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On a decomposition of p-adic Coxeter orbits

Alexander B. Ivanov

Abstract. We analyze the geometry of some p-adic Deligne–Lusztig spaces Xw(b), introduced
by the author in a paper in Crelle, attached to an unramified reductive group G over a non-
archimedean local field. We prove that when G is classical, b basic and w Coxeter, Xw(b)
decomposes as a disjoint union of translates of a certain integral p-adic Deligne–Lusztig space.
Along the way we extend some observations of DeBacker and Reeder on rational conjugacy classes
of unramified tori to the case of extended pure inner forms and prove a loop version of the
Frobenius-twisted Steinberg cross section.

Keywords. Deligne–Lusztig theory, p-adic reductive groups, Coxeter tori

2020 Mathematics Subject Classification. 20G25, 14M15 (primary), 14F20 (secondary)

Received by the Editors on October 8, 2021, and in final form on April 23, 2023.
Accepted on June 9, 2023.

Alexander B. Ivanov
Mathematisches Institut, Universität Bonn, Endenicher Allee 60, 53115 Bonn, Germany
(new address) Ruhr-Universität Bochum, Fakultät für Mathematik, Universitätsstrasse 150, 44780 Bochum, Germany
e-mail: a.ivanov@rub.de

The author acknowledges support by the DFG via the Leibniz prize of Peter Scholze.

© by the author(s) This work is licensed under http://creativecommons.org/licenses/by-sa/4.0/

ar
X

iv
:2

10
9.

01
42

4v
3 

 [
m

at
h.

A
G

] 
 2

6 
Se

p 
20

23

https://epiga.episciences.org/
http://creativecommons.org/licenses/by-sa/4.0/


2 A. B. Ivanov2 A. B. Ivanov

Contents

1. Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2. Setup and preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3. Rational and stable conjugacy classes of unramified tori . . . . . . . . . . . . . . 10

4. The maps Ẋw̄(b)→ Xw(b) . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5. A variant of Steinberg’s cross section . . . . . . . . . . . . . . . . . . . . . . 17

6. Decomposition into integral p-adic spaces. . . . . . . . . . . . . . . . . . . . 22

7. Estimates via Newton polygons . . . . . . . . . . . . . . . . . . . . . . . . 27

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

1. Introduction

Let G be an unramified reductive group over a non-archimedean local field k. In [Iva23] p-adic Deligne–
Lusztig spaces Xw(b) attached to G were constructed. This allows one to apply the rich variety of methods
from Deligne–Lusztig theory [DL76] to the study of representations of the p-adic group G(k). Indeed, many
results in this direction were obtained recently; cf. [CI23,CS17,CO21,DI20] and references therein.

The classical Deligne–Lusztig varieties are smooth schemes of finite type over a finite field. In contrast,
the Xw(b) are sheaves for the arc-topology, cf. [BM21], on perfect algebras over the residue field of k.
Concerning their representability, the situation is slightly delicate: In many cases it is known that the Xw(b)
are ind-representable; cf. [Iva23, Theorem C]. Also, there are examples where Xw(b) is known to be an
ind-scheme which is not a scheme; cf. [Iva23, Corollary 10.2]. On the other hand, for G = GLn, c Coxeter
and b basic, Xc(b) is a scheme; cf. [CI23, Proposition 2.6]. Moreover, the proof of this last fact has led
to a quite explicit description of (a cover of) Xc(b) in this case, eventually allowing one to compute large
parts of its cohomology and relate it to the local Langlands correspondences, which was the main task
of [CI23,CI21b].

Motivated by the last sentence, we analyze here the geometry of the spaces Xc(b) and their natural covers
Ẋc̄(b) when G is a classical group,(1) c is a (twisted) Coxeter element and b is basic. Under these assumptions
our main result, Theorem 1.1, shows that Xc(b) and Ẋc̄(b) admit natural decompositions as disjoint unions of
translates of certain integral level Deligne–Lusztig spaces of Coxeter type. Those integral level spaces are
easier to handle. In particular, they are affine schemes, and it follows that Xc(b) and Ẋc̄(b) are schemes,
proving [Iva23, Conjecture 1.1] in this case. Our decomposition result, along with the Mackey-type formula
shown in [DI20] (as well as techniques from [Lus76, CO21]), can be applied—as in [CI23]—to study the
cohomology of Xc(b) and Ẋc̄(b) and smooth G(k)-representations therein. Beside our main result, we
prove some related results on rational conjugacy classes of tori and a version of Steinberg’s cross section;
see Section 1.4 below for a summary. Now, we introduce the relevant notation and state our main result,
Theorem 1.1.

(1)We call an unramified k-group classical if each connected component of its Dynkin diagram is of type An−1,Bm,Cm,Dm,2An−1
or 2Dm; see Definition 5.1 for more details.
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1.1. Setup

Let k̆ denote the completion of a maximal unramified extension of k, and let Ok ,Ok̆ be the rings of
integers of k, k̆. Let σ be the Frobenius of k̆/k. Let T ⊆ B ⊆G be a centralizer of a maximal split k-torus
and a k-rational Borel subgroup of the unramified group G. (Note that T is a k-rational maximal torus of G.)
Let U, resp. U−, be the unipotent radical of B, resp. the opposite Borel subgroup. Let W be the Weyl group
of T and S ⊆W the set of simple reflections determined by B. Denote by BG,k̆ the Bruhat–Tits building of

the adjoint group Gad of G over k̆ and by AT,k̆ the apartment of T therein. Denote by σ the action induced

by Frobenius on W,S,BG,k̆ ,AT,k̆ and G(k̆) (as well as its subgroups).
An element b ∈ G(k̆) is called basic if its Newton point νb factors through the center of G; cf. [Kot85].

Twisting σ by Ad(b), one gets an inner k-form Gb of G, see Section 2.1.3. Similarly, for w ∈W , twisting the
Frobenius on T(k̆) by Ad(w), one gets an (outer) k-form Tw of T.

The space Xw(b), introduced in [Iva23], is the intersection of LO(w) ⊆ L(G/B)2 with the graph of
bσ : L(G/B)→ L(G/B), where L denotes the loop functor (see Section 2.1.1). Similarly, we have its coverings
Ẋw̄(b), where w̄ lies in Fw / ker κ̄w, a certain discrete quotient of the set Fw(k̆) ⊆ G(k̆) of all lifts of w;
cf. Sections 3.4 and 4. For more details on Xw(b) and Ẋw̄(b), see Section 2.2 and Definition 4.1. The
group Gb(k) acts on Xw(b), and Gb(k) × Tw(k) acts on Ẋw̄(b). The natural map Ẋw̄(b) → Xw(b) is
Gb(k)-equivariant.

An element c ∈W is called twisted Coxeter, or simply Coxeter, if any of its reduced expressions contains
precisely one element from each σ -orbit on S ; cf. [Spr74, Section 7]. Usually, we denote by w an arbitrary
element of W , whereas the letter c is reserved for Coxeter elements.

We refer to Section 2 for more notation and setup.

1.2. Main result

Let c ∈W be Coxeter, c̄ ∈ Fc / ker κ̄c a lift of c and b ∈G(k̆) basic. We prove a decomposition result for
Xc(b) and Ẋc̄(b). The space Xc(b) is always non-empty, and—after an equivariant isomorphism—one can
assume that c is a special Coxeter element (see Definition 5.2) and b is a lift of c. Moreover, in Proposition 6.1,
we will see that either Ẋc̄(b) = ∅, or—after an equivariant isomorphism—we may even assume that b lies
over c̄. In the rest of Section 1.2 we work under these simplifying assumptions (which do not result in any
loss of generality).

As b lies over c, the affine transformation bσ of AT,k̆ has precisely one fixed point x (this follows
from [Spr74, Lemma 7.4] as c is Coxeter). Let Gx be the corresponding parahoric Ok̆-model of G. It descends
to an Ok-model Gx,b of Gb. In particular, the Frobenius σb := Ad(b) ◦ σ of LG fixes the subgroup L+Gx.
Here L and L+ denote the functors of (positive) loops; see Section 2.1.1. We also have the corresponding

parahoric model Gad
x of Gad. Consider the scheme ẊGx

c̄,b defined by the cartesian diagram

(1.1) ẊGx
c̄,b

//

��

L+(cU∩U−)x

��

L+Gx // L+Gx,

where the lower map is g 7→ g−1σb(g) and where (cU∩U−)x is the closure of cU∩U− in Gx. We also
consider the quotient for the pro-étale (equivalently, arc-)topology,

(1.2) X
Gad

x
c,b = Ẋ

Gad
x

c̄,b /T
ad
c (k),

where Ẋ
Gad

x
c̄,b is (1.1) applied to the parahoric model Gad

x of the adjoint group Gad. Then X
Gad

x
c,b and ẊGx

c̄,b are
infinite-dimensional affine schemes; cf. Proposition 2.2.
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Theorem 1.1. Let G be an unramified group of classical type. Let c, c̄ and b be as above. Then there exist a
Gb(k)-equivariant isomorphism

(1.3) Xc(b) =
∐

γ∈Gad
b (k)/Gad

x,b(Ok)

γX
Gad

x
c,b

and a Gb(k)×Tc(k)-equivariant isomorphism

(1.4) Ẋc̄(b) �
∐

γ∈Gb(k)/Gx,b(Ok)

γẊGx
c,b.

After necessary preparations, Theorem 1.1 will be proven in Sections 6 and 7. Let us outline the proof. By
a v-descent argument, (1.3) follows from a particular case of (1.4) for absolutely almost simple adjoint groups.
Showing (1.4) in this case presents the main technical difficulty, which is solved in Section 7 by using a special
property of the Newton polygons of isocrystals and analyzing each irreducible Dynkin type separately (here
the assumption that c is Coxeter becomes crucial). Finally, (1.4) can be deduced in general from (1.3). We
expect Theorem 1.1 to hold for all unramified reductive groups G.

At this point, let us stress that p-adic Deligne–Lusztig spaces are quite different in nature from affine
Deligne–Lusztig varieties (say, at Iwahori level). The latter were introduced by Rapoport in [Rap05]. They
are important because their unions appear as special fibers of Rapoport–Zink spaces. Note, for example,
that whereas affine Deligne–Lusztig varieties are (perfect) schemes locally of finite type over F q, the p-

adic Deligne–Lusztig spaces are essentially never of finite type over F q. On the other hand, there is,
remarkably, some relation between these two types of objects. In [CI21a] it was shown that the inverse
limit of a certain system of affine Deligne–Lusztig varieties (of increasing level) for the group GLn is
isomorphic to a p-adic Deligne–Lusztig space Ẋc̄(b) for the same group and a Coxeter element c. We
expect this result to generalize to other groups, especially in light of the similarity of the decomposition
of Coxeter-type spaces Xc(b) provided by Theorem 1.1 and a very similar-looking decomposition result of
He–Nie–Yu [HNY22, Theorem 1.1(3)] for affine Deligne–Lusztig varieties attached to elements of the affine
Weyl group with finite Coxeter part.

Let us also note that Theorem 1.1 implies [Iva23, Conjecture 1.1] in the following cases.

Corollary 1.2. If G is an unramified group of classical type, c ∈W Coxeter, c̄ ∈ Fc / ker κ̄c arbitrary and b basic,
then Xc(b) and Ẋc̄(b) are disjoint unions of affine schemes.

1.3. Quasi-split case

If b is σ -conjugate to 1, Theorem 1.1 admits a clearer reformulation. Let c ∈ W be Coxeter and
c̄ ∈ Fc / ker κ̄c. If Ẋc̄(1) , ∅, then a (i.e., any) lift ċ ∈G(k̆) of c̄ is σ -conjugate to 1 (by Corollary 4.6). Moreover,
choosing ċ appropriately, we may additionally assume that the (unique and automatically hyperspecial) fixed

point x = xċ of ċσ on AT,k̆ lies in AT,k =A⟨σ⟩
T,k̆

(cf. Section 6.4). In this situation we have the integral level

analogues XGx
c (1) and ẊGx

ċ (1) of Xc(1) and Ẋc̄(1), which were introduced in [DI20, Definition 4.1.1]; see
Section 2.2. In this situation we have the following corollary, proven in Section 6.4.

Corollary 1.3. With notation as above, there are G(k)- (resp. G(k)×Tc(k)-)equivariant isomorphisms

Xc(1) �
∐

γ∈Gad(k)/Gad
x,1(Ok)

γXGx
c (1) and Ẋc̄(1) �

∐
γ∈G(k)/Gx,1(Ok)

γẊGx
ċ (1).

1.4. Two related results

In the rest of the introduction we briefly discuss two further themes of this article. First, we review in
Section 3, following DeBacker and Reeder [DeB06,DR09,Ree11], the parametrization of rational conjugacy



On a decomposition of p-adic Coxeter orbits 5On a decomposition of p-adic Coxeter orbits 5

classes of unramified maximal k-tori in pure inner forms of G. Moreover, in Sections 3.3–3.4 we extend
their discussion to all extended pure inner forms and give a description of rational conjugacy classes in
terms of Fw / ker κ̄w, the discrete parameter space for the spaces Ẋw̄(b) over Xw(b). In Section 3.5 we
investigate in detail the Coxeter case , where (under some mild assumptions on G) it turns out that the set of
different covers Ẋc̄(b) of Xc(b) for b basic is in canonical bijection with the set of rational conjugacy classes
of unramified Coxeter tori in the inner form Gb of G; see Corollary 4.7. Thus the p-adic Deligne–Lusztig
space Xc(b) “can see” the difference between the various rational conjugacy classes of tori whose stable class
is given by c.

Secondly, in Section 5 we show a loop version of the twisted Steinberg cross section. Steinberg’s original
result [Ste65, Proposition 8.9] states roughly that if ċ ∈ Fc(k̆) is any lift of a Coxeter element c ∈W , any
cU∩U-orbit on cU for the action given by g(u) = g−1uAd(ċ)(g) contains precisely one point in cU∩U−

(k can be replaced by any field here). In [HL12, Section 3.14(c)] this is generalized in various respects, in
particular to the case where k is replaced by a finite field Fq and the action is Frobenius-twisted, i.e., given
by g(u) = g−1uσċ(g), where σ is the (geometric) Frobenius over Fq and σċ = Ad(ċ) ◦ σ . This can be used
to prove affineness of classical Deligne–Lusztig varieties attached to Coxeter elements (for example, by
combining [DL76, Corollary 1.12] and [HL12, Section 4.3]). In our setup, with k non-archimedean local, (to
perform a reduction step in the proof of Theorem 1.1) we need the same result for the action of L(cU∩U)
on L(cU). A part of the proof in [HL12] can be adapted, but at some point in [HL12] the Ax–Grothendieck
theorem(2) is used, which is impossible in our setting (as LU is not even a scheme). Therefore, we carry
through a different argument, at least for classical groups and special Coxeter elements.

Outline

In Section 2 we introduce more notation, prove a fact about integral p-adic Deligne–Lusztig spaces and
review the Borovoi fundamental group and σ -conjugacy classes. In Section 3 we review (and extend) some
results on rational/stable conjugacy classes of unramified maximal tori of G. In Section 4 we review and
extend some results from [Iva23] about the maps Ẋw̄(b)→ Xw(b). In Section 5 we prove loop (and integral
loop) versions of the twisted Steinberg cross section. This is used in Section 6 to replace Ẋc̄(b) (and its
integral analogue) by a more tractable object. The main part of the article consists of Sections 6 and 7,
where Theorem 1.1 is proven.

Acknowledgements

I want to thank Johannes Anschütz, Charlotte Chan, Lucas Mann and Peter Scholze for several discussions
related to the present work. Especially, I want to thank Charlotte Chan, with whom I initially started to work
on Lusztig’s conjecture, and who, in particular, pointed out the reference [HL12] to me. I thank Michael
Borovoi for pointing out the fact used in the beginning of Section 6.3.2 to me and an anonymous referee for
making various helpful suggestions.

2. Setup and preliminaries

Recall that G is an unramified group over the local field k. We use the notation from Section 1.1.

2.1. More notation

Given a group G, g ∈ G and any subset H ⊆ G, we write gH = gHg−1. For an abelian group A, we write
Ators for its torsion subgroup.

(2)It states, for an endomorphism X→ X of a scheme of finite type over an algebraically closed field Ω, that if X(Ω)→ X(Ω) is
injective, then it is also surjective.
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Let p be the residue characteristic of k. For a ring R of characteristic p, denote by PerfR the category of
perfect algebras over R. Denote by ϖ a uniformizer of k and by Fq (resp. F q) the residue field of k (resp. k̆).

For R in Perf
Fq
, let W(R) be the unique (up to unique isomorphism) ϖ-adically complete and separated

Ok-algebra in which ϖ is not a zero-divisor and which satisfies W(R) /ϖW(R) = R. In other words, if W (R)
denotes the p-typical Witt-vectors of k, then W(R) = W (R)⊗W (Fq) Ok if chark = 0 and W(R) = R[[ϖ]] if
chark = p. Denote by φ = φR the Frobenius automorphisms of W(R), W(R)[1/ϖ], induced by x 7→ xq

on R (this notation is only used in the proof of Proposition 5.3 and Section 7). We have W(Fq)[1/ϖ] = k

and W(F q)[1/ϖ] = k̆ (so that φ
F q

= σ ).

