defined by
t-(psi(p)) = (£-p, x"(1) - sk (p)).

By Klyachko’s classification theorem, each toric line bundle £ on U, also corresponds to a collection of

filtrations of Ly indexed by the 1-dimensional cones contained in 0. The filtration corresponding to p is

given by
oLk <K vp),
(L)P(i) = . b
0, i>{ug,vp)
Then, adding these filtrations together, we obtain the desired filtration of E. [l

3. The canonical extension

Let X be a smooth Fano variety of dimension #n. The first Chern class ¢ (X) of X lies in the (1,1)-
Dolbeault cohomology H'!(X), which is naturally isomorphic to the sheaf cohomology HI(X,Q%() by
Dolbeault’s theorem. The cotangent bundle Q) is the dual of the tangent bundle T, so we have

H'(X,Q)) = H (X, T) = Ext! (Ox, T) = Ext! (Tx, Ox)

by for example [Har77, Propositions 6.3 and 6.7]. Thus, ¢;(X) can be viewed as an extension class in
Ext!(7x,Ox) and in turn corresponds to an extension & of the tangent bundle 7x by the structure sheaf Ox
given by
0—0x —E&—Tx—0.

In this section, we will show that if X is toric, then £ can be made a toric vector bundle, and we will
compute its corresponding filtrations in the sense of Klyachko’s classification theorem of toric vector bundles.

Let Ax be the corresponding fan of X in Nk = IR". Denote the 1-dimensional cones in Ax by py,...,pu,
and let vy,...,v,, € N be the primitive generators of these 1-dimensional cones, respectively.

Proposition 3.1. There is a T -action on the extension £ that makes it a toric vector bundle whose corresponding
filtrations EP (i) of the (n + 1)-dimensional C-vector space E :== Nc & C = C"! are given by
E, i<0,
EP(i) = {spangf(vy, -1)}, i=1,
0, i>2.
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To prove this, we will use the following construction of the extension £. First, embed X into a projective
space PN with the very ample divisor c;(7x) = —Kx. Next, further embed PV into IPN*!. Fix a point
Po € PN+*I\IPN and let Y € PN*! be the cone over X with vertex Po- Then £ will be exactly the
restriction of the logarithmic tangent sheaf 7y (—log X) of Y to X. A proof of this can be found in [Wah76,
Proposition 3.3].

In the following, we will first construct Y as a toric variety and get an induced toric action on the
logarithmic tangent sheaf. Then, we will make £ a toric vector bundle.

3.1. The logarithmic tangent sheaf

Since X is a smooth and Fano toric variety, its anticanonical divisor —Kx is very ample. Let P be
the polytope corresponding to (X,—Kx). Then the vector space I'(X,Ox(—Kx)) of the global sections
of Ox(—Kx) is spanned by the characters corresponding to the lattice points in P, i.e., I'(X,-Kx) =
D cprm € 1"

Let N = dimI(X,-Kx) — 1. Then the embedding X <> PN can be explicitly given by x
[X"(x)]uepnm- In particular, the restriction of the embedding to the torus T C X is given by

(tl’-"; tn) = [Xu(tll' e tn)]uePﬂM-
Without loss of generality, we may assume that the embedding of PN in

[Zo::Zn]r—[Zy:-: Zn : 0]

PN*! is given by

so that IPY is identified with the hyperplane in IPN*! where the last coordinate vanishes. Also, we may set
Po=1[0:---:0:1]. Then the cone over X C PN with vertex p is given by

Y = {[X : ZN+1] € IPN+1 |X €X,Zns1 € C} U {ﬁo}
There is a dense (7 + 1)-dimensional torus T := T x C* in Y, and we may let it act on Y by

(t1yee ot tpsr) (X Zna = [k ) - X Sty 2N )

We have now made Y a toric variety.
We will denote the character lattice of T by M = M @ Z. We also let N be the dual lattice of M and
define N := N ®z R.

Lemma 3.2. The fan Ay corresponding to Y is one in Ng = Ng @ R = R™! that contains exactly the following
cones:

(a) the origin, and the 1-dimensional cone generated by (0,...,0,1);

(b) for each subset (v ,...,vi,} C{vi,..., vy} that generates a cone o in the fan Ay of X, a d-dimensional
cone o_ generated by {(vy,,~1)|1 =1,...,d}, and a (d + 1)-dimensional cone o, generated by {(vy,,—1)|
I=1,...,d}U{(0,...,0,1)};

(c) the (n+ 1)-dimensional cone generated by {(vy,—1)|k =1,...,m}.