Denote by kalg a fixed algebraic closure of k containing the maximal algebraic subextension of k̆/k.
Denote by ⟨σ⟩ � Ẑ the group of continuous automorphisms of k̆/k.

2.1.1. Loop functors. For a k̆-scheme X, let

LX : Perf
F q
−→ Sets, R 7−→ X

(
W(R)

[
1/ϖ−1

])
be the loop space of X. If X is affine of finite type over k̆, then LX is representable by an ind-scheme. For
an Ok̆-scheme X , let

L+X : Perf
F q
−→ Sets, R 7−→ X (W(R))

be the space of positive loops of X . Moreover, if n ≥ 1, let

L+
nX : Perf

F q
−→ Sets, R 7−→ X (W(R)/ϖn

W(R))

be the truncated version of L+X . By [BGA18, Proposition-Definition 6.2], L+
nX is a scheme (resp. affine

scheme) for arbitrary (resp. affine) X , and if X is of finite type, then L+X is too. Moreover, L+X = lim←−−nL
+
nX ,

along affine transition maps (cf. [BGA18, Proposition 8.5]). Thus, if X is a scheme (resp. affine scheme), then
L+X is too.

If X is the base change to k̆ of a k-scheme X0, then the functor LX carries a natural automorphism, the
geometric Frobenius, denoted by σX0

(or simply by σ if X0 is clear from context). Similarly, we have the
geometric Frobenius σ = σX0

on L+X if the Ok̆-scheme X is the base change of an Ok-scheme X0.

2.1.2. Groups. We write Gad, resp. Gsc, for the adjoint group, resp. the simply connected cover of the
derived group, of G. If H ⊆G is a closed subgroup of G, denote by Had, resp. Hsc, its image in Gad, resp.
its preimage in Gsc. We identify the Weyl groups of Gad and Gsc with W . We denote by Z the center of G.

Write X∗(T), resp. X∗(T), for the free Z-module of cocharacters, resp. characters, of T. Denote by
Φ ⊆ X∗(T), resp. Φ∨ ⊆ X∗(T), the set of roots, resp. coroots, of G; denote by Φ+, resp. ∆, the set of positive,
resp. simple, roots, determined by B; denote by sα ∈W the reflection attached to α ∈ Φ . For ξ ∈ X∗(T),
denote by ϖξ the image in T(k̆) of ϖ under ξ .

Write N for the normalizer of T. We have the reductive Ok-model T of T, and T (Ok̆) is the maximal
compact subgroup of T(k̆). The quotient W̃ = N(k̆)/T (Ok̆) is the extended affine Weyl group of T in G. It is
naturally an extension W̃ = W ⋉X∗(T), whose splittings (resp. σ -equivariant splittings) W → W̃ correspond

to hyperspecial points of AG,k̆ (resp. of A⟨σ⟩
G,k̆

).

2.1.3. Twisting Frobenius. For b ∈ G(k̆), we have the k-group Gb, which is defined as the functorial

σ -centralizer of b; cf. [RZ96, 1.12] or [Kot97, 3.3, Appendix A]. Then Gb(k) = {g ∈G(k̆) : g−1bσ (g) = b}. If b
is basic (cf. Section 2.4), then Gb is an inner form of G, we may identify Gb(k̆) = G(k̆) and we denote by
σb := Ad(b) ◦ σ the twisted Frobenius on G(k̆). We also write σb for the corresponding geometric Frobenius
on LGb = LG.
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Suppose that the basic element b lies in N(k̆) and that x ∈ AT,k̆ is fixed by the action of bσ . Let Gx be

the corresponding parahoric model of G over Ok̆ . Then σb fixes Gx(Ok̆) ⊆G(k̆), and L+Gx ⊆ LG. Thus Gx

descends to an Ok-model of Gb, which we denote by Gx,b. We have L+Gx,b ⊗Fq
F q = L+Gx.

Similarly, for w ∈W , we have the (outer) k̆/k-form Tw of T, satisfying Tw(k) = {t ∈ T(k̆) : Ad w(σ (t)) = t}.
We may identify Tw(k̆) = T(k̆), and we denote by σw := Ad(w) ◦ σ the twisted Frobenius on this group, as
well as on LT.

2.1.4. Topologies. We work with two topologies on Perf
Fp
: the pro-étale topology, cf. [BS15], and the

arc-topology, cf. [BM21]. Recall that a map S ′ → S of qcqs schemes is an arc-cover if any immediate
specialization in S lifts to S ′ . By [BM21, Theorem 5.16], the arc-topology on perfect qcqs Fp-schemes
coincides with the canonical topology. Thus any perfect qcqs scheme is an arc-sheaf. In particular, for
any qcqs scheme X /Ok , L

+X is an arc-sheaf. For any quasi-projective scheme X/k, LX is an arc-sheaf
by [Iva23, Theorem A].

2.1.5. Locally profinite groups. As in [Iva23, Section 4], we regard a locally profinite group H as a
(representable) functor

S 7−→ C0(|S |,H)

on Perf
F q
. In particular, Gb(k) and Tw(k) are such functors. If H is profinite, this functor is even represented

by an affine scheme.

2.1.6. Galois cohomology. For the definition and standard facts about non-abelian cohomology, we
refer to [Ser94]. If M is a discrete ⟨σ⟩-group, where ⟨σ⟩ is as in Section 2.1, we write H1(σ,M) for the
corresponding first cohomology set. We identify a continuous 1-cocycle a : ⟨σ⟩ →M with a(σ ) ∈M and
write [a(σ )] ∈H1(σ,M) for the corresponding cohomology class.

We will write H1(σ,G), resp. H1(σw,T), instead of H1(σ,G(k̆)), resp. H1(σ,Tw(k̆)). By a theorem of
Steinberg [Ser94, Theorem III.1’], resp. its extension [BS68, Section 8.6] if chark > 0, we have H1(σ,G) =
H1(k,G) and H1(σw,T) = H1(k,Tw) via inflation along Galk ↠ ⟨σ⟩. We will always use the notation
H1(σ,G) and H1(σw,T) without further comment.

2.2. Review of some p-adic Deligne–Lusztig spaces

2.2.1. Spaces Xw(b) and Ẋẇ(b). Let w ∈ W , ẇ ∈ N(k̆) be a lift of w and b ∈ G(k̆). Denote by
O(w) ⊆ (G/B)2 (resp. O(ẇ) ⊆G/U) the G-orbit corresponding to w (resp. ẇ) under the Bruhat decomposition.
The p-adic Deligne–Lusztig spaces Xw(b) and Ẋẇ(b) were defined in [Iva23, Definition 8.3] by the cartesian
diagrams of functors on Perf

F q

Xw(b) //

��

LO(w)

��

L(G/B)
(id,bσ )

// L(G/B)×L(G/B)

and

Ẋẇ(b) //

��

LȮ(ẇ)

��

L(G/U )
(id,bσ )

// L(G/U )×L(G/U ),

where bσ : L(G/B) ∼−→ L(G/B) and b acts by left multiplication. Then Xw(b) and Ẋẇ(b) are sheaves for the
arc-topology (see [BM21]) on Perf

F q
; cf. [Iva23, Corollary 8.4]. There is a natural action of Gb(k) on Xw(b)

and of Gb(k)×Tw(k) on Ẋw(b).

2.2.2. Spaces ẊGx
c̄,b

and XG
ad
x

c,b
. These spaces were introduced in (1.1) and (1.2). Here we prove their

representability.
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Lemma 2.1. Let {Hn}n≥1 be an inverse system of finite groups, acting compatibly and freely on an inverse system
{Xn}n≥1 of pro-étale (resp. arc-)sheaves on Perf

F q
. Write H = lim←−−nHn and X = lim←−−nXn. The natural map

X/H → lim←−−nXn/Hn is an isomorphism, where the quotients are formed for the pro-étale (resp. arc-)topology.

Proof. Consider the case of pro-étale topology. The existence of the map is easy. For the injectivity, it is
enough to show that the map from the presheaf quotient R 7→ X(R)/H(R) to lim←−−nXn/Hn is injective. Let
R ∈ Perf

F q
. Suppose s1, s2 ∈ X(R) map to the same element in (lim←−−nXn/Hn)(R) = lim←−−n(Xn/Hn)(R). Then

for each n, the images s1,n, s2,n of s1, s2 in Xn(R)/Hn(R) coincide (as any quotient presheaf is automatically
separated). Thus for each n ≥ 1, Sn = {hn ∈ Hn(R) : hns1,n = s2,n} , ∅. This set forms an inverse system.
By the freeness of the action, we have #Sn = 1, and it follows that lim←−−nSn , ∅. Then h ∈ lim←−−nSn ⊆ H(R)
satisfies hs1 = s2. This proves the injectivity. For the surjectivity, let sn ∈ Xn(R)/Hn(R) be a compatible
collection of elements. For each n, find some pro-étale cover R→ Rn such that sn|Rn

lifts to s̃n ∈ Xn(Rn). As
R→ R′ = lim−−→n

Rn is still a pro-étale cover, cf. [BS15, proof of Lemma 4.1.8], we may replace each Rn with R′

and s̃n with s̃n|R′ . Now, we construct an element s̃ ∈ X(R′) mapping to (sn)n≥1. Starting with s̃1 if n = 1,
and working by induction on n, suppose that (s̃i)

n
i=1 is compatible. As the system (sn)n≥1 is compatible,

we can find some hn+1 ∈Hn+1(R′) such that hn+1s̃n+1 maps to s̃n under Xn+1(R′)→ Xn(R′). Then replace
s̃n+1 by hn+1s̃n+1, so that (s̃i)

n+1
i=1 becomes compatible. We conclude by induction. The argument for the

arc-topology is the same, using [BM21, Corollary 2.18] instead of [BS15, Lemma 4.1.8] □

For n ≥ 1, let ẊGx
c̄,b,n be defined by the diagram (1.1) with L+ replaced by L+

n everywhere. Then all ẊGx
c̄,b,n

are affine schemes and ẊGx
c̄,b = lim←−−n Ẋ

Gx
c̄,b,n. We also have the truncated version of (1.2): let T be the closure

of T in Gx and Tc the Ok-torus, arising by twisting the Frobenius on T by c. Then put X
Gad

x
c,b,n := Ẋ

Gad
x

c̄,b,n/Tn,

where Tn := T ad
c (Ok/ϖ

n).

Proposition 2.2. The schemes ẊGx
c̄,b and X

Gad
x

c,b are affine and perfect. Also, X
Gad

x
c,b = Ẋ

Gad
x

c̄,b /Tc(k) remains unchanged

if one takes the quotient with respect to the arc-topology instead of the pro-étale topology. Moreover, X
Gad

x
c,b =

lim←−−nX
Gad

x
c,b,n.

Proof. The claim for ẊGx
c̄,b follows from the definition and the affineness of L+X for an affine scheme X /Ok̆ ;

cf. Section 2.1.1. Suppose that G is adjoint. For n ≥ 1, let Tn = T ad
c (Ok/ϖ

n) be as above. Note that the finite
group Tn acts freely on the affine scheme ẊGc̄,b,n and we have XGc,b = (ẊGc̄,b/T )proet = lim←−−n(ẊGc̄,b,n/Tn)proet by

Lemma 2.1. By [Sta14, Tag 07S7], the fppf-quotient (ẊGc̄,b,n/Tn)fppf is a scheme, which is even affine (since

ẊGc̄,b,n is), and ẊGc̄,b,n→ (ẊGc̄,b,n/Tn)fppf is an fppf-torsor. As Tn is finite and acts freely on ẊGc̄,b,n, this is even

an étale torsor. From this, it follows that (ẊGc̄,b,n/Tn)fppf = (ẊGc̄,b,n/Tn)ét, the quotient for the étale topology.
In particular, the latter is an affine perfect scheme, hence already a pro-étale and even an arc-sheaf. This
implies that the sheafification of the quotient for the arc- and pro-étale topologies agree, as well as the fact
that XGc,b, being the inverse limit of affine perfect schemes, is itself one. □

Remark 2.3. The map g 7→ g−1σb(g) : L+Gx → L+Gx is pro-étale and—by Lang’s theorem applied to all

truncations—also surjective. Thus ẊGx
c̄,b and X

Gad
x

c,b and their truncations are always non-empty. Also, it follows

that ẊGx
c̄,b and X

Gad
x

c,b are infinite-dimensional. The truncations are perfections of finite-dimensional schemes.
More precisely, as the Lang map is étale, we have

dim ẊGx
c̄,b,n = dimX

Gad
x

c,b,n = dimL+
n(cU∩U−)x = ℓ(c)n,

where ℓ(c) denotes the length of the Coxeter element c ∈W .
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Conjecture 2.4. The scheme X
Gad

x
c,b is an A

∞-bundle over a classical Deligne–Lusztig variety attached to the
reductive quotient of the special fiber of Gx.

This is easily verified by hand for G = GLn, using the explicit description in [CI21a].

2.2.3. Spaces XGw (1), ẊGẇ (1). These spaces only appear in Sections 1.3 and 6.4. Suppose x ∈ A⟨σ⟩
T,k̆

is a

hyperspecial point, and let G = Gx be the corresponding reductive Ok̆-model of G. The reductive Ok-group
Gx,1 is quasi-split, and the closure Bx of B in G is an Ok-rational Borel subgroup. Moreover, G has a
Bruhat decomposition, in the sense that (G/Bx)2 ⊗Ok

Ok̆ contains locally closed subschemes O(w) (w ∈W ),
flat over Ok̆ , which fiberwise induce the usual Bruhat decomposition. If Nx,Ux are the closures of N,U
in G, one similarly has O(ẇ) ⊆ (G/Ux)2 ⊗Ok

Ok̆ (ẇ ∈ Nx(Ok̆)). Taking b = 1, ẇ ∈ Nx(Ok̆) and replacing
G,B,U with G,Bx,Ux and L with L+ everywhere in the diagrams in Section 2.2.1, we obtain integral p-adic
Deligne–Lusztig spaces XGw(1) and ẊGẇ(1), as introduced in [DI20, Definition 4.1.1]. They are acted on by
Gx,1(Ok) and Gx,1(Ok)×T (Ok), respectively.

2.3. Fundamental group and the Kottwitz map

The natural map Tsc→ T induces an injection X∗(Tsc)→ X∗(T), and we identify X∗(Tsc) with its image.
The fundamental group of G in the sense of Borovoi [Bor98] is the group

π1(G) = X∗(T)/X∗(T
sc).

It is independent of the choice of T and functorial in G, the induced W -action on it is trivial, and it admits
a Frobenius action, which we denote by σ . Kottwitz constructed a homomorphism κ̃G : G(k̆)→ π1(G);
see [Kot97, Section 7] and [PR08, Section 2.a.2]. Reformulated, a classical result of Kottwitz [Kot84, Section 6]
states that κ̃G induces an isomorphism H1(σ,G) � π1(G)⟨σ⟩,tors. For tori, we have π1(−) = X∗(−). For any
w ∈W , any k-rational embedding Tw→G induces the map

X∗(T)⟨σw⟩,tors = H1(σw,T) −→H1(σ,G) = π1(G)⟨σ⟩,tors,

which is obtained from X∗(T)→ π1(G) by taking σw- (resp. σ -)invariants and passing to the torsion subgroup.
From the definition of π1(G) we deduce an exact sequence

(2.1) X∗(T
sc)⟨σw⟩

βw−→ X∗(T)⟨σw⟩ −→ π1(G)⟨σ⟩ −→ 0.

In particular,

(2.2) ker
(
H1(σw,T) −→H1(σ,G)

)
= im(βw)tors

Remark 2.5. If G is adjoint and w Coxeter, then βw = 0 and (equivalently) X∗(T)⟨σw⟩ � π1(G)⟨σ⟩. For split
groups, this follows from [Spr74, Corollary 8.3]. In the non-split case, note that there is some n ≥ 1 such that
σn
w = σwspl

as automorphisms of X∗(T) and X∗(Tsc), where wspl is some (non-twisted) Coxeter element in W
and σwspl

:= Ad(wspl) ◦ σn is formed with respect to the base change of G to the unramified extension of
k of degree n. Then, as automorphisms of X∗(T) and of X∗(Tsc), σwspl

− 1 factors through σw − 1, so that
we have a surjection X∗(T)⟨σw⟩↠ X∗(T)⟨σwspl

⟩ and a similar surjection for X∗(Tsc). These surjections form a

commutative square with the maps βw and βwspl
(as both are induced by the inclusion X∗(Tsc)→ X∗(T)). As

βwspl
= 0 by the split case, it follows that also βw = 0.

By [PR08, Section 5] we may reinterpret κ̃G as a map of ind-schemes κ̃G : LG→ π1(G), where we regard
π1(G) as a discrete perfect scheme via Section 2.1.5. Passing to σ -coinvariants gives a surjective map

(2.3) κG : LG −→ π1(G)⟨σ⟩.
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Finally, let us note that for w ∈W , we have the exact sequence

(2.4) 1 −→ Tw(k) −→ LT
σw−1
−→ LT

κw−→ X∗(T)⟨σw⟩ −→ 1,

where we write κw instead of κTw
. Moreover, κw factors through the natural projection κ̄w : X∗(T) →

X∗(T)⟨σw⟩.

2.4. Newton map and σ-conjugacy classes

Let f ∈ Perf
Fq

be an algebraically closed field, so that L = W(f)[1/ϖ] is an extension of k̆. Then L/k is
equipped with the Frobenius σ lifting that of f/Fq and Lσ = k. In [Kot85] the set

B(G) = H1(σZ,G(L)) �G(L)/ Adσ G(L)

of σ -conjugacy classes of G(L) in considered, where x,y are σ -conjugate if there is some g ∈ G(L) with
g−1xσ (g) = y. Denote the σ -conjugacy class of b ∈G(L) by [b] (or [b]G if ambiguity is possible). The set
B(G) is independent of the choice of f. To a σ -conjugacy class [b], one can attach the Newton point νb ∈
(W \X∗(T)

Q
)⟨σ⟩. Moreover, the Kottwitz map κG(f) from (2.3) factors through a map κG : B(G)↠ π(G)⟨σ⟩.

Then the map

(2.5) (ν,κG) : B(G) −→ (W \X∗(T)
Q

)⟨σ⟩ ×π1(G)⟨σ⟩

is injective. An element b ∈ G(L) is called basic if νb is central in G. We denote by B(G)bas ⊆ B(G) the
subset of basic classes. There is a canonical injection H1(σ,G) ↪→ B(G)bas. In [Kot85], the isomorphism
H1(σ,G) � π1(G)⟨σ⟩,tors was extended to the natural commutative diagram

(2.6) H1(σ,G) ∼
//

� _

��

π1(G)⟨σ⟩,tors� _

��

B(G)bas
∼
// π1(G)⟨σ⟩,

where the lower map is the restriction of κG to B(G)bas.
We recall how to compute the Newton point νb of b ∈N(L); see e.g. [RV14, Remark 2.3(iii)]. Let w̃ ∈ W̃ be

the image of b under N(L)↠ W̃ . There is an integer d > 0 such that σd acts trivially on W̃ and such that
µ = w̃σ (w̃) . . .σd−1(w̃) ∈ X∗(T). Then νb is the image of d−1µ in W \X∗(T)

Q
. In particular, νb only depends

on w̃, and it makes sense to define νw̃ = νb. Moreover, we call w̃ basic if νw̃ is central.
Finally, we recall that any σ -conjugacy class has a representative in N(k̆) and that the induced surjection

N(k̆)↠ B(G) factors through W̃ ↠ B(G); cf. [GHK+10, Corollary 7.2.2] for split groups and [He14, Theo-
rem 3.7] in general. In particular, the Kottwitz homomorphism induces a map κ̄G : W̃ → π1(G)⟨σ⟩.

3. Rational and stable conjugacy classes of unramified tori

Recall that two maximal k-tori T1,T2 in G are stably conjugate if there exists a g ∈ G(kalg) such
that g(T1(k)) = T2(k). If two maximal k-tori are rationally conjugate, they are also stably conjugate.
Thus any stable conjugacy class breaks up into a (finite) union of rational conjugacy classes. We review
from [DeB06,DR09,Ree11] how this happens for unramified tori of pure inner forms of G. Then we investigate
the case of extended pure inner forms of G. We wish to point out that the description from [DeB06] in terms
of the Bruhat–Tits building covers this case, but we are interested in a slightly different description, which is
closely related to the spaces Ẋw̄(b).
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3.1. Stable conjugacy classes

For b ∈ N(k̆), the twisted Frobenius σb = Ad b ◦ σ of G(k̆) induces one on W . Now suppose b ∈ N(k̆)
is basic. By [DeB06, Lemma 4.3.1], there is a natural injection from the set of stable conjugacy classes
of unramified maximal k-tori in Gb into H1(σb,W ), which is even a bijection when Gb is quasi-split
(e.g., [b] = [1]). Identifying H1(σb,W ) ∼−→ H1(σ,W ) via the natural twisting map x 7→ xb on cocycles
(using [Ser94, Proposition I.35 bis]), we get

(3.1) {stable conjugacy classes of k-tori in Gb} ↪−→H1(σ,W ),

mapping the class of T(⊆Gb) to the image of b in H1(σ,W ).

Definition 3.1. For b ∈N(k̆) basic and w ∈W , denote by T(Gb,w) the stable conjugacy class of all unramified
maximal k-tori in Gb, which corresponds to [w] ∈H1(σ,W ) under (3.1).

The elements of T(Gb,w) are precisely the images of k-embeddings Tw→Gb.

Remark 3.2. We recall the construction from the proof of [DeB06, Lemma 4.3.1]. Any unramified maximal
k-torus of Gb is of the form gT for some g ∈Gb(k̆). Moreover, gT is k-rational if and only if σb(gT) = gT,
which is equivalent to g−1bσ (g) ∈N(k̆). In that case, if w ∈W is the image of g−1bσ (g), then gT ∈ T(Gb,w).
Replacing g by gv̇ for any lift v̇ ∈N(k̆) of some v ∈W has the effect of replacing w by v−1wσ (v).

3.2. Rational conjugacy classes for pure inner forms

It is easy to see that the surjection N(k̆)↠ W̃ induces an isomorphism(3) H1(σ,N(k̆)) �H1(σ,W̃ ).
The following is a consequence of [Ree11, Proposition 6.1];(4) see also [DR09, Section 2] and [DeB06,

Section 4.3]. Suppose that [b] ∈ B(G)bas comes from a class ξ ∈ H1(σ,G) (cf. (2.6)), i.e., Gb is a pure
inner form of G. Then rational conjugacy classes of unramified maximal k-tori in Gb are in bijection with
preimages of ξ under the natural map H1(σ,W̃ ) ∼−→ H1(σ,N(k̆))→H1(σ,G); cf. [Ree11, Lemma 6.2] (and
use twisting). There are maps

(3.2) H1(σ,W )
q0←−H1(σ,W̃ )

π0−→H1(σ,G).

By Section 3.1, given [w] ∈ H1(σ,W ), represented by w ∈W , and ξ ∈ H1(σ,G), represented by b ∈ N(k̆),
the set T(Gb,w)/ AdGb(k) of rational conjugacy classes in T(Gb,w) is in bijection with π−1

0 (ξ)∩ q−1
0 ([w]).

In particular, [w] is in the image of (3.1) if and only if π−1
0 (ξ)∩ q−1

0 ([w]) , ∅.

3.3. Rational conjugacy classes for extended pure inner forms

We wish to extend (3.2) to all extended pure inner forms. We have X∗(Z) ⊆ X∗(T) ⊆ W̃ . Define

Z̃1(σ,W̃ ) =
{
w̃ ∈ W̃ : νw̃ ∈ X∗(Z)

Q

}
,

where νw̃ is as in Section 2.4. In other words, Z̃1(σ,W̃ ) is precisely the set of all basic elements in W̃ in the
sense of Section 2.4. Define an equivalence relation on Z̃1(σ,W̃ ) by x ∼ y if and only if there exists a g ∈ W̃
such that y = g−1xσ (g). Put

H̃1(σ,W̃ ) = Z̃1(σ,W̃ )/ ∼ .

Note that we have H1(σ,W̃ ) ⊆ H̃1(σ,W̃ ) and Z1(σ,W̃ ) ⊆ Z̃1(σ,W̃ ) is precisely the set of those w̃ with
νw̃ = 0. Recalling from (2.6) that H1(σ,G) ⊆ B(G)bas, we have the following lemma.

(3)Indeed, one can use [Ser94, Corollary 2 to Proposition I.39 and Corollary to Proposition I.41] along with the pro-version of Lang’s
theorem for the group T (Ok̆) = ker(N(k̆)↠ W̃ ) with varying rational structures given by σb (b ∈N(k̆)).
(4)In fact, [Ree11] works with Galk-cohomology and all maximal k-tori. To deduce our statements, one can run literally the same
arguments with ⟨σ⟩ replacing Galk and unramified k-tori replacing all k-tori.
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Lemma 3.3. There is a natural surjection π : H̃1(σ,W̃ )→ B(G)bas extending the surjection π0 : H1(σ,W̃ )→
H1(σ,G).

Proof. Suppose w̃1 ∼ w̃2 ∈ Z̃1(σ,W̃ ), i.e., w̃2 = g−1w̃1σ (g). Then obviously κ̄G(w̃1) = κ̄G(w̃2) ∈ π1(G)⟨σ⟩,
and an easy computation shows that νw̃1

= νw̃2
. Thus some (i.e., any) lifts to G(k̆) of w̃1, w̃2 are σ -conjugate.

This gives a map H̃1(σ,W̃ )→ B(G) whose image is contained in B(G)bas as each w̃ ∈ Z̃1(σ,W̃ ) is basic.
The surjectivity is clear. □

The projection W̃ ↠W induces a map q : H̃1(σ,W̃ )→H1(σ,W ). Altogether, we have the diagram

(3.3) H1(σ,W )
q
←− H̃1(σ,W̃ )

π−→ B(G)bas

extending (3.2). DeBacker and Reeder’s parametrization from Section 3.2 admits the following completely
analogous generalization to all extended pure inner forms.

Proposition 3.4. Given [w] ∈H1(σ,W ) and [b] ∈ B(G)bas, we have a natural bijection T(Gb,w)/ AdGb(k) �
π−1([b])∩ q−1([w]). In particular, [w] is in the image of (3.1) if and only if π−1([b])∩ q−1([w]) , ∅.

Proof. Any unramified maximal k-torus in Gb is of the form gT with g−1bσ (g) ∈N(k̆); see Remark 3.2. Let
w̃g ∈ W̃ be the image of g−1bσ (g). Then νw̃g

= νb, and hence w̃g ∈ Z̃1(σ,W̃ ) and π([w̃g ]) = [b]. Let giT

(i = 1,2) be two such tori with corresponding elements w̃i ∈ Z̃1(σ,W̃ ). Suppose that the giT are rationally
conjugate in Gb, i.e., there is some h ∈Gb(k) with g1T = hg2T. Then g−1

1 hg2 ∈N(k̆), and letting ṽ ∈ W̃ be its
image, we compute

(3.4) ṽw̃2σ (ṽ)−1 = g−1
1 hg2g

−1
2 bσ (g2)σ (g−1

2 h−1g1) = g−1
1 hbσ (h−1)σ (g1) = g−1

1 bσ (g1) = w̃1;

i.e., w̃1 and w̃2 define the same class in H̃1(σ,W̃ ). Conversely, given [w̃] ∈ π̃−1([b]), we can lift w̃ to some
ẇ ∈N(k̆), which necessarily belongs to [b]. If ẇ = g−1bσ (g), one immediately checks that w̃ 7→ gT induces
an inverse to the above map. This shows that rational conjugacy classes of unramified tori in Gb are in
bijection with π−1([b]), establishing the analogue of [Ree11, Lemma 6.2]. The rest of the proof (the analogue
of [Ree11, Lemma 6.4]) is done analogously. □

3.4. A description of π−1([b])∩q−1([w])

Fix w ∈W and [b] ∈ B(G)bas. Put

Fw
def
=fiber of N→W over w and Fw

def
=fiber of W̃ →W over w.

We regard Fw as a k̆-scheme and Fw as a discrete F q-scheme (or, sometimes, as a discrete set). Then Fw is

a (trivial) Tk̆-torsor and Fw is a (trivial) X∗(T)-torsor. The action of Tk̆ on Fw is given by t, w̃ 7→ tw̃, and the
action of X∗(T) on Fw is induced by this. Recall the maps κw : LT→ X∗(T)⟨σw⟩ and κ̄w : X∗(T)→ X∗(T)⟨σw⟩
from Section 2.3.

Lemma 3.5. The natural surjection Fw(k̆)↠ Fw induces an isomorphism LFw / kerκw � Fw / kerκw. This
discrete set is a (trivial ) X∗(T)⟨σw⟩-torsor.

Proof. As LFw (resp. Fw) is a trivial LT-torsor (resp. X∗(T)-torsor), everything follows from LT/ kerκw =
X∗(T) / ker κ̄w = X∗(T)⟨σw⟩. □

Observe that for w̃ ∈ Fw, the values of νw̃ and κ̄G(w̃) remain constant if w̃ is multiplied by an element in
ker κ̄w. Indeed, for κ̄w this is clear, and for ν this follows from the description in Section 2.4. In particular,
κ̄G|Fw

induces a map

(3.5) κ̄w : Fw / ker κ̄w −→ π1(G)⟨σ⟩.

Moreover, from Section 2.4 we immediately deduce the following lemma.



On a decomposition of p-adic Coxeter orbits 13On a decomposition of p-adic Coxeter orbits 13

Lemma 3.6. The map (2.5) factors through an injection (ν, κ̄w) : Fw / ker κ̄w→ (W \X∗(T)
Q

)⟨σ⟩ ×π1(G)⟨σ⟩.

Fix w ∈W and [b] ∈ B(G)bas. Put

[b]∩Fw
def
= im

(
[b]∩Fw(k̆) ↪→ Fw(k̆)↠ Fw

)
.

Then [b]∩Fw ⊆ [b]∩ Z̃1(σ,W̃ ), inducing a map [b]∩Fw→ π−1([b]) ⊆ H̃1(σ,W̃ ). This obviously factors
through a map [b]∩Fw→ π−1([b])∩q−1([w]). By Lemma 3.6, [b]∩Fw is stable under the action of ker κ̄w,
and we have the (finite) quotient set [b]∩ Fw / ker κ̄w, consisting of all w̄ ∈ Fw / ker κ̄w satisfying νw̄ = νb
and κ̄w(w̄) = κG(b).

Proposition 3.7.

(i) The quotient [b] ∩ Fw / ker κ̄w is either empty or a ker(H1(σw,T) → H1(σ,G)) = im(βw)tors-torsor
(cf. (2.2)). It is empty if and only if T(Gb,w) = ∅.

(ii) The centralizer CW (wσ ) ⊆W of wσ ∈W ⋊ ⟨σ⟩ acts on [b]∩ Fw / ker κ̄w in a natural way, and there
are canonical isomorphisms(

[b]∩Fw / ker κ̄w
)
/CW (wσ ) ∼−−→ π−1([b])∩ q−1([w]) � T(Gb,w) / AdGb(k).

Proof. We have T(Gb,w) , ∅ ⇔ ∃g ∈ G(k̆) such that g−1bσ (g) ∈ Fw(k̆) ⇔ [b]∩ Fw , ∅, where the first
equivalence follows from Remark 3.2. To show the first claim of (i), we may assume that there is an element
w̃1 ∈ [b]∩Fw , ∅. Recall that Fw is a X∗(T)-torsor.

Lemma 3.8. For τ ∈ X∗(T), we have τw̃1 ∈ [b]∩Fw⇔ κ̄w(τ) ∈ ker(H1(σw,T)→H1(σ,G)).

Proof. We have τw̃1 ∈ [b]∩Fw if and only if κ̄G(τ) = 0 (as κG is a group homomorphism) and ντw̃1
= νw̃1

.
Now, κ̄G(τ) = 0 means that the image κ̄w(τ) ∈ X∗(T)⟨σw⟩ maps to 0 ∈ π1(G)⟨σ⟩, which is equivalent to
κ̄w(τ) ∈ im(βw), with βw as in (2.1). Now we use the algorithm to compute ν from Section 2.4. Note that the
integer d can be chosen the same for w̃1 and τw̃1. Then let µw̃1

and µτw̃1
be as described in Section 2.4.

Then the equality ντw̃1
= νw̃1

is equivalent to the existence of some v ∈W such that the equality

d−1∑
i=0

(wσ )i(τ) = v(µw̃1
)−µw̃1

holds in X∗(T). But w̃1 is basic, so µw̃1
is central; i.e., the right-hand side is zero. Thus τw̃1 ∈ [b]∩Fw if and

only if κ̄w(τ) ∈ im(βw) and
∑d−1

i=0 (wσ )i(τ) = 0. By [DR09, Lemma 2.4.1], the latter condition is equivalent to
τ ∈ κ̄−1

w (X∗(T)⟨σw⟩,tors) = κ̄−1
w (H1(σw,T)). □

By Lemma 3.8, [b]∩Fw (being non-empty) is a torsor under the preimage in X∗(T) of ker(H1(σ,Tw)→
H1(σ,G)) ⊆ X∗(T)⟨σw⟩. This preimage contains ker κ̄w, and factoring it out, we arrive at the claim. This
finishes the proof of (i).