Proof. First, to determine the 1-dimensional cones in Ay, consider the T-orbits of codimension 1 in Y, i.e.,
the n-dimensional orbits. There are exactly m + 1 of them, the torus T in X and Oy xC* (k = 1,...,m),
where the Oy are the (1 —1)-dimensional T-orbits in X corresponding to the 1-dimensional cones py in Ay.
For simplicity, define Oy 1= O xC*.

The distinguished points on T and Oy are, respectively, [1:---:1:0] and [gy : 1], where g € X C PN is
the distinguished point on Oy.

Now, consider the limits of the 1-parameter subgroups of T corresponding to the lattice points (0,...,0,1)
and (vg,—1) (k=1,...,m) in N. Let f be the embedding X < PN and g the composition of f and the
embedding PN < PN*1,

First, we have

. (0m0,1) 1\ _ 1 T e 1
1518g(/\T (t))_g%[l. 1if]=[1::1:0],
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so that the 1-dimensional cone corresponding to the orbit T C Y is generated by (0,...,0,1).
Next, since vy generates the 1-dimensional cone py in Ay, we have

1 Vi —1: U (47, —1i (u,v)
ax = lim £ (A(1)) = im [ (%) ]epryg = lim [1049]
Because P is reflexive, we also have that

-1.
ug},gM(bt VR =

Then, we obtain

iy (A7 10) =l [ e '] = i 1], 7] = 1)
which implies that (v, —1) generates the 1-dimensional cone corresponding to Oy.

More generally, fix vy ,..., vk, (d > 0) that generate a cone 0 € Ay. Denote by O, the T-orbit in X
corresponding to o and, by abuse of notation, its image in Y under X < Y. Also, define O := Oy xC* C Y.
Clearly, Oy, Oy are both T-orbits in Y. The claim is that Oy corresponds to the cone o, generated by
{(vi, D[ =1,...,d}U{(0,...,0,1)} and Oy corresponds to the cone o_ generated by {(vi, =D =1,...,d}.

Define v, := vy, +---+ v, € N. Let q, € X be the distinguished point on Oy C X, so that

o = lim £ (A7 (1) = lim [1*]

Then the distinguished points on Oy, Oy C Y are, respectively, [¢, : 0],[qs : 1]. Take lattice points
(v4,0), (vy,—d) lying in the relative interiors of o, 0_, respectively. Then, we have

1%“/\; 0)() _1133 [[t<u va)]uePﬁM ]:[qk:O],

) (Gt B

where the last equality of each line is because

min {(u,v,)} =—d,
uePNM

where the minimum is attained on the face of P corresponding to o.
Finally, the (1 + 1)-dimensional cone generated by {(vf,—1)|k =1,...,m} corresponds to the cone point

Po=[0:---:0:1] as

t—0 t—0

hmg(/\O 0= 1)( ))_hm[l (1:t7=[0:--:0:1] O

It is convenient to remove the vertex p and consider Y’ := Y \{p(} instead of the cone Y. Since p is a
fixed point under the T-action, Y is still a toric variety. In addition, we know that the fan of Y’ is equal to
Ay with the maximal cone

G := Cone((vy,-1),...,(vy,—1))

corresponding to the fixed point py removed; i.e,, Ay, = Ay\{G}. One can easily see that Y’ is smooth
either by checking that the fan Ay, is smooth or by observing that Y’ is the total space of the line bundle
Ox(=Kx), which follows from Lemma 3.2 together with [CLSIl, Proposition 7.3.1].

Then, instead of the logarithmic tangent sheaf 7y (—1og X) on Y, we consider its restriction on Y’, which
is the same as 7y (—log X) since py ¢ X. Note that 7y (—log X) is then locally free since Y’ is smooth; we
will view it as a vector bundle on Y.

The toric action of Y’ induces a natural toric action on the vector bundle, which we describe as follows.
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Fix an open affine set U]- C Y’ corresponding to a maximal cone §; in Ay.. The cone 6; and its dual

]
cone (o) must be of the form

{6]- = Cone((vg,,~1),..., (vg,,~1),(0,...,0, 1)),
Gi)V = Cone((ukl,O),...,(uk”,O),(uk1 ot ukn,l)),
where v ,..., v, € N are generators of a maximal cone o0; in Ax and u,,...,ux, € M are generators of its
dual cone (0})" with
(U, Vi) = {1' Tf k= k:’
0, ifk=k

for k, k" € {kq,...,k,}. Note that Uj is isomorphic to C™! since gjis a smooth cone. Let zy,...,2,,z be
the local coordinates on Uj corresponding to the generators of ((5]')\/ given by (uy,0),...,(ug ,0),(u, 1),
respectively. Then, explicitly, the T-action on Uj =~ C"*! is given by

(t1ee b tyg1) (2100020, 2) = (XUt o ty) - 20, X0t oo t) 20 X (E o ty) - B - 2).

Now, the bundle 7y (—log X) trivializes on Uj and has a local frame given by

9 9.9
dz;”" "0z, oz |’

In terms of the local frame, the T-action on 7y/(—log X) is given by

d
(tlr---;tnxtn+1)'a_‘ :Xuk’(tlr'--rtn)'a_
Z] P Z]

(t tstne) | I
172 btns n+1) ZZ ﬁ— Zz

where (t1,...,t,t,41) € T and p € Uj. The first line is simply the T-action on tangent vectors, and the

forl=1,...,n,

(tl !!!! tll’trl+1)‘ﬁ

’

(t1r~-~rtnltr1+1)'ﬁ

second line can be obtained by first considering points p with nonzero z-coordinate and then extending the
action to points with zero z-coordinate by continuity.

3.2. The canonical extension as a restriction of the logarithmic tangent sheaf

Now, we restrict the toric vector bundle 7y (—log X) back to X to get the extension £.
Proof of Proposition 3.1. First, we define a T-action on €. Define 1: T — T by

(tll"'!tn) [ — (tl,...,tn,l),
and set
t-e:=ut)-e

for t € T and e € £, where the left-hand side is the T-action on 7y (—log X). Note that i o t = i(t) o i for all
t € T, where i is the inclusion X < Y. Thus, this T-action on £ is equivariant.

Fix a maximal cone 0j in Ax, and let ‘5]" Uj, Uj,vkl, Uk, 21,2 be defined as in the previous section. Note
that U; C Uj. Restricting the local frame of 7y(—log X) on Uj to U; yields a local frame of £ on U; given

by {8;;""’ aizn,z%}. Explicitly, the T-action on €|U]_ is given by

(t t)i i
Preeertn aZl 821

_Xuk’(tli---;tn)' forl:l,...,n,

p

; ; I\l (.9
( 1reees n)(ZZ) p—(Z&)

(t1rmnestn).p

(tlf'"rtn)'p
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Then, the sections i,..., i,zi are T-eigensections with
0z, dz,” ~ 0z

d d
(tlr"'ltn) 821 )(ukl(tl, .y n)(?_zl fOI‘l:l,...,Vl,

d d d
) _ _ (0,..,0) )
(t1,.-,t,) (282) ZBz X (t1,-, 1) (zaz).

Now, we apply Lemma 2.1 to get the filtrations. Let fy = (1,...,1) € T be the identity. Note that

a% TR aiz” to,(z%) Ito form a basis of E = 5}0. We may choose a set of coordinates of E so that
0 0
— = ,—1 forl=1,..., d — || =(0,...,0,1).
72 . (v, —1) for n  an (zaz) ( )
Then, we obtain
E, i<0,
EPh(i) = {spang{(vg,—-1)}, i=1,
0, i>2

for 1-dimensional cones pg,,..., Pk, contained in o;.

To show the same for other 1-dimensional cones, let oj € Ax be another maximal cone, and define
=, CTT. , , o s .. J J 0 '
Gjr) U]r, U]r, Vi, Up, 21,2 i the same way. Similarly to above, {3 T G 2 55 } is a local frame of £ on U],
consisting of T-eigensections with

0 Uy 0
tyeertn) ==X Uty ty) = forl=1,...,n,
(1 Vl) azl/ X (1 I’l)azl or n

d d d
N = — — ,,(0,..,0) N
(t1,..rty) (z 82’) 255=X (t1,..sty) (z 82’)'

The claim is that (%,LO (where | = 1,...,n) and 2’ 5> | are exactly (ka —-1) and (0,...,0,1) in terms

of the coordinates we have chosen for E. In that case, Lemma 2.1 will imply that the filtrations EP¥ (i)
corresponding to the 1-dimensional cones py/ in o), are also as desired. The proof will then be done since
every 1-dimensional cone is contained in a maximal cone (by the fact that Ay is complete).