In (ii), it is clear that we have a map [b]∩Fw→ π−1([b])∩q−1([w]), and one checks that it factors through
[b]∩ Fw / ker κ̄w. Moreover, surjectivity of this map amounts to the tautological fact that any element in
[w] ⊆W is σ -conjugate to w. Next, let us describe the natural action of CW (wσ ) on [b]∩Fw / ker κ̄w. Let
w̄ ∈ [b]∩Fw / ker κ̄w with preimage w̃ ∈ [b]∩Fw. Let v ∈ CW (wσ ), and let ṽ ∈ W̃ be any preimage. Then
the action of v sends w̄ to the image of ṽ−1w̃σ (ṽ) in [b]∩ Fw / ker κ̄w. This is independent of the choice
of ṽ, as if ṽ′ is another choice, putting τ = ṽ−1ṽ′ ∈ X∗(T) gives the element ṽ′−1w̃σ (ṽ′) = τ−1ṽ−1w̃σ (ṽ)σ (τ),
which has the same image in [b]∩Fw / ker κ̄w. Similarly, one shows that it is independent of the choice of w̃.
Now, w̄′ ∈ [b]∩ Fw / ker κ̄w has the same image as w̄ in π−1([b])∩ q−1([w]) if and only if there is some
ṽ ∈ W̃ with ṽ−1w̃σ (ṽ) = w̃′ for some lift w̃′ ∈ Fw of w̄′ . By the definition of the CW (wσ )-action, this is
equivalent to the fact that w̄ and w̄′ lie in the same CW (wσ )-orbit. Thus CW (wσ )-orbits in [b]∩Fw / ker κ̄w
coincide with fibers of the surjection onto π−1([b])∩ q−1([w]), and we are done. □
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Remark 3.9. Let us explicate the correspondence in Proposition 3.7(ii). If w̄ ∈ [b]∩Fw / ker κ̄w represents a
class on the left side, ẇ ∈ [b]∩Fw(k̆) is a (i.e., any) lift of w̄, and g ∈G(k̆) satisfies g−1bσ (g) = ẇ, then the
map Ad(g) ◦ ι : Tw→Gb is k-rational, its image gT ⊆Gb lies in T(Gb,w) and the Gb(k)-conjugacy class of
gT is the image of w̄ under the above map.

3.5. The case of Coxeter tori

We keep the setup of Sections 3.3 and 3.4. Furthermore, throughout Section 3.5 we assume that w = c ∈W
is a Coxeter element. Recall βc : X∗(Tsc)⟨σc⟩→ X∗(T)⟨σc⟩ from (2.1).

Proposition 3.10. Let [b] ∈ B(G)bas and c ∈W be Coxeter. Then the following hold:

(i) The image im(βc) is finite.
(ii) We have

[b]∩Fc / ker κ̄c = (κ̄c)−1(κG(b)).

This is an im(βc)-torsor. In particular, [b]∩Fc , ∅.

Proof. (i) As c Coxeter, X∗(Tsc)⟨σc⟩ = 0; hence X∗(Tsc)⟨σc⟩ is finite. Hence im(βc) is finite. For (ii) we first
record the following easy and well-known lemma.

Lemma 3.11. If c is Coxeter, all elements in Fc are basic.

Proof. Let c̃ ∈ Fc. If µ is as in the algorithm to compute νb from Section 2.4, we see that µ ∈ X∗(T)⟨σc⟩
Q
⊆

X∗(Z)
Q
, the last inclusion being true as c is Coxeter. □

Now note that κ̄G|Fc
: Fc → π1(G)⟨σ⟩ is surjective. This holds as Fc is a X∗(T)-torsor, κG is a group

homomorphism and X∗(T)→ π1(G)⟨σ⟩ is surjective. Taking any preimage b′ of κG(b) in Fc, Lemma 3.11
shows that b′ is basic. Moreover, we know that κG induces a bijection B(G)bas→ π1(G)⟨σ⟩. It follows that
b′ ∈ [b]; i.e., [b]∩ Fc , ∅. Moreover, as this holds for any b′ in the preimage, we even get the equality
claimed in (ii). Now, (κ̄c)−1(κ̄G(b)) is a ker(X∗(T⟨σc⟩→ π1(G)⟨σ⟩) = im(βc)-torsor. □

Remark 3.12. It follows from Proposition 3.10(ii) that for any [b] ∈ B(G)bas and any Coxeter element c, there
exists a representative of [b] in Fc(k̆). This is a converse to Lemma 3.11.

Proposition 3.13. Let c ∈W be Coxeter. Suppose one of the following holds:

(i) We have [b] = 1.
(ii) We have G =

∏s
i=1 Gi , where for each i, Gi = Reski /kG′i for a finite unramified extension ki/k and an

absolutely almost simple ki-group G′i .

Then the CW (cσ )-action on [b]∩Fc / ker κ̄c is trivial, and there is a natural bijection

[b]∩Fc / ker κ̄c
∼−−→ T(Gb, c) / AdGb(k).

Proof. Choose some σ -equivariant splitting ι : W → W̃ (which exists, as G is unramified), and denote its
image by Ẇ . Let ċ ∈ Fc ∩ Ẇ . Let τ ∈ X∗(T) be such that τċ ∈ [b]∩ Fc. Let v ∈ CW (cσ ), and let v̇ = ι(v).
The action of v sends the image of τċ in [b]∩ Fc / ker κ̄c to the image in [b]∩ Fc / ker κ̄c of the element
v̇−1τċσ (v̇). As ι is σ -equivariant, v̇ ∈ CẆ (ċσ ), so v̇−1τċσ (v̇) = v̇−1τv̇ċ = Ad(v)−1(τ)ċ; i.e., we must show
(replacing v with v−1) that (Ad v − id)(τ) = Ad v(τ)− τ ∈ ker κ̄c.

In case (i), we have [1]∩ Fc = X∗(Tsc) · ċ. Thus, as ker κ̄sc
c ⊆ ker κ̄c, it suffices to show that we have

(Ad v− id)(X∗(Tsc)) ⊆ ker κ̄sc
c . In other words, we are reduced to the case that G is simply connected, which

is covered by (ii).
In case (ii), one is immediately reduced to the case that G = Resk′/k G′ with k′/k a finite subextension

of k̆/k and G′ an absolutely almost simple k′-group. Let d = [k′ : k]. Write X∗(T) =
⊕d

i=1X∗(T
′) and

W =
∏d

i=1W
′ , with σ -action given by (v1, . . . , vd) 7→ (σ ′(vd),v1, . . . , vd−1) on both objects, where σ ′ is the
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k̆/k′-Frobenius for G′ . If c,c1 ∈W are σ -conjugate, the statement claimed in the proposition holds for c if and
only if it holds for c1. Thus we may assume that c = (c′ ,1, . . . ,1), where c′ ∈W ′ is a Coxeter element in W ′ .
Suppose we know the claim for G′ , c′ ; i.e., for any v′ ∈ CW ′ (c′σ ′), (Adv′ − id)(X∗(T′)) ⊆ (σ ′c′ − id)(X∗(T′)).
We have

ker κ̄c = (σc − id)(X∗(T)) =
{
σ ′c′ (αd)−α1,α1 −α2, . . . ,αr−1 −αd : αi ∈ X∗(T′) for 1 ≤ i ≤ d

}
=


σ ′c′ (αr )−αd −

d−1∑
i=1

βi ,β1, . . . ,βd−1

 : βi ,αd ∈ X∗(T′) for 1 ≤ i ≤ d − 1


The inclusion W ′ → W into the first factor induces an isomorphism CW ′ (c′σ ′) ∼−→ CW (cσ ), v′ 7→
(v′ , . . . , v′) = v. For (ei)

d
i=1 ∈ X∗(T), we have (Adv − id)((ei)i) = ((Adv′ − id)(ei))

d
i=1. This lies in

ker κ̄c as, setting βi := (Adv′ − id)(ei+1) for 1 ≤ i ≤ d − 1, it suffices to find an αd ∈ X∗(T′) such that
σ ′c′ (αd)−αd = Adv′(

∑d
i=1 ei)−

∑d
i=1 ei , which works by assumption for G′ .

It remains to check the claim for an absolutely almost simple group G over k. Let d > 0 be the smallest
positive integer such that σd acts trivially on the Dynkin diagram of G. By [Spr74, Theorem 7.6(v)],
CW (cσ ) is the cyclic subgroup of W generated by cspl = cσ (c) . . .σd−1(c). Thus, it suffices to check that
(Adcspl − id)(X∗(T)) ⊆ ker κ̄c = im(σc − id : X∗(T)→ X∗(T)). Observe that σc(ker κ̄c) = ker κ̄c (as σc is an
automorphism and for any v ∈ X∗(T), σc(σc(v)− v) = σc(σc(v))− σc(v) ∈ ker κ̄c). Now σd acts trivially on
X∗(T), so it suffices to check that for all τ ∈ X∗(T), csplσd(τ)−τ ∈ ker κ̄c, or equivalently, σd

c (v)−v ∈ ker κ̄c.
We now prove that σ i

c (v)− v ∈ ker κ̄c for all i > 0. For i = 1, this holds as ker κ̄c = im(σc − 1). For i > 1, we
have σ i

c (v)−v = σ i
c (v)−σ i−1

c (v)+σ i−1
c (v)−v = σ i−1

c (σc(v)−v)+σ i−1
c (v)−v. Now we have σ i−1

c (v)−v ∈ ker κ̄c
by induction on i, and σ i−1

c (σc(v)− v) ∈ σ i−1
c (ker κ̄c) = ker κ̄c. □

Proposition 3.13 becomes false without any assumptions on G, b, as the next example shows.

Example 3.14. Suppose chark , 2. Let G′ = SL2 ×SL2 and G = G′/µ2, embedded diagonally. Let T′ ⊆G′

be the product of diagonal tori in SL2 and T its image in G. Let ε1 = ((1,−1), (0,0)), ε2 = ((0,0), (1,−1))
be a Z-basis of X∗(T′). We may identify X∗(T) = {a1ε1+a2ε2

2 ∈ X∗(T′)Q : a1, a2 ∈ Z, a1 ≡ a2 mod 2}. Let s
be the image of

(
0 1
−1 0

)
in the Weyl group of the diagonal torus in SL2, so that c = (s, s) represents a Coxeter

element in W . Let ċ0 =
((

0 1
−1 0

)
,
(

0 1
−1 0

))
∈ Fc(k̆) be a hyperspecial lift, and let c̄0 be its image in Fc. We have

CW (c) = W �Z/2Z×Z/2Z. Note that τ1 = (ϖ
1
2 ,−ϖ−

1
2 ), (ϖ

1
2 ,−ϖ−

1
2 ) ∈G(k) by Galois descent. The action

of the Frobenius σ on all objects below is trivial, so we ignore it. We have π1(G) = X∗(T) /X∗(T′) �Z/2Z,
the non-trivial element being the class of ε1+ε2

2 . It is represented by the basic element b1 = ċ0τ1. We have
ker κ̄c = Z · 2ε1 +Z · (ε2 − ε1) ⊆ X∗(T).

Case b = 1. We have [1]∩Fc = X∗(T′) · c̄0. As X∗(T′) / ker κ̄c = {0̄, ε̄1} �Z/2Z, we have [1]∩Fc / ker κ̄c =
(X∗(T′) / ker κ̄c) · c̄0 = {0̄, ε̄1} · c̄0. Now it is immediate to check that the action of CW (c) from Proposition 3.7
on this set is trivial. For example, Ad(s,1) send εi ∈ X∗(T′) to (−1)iεi (i ∈ 1,2), so Ad(s,1)(εi)− εi ∈ ker κ̄c.
This is in agreement with Proposition 3.13 and also with the Bruhat–Tits picture: Gad � PGL2 ×PGL2, so
an alcove of BG,k is a square whose vertices are hyperspecial of type (α,β) with α,β ∈ Z/2Z the parity
of the valuation of the determinant of the lattice representing a vertex of BPGL2

. The action of τ1 ∈G(k)
identifies the vertices (0,0)↔ (1,1) and (0,1)↔ (1,0), so that there are two G(k)-orbits in hyperspecial
vertices of a base alcove and hence (by [DeB06]) two rational conjugacy classes of Coxeter tori.

Case b = b1. We have [b1]∩ Fc = (X∗(T)∖X∗(T′)) · c̄0. As (X∗(T)∖X∗(T′)) / ker κ̄c = { ε̄1+ε̄2
2 , ε̄1+3ε̄2

2 }, we
have [b1] ∩ Fc / ker κ̄c = { ε̄1+ε̄2

2 , ε̄1+3ε̄2
2 } · ċ0. The action of (s,1) ∈ CW (c) identifies the two elements in

[b1]∩ Fc / ker κ̄c as ε1+3ε2
2 −Ad(s,1)( ε1+ε2

2 ) = ε1+3ε2
2 − −ε1+ε2

2 = ε1 + ε2 ∈ ker κ̄c; i.e., the CW (c)-action is
non-trivial. This agrees with Bruhat–Tits theory as the adjoint building of Gb1

over k is a point (it is the
barycenter of an alcove of BG,k ), so that there is just one Gb1

(k)-conjugacy class of Coxeter tori.
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4. The maps Ẋw̄(b)→ Xw(b)

Here we review and extend some results from [Iva23, Section 11]. By [Iva23, Lemma 11.5] the space
Ẋẇ(b) depends—up to a Gb(k)×Tw(k)-equivariant isomorphism—only on the image of ẇ in the discrete
set LFw / kerκw and not on ẇ. As the concrete choice of ẇ never plays an important role, we make the
following simplifying definition. Recall from Lemma 3.5 that LFw / kerκw = Fw / ker κ̄w.

Definition 4.1. For b ∈G(k̆) and w̄ ∈ Fw / ker κ̄w, we denote by Ẋw̄(b) the space Ẋẇ(b) for an arbitrary lift
ẇ ∈ Fw(k̆) of w̄.

Proposition 4.2 (cf. [Iva23, Propositions 11.4 and 11.9]). Let w ∈W and b ∈G(k̆). There is a canonical map of
arc-sheaves

αw,b : Xw(b) −→ Fw / kerκw

defining a clopen decomposition Xw(b) =
∐

w̄∈Fw / kerκw
Xw(b)w̄, where Xw(b)w̄ := α−1

w,b({w̄}). For w̄ ∈
Fw / ker κ̄w, Ẋw̄(b) → Xw(b)w̄ is a pro-étale Tw(k)-torsor. In particular, Ẋw̄(b) , ∅ if and only if
w̄ ∈ im(αw,b).

Proof. Combine [Iva23, Propositions 11.4 and 11.9] with Lemma 3.5. □

We have the following emptyness criterion for Ẋw̄(b), i.e., a constraint on the image of αw,b. Recall the
map κ̄w : Fw / ker κ̄w→ π1(G)⟨σ⟩ from (3.5).

Proposition 4.3. Let b ∈G(k̆) and w̄ ∈ Fw / ker κ̄w. If Ẋw̄(b) , ∅, then κG(b) = κ̄w(w̄). In particular, αw,b

factors through a map αw,b : Xw(b)→ (κ̄w)−1(κG(b)).

Proof. Let ẇ ∈ Fw(k̆) be a lift of w̄. As Ẋẇ(b) , ∅, there is some algebraically closed field f ∈ Perf
F q

such

that Ẋẇ(b)(f) , ∅. Let ḡ ∈ Ẋẇ(b)(f), and let g ∈G(L) be a lift of ḡ . Then g−1bσ (g) ∈U(L)ẇU(L). We clearly
have κG(g−1bσ (g)) = κG(b). Furthermore, any element of U(L) can be conjugated to some Iwahori subgroup,
and the Kottwitz map is trivial on Iwahori subgroups. Thus κG(U) = 1. Thus κG(U(L)ẇU(L)) = κG(ẇ), and
the first claim follows. The last claim follows from the first and Proposition 4.2. □

Recall the map βw : X∗(Tsc)⟨σw⟩→ X∗(T)⟨σw⟩ from (2.1). We have the following diagram with compatible
simply transitive actions:

(4.1) (κ̄w)−1(κG(b)) �
�

// Fw / ker κ̄w
κ̄w
// // π1(G)⟨σ⟩

im(βw) �
�

//

⟲

X∗(T)⟨σw⟩
// //

⟲

π1(G)⟨σ⟩,

⟲

where the actions are induced by the left multiplication action of X∗(T) on Fw.

Corollary 4.4. If βw = 0, then αw,b factors through a point, i.e., there is at most one w̄ ∈ Fw / ker κ̄w such that
Ẋw̄(b) , ∅. In this case, Xw(b) , ∅ if and only if Ẋw̄(b) , ∅ and Ẋw̄(b)→ Xw(b) is a pro-étale Tw(k)-torsor.

Corollary 4.5. If G is of adjoint type and w is Coxeter, the conclusions of Corollary 4.4 hold. Moreover, in this
case, the map Ẋw̄(b)→ Xw(b) is quasi-compact.

Proof. The first claim follows from Corollary 4.4 and Remark 2.5. The last claim follows as Ẋw̄(b)→ Xw(b)
is a torsor under the profinite group Tw(k). □

In the case that b is basic and w = c is Coxeter, the situation simplifies as follows.

Corollary 4.6. Suppose b is basic and c is Coxeter. For any c̄ ∈ Fc / ker κ̄c such that Xc̄(b) , ∅, there exists a
b1 ∈ [b]∩Fc(k̆) lying over c̄, and there is a Gb(k)×Tc(k)-equivariant isomorphism Ẋc̄(b) � Ẋc̄(b1).
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Proof. By Proposition 4.3, Ẋc̄(b) , ∅ forces c̄ ∈ (κ̄c)−1(κ̄G(b)) = [b]∩ Fc / ker κ̄c, where the equality holds
by Proposition 3.10. This implies the existence of b1. For any g ∈ G(k̆) such that g−1bσ (g) = b1, x 7→ gx
induces an equivariant isomorphism Ẋc̄(b) � Ẋc̄(b1) by [Iva23, Remark 8.7]. □

Let us also record the following consequence.

Corollary 4.7. Suppose b is basic and c is Coxeter. Then αc,b factors through a surjection

αc,b : Xc(b) −→ [b]∩Fc / ker κ̄c.

There is a canonical surjection from the set of different non-empty pieces Xc(b)c̄ ⊆ Xc(b) to the set
T(Gb, c) / AdGb(k) of rational conjugacy classes of unramified Coxeter tori in Gb.
In particular, if G,b satisfy the assumptions of Proposition 3.13, then this surjection is a 1-to-1 correspondence.

Proof. The surjectivity of the map αc,b in the corollary follows (for example) from Theorem 1.1. The rest
immediately follows from Propositions 3.7, 3.10 and 3.13 □

We finish this section with the following remark on the non-basic case.

Remark 4.8. If [b] is non-basic and c Coxeter, then [b]∩Fc / ker κ̄c = ∅ by Lemma 3.11. Hence—although
we still have im(βc)tors = im(βc) just as in Proposition 3.10—we cannot conclude that [b]∩ Fc / kerκc =
(κ̄c)−1(κG(b)). In particular, our arguments do not imply that Xc(b) (equivalently, all of its covering
spaces Ẋc̄(b) with c̄ ∈ Fc / ker κ̄c) is empty. In agreement with this, Xc(b) indeed can be non-empty;
cf. [Iva23, Theorem 13.2].

5. A variant of Steinberg’s cross section

By the Dynkin diagram Dyn(G) of the unramified group G, we mean the Dynkin diagram of the split
group Gk̆ endowed with the action induced by the Frobenius σ . There is a unique decomposition into
σ -stable subdiagrams Dyn(G) =

∐
i Γi such that σ cyclically permutes π0(Γi) for each i. For each i, let Γi,0

be a connected component of Γi , so that Γi =
∐di

j=1σ
j(Γi,0). Then (Γi,0,σdi ) is a connected Dynkin diagram of

a group over kdi , an unramified extension of k of degree di .

Definition 5.1. We say that the unramified group G is of classical type if each connected component (Γi,0,σdi )
as above of Dyn(G) is of one of the following types: An−1 (n ≥ 2), Bm (m ≥ 2), Cm (m ≥ 2), Dm (m ≥ 4),
2An−1 (n ≥ 3) or 2Dm (m ≥ 4).

Although Theorem 1.1 and its corollaries essentially hold for all Coxeter elements (cf. the discussion
preceding Theorem 1.1), it will be convenient to work with particular ones. Therefore, we introduce the
following auxiliary notion.

Definition 5.2. Let G be of classical type. Let c ∈W be a Coxeter element. We call c special in the following
cases:

• If G is absolutely almost simple, c is special if it is of the form(5) given in (7.5) (resp. (7.7), (7.9), (7.13),
(7.18), (7.26)) if G is of type An−1 (resp. Cm, Bm, Dm,

2An−1,
2Dm).

• If G = Resk′/k G′ for a finite unramified extension k′/k and an absolutely almost simple k′-group G′ ,
we may identify the Weyl group W of G with

∏[k′ :k]
i=1 W ′ , where W ′ is the Weyl group of G′ and σ

acts cyclically. Then c is special if it is of the form (c′ ,1, . . . ,1), where c′ is a special Coxeter element
of W ′ .
• If G is isogeneous to a product

∏m
i=1 Gi of almost simple k-groups Gi , we may identify W =

∏m
i=1Wi ,

where Wi is the Weyl group of Gi . Then c = (ci)
m
i=1 is special if all ci are special.

(5)The explicit shape of these elements only becomes important when everything boils down to explicit calculations in Section 7. For
the sake of better readability, we postpone the explicit description until the relevant notation is introduced.
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5.1. A loop version of Steinberg’s cross section

For classical groups and special Coxeter elements, we now prove the existence of certain Steinberg
cross sections in our setup. This is a Frobenius-twisted loop version of [Ste65, Proposition 8.9] and [HL12,
Theorem 3.6 and Section 3.14], which will be an important ingredient in the proof of Theorem 1.1.

Let c ∈W be a Coxeter element. If b ∈ G(k̆) is any lift of c, then bσ has a unique fixed point x = xb
on AT,k̆ . Let Gx denote the corresponding parahoric Ok̆-model of G. We have the twisted Frobenius
σb = Ad(b) ◦ σ on LG,L+Gx. Let (cU∩U)x be the closure of cU∩U in Gx. Similarly, we have the closures
(cU∩U−)x and (cU)x of cU∩U− and cU in Gx.

Proposition 5.3. Let G be of classical type and c ∈W a special Coxeter element. Then

αb : L(cU∩U)×L(cU∩U−) −→ L(cU), (x,y) 7−→ x−1yσb(x)

is an isomorphism. The injectivity of αb holds for arbitrary elements c ∈W which are of minimal length in an
elliptic σ -conjugacy class (cf. [HL12] ).
Furthermore, αb restricts to an isomorphism

αb,x : L+(cU∩U)x ×L+(cU∩U−)x −→ L+(cU)x.

Remark 5.4. It looks very plausible that Proposition 5.3 holds for arbitrary Coxeter elements c. It should be
possible to prove this by adapting [HL12, Section 3.5, Theorem 3.6 and Section 3.14] to the present setting.
Let us make the relation of Proposition 5.3 with [HL12] more clear. With obvious notation (in particular, c is
Coxeter and b any lift of it), [HL12, Theorem 3.6] says that U× (U∩ bU−)→UbU, (u,z) 7→ uzσ (u)−1 is an
isomorphism if G is reductive over a finite field with Frobenius morphism σ (and, in fact, in various other
setups). As an easy corollary of this, [HL12, Section 3.14] states that α′b : (U∩ σ−1(c)−1

U)× (U∩ cU−)→ U,
(x,y) 7→ xyσb(x)−1 is an isomorphism in the same setup. Now the finite field version (without the loop
functors) of the map αb of Proposition 5.3 is obtained from α′b by a series of changes of variables (cf. the
first paragraph of the proof of Proposition 5.3), so that αb is an isomorphism if and only if α′b is.

Proof of Proposition 5.3. We work with the pro-étale topology on Perf
F q

and regard αb as a map of pro-étale

sheaves. The injectivity of αb may be derived from [HL12]. First, change the variable by setting y = σb(y1). It
remains to show that L(U∩ cU)×L(U∩ σ−1(c−1)U−)→ L(cU), x,y1 7→ x−1σb(y1x) is injective. Compose this
map with the isomorphism (·)−1 ◦σ−1 ◦Ad(b) : L(cU)→ LU. It remains to show that this composition, given
by x,y1 7→ x−1y−1

1 σ−1(b−1xb), is injective. Finally, change the variables by putting x = x−1
2 and y1 = y−1

2 ,

and set b̃ := σ−1(b)−1 with image c̃ in W . We are reduced to showing that L(U∩σ (c̃)−1
U)×L(U∩ c̃U−)→ LU,

x2, y2 7→ x2y2b̃σ
−1(x2)−1b̃−1 is injective. This follows from [HL12, Section 3.14(b)] applied to A = W(R)[1/ϖ]

(for any R ∈ Perf
F q
) and χ = φ−1

R .

We now show the surjectivity of αb. We may assume that G is of adjoint type. Then G =
∏r

i=1 Gi with Gi

almost simple k-groups, and we are immediately reduced to the case that G is almost simple over k.

Lemma 5.5. Let kd/k be an unramified extension of degree d ≥ 1, and suppose that G = Reskd /k G′ for a
kd-group G′ . If the surjectivity claim for αb of Proposition 5.3 holds for G′ , then it holds for G.

Proof. Identify Gk̆ =
∏d

i=1 G′
k̆
and similarly for the Weyl groups W , W ′ and unipotent radicals U,U′ of

Borels of G,G′ , so that the Frobenius σ permutes cyclically the components. As c is special, c = (c′ ,1, . . . ,1)
for a special Coxeter element c′ ∈W ′ . We then have cU∩U = (c

′
U′ ∩U′) ×U′ × · · · ×U′ and cU∩U− =

(c
′
U′ ∩U′−)× 1× · · · × 1. The lift b of c is then given by (b′ , τ2, . . . , τd) for a lift b′ of c′ to G′(k̆) and some

τi ∈ T′(k̆). Then the map αb from Proposition 5.3 is given by

(xi)
d
i=1, y1 7−→ (x−1

1 y1 Ad(b′)(σ ′(xd)),x−1
2 Ad(τ2)(x1), . . .x−1

d Ad(τ2)(xd−1)).

From this, surjectivity of αb for G immediately reduces to surjectivity of αb′ for G′ . □
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Lemma 5.6. If α̃b : L(U ∩ c−1
U) × L(U ∩ c−1

U−) → LU denotes the map α̃b(x,y) = x−1yσ (bxb−1), then
Ad(b−1)(αb(x,y)) = α̃b(Ad(b−1)(x),Ad(b−1)(y)).

Proof. This follows immediately from a computation. □

As G splits over k̆, Lemma 5.5 reduces us to the case that G is absolutely almost simple over k. It suffices
to show that the map α̃b from Lemma 5.6 is surjective. Write A = L(U∩ c−1

U), B = L(U∩ c−1
U−), C = LU.

For ⋆ ∈ {A,B,C}, write Φ⋆ = {α ∈ Φ : LUα ⊆ ⋆}, where Uα ⊆ G denotes the root subgroup corresponding
to α. We call a subset Ψ ⊆ Φ closed under addition if for any α,β ∈ Ψ with α + β ∈ Φ , we have α + β ∈ Ψ .

Lemma 5.7. There exist a positive integer r and subsets

ΦC = Ψ1 ⊇ Ψ2 ⊇ · · · ⊇ Ψr = ΦB

satisfying the following conditions:

(i) For all 1 ≤ i ≤ r, Ψi and Ψi ∖Ψr are closed under addition.
(ii) For all 1 ≤ i < r and all α,β ∈ Ψi , the implication α + β ∈ Φ⇒ α + β ∈ Ψi+1 holds.
(iii) For all 1 ≤ i ≤ r, σ (c(Ψi ∖Ψr )) ⊆ Ψi .

Proof. We give the desired partitions in Section 7.1.4 (type An−1), Section 7.2.4 (types Bm,Cm), Section 7.4.9
(type Dm), Section 7.5.7 (type 2An−1) and Section 7.6.4 (type 2Dm) after the relevant notation is introduced.
In each case, it is straightforward to check that the conditions of the lemma hold for the given partition; we
omit this checking. □

Lemma 5.8. Let I be a finite set not containing 0. Let λ : I → I ∪ {0} be a map such that λ−1(i) has at most
one element if i ∈ I . For any i ∈ I ∩ λ(I), let εi ∈ k̆×. Consider the map δ :

∏
i∈I LGa →

∏
i∈I LGa given by

δ((ai)i∈I ) = (bi)i∈I , where bi = 0 if λ−1(i) = ∅ and bi = εiφ(aλ−1(i)) otherwise. Then the map x 7→ x − δ(x) is
surjective for the pro-étale topology.

Proof. There are some integers s ≥ r ≥ 0 and a disjoint decomposition I =
∐r

i=1 Ii∪̇
∐s

i=r+1 Ii such that for
1 ≤ i ≤ r, λ restricts to a map Ii → Ii which is a full cycle of length #Ii (first type), and for r + 1 ≤ i ≤ s, λ
restricts to a map Ii → Ii∪̇{0}, which is, after choosing an isomorphism Ii � {1, . . . ,m}, given by λ(j) = j − 1
for all j ∈ Ii (second type). It suffices to show that the restriction of δ to

∏
j∈Ii LGa is surjective. Thus

we may assume that I is one of the Ii . If I = {1, . . . ,m} is of the second type, one has the filtration G• of

G =
∏m

i=1LGa by closed subschemes (ind-group schemes) Gj =
∏j

i=1LGa, stable by δ, such that x 7→ x−δ(x)
induces the identity on the associated graded object gr G•. From this, the result easily follows. If I is of
the first type, we may assume I = Z/mZ and λ(i) = i + 1. Replacing φ with φm, one is then immediately
reduced to the case that m = 1 and δ : LGa→ LGa, δ(x) = εφ(x) for some ε ∈ k̆×. Then Lemma 5.9 finishes
the proof. □

Lemma 5.9. Let ε ∈ k̆. Then the map id−εφ : LGa → LGa, x 7→ x − εφ(x) is surjective for the pro-étale
topology.

Proof. If ε < O×
k̆
, then id−εφ is an isomorphism. Indeed, if ordϖ(ε) > 0,

∑∞
i=0(εφ)i is a meaningful

endomorphism of LGa (as W(R) is ϖ-adically complete for each R ∈ Perf) and the inverse of id−εφ. If
ordϖ(ε) < 0, a similar argument goes through using id−εφ = −εφ(id−(εφ)−1). Now assume ε ∈ O×

k̆
. We

have LGa = lim−−→m→−∞
ϖmL+

Ga, and it suffices to show that id−εφ is surjective on L+
Ga = lim←−−r→∞L+

r Ga.
This follows from a pro-version of Lang’s theorem. □

We now prove the surjectivity of αb. For a subset Ψ ⊆ Φ+ closed under addition, let UΨ denote the
unique closed subgroup of U whose k̆-points are generated by {Uα(k̆)}α∈Ψ . As a k̆-scheme, UΨ is isomorphic
to

∏
α∈Ψ Uα . Write UΨ = LUΨ . Let {Ψi}ri=1 be a filtration as in Lemma 5.7. For 1 ≤ i ≤ r, we have the

closed subschemes (ind-group schemes) Ci := UΨi
of LU, with C1 = C, Cr = B. Moreover, condition (ii) from
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Lemma 5.7 guarantees that Ci+1 ⊆ Ci is a closed normal subgroup, with abelian quotient. As H1(k,H) = 0
for a split unipotent k-group H, we have Ci/Ci+1 �

∏
α∈Ψi ∖Ψi+1

LUα . Moreover, by condition (i), for
1 ≤ i ≤ r − 1, Ci has the closed subgroup Ai = UΨi ∖Ψr

, and condition (ii) implies that Ai+1 is normal
in Ai and that the inclusion Ai ↪→ Ci induces an isomorphism γi : Ai/Ai+1

∼−→ Ci/Ci+1. Moreover, by
condition (iii), the map σ ◦Ad(b) : Ai → Ci induces a map δi : Ai/Ai+1 → Ci/Ci+1. The composition
γ−1
i δi is an endomorphism of Ai/Ai+1 �

∏
α∈Ψi ∖Ψi+1

LUα , which is of the form given in Lemma 5.8. From
Lemma 5.8 it follows that a 7→ a · (γ−1

i δi)(a)−1 is a surjective endomorphism of Ai/Ai+1.
Let R ∈ Perf

F q
. Let xi ∈ Ci(R), and let x̄i be its image in (Ci/Ci+1)(R). By the above, after replacing R

with a pro-étale cover, we may find some ai ∈ Ai(R) with image āi ∈ (Ai/Ai+1)(R) such that āi ·(γ−1
i δi)(ā

−1
i ) =

γ−1
i (x̄i). Applying γi , we deduce the equation γi(āi)−1x̄iδi(āi) = 1 in (Ci/Ci+1)(R). The left-hand side is

precisely the image of α̃b(ai ,xi) ∈ Ci(R) in (Ci/Ci+1)(R). In other words, for each xi ∈ Ci(R), we may find
(after possibly enlarging R) some ai ∈ Ai such that α̃b(ai ,xi) ∈ Ci+1. Starting with an arbitrary x = x1 ∈ C(R)
and applying this procedure consequently for i = 1,2, . . . , r − 1, we deduce that after possibly enlarging R,
there are some a1, . . . , ar−1 ∈ A(R) such that for a = ar−1ar−2 . . . a1, we have α̃b(a,x) ∈ Cr(R) = B(R). (Here
we use that α̃b(b, α̃b(a,x)) = α̃b(ab,x).) This finishes the proof that αb is an isomorphism.

Next we turn to αb,x. Note that it is well defined as for x ∈ L+(cU∩U)x, σb(x) ∈ L(cU)∩L+Gx = L+(cUx),
the intersection taken in LG. Being the restriction of αb, it is injective, as αb is, and it remains to prove its
surjectivity. Applying Ad(b−1), which conjugates Gx to Gy, where y = b−1(x), and the analogue of Lemma 5.6,

it suffices to show that (with the obvious notation) the map α̃b,x : L+(U∩ c−1
U)y ×L+(U∩c−1

U−)y→ L+Uy,
α̃b(x,y) = x−1yσ (bxb−1) is surjective. By the same reasoning as in Lemma 5.5 (and the paragraph preceding
it), we are reduced to the case that G is absolutely almost simple over k. For Ψ ⊆ Φ+, let UΨ ,y denote
the closure of UΨ in Gy. We have UΨ ,y �

∏
α∈Ψ Uα,y. Replacing Ci ,B,Ai above with C+

i = L+UΨi ,y,

B+ = L+(U∩ c−1
U−), A+

i = L+UΨi ∖Ψr ,y and using the integral version of Lemma 5.8 (with essentially the
same proof), we can run the above inductive argument for the quotients A+

i /A
+
i+1, deducing the surjectivity

of αb,x. □

5.2. A variant of a Deligne–Lusztig space

Throughout this section we work with the arc-topology on Perf
F q
. Steinberg’s cross section allows us

to give a different presentation of the Deligne–Lusztig spaces Xc(b), Ẋc̄(b). We have the following general
definition.