Now, to prove the claim, we first consider the change of basis matrix between the two bases of E,
{(vk,,—l),(O,...,O,l)} and {(vk]/,—l),(O,...,O,l)}. The change of basis matrix between their dual bases,

{(uk],O),(u, 1)} and {(uk;,O),(u’, 1)}, can be written as

(1g;, 0) 0)( (ug,, 0)

2 I R Y | N
(1, 0) 0| (ux,, 0) |
w,1)) by - b, |1)

where A € Z™" is the change of basis matrix between {1} and {1y} and the b; are integers such that
u’=u+) ", bjuy,. Taking the dual of this relation, we get

T 1
(vi;,—1) 0 (vk,,—1) Vklf

(Vk,;;—l) 0 (vk”;—l) b, (vk, ,—1
0,...0,1)) {6, b, [1) 0,...,0,1)) o - 1) \(0,...,0,1)
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On the other hand, let U]-j, = U]- N U].', and consider the transition function

H S
Uiy

ot g .
g u;lu,,

UJ' j' i

Note that the transition function g;/; of 7y(—log X) is given by

n n
_Z ar, 7, .]_[Z“I’I. i +b -z J
= Uly " #1y,p Lp azlf/ . lo " =1,,p 0z’ 5

=1 I=1

o[22

where p = (z1,5,...,24,5,25) € U]- N U]-/ and p’ is the point in Uj' corresponding to p. Restricting this to £

7

p/

and noting that tye T C U]- corresponds to the point (z1,...,2,,2)=(1,...,1,0) € U]-, we have
n
J 0
Sl fen g o= 3]
0 0

=1 r
, 0
; “ 9z
0

forlp=1,...,n,

P
8j'j E

s[5

or, in terms of matrices,

to

to

0z to bl a_Zi to
E AT :
aazn to B by aiz;z to
(%)l,) o - ol (2 L),
Equivalently, we have
2] N
dzy It 1 dzy It
: AT : :
a‘Z,; to B by %n to ;
(&), o - ol 1) \(=)],

which matches the change of basis matrix we computed above. Thus, we have proved the claim, and the
proof is done. O

4. Affine subspace concentration conditions

Let M (= Z") be a rank n lattice, and define M := M®z IR = IR". Let P C MR be a smooth and reflexive
lattice polytope with barycenter at the origin. By replacing My with its subspace spanned by P, we may
assume that P is full-dimensional, i.c., dim P = n.

Such a polytope corresponds to an #n-dimensional smooth Fano toric variety X = Xp, together with its
anticanonical divisor —Kx. The fan Ax of X in Np, is the inner normal fan of P, where N is the dual lattice
of M and NR := N®z R=R".

Denote the 1-dimensional cones in Ay by py,...,p,,. For each k =1,...,m, let v € N be the primitive
generator of p; and Dy the facet of P corresponding to py. We also define vol(F) to be the lattice volume of
the facet P, with respect to the intersection of M with the affine span of F;.

We will use the following proposition from [HNS22] which characterizes the stability of toric vector
bundles.
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Proposition 4.1 (¢f [HNS22, Proposition 2.3]). Let (X,Ox (D)) be a polarized smooth toric variety and Q C My
the corresponding polytope. For each 1-dimensional cone p in the fan of X, let QP be the facet of Q corresponding
to p and vol(QP) the lattice volume of the facet QP with respect to the intersection of M with the affine span
of QP. A toric vector bundle £ on X corresponding to filtrations EP (i) is (semi-)stable with respect to Ox (D) if
and only if the following inequality holds for every proper C-linear subspace F C E and FP(i) = EP(i) N F:

<
dirlnF ;i - Fle)(iy - vol(QP) (2) di;E ;i -elPl(i) - vol(QP),

(*)

where f1P)(i) := dim FP (i) — dim FP(i + 1) and elP)(i) := dim EP (i) — dim EP (i + 1).

It turns out that to check the stability of toric vector bundle, it suffices to consider equivariant reflexive
subsheaves F of £ corresponding to a C-linear subspace F of E together with the filtrations {FFP(i) :=
F N EP(i)}. Then the equation () is equivalent to the statement that p(F) < u(€).

In our setting, we consider the anticanonical polarization D = —Kx and the canonical extension & of 7y
by Ox with the extension class c;(7x) € Ext!(Ox, Tx).

Proposition 4.2. Let E := Ne ® C = C**!. For every proper C-linear subspace F G E, we have

1 Z VO](Pk) < !

dlm([jF n+1
k:(vy,—1)eF k=1

m

VOl(Pk).

In addition, whenever equality holds for some F, equality also holds for some subspace F’ C E complementary to F.

Proof. First, since the barycenter of P is at the origin, by [WZ04, Corollary 1.3] and [Mab87, Corollary 5.5],
we have that X admits a Kéhler-Einstein metric. Then, applying [Tia92, Theorem 1.1] and the easy direction
of the Donaldson-Uhlenbeck-Yau theorem, we obtain that £ is polystable with respect to Ox(—Kx). In
particular, £ is semistable with respect to Ox(—Ky).