Definition 5.10. Let w ∈W , ẇ ∈ Fw(k̆) and b ∈ G(k̆). Define Ẋẇ,b and X̃w,b by the following cartesian
diagrams:

Ẋẇ,b
//

� _

��

L(wU∩U−) · ẇb−1
� _

��

LG
g 7→g−1σb(g)

// LG

and
X̃w,b

//
� _

��

L(wU∩U−) ·LT
� _

��

LG
g 7→g−1σb(g)

// LG,

and let Xw,b := X̃w,b/LT.

Remark 5.11. The map g 7→ g−1σb(g) : LG→ LG factors through κ−1
G (κG(b)) ⊆ LG. Thus the map X̃c,b→

(cU∩U−) ·LT factors through (cU∩U−) ·κG|−1
LT(κG(b)). So, in the upper right entry of the right diagram of

Definition 5.10, we could have written (cU∩U−) ·κG|−1
LT(κG(b)) without changing the definition.

The group Gb(k)×Tw(k) acts on Ẋẇ,b by g, t : x 7→ gxt, and Gb(k) acts on Xw,b by g : x 7→ gx. We only
use these spaces in the case that w = c is a (special) Coxeter element.

Proposition 5.12. Let b ∈ G(k̆). Let c ∈W be a Coxeter element and ċ ∈ Fc(k̆). Whenever the conclusion of
Proposition 5.3 holds (e.g., G classical, c special Coxeter), the following hold:
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(i) There is a Gb(k)×Tc(k)-equivariant isomorphism Ẋċ(b) � Ẋċ,b.
(ii) If b ∈ Fc(k̆), then there is a Gb(k)-equivariant isomorphism Xc(b) � Xc,b.

Proof. (i) Consider the sheafification Ẋ ′ of the functor on Perf
F q
,

X1 : R 7−→
{
g ∈ LG(R) : g−1σb(g) ∈ L(cU)(R)ċb−1 = ċLU(R)b−1

}
/L(U∩ cU)(R).

By [Iva23, Proposition 12.1] Xċ(b) and Ẋ ′ are equivariantly isomorphic. It remains to show that Ẋ ′ � Ẋċ,b

equivariantly. Note that Ẋċ,b is the sheafification of

X2 : R 7−→
{
g ∈ LG(R) : g−1σb(g) ∈ L(cU∩U−)(R) · ċb−1

}
.

There is an obvious equivariant map X2→ X1, of which we claim that it is an isomorphism. This follows
once we check that

L(cU∩U)×L(cU∩U−) · ċb−1 −→ ċLUb−1 = L(cU) · ċb−1, x,y′ 7−→ x−1y′σb(x)

is an isomorphism. Substituting y′ = yċb−1, with y ranging in L(cU∩U−), this map becomes (x,y) 7→(
x−1yċσ (x)ċ−1

)
· ċb−1, which is an isomorphism by Proposition 5.3. The proof of (ii) is completely analogous.

□

Proposition 5.13. Suppose G is of adjoint type. Let c ∈W be as in Proposition 5.12 and b ∈ Fc(k̆). For any
ċ ∈ Fc(k̆) satisfying κG(b) = κG(ċ), there are Gb(k)-equivariant isomorphisms Xc(b) � Xc,b � Ẋċ,b / Tc(k).

Proof. By Proposition 5.12, it suffices to show that Ẋċ,b /Tc(k) � Xc,b. Writing

τ := ċ−1b ∈ (LT∩κ−1
G (κG(b)))(F q),

these sheaves are the sheafifications of the quotient presheaves

Y1 : R 7−→ {g ∈ LG(R) : g−1σb(g) ∈ L(U− ∩ cU)(R) · τ} / Tc(k)(R) and

Y2 : R 7−→ {g ∈ LG(R) : g−1σb(g) ∈ L(U− ∩ cU)(R) ·LT(R)} /LT(R),

respectively. We have an obvious map Y1→ Y2, and we claim its sheafification is an isomorphism. First,
the map between presheaves itself is injective (which already implies that its sheafification is injective, as
quotient presheaves are separated). Indeed, let g,h ∈ Y1(R). Then σb(g) = gugτ , σb(h) = huhτ for some
ug ,uh ∈ L(U− ∩ cU)(R). Suppose their images in Y2(R) agree, i.e., there is some t ∈ LT(R) such that gt = h.
Then σb(g)σb(t) = σb(h), and hence gugτσb(t) = huhτ ; i.e.,

σc(t) = σb(t) = τ−1u−1
g tuhτ

(the first equality holds as b ∈ Fc(k̆)). Thus, σc(t) = tu for some u ∈ L(U−∩ cU)(R), which implies u = 1, and
hence t ∈ (LT)σc(R) = Tc(k)(R).

Secondly, let g ∈ LG(R) satisfy σb(g) = gugτ
′ for some u ∈ (cU∩U−)(R) and τ ′ ∈ LT(R). By Remark 5.11,

κG(τ ′) = κG(b). Changing g to gt for some t ∈ LT(R) has no effect on the image of g in Y2(R) but amounts
to replacing τ ′ with τ ′t−1σ (t). Thus, to show that Y1→ Y2 is surjective when passing to sheafification, it
remains to check that the σc-twisted action morphism

LT× (LT∩κ−1
G (κG(b))) −→ LT∩κ−1

G (κG(b)), t,τ ′ 7−→ t−1τ ′σc(t)

is surjective for the arc-topology. In fact, it is even surjective for the pro-étale topology. Indeed, the space
LT∩κ−1

G (κG(b)) is fibered over (κ̄G|X∗(T))−1(κG(b)), all fibers being isomorphic to L+T . Using pro-Lang for
the σc-stable connected subscheme L+T ⊆ LT, we are reduced to showing that the map of discrete abelian
groups X∗(T)× (κ̄G|X∗(T))−1(κG(b))→ (κ̄G|X∗(T))−1(κ̄G(b)) given µ,χ 7→ χ+ σc(µ)−µ is surjective, i.e., that
the fibers of κ̄G|X∗(T) are torsors under im(σc − id : X∗(T)→ X∗(T)) = ker κ̄c. This holds by Remark 2.5 as
G is adjoint and c Coxeter. □
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6. Decomposition into integral p-adic spaces

In this section we begin with the proof of Theorem 1.1. Before that, we show that this theorem is indeed
sufficiently general to describe all spaces Xc(b) and Ẋc̄(b) for an unramified classical group G, c Coxeter
and b basic.

Proposition 6.1. Let b ∈G(k̆) be basic, c ∈W Coxeter and c̄ ∈ Fc / ker κ̄c. Suppose Ẋc̄(b) , ∅. Then there exist

• a special Coxeter element c1 ∈W (cf. Definition 5.2 ),
• a lift c̄1 ∈ Fc1

/ ker κ̄c1
and

• an element b1 ∈ [b]∩Fc(k̆) which lies over c̄1

such that Xc(b) � Xc1
(b1) and Ẋc̄(b) � Ẋc̄1

(b1), Gb(k)- (resp. Gb(k)×Tc(k)-)equivariantly.

Proof. By [Iva23, Corollary 8.18] there exists a special Coxeter element c1 such that Xc(b) � Xc1
(b) equiv-

ariantly. Moreover, we may find some c̄1 over c1 such that Ẋc̄(b) is equivariantly isomorphic to Ẋc̄1
(b);

cf. [Iva23, Lemma 8.16]. By Corollary 4.6 we may pick b1 ∈ [b]∩Fc1
(k̆) lying over c̄1. □

The rest of the article is devoted to the proof of Theorem 1.1. Thus we start with

• a special Coxeter element c ∈W and c̄ ∈ Fc / ker κ̄c,
• a basic element b which lies in Fc(k̆) and lifts c̄.

In Section 6.1 we reduce (1.3) to the case that G is absolutely almost simple and adjoint. In Section 6.2 we
then prove (1.3) by a v-descent argument, assuming the technical Proposition 6.3 (which essentially is (1.4) for
absolutely almost simple adjoint groups, cf. Corollary 6.4). Then it remains to deduce (1.4) from (1.3). This is
done in Section 6.3. Finally, in Section 7 we prove the remaining Proposition 6.3, which is the most technical
part of the proof. We also point out that specialness of c is only used in the proof of Proposition 6.3 and
nowhere else in the proof of Theorem 1.1.

6.1. Reduction of (1.3) to the adjoint absolutely almost simple case

First, note that both sides of the equality claimed in the theorem only depend on Gad (for the left-hand
side, use that G/B = Gad/Bad). Hence we may assume that G is of adjoint type. Then G decomposes as a
direct product of almost simple k-groups, and both sides of the claimed isomorphism (1.3) do so accordingly.
Thus we are reduced to the case that G is of adjoint type and almost simple.

If G is adjoint and almost simple, then G = Resk′/k G′ for some finite unramified extension k′/k and
some absolutely almost simple k′-group G′ . As B(G) = B(G′), cf. [Kot85, 1.10], (which allows us to change b
appropriately inside its σ -conjugacy class), Lemma 6.2 reduces us to the case that G is adjoint absolutely
almost simple.

We state and prove Lemma 6.2 in bigger generality than just for adjoint absolutely almost simple groups
and Coxeter elements. Let us fix notation first. Let k′/k be a finite unramified extension of degree d, let H′

be an unramified reductive group over k′ , with maximal quasi-split torus T′ . Let H = Resk′/k H′ . Let W ′

and W �
∏d

i=1W
′ be the Weyl groups of (H′ ,T′) and (H,Resk′/k T). Identifying the buildings of H over k

and of H′ over k′ , any point x ∈ AT,k̆ defines a parahoric model H′x of H′ , and we have Hx = ResOk′ /Ok
H′x;

cf. [HR20, Proposition 4.7]. Note that for definition (1.1) to work, we only need that the affine transformation
bσ fixes x (assumptions on c to be Coxeter and on b to be basic are redundant), so part (ii) of the following
lemma makes sense.

Lemma 6.2. Let w′ ∈W ′ , b′ ∈H′(k̆), and let w = (w′ ,1, . . . ,1) ∈W , b = (b′ ,1, . . . ,1) ∈H(k̆).

(i) We have XH
w (b) � XH′

w′ (b
′).

(ii) If b′ ∈ Fw′ (k̆) is such that b′σ ′ fixes x, then ẊGxw̄,b � Ẋ
G′x
w̄′ ,b′ and X

Gx
w,b � X

G′x
w′ ,b′ , where w̄ (resp. w̄′) is the

image of b (resp. b′) in Fw / ker κ̄w (resp. Fw′ / ker κ̄w′ ),
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These natural isomorphisms are compatible with the natural identifications H(k) = H′(k′) and H(Ok) =H′(Ok′ ).

Proof. (i) Let B′ be a k′-rational Borel subgroup of H′ which contains T′ , and let B = Resk′/k B′ be the corre-
sponding Borel subgroup of H. As k̆-groups, we have H �

∏d
i=1 H′ , with Frobenius permuting the components

cyclically. As L(·) commutes with products, we have L(H/B) =
∏d

i=1L(H′/B′). Let g = (g1, . . . , gd) ∈ L(G/B).
Then g ∈ Xw(b) if and only if the relative position of (g1, . . . , gd) and (σ ′(gd), g1, . . . , gd−1) is (w′ ,1, . . . ,1),
where σ ′ is the geometric Frobenius on L(G′/B′). This hold if and only if g1 = g2 = · · · = gd and g1 ∈ XH′

w′ (b).
Thus g 7→ g1 defines the claimed isomorphism.

(ii) Just as above, we have Hx �
∏d

i=1H′x. The same holds after applying L+(·). Moreover, wU∩U− =
(w
′
U′ ∩U′−,1, . . . ,1). Thus, g = (g1, . . . , gd) ∈ L+Hx lies in ẊHx

w,b if and only if

g−1σb(g) = (g−1
1 Ad(b′)(σ ′(gd)), g−1

2 g1, . . . , g
−1
d gd−1)) ∈ (L+(w

′
U′ ∩U′−),1, . . . ,1),

which is the case if and only if g1 ∈ Ẋ
H′x
w,b and the gi (i = 2, . . . ,d) are determined by appropriate formulas

in terms of g1. Thus g 7→ g1 defines the required isomorphism. The last isomorphism follows from the
first. □

Altogether, in the proof of (1.3) we may assume G to be absolutely almost simple and adjoint.

6.2. Disjoint decomposition

Here we reduce (1.3) to Proposition 6.3. Using Proposition 5.12 we may replace the left-hand side in (1.3),
resp. (1.4), by Xc,b, resp. Ẋb,b (as b lies over c̄). Consider the following (auxiliary) subsheaf of Ẋb,b:

Ẋb,b,O //
� _

��

L+(cU∩U−)x� _

��

LG
g 7→g−1σb(g)

// LG.

We then have the following result, whose proof occupies Section 7.

Proposition 6.3. Suppose G is absolutely almost simple and adjoint. We have Ẋb,b = Ẋb,b,O .

Corollary 6.4. Suppose G is absolutely almost simple and adjoint. We have a Gb(k) × Tc(k)-equivariant
isomorphism

Ẋb,b =
∐

γ∈Gb(k)/Gx,b(Ok)

γẊGx
c̄,b,

where ẊGx
c̄,b is as in (1.1).

Proof. Consider the composed map

(6.1) Ẋb,b ↪−→ LG −→ LG/L+Gx,

where the second map is the natural projection. By Proposition 6.3, for any R ∈ Perf
F q

and any g ∈ Ẋb,b(R),
we have σb(g) ∈ gL+(cU∩U)x(R) ⊆ gL+Gx(R). Now L+Gx ⊆ LG is a σb-stable subsheaf; thus σb acts on
LG/L+Gx. It follows that (6.1) factors through (LG/L+Gx)σb = Gb(k)/Gx,b(Ok), which is a discrete set. The

preimage of 1 · Gx(Ok) is precisely ẊGx
c̄,b. □

We now prove (1.3) for G as in Corollary 6.4 (this suffices by Section 6.1). We need to descend the
disjoint union decomposition of Corollary 6.4 to Xc,b. Recall that by [Ryd10, Corollary 2.9], a quasi-compact
morphism of schemes is universally subtrusive if and only if it satisfies the condition in [BS17, Definition 2.1],
i.e., is a v-cover. We need the following version of [Ryd10, Theorem 4.1].
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Lemma 6.5. Let S ′→ S be a quasi-compact universally subtrusive map between schemes. Let E ⊆ S be a subset,
E′ = f −1(E). Then E is closed (resp. open) if and only if E′ is closed (resp. open).

Proof. It suffices to prove the claim for closed sets. The “only if” part is clear. For the other direction, it
suffices by [Ryd10, Corollary 1.5] to show that E is closed in the constructible topology and stable under
specializations if the same holds for E′ . As f is quasi-compact, f is closed in the constructible topology;
cf. [Ryd10, Proposition 1.2]. Hence E = f (E′) is closed in the constructible topology. Let x0⇝ x1 be a
specialization relation in S with x0 ∈ E. As f is universally subtrusive, x0⇝ x1 lifts to a specialization
relation y0⇝ y1. Then y0 ∈ E′ and as E′ is closed, also y1 ∈ E′ . Hence x1 = f (y1) ∈ f (E′) = E. □

The space Xc,b is an ind-scheme by Proposition 5.12 and [Iva23, Theorem C]. Thus for any map T → Xc,b

with T a quasi-compact scheme, the fiber product T ×Xc,b
Ẋb,b with the scheme Ẋb,b is again a scheme.

Moreover, the map T ×Xc,b
Ẋb,b→ T is quasi-compact and a v-cover by Corollary 4.5. Hence this map is

universally subtrusive, cf. [Ryd10, Corollary 2.9], and by Lemma 6.5 and Corollary 6.4, T admits a disjoint
union decomposition T =

∐
γ∈Gb(k)/Gx,b(Ok)Tγ which is functorial in T . Doing this for all maps T → Xc,b

from a quasi-compact scheme T into Xc,b, we deduce a disjoint union decomposition of Xc,b indexed by the

same set. The subscheme (ind-scheme) corresponding to γ = 1 is the quotient of ẊGx
c̄,b by Tc(k), which equals

XGx
c,b by definition. This proves (1.3).

6.3. Proof of (1.4)

Using Proposition 5.12 we may replace the left-hand side in (1.4) by Ẋb,b (as b lies over c̄). If G is of adjoint
type, (1.4) follows from Corollary 6.4 and the discussion in Section 6.1. We now proceed in two steps.

6.3.1. Special case: The center Z of G is an unramified induced torus.

Lemma 6.6. The natural map p : Gb(k)/Gx,b(Ok)→Gad
b (k)/Gad

x,b(Ok) is surjective, and its fibers are X∗(Z)⟨σ⟩-
torsors.

Proof. As Z is an induced torus, H1(σ,Z) = 0. Hence Z(k) ↪→Gb(k)↠Gad
b (k) is exact. Let Z denote the

reductive Ok-model of Z. Using H1(σ,Z(Ok̆)) = 0 (by the pro-version of Lang’s theorem), we deduce the
exact sequence Z(Ok) ↪→ Gx,b(Ok)↠ Gad

x,b(Ok). Factoring this sequence out from the first one, and using

Z(k)/Z(Ok) � X∗(Z)⟨σ⟩ (which again follows from H1(σ,Z(Ok̆)) = 0), we obtain the lemma. □

Let π : LG→ LGad be the natural map. It is surjective as π1(G)→ π1(Gad) is. For g ∈G, write ḡ for
π(g). For any τ ∈ X∗(Z), choose a lift τ̃ ∈ Z(k̆) subject to the condition that τ̃ ∈ Z(k) if z ∈ X∗(Z)⟨σ⟩. We
have π−1(L+Gad

x ) =
∐

τ∈X∗(Z) τ̃L
+Gx (indeed, L+Gx ⊆ π−1(L+Gad

x ), and the quotient is the discrete scheme

X∗(Z)). Consequently, if γ̄ ∈Gad
b (k)/Gad

x,b(Ok) with a fixed lift γ ∈Gb(k)/Gx,b(Ok), then

(6.2) π−1(γ̄ẊG
ad
x

b,b ) =
∐

τ∈X∗(Z)

γτ̃Y , where Y
def
=

{
g ∈ L+Gx : ḡ−1σb(ḡ) ∈ L+

(
cUad ∩Uad−

)
x

}
.

Lemma 6.7. If τ ∈ X∗(Z)∖X∗(Z)⟨σ⟩, then Ẋb,b ∩γτ̃Y = ∅.

Proof. It suffices to prove that (Ẋb,b ∩ γτ̃Y )(f) = ∅ for any algebraically closed field f ∈ Perf
F q
. Let

g ∈ L+Gx(f) be such that γτ̃g ∈ (Ẋb,b ∩ γτ̃Y )(f). Then g−1σb(g) ∈ π−1(L+(cUad ∩ Uad−)x)(f) =
(L+Z)(f) ·L+(cU∩U−)x(f), where Z is the reductive Ok-model of Z. Write g−1σb(g) = ζu with ζ ∈ (L+Z)(f)
and u ∈ L+(cU∩U−)x(f). Then

(γτ̃g)−1σb(γτ̃g) = τ̃−1σ (τ̃)g−1σb(g) = τ̃−1σ (τ̃)ζu,

where we have σb(τ̃) = σ (τ̃) as τ̃ is central. This cannot lie in L+(cU∩U−)(f) as the image of ζ ∈ L+Z(f) ⊆
LZ(f) in X∗(Z) is 0 but the image of τ̃−1σ (τ̃) in X∗(Z) is non-zero by assumption. □
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As Ẋb,b ⊆ π−1(Ẋad
b,b), the disjoint decomposition for Ẋad

b,b (cf. beginning of Section 6.3) implies, together

with (6.2) and Lemmas 6.6 and 6.7, that Ẋb,b is the disjoint union of all γẊGx
b,b, where γ varies through

Gb(k)/Gx,b(Ok), which is precisely (1.4).

6.3.2. General case. An arbitrary G admits a derived embedding G ↪→ G̃ such that G̃ is unramified
reductive and the center of G̃ is an unramified induced torus. (This was pointed out to us by M. Borovoi;
cf. [Bor21].) Now the result follows from Section 6.3.1 and the next proposition.

Proposition 6.8. Let G ↪→ G̃ be a derived embedding. If (1.4) holds for G̃, then it holds for G.

Proof. We identify G with a subgroup of G̃. Knowing ẊG̃
b,b =

∐
γ∈G̃b(k)/G̃x,b(Ok)γẊ

G̃x
c̄,b as subsheaves of LG̃, we

have to show that Ẋb,b =
∐

γ∈Gb(k)/Gx,b(Ok)γẊ
Gx
c̄,b.

Lemma 6.9. Let f ∈ Perf
F q
be an algebraically closed field. Let L := W(f)[1/ϖ]. We have G(L)∩ G̃x(OL) =

Gx(OL).

Proof. By [HR08, Proposition 3] we have Gx(OL) = FixG(L)(x)∩ ker κ̃G and G̃x(OL) = FixG̃(L)(x)∩ ker κ̃G̃,
where Fix(x) denotes the stabilizer of the vertex x in the respective group (we identify the adjoint groups
of G and G̃). As π1(G)→ π1(G̃) is injective, cf. [Bor98, Lemma 1.5], we have ker κ̃G̃ ∩G(L) = ker κ̃G. As
the actions on the adjoint building are compatible with the inclusion G ↪→ G̃, we have FixG̃(L)(x)∩G(L) =

FixG(L)(x). Putting all these together, we deduce G̃x(OL)∩G(L) = Gx(OL). □

Taking σb-invariants in Lemma 6.9, we deduce that G̃x,b(Ok) ∩Gb(k) = Gx,b(Ok). In particular, the
natural map Gb(k)/Gx,b(Ok)→ G̃b(k)/G̃x,b(Ok) is injective. Pick some γ̄ ∈ G̃b(k)/G̃x,b(Ok), represented by
γ ∈ G̃b(k).

Lemma 6.10. If γẊG̃x
c̄,b ∩LG , ∅, then γ̄ ∈Gb(k)/Gx,b(Ok).

Proof. By assumption, the sheaf γẊG̃x
c̄,b∩LG admits a geometric point. Let f ∈ Perf

F q
be algebraically closed,

such that there exists some x ∈ ẊG̃x
c̄,b(f) with γx ∈ LG(f). Write L = W(f)[1/ϖ]. By the definition of ẊG̃x

c̄,b, we
have

x−1σb(x) ∈ (cU∩U−)x(OL) ⊆ Gx(OL)

(here, we identify U ⊆ G with the unipotent radical of a Borel of G̃). As H1(σb,L+Gx) = 0, we find some
ζ ∈ Gx(OL) such that x−1σb(x) = ζ−1σb(ζ). In particular, xζ−1 ∈ G̃x(OL)σb = G̃x,b(Ok). From this and
γ ∈ G̃b(k), it follows that γxζ−1 ∈ G̃b(k). Moreover, γxζ−1 ∈ G(L) as γx ∈ G(L) and ζ ∈ Gx(OL) ⊆ G(L).
Combining these observations, we deduce γxζ−1 ∈G(L)σb = Gb(Ok). Finally, xζ−1 ∈ G̃x(OL); thus γ and
γxζ−1 represent the same class in Gb(k)/Gx,b(Ok) as Gb(k)/Gx,b(Ok)→ G̃b(k)/G̃x,b(Ok) is injective. The
lemma is proved. □

Next we claim that

(6.3) ẊG̃x
c̄,b ∩LG = ẊGx

c̄,b.

Lemma 6.11. Let X be an ind-(reduced scheme) over F q and let Y ,Z be two closed subfunctors, which are

themselves ind-(reduced schemes). If Y (f) = Z(f) for any algebraically closed field f/F q, then Y = Z .

Proof. Write X = lim−−→i
Xi for qcqs reduced schemes Xi and an index set I . Then Y ∩Xi ,Z ∩Xi are closed

reduced subschemes of Xi , which agree on geometric points. Thus Y ∩Xi = Z ∩Xi for each i, and hence
also Y = Z as the Xn exhaust X. □
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By combining Lemma 6.11 with Lemma 6.9 we see that LG∩ L+G̃x = L+Gx (note that any ind-(perfect

scheme) is automatically an ind-(reduced scheme)). As ẊG̃x
c̄,b ⊆ L+G̃x by definition, we deduce ẊG̃x

c̄,b ∩ LG =

ẊG̃x
c̄,b ∩L

+Gx. Now, Ẋ
G̃x
c̄,b ∩L

+Gx = ẊGx
c̄,b is immediate, proving (6.3).

Finally, observe that Ẋb,b = ẊG̃
b,b ∩LG. Now we compute

Ẋb,b = ẊG̃
b,b ∩LG =

∐
γ∈G̃b(k)/G̃x,b(Ok)

(
γẊG̃x

c̄,b ∩LG
)

=
∐

γ∈Gb(k)/Gx,b(Ok)

(
γẊG̃x

c̄,b ∩LG
)

=
∐

γ∈Gb(k)/Gx,b(Ok)

γ
(
ẊG̃x
c̄,b ∩LG

)
=

∐
γ∈Gb(k)/Gx,b(Ok)

γẊGx
c̄,b,

where the second equality is by the assumption of the proposition, the third is by Lemma 6.10 and the fifth
holds by (6.3). This proves the proposition. □

6.4. Quasi-split case

We work in the setup of Section 1.3. In particular, we have the Coxeter element c, and we have
c̄ ∈ [1]∩Fc / ker κ̄c (if c̄ ∈ Fc / ker κ̄c∖ [1], then Ẋc̄(1) = ∅ by Corollary 4.6). First, we justify that a choice of
ċ as claimed in Section 1.3 is indeed possible. It is well known (in the quasi-split case) that T(G, c) / AdG(k)
is in natural bijection with G(k)-orbits in the set of hyperspecial vertices of BG,k = B⟨σ⟩

G,k̆
(cf. [DeB06]

or [DI20, Lemma 2.6.2]). Let [Tc̄] ∈ T(G, c) / AdG(k) be the class corresponding to c̄ under the surjection
[1]∩ Fc / ker κ̄c ↠ T(G, c) / AdG(k) from Proposition 3.7. Then letx be any hyperspecial vertex in BG,k

corresponding to [Tc̄] under the above bijection. As x is hyperspecial, c admits a lift ċ ∈ Fc(k̆)∩Gx(Ok̆).
As c is Coxeter, the affine transformation ċσ of AT,k̆ admits a unique fixed point, which necessarily equals
x. Comparing the two parametrizations of T(G, c) / AdG(k) above, we see that the image of ċ equals the
image of c̄ in ([1]∩Fc / ker κ̄c) /CW (cσ ). Replacing ċ with γċ for an appropriate γ ∈ CW (cσ ), we have that
ċ lifts c̄.

Now we prove Corollary 1.3. We only prove the first isomorphism (the second is completely analogous). We
may assume that G is adjoint. By the pro-version of Lang’s theorem for Gx, we may find an h ∈ Gx(Ok̆) such
that h−1ċσ (h) = 1. By [Iva23, Remark 8.7], g 7→ hg : LG→ LG induces an isomorphism Xc(ċ)

∼−→ Xc(1)
which is equivariant with respect to Ad(h) : G(k) ∼−→ Gċ(k). Moreover, Ad(h) restricts to an isomorphism
Gx,1(Ok̆) ∼−→ Gx,ċ(Ok̆), thus inducing G(k)/Gx,1(Ok̆) ∼−→ Gċ(k)/Gx,ċ(Ok̆). Exploiting Theorem 1.1 for Xc(ċ), we

are reduced to showing that g 7→ hg : L+Gx→ L+Gx induces an isomorphism X
Gad

x
c,ċ

∼−→ XGx
c (1). We compute

(quotients are taken in the category of arc-sheaves)

X
Gad

x
c,ċ = {g ∈ L+Gx : g−1σċ(g) ∈ L+(cU∩U−)x}/Tc(k)

� {g ∈ L+Gx : g−1σċ(g) ∈ L+(cU∩U−)x ·L+T }/L+T

� {g ∈ L+Gx : g−1σ (g) ∈ L+(cU∩U−)x ·L+T · ċ}/L+T

� {g ∈ L+Gx : g−1σ (g) ∈ ċ ·L+Bx}/L+(cU∩U)xL
+T

� {g ∈ L+(Gx/Bx) : g−1σ (g) ∈ L+Bx · ċ ·L+Bx}/L+Bx � XGx
c (1),

where the third isomorphism is g 7→ hg and in the fourth isomorphism, we exploit the last statement of
Proposition 5.3.
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7. Estimates via Newton polygons

In this section we prove Proposition 6.3 for an absolutely almost simple classical group Gad of adjoint
type (so, compared to Section 6.2, we change our notation, and the group which was denoted by G there is
Gad here). It will be more convenient to work with a certain central extension p : G→Gad, whose kernel
Z = ker(p) is an unramified torus. (Which central extension we take is specified in each particular case
of our case-by-case study below; see Sections 7.1.1, 7.2.1, 7.3.1, 7.4.1, 7.5.1, 7.6.1.) Then we have the exact
sequence

(7.1) X∗(Z)⟨σ⟩ −→ π1(G)⟨σ⟩ −→ π1(Gad)⟨σ⟩ −→ 0.

Remark 7.1. In our case-by-case study below, the left map will be injective, except in type 2An−1 with n even.
(This is clear in the split cases An−1,Bm,Cm,Dm; see Sections 7.5.2 and 7.6.2 for the cases 2An−1 (n odd)
and 2Dm.) In type 2An−1 with n even, the left map will be the zero map Z/2Z→Z/2Z (see Section 7.5.2).

We let b̄ ∈ Fad
c (k̆) ⊆Gad(k̆) be a basic element lying over a Coxeter element c ∈W , so that we have to

show that Xad
b̄,b̄

= Xad
b̄,b̄,O within LGad. It suffices to show that the Lang map g 7→ g−1σb̄(g) : Xad

b̄,b̄
→ L(cU∩U)

factors through the closed subscheme L+(cU∩U)x. As all rings in Perf
F q

are reduced, it suffices to do so on

geometric points. Let f denote a fixed algebraically closed field in Perf
F q

and put L := W(f)[1/ϖ].

As π1(G)⟨σ⟩ → π1(Gad)⟨σ⟩ is surjective, b̄ lifts to a basic element b ∈ Fc(k̆) ⊆ G(k̆). For any element

ζ̄ ∈ ker
(
X∗(Z)⟨σ⟩→ π1(G)⟨σ⟩

)
, fix a representative ζ ∈ X∗(Z) of ζ̄. For each such ζ, we have the commutative

diagram

(7.2) Ẋbϖζ ,b
qb,ζ

// Ẋad
b̄,b̄

Ẋbϖζ ,b,O //
?�

OO

Ẋad
b̄,b̄,O ,
?�

OO

where the objects on the left (resp. right) are contained in LG (resp. LGad), and where

Ẋbϖζ ,b,O
def
=preimage of L+(cU∩U−)xϖ

ζ under g 7→ g−1σb(g) : LG→ LG

is a subsheaf of Ẋbϖζ ,b.

Lemma 7.2. We have ⋃
ζ̄∈ker(X∗(Z)⟨σ⟩→π1(G)⟨σ⟩)

qb,ζ(Ẋbϖζ ,b(f)) = Ẋb̄,b̄(f).

Proof. Let ḡ ∈ Ẋad
b̄,b̄

(f). The map LG(f)→ LGad(f) is surjective (as H1(L,Z) = 0). Thus we may lift ḡ to

some g ∈ LG(f). Then g−1σb(g) = uz with u ∈ (cU∩U−)(L) and z ∈ Z(L). On the other hand, it is clear that
under κG : G(L)→ π1(G)⟨σ⟩, the element g−1σb(g) maps to 0. As also κG((cU∩U−)(L)) = 0, we deduce

that κG(z) = 0. Thus the image ζ̄ of z in X∗(Z)⟨σ⟩ lies in ker
(
X∗(Z)⟨σ⟩→ π1(G)⟨σ⟩

)
. The exactness of (2.4)

implies that there exists some τ ∈ Z(L) such that z = τ−1σ (τ)ϖζ . Replacing g with gτ−1 and recalling that
Z is central in G, we get g−1σb(g) ∈ (cU∩U−)(L)ϖζ , i.e., g ∈ Ẋbϖζ ,b(f). □

To show that the right arrow in (7.2) is surjective, it suffices (using Lemma 7.2) to show that the left
vertical arrow is surjective on f-points for all ζ̄. Thus, finally, we are reduced to showing that the inclusion
Ẋbϖζ ,b,O(f) ↪→ Ẋbϖζ ,b(f) is surjective, i.e., that

(7.3) ∀g ∈ Ẋbϖζ ,b(f), we have g−1σb(g) ∈ L+(cU∩U−)x(f)ϖζ ;
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we will do this in the following subsections case by case. As mentioned in Remark 7.1, we have
#ker

(
X∗(Z)⟨σ⟩→ π1(G)⟨σ⟩

)
= 1, and it will suffice to prove only the surjectivity of Ẋb,b,O(f) ↪→

Ẋb,b(f), with the only exception (treated in Section 7.5.6) in the case 2An−1 with n even, when
#ker

(
X∗(Z)⟨σ⟩→ π1(G)⟨σ⟩

)
= 2. We will use the following well-known property of isocrystals.

Lemma 7.3. Let (V ,ϕ) be an isocrystal over f which is isoclinic of slope λ and dimension n ≥ 1. Let v
be a cyclic vector of (V ,ϕ), that is, an element v ∈ V such that the set {ϕi(v)}n−1

i=0 is a basis of V . Write
ϕn(v) =

∑n−1
i=0 Aiϕ

i(v) with Ai ∈ L. Then ordϖ(Ai) ≥ (n− i)λ.

Proof. The Newton polygon of (V ,ϕ) is the straight line segment connecting the points (0,0) and (n,λn)
in the plane. It coincides with the Newton polygon of the polynomial

∑n
i=0AiX

i ∈ L[X] with An = 1,
which is by definition the convex hull of the points (i,ordϖ(An−i)); cf. [Bea12, Sections 3.1 and 3.2]
or [Ked04, Proposition 5.7] . □

Finally, note that if g ∈ Ẋb,b(f), then g−1σb(g) = y ∈ (cU∩U−)(L), i.e., we have

(7.4) bσ (g) = gyb.