Define FPk(i) := F N EPk(i). Then, by Proposition 3.1, for all k =1,...,m, we have FPk(i) = F for i <0,
FPr(i) =0 for i > 2, and

FPr(1) = spancf{(vg,—1)} if (v, 1) €F,
0 if (vy,—1) ¢ F.

Thus, using the notation in Proposition 4.1, we have f[Pl(i)=0 for all i # 0,1 and
f[pk](]_): 1 if('l/k,—l)ep,
0 if (vg,—1)eF.

The inequality then follows from Proposition 4.1.

To see the second part, note that a proper C-linear subspace F C E such that equality holds corresponds
to a proper subbundle F of £ that has the same slope as £. Since £ is polystable, £ has another (proper)
subbundle F’ with the same slope such that £ = F @ F’. Then the subspace F’ corresponding to F" is
exactly the desired subspace. il

Next, we replace the complex vector space E with a real one.
Corollary 4.3. Let V := NR @R =R"". For every proper R-linear subspace W C V, we have

1 1 +
- < .
dimg W ) volPys ntl )_vol(P)
k:(v—1)eW k=1

In addition, whenever equality holds for some W, equality also holds for some subspace W' C 'V complementary
toW.
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Proof. First, view the C-vector space E defined in the previous proposition as V ®g C. Embed V into E
by w = w® 1. By abuse of notation, we will also use V' to denote its image in E, and similarly for (real)
subspaces of V.

An important observation is that the vectors (v, —1) are all in V. Thus, given a C-linear subspace E’' C E,
we have (vg,—1) € E” if and only if (vf,—1) € (E'NV).

Now, to prove the inequality, consider F := W ®g C, which is a C-linear subspace of E. We have
dimg F = dimg W. Also, by the observation above, we have (vy,—1) € F if and only if (vy,—1) € W. Then,
the inequality simply follows from Proposition 4.2.

Next, to show the second part of the corollary, suppose the equality holds for some real subspace W C V.
Similarly to above, consider F := W ®p C. Note that the equality in Proposition 4.2 holds for F. Then, the
second part of Proposition 4.2 gives a C-linear subspace F’ of E which is complementary to F and for which
the equality in Proposition 4.2 holds.

Consider W := F'N V. Note that W’ @ C C F’, which implies dimg W’ < dim¢ F’. By the observation
above, {(vi,—1)} NF’ ={(vi,—1)} N W’. Therefore, we obtain

ﬁ Z vol(Fy) > dlriF’ Z vol(B) = i 1(P,).

k:(vp,—1)EW’ k: (v, —1)eF’ k=1

But we have proved the opposite inequality in the first part. Hence, equality must hold here. Moreover, W’
is complementary to W since we have WN W’ C FNF’ =0 and

dimmw/:dimcF’:ﬂ—dimcF:n—dil’l’l]RW. O
Finally, we deduce the affine subspace concentration conditions.

Theorem 4.4 (Affine subspace concentration conditions). For every proper affine subspace A C Ng = R", the
Jollowing inequality holds:

1
—_ 1(P) < 1(Py)
dlm]RA+1 Z vol(Bx _n+1ZVO k)

’I/kGA

In addition, whenever equality holds for some A, equality also holds for some affine subspace A’ complementary
to A.

Proof. Let x,,,; be the last coordinate of V = Ny @ R(= R™*!), and let W;, be the hyperplane {x,.,; = 0}
in V. Embed Np into V via v — (v,—1). By abuse of notation, we also use N to denote the image of this
embedding, i.e., the hyperplane {x,,,; = —1} in V one unit below W,. Note that this embedding maps each
v € NR to (vi,—1) € V.

There is a one-to-one correspondence between the affine subspaces of Ny and the linear subspaces of V
that are not contained in Wj. Given a linear subspace W C V that is not contained in W, we can get an
affine subspace in N by taking the intersection A := W N NR. On the other hand, given an affine subspace
A C NR, we can take the linear span of A (and the origin 0 € V) to recover the linear subspace W.

Note that if a linear subspace W C V corresponds to an affine subspace A C Np, then dimgrW =
dimg A + 1. Then, it is easy to see that the inequality here follows from Corollary 4.3.

The second part also almost follows directly from Corollary 4.3, but we need to show that the comple-
mentary linear subspace W’ C V obtained from the corollary cannot be contained in Wj. Indeed, since
Wy does not contain any of the vectors (vg,—1), every linear subspace of W, will give us 0 on the left-hand
side of the inequality in Corollary 4.3. However, the right-hand side of the inequality is positive, so equality
cannot hold for any linear subspace of W;. Therefore, W’ is not contained in Wy, and its intersection with
Np gives the desired complementary affine subspace A’. 0
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