We will now proceed case by case. Below we will denote the fixed point x of bσ by xb (to make the
notation non-ambiguous). Also recall the notation from Section 2, especially Section 2.1.2.

7.1. Type An−1

This case is treated in [CI21a,CI23]. We include it for the sake of completeness.

7.1.1. Let n ≥ 2, and let V0 be an n-dimensional k-vector space with an (ordered) basis {e1, . . . , en}.
Whenever convenient, identify V0 with kn via this basis. Let G = GLn(V0).

7.1.2. Let T ⊆ B ⊆ G be the diagonal torus and the upper triangular Borel subgroup. Then X∗(T) �⊕n
i=1Zβi , with βi : t 7→ (1⊕i−1, t,1⊕n−i). Then X∗(Tsc) = ZΦ∨ =

⊕n−1
i=1 Z · (βi+1 − βi), X∗(Z) = Z ·

∑n
i=1βi .

Then π1(Gad) = X∗(T)/ZΦ∨ +X∗(Z) �Z/nZ, the isomorphism given by sending 1 to the class β̄i of βi for
any i.

We have Φ = {αi−j : 1 ≤ i < j ≤ n}, where αi−j : (tλ)nλ=1 7→ tit
−1
j and ∆ = {αi−(i+1) : 1 ≤ i ≤ n − 1}. We

have the Coxeter element

(7.5) c = sα1−2
sα2−3

. . . sα(n−1)−n = (1,2, . . . ,n).

For 0 ≤ κ < n, consider the lift ċκ of c to G(k̆) given by ei 7→ ei+1 for 1 ≤ i < n and en 7→ ϖκe1. Then ċκ
maps to κβ̄1 ∈ π1(Gad), and Gċκ run through all inner forms of G.

We identify ATad,k̆ with X∗(Tad)
R
by sending 0 ∈ X∗(T)

R
to the σ -stable hyperspecial point corresponding

to
⊕n

i=1Ok̆ei ⊆ V0 ⊗k k̆.
The group cU ∩ U− is generated by the root subgroups attached to αi−1 (1 < i ≤ n). An element

y ∈ (cU∩U−)(R) is given by e1 7→ e1 +
∑n

i=2 ai−1ei ; ei 7→ ei for 2 ≤ i ≤ n.

7.1.3. Let b = ċκ with 0 ≤ κ < n. We compute xb =
(
− (i−1)κ

n

)n
i=1

. Let g ∈ Ẋb,b(f). Then (7.4) holds with y

as described in Section 7.1.2. We have to show that y ∈ Gxb
(OL), or equivalently (see e.g. [MP94, Section 2.5])

(7.6) ordϖ(ai) ≥ ⟨α(i+1)−1,xb⟩ = −κi
n

∀1 ≤ i ≤ n− 1.

Consider the φ-linear isocrystal (V ,ϕ) = (V0 ⊗k L,bσ ) over f. It is isoclinic of slope κ
n . For 1 ≤ i ≤ n, let

gi = g(ei). Then σ (g)(ei) = σ (gi) for all i. Thus, (7.4) implies ϕ(gi) = gyb(ei). Using this equation for all
i , n and writing v := g1, we deduce gi = ϕi−1(v) for 1 ≤ i ≤ n− 1. In particular, {ϕi(v)}n−1

i=0 is an L-basis
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of V . Using ϕ(gi) = gyb(ei) for i = n and inserting the values for gi , we arrive at the equation

ϕn(v) = ϖκv +
n−1∑
i=1

ϖκaiϕ
i(v).

Now Lemma 7.3 shows that ordϖ(ai) ≥ κ
n (n− i)−κ = −κin . This gives (7.6), and we are done.

7.1.4. Proof of Lemma 5.7 for type An−1. The action of c on Φ+ is as follows: c(αi−j ) = α(i+1)−(j+1) for
1 ≤ i < j < n; c(αi−n) ∈ Φ− for 1 ≤ i < n. For 1 ≤ i ≤ r = n− 1, put Ψi = {αi′−j ′ ∈ Φ+ : j ′ ≥ i + 1}.

7.2. Type Cm

7.2.1. Let m ≥ 2. Let V0 be a 2m-dimensional k-vector space with an (ordered) basis {e1, . . . , em,
e−m, . . . e−1}. Whenever convenient, we will identify V0 with k2m via this basis. Let ⟨·, ·⟩ be the alternating
bilinear form on V0 determined by ⟨e±i , e±j⟩ = 0 if i , j and ⟨ei , e−i⟩ = 1 for 1 ≤ i ≤m. Let G be the closed
k-subgroup of GL(V0) of elements preserving ⟨·, ·⟩ up to a scalar; i.e.,

G(R) = {g ∈GL(V0)(R) : ⟨gu,gv⟩ = λ(g)⟨u,v⟩ for all u,v ∈ V0 ⊗k R},

where λ(g) ∈ R× is a unit only depending on g . The group G is the group of symplectic similitudes, and the
character λ : G→Gm is called the similitude character.

7.2.2. Let T ⊆ B ⊆ G be the diagonal torus and the Borel subgroup consisting of upper triangular
matrices in G. Then T = {(t0t1, . . . , t0tm, t−1

m , . . . , t−1
1 ) : ti ∈Gm} and X∗(T) =

⊕m
i=0Zεi , where

ε0 : t 7−→ (t⊕m,1⊕m) and εi : t 7−→ (1⊕i−1, t,1⊕2(m−i−1), t−1,1⊕i−1) for 1 ≤ i ≤m

are cocharacters of T. We have X∗(Tad) = X∗(T)/Z · (2ε0 −
∑m

i=1 εi) and X∗(Tsc) =
⊕m

i=1Zεi . In particular,
π1(Gad) = X∗(Tad)/X∗(Tsc) �Z/2Z, generated by the class of ε0.

We have Φ = {α±i±j : (ti)
m
i=1 7→ t±1

i t±1
j : 1 ≤ i < j ≤ m} ∪ {α±2·i : (ti)

m
i=1 7→ t±2

i : 1 ≤ i ≤ m} and ∆ =
{αi−(i+1) : 1 ≤ i ≤m− 1} ∪ {α2·m}. We have the Coxeter element

(7.7) c = sα1−2
· · · · · sα(m−1)−msα2m

= (1,2, . . . ,m− 1,m,2m,2m− 1, . . . ,m+ 1).

We consider two lifts ċ0, ċ1 of c to G(k̆). The first is given by ċ0(e±i) = e±(i+1) for 1 ≤ i ≤m−1, ċ0(e±m) = e∓1.

The second is ċ1 = ċ0ε0(ϖ). Then ċ0, ċ1 are basic, and the image of ċ0, resp. ċ1, in Gad(k̆) represents
0 ∈ π1(Gad), resp. ε̄0 ∈ π1(Gad). Thus the pairs (G,σċi ) (i = 1,2) represent the two inner forms of G.

We identify ATad,k̆ with X∗(Tad)
R
by sending 0 ∈ X∗(T)

R
to the σ -stable hyperspecial point (“the origin”)

corresponding to the self-dual lattice
⊕m

i=1

(
Ok̆ei ⊕Ok̆e−i

)
⊆ V0 ⊗k k̆.

The group cU∩U− is generated by root subgroups attached to αi−1 (2 ≤ i ≤m) and α−2·1. Explicitly, any
element y ∈ (cU∩U−)(R) is an R-linear map in GL(V0)(R) given by e1 7→ e1 +

∑m
i=2 ai−1ei +ame−m; ei 7→ ei

for 2 ≤ i ≤m and i = −1; e−i 7→ e−i − ai−1e−1 for all 2 ≤ i ≤m.

7.2.3. Let b = ċκ with κ ∈ {0,1}. We compute that xb = 0 if κ = 0 and that xb =
∑m

i=1λiεi with
λi = −m4 + i−1

2 for 1 ≤ i ≤m if κ = 1. Let g ∈ Ẋb,b(f). Then (7.4) holds with y as described in Section 7.2.2,
depending on some a1, . . . , am ∈ L. We have to show that y ∈ Gxb

(OL), which is (as in Section 7.1.3) equivalent
to

(7.8) ordϖ(ai) ≥
κi
2
∀1 ≤ i ≤m.

Consider the φ-linear isocrystal (V ,ϕ) = (V0⊗kL,bσ ) over f. It is isoclinic of slope κ
2 . For i ∈ {±1, . . . ,±m},

let gi := g(ei). Then σ (g)(ei) = σ (gi) for all i. Hence (7.4) implies ϕ(gi) = gyb(ei). Using this equation for
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all i ,m+ 1 and writing v := g1, we deduce that gi = ϖκ(1−i)ϕi−1(v) for 2 ≤ i ≤m, g−1 = ϖ−κmϕm(v) and

g−i = ϖ−κmϕm+i−1(v) +
i−1∑
j=1

ϖ−κmφi−1−j(aj )ϕ
m+i+1−j(v) for 2 ≤ i ≤m.

In particular, {ϕi(v)}2m−1
i=0 is a basis of V ; i.e., v is a cyclic vector for V . Finally, applying ϕ(gi) = gyb(ei) for

i = m+ 1 and inserting the above formulas for the gi , we deduce

ϕ2m(v) = ϖκmv +
m∑
i=1

ϖκ(m−i)aiϕ
i(v)−

2m∑
m+1

φi−m(a2m−i)ϕ
i(v).

Now Lemma 7.3 shows that ordϖ(ai) ≥ 0 for all 1 ≤ i ≤m if j = 0 and that ordϖ(ϖm−iai) ≥ 1
2 (2m− i), i.e.,

that ordϖ(ai) ≥ i
2 for all 1 ≤ i ≤m, if j = 1. This shows (7.8), and we are done.

7.2.4. Proof of Lemma 5.6 for types Cm and Bm. The action of c on Φ+ is as follows: for 1 ≤ i < j < m,
c(αi±j ) = α(i+1)±(j+1); for 1 ≤ i < m, c(αi−m) = α1+(i+1); for 1 ≤ i ≤m− 1, c(αi+m) ∈ Φ−; for 1 ≤ i ≤m− 1,
c(α2·i) = α2·(i+1); c(α2·m) ∈ Φ−.

We set r = m+1; Ψm+1 = {αi+m}m−1
i=1 ∪{α2·m}; Ψm = {αi+j : 1 ≤ i < j ≤m}∪{α2·i}mi=1; and for 1 ≤ i0 ≤m−1,

Ψi0 = Ψm ∪ {αi−j : 1 ≤ i < j ≤m and i0 < j}. Replacing all roots with the corresponding coroots, we obtain
by duality the desired partition for type Bm (under the induced isomorphism of Weyl groups, the special
Coxeter element for type Cm maps to the one in Section 7.3.2).

7.3. Type Bm

7.3.1. Let m ≥ 2. Let V0 be a (2m + 1)-dimensional k-vector space with an (ordered) basis
{e1, . . . , em, em+1, e−m, . . . e−1}. Whenever convenient, identify V0 with k2m+1 via this basis. Let Q : V0→ k be
the split quadratic form given by Q

(∑m
i=1(aiei + a−iei) + am+1em+1

)
=
∑m

i=1 aia−i +a2
m+1. Let G = SO(V0,Q)

be the split odd orthogonal group attached to (V0,Q); i.e.,

G(R) = {g ∈GL(V0)(R) : ⟨gu,gv⟩ = ⟨u,v⟩ for all u,v ∈ V0 ⊗k R, det(g) = 1}.

It is of adjoint type. (The computations below work independently of the characteristic and the residue
characteristic of k.)

7.3.2. Let T ⊆ B ⊆ G be the diagonal torus and the Borel subgroup consisting of upper triangular
matrices in G. Then T = {(t1, . . . , tm,1, t−1

m , . . . , t−1
1 ) : ti ∈Gm} and X∗(T) =

⊕m
i=1Zεi , where

εi : t 7−→ (1⊕i−1, t,1⊕2(m−i−1), t−1,1⊕i−1) for 1 ≤ i ≤m

are cocharacters of T. We have X∗(Tsc) = {
∑m

i=1 aiεi ∈ X∗(T) :
∑

i ai even}. Thus π1(G) = X∗(T)/X∗(Tsc) �
Z/2Z, generated by the class of εi for any i.

We have Φ = {α±i±j : (tλ)mλ=1 7→ t±1
i t±1

j : 1 ≤ i < j ≤ m} ∪ {αi : (tλ)mλ=1 7→ ti : 1 ≤ i ≤ m} and ∆ =
{αi−(i+1) : 1 ≤ i ≤m− 1} ∪ {αm}. We have the Coxeter element

(7.9) c = sα1−2
· · · · · sα(m−1)−msαm

= (1,2, . . . ,m,2m+ 1,2m,. . . ,m+ 2).

We consider two lifts ċ0, ċ1 of c to G(k̆). The first is given by ċ0(e±i) = e±(i+1) for 1 ≤ i ≤m−1, ċ0(e±m) = e∓1

and ċ0(em+1) = −em+1. The second is given by ċ1(e±i) = e±(i+1) for 1 ≤ i ≤ m − 1, ċ1(e±m) = ϖ±1e∓1 and

ċ1(em+1) = −em+1. Then ċ0, ċ1 are basic, and the image of ċ0, resp. ċ1, in Gad(k̆) represents 0 ∈ π1(G), resp.
ε̄1 ∈ π1(G). Thus the Gċi (i = 1,2) are the two inner forms of G.

We identify AT,k̆ with X∗(T)
R
by sending 0 ∈ X∗(T)

R
to the σ -stable hyperspecial point (“the origin”)

corresponding to the self-dual lattice
⊕m

i=1

(
Ok̆ei ⊕Ok̆e−i

)
⊕Ok̆em+1 ⊆ V0 ⊗k k̆.
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The group cU∩U− is generated by root subgroups attached to αi−1 (2 ≤ i ≤m) and α−1. Explicitly, any
element y ∈ (cU∩U−)(R) is an R-linear map in GL(V0)(R) given by e1 7→ e1 +

∑m
i=2 ai−1ei +amem+1−a2

me−1;
ei 7→ ei for 2 ≤ i ≤m and i = −1; em+1 7→ em+1 − 2ame−1; e−i 7→ e−i − ai−1e−1 for 2 ≤ i ≤m.

7.3.3. Let b = ċκ with κ ∈ {0,1}. We have xb = 0 if κ = 0 and xb = −1
2
∑m

i=1 εi if κ = 1. Let g ∈ Ẋb,b(f).
Then (7.4) holds with y as described in Section 7.3.2, depending on some a1, . . . , am ∈ L. We have to show
that y ∈ Gxb

(OL), which is (as in Section 7.1.3) equivalent to

(7.10) ordϖ(ai) ≥ 0 ∀1 ≤ i ≤m− 1 and ordϖ(am) ≥ κ
2
.

Consider the φ-linear isocrystal (V ,ϕ) = (V0 ⊗k L,bσ ) over f. It is isoclinic of slope 0. For i ∈
{±1, . . . ,±m,m+1}, let gi := g(ei). Then (7.4) implies that ϕ(gi) = gyb(ei) for all i. Using this equation for all
i ,m+ 1,m+ 2 and writing v := g1 and u := gm+1, we see that gi = ϕi−1(v) for 2 ≤ i ≤m, g−1 = ϖ−κϕm(v)
and

g−i = ϖ−κ

ϕm+i−1(v) +
i−1∑
j=1

φi−1−j(aj )ϕ
m+i−1−j(v)

 for 2 ≤ i ≤m.

In particular, it follows that {ϕi(v)}2m−1
i=0 ∪ {u} are linearly independent over L. Now, evaluating the equation

ϕ(gi) = gyb(ei) for i = m+ 1 and i = m+ 2 gives

2amϕ
m(v) = u +ϕ(u),(7.11)

ϕ2m(v) = v +
m−1∑
i=1

aiϕ
i(v)− a2

mϖ
−κϕm(v)−

2m∑
i=m+1

φi−m(a2m−i)ϕ
i(v) + amu.(7.12)

First suppose am = 0. Then (7.12) together with the linear independence of {ϕi(v)}2m−1
i=0 shows that v spans

a 2m-dimensional sub-isocrystal of V and is a cyclic vector in it. Then Lemma 7.3 and (7.12) show that
ordϖ(ai) ≥ 0 for 1 ≤ i ≤m− 1.

Now suppose am , 0. Then am ∈ L×, and λ := am
φ(am) ∈ L

× satisfies ordϖ(λ) = 0. Apply λϕ(·) to (7.12), and
add the result to (7.12); then use (7.11) to eliminate u:

λϕ2m+1(v) = v + (a1 +λ)ϕ(v) +
m−1∑
i=2

(ai +λφ(ai−1))ϕi(v) + ∗ ·ϕm(v)

+
(
φ(am−1)−λφ(am)2ϖ−κ

)
ϕm+1(v) +

2m∑
i=m+2

∗ ·ϕi(v),

where the ∗ denote some unspecified elements of L. Moreover, v is a cyclic vector for V . Indeed,
{ϕi(v)}2m−1

i=0 ∪ {u} is a basis of V , and hence it follows from (7.12) and am , 0, that {ϕi(v)}2mi=0 also is. Using
the cyclicity of v, the last equation, the fact that ordϖ(λ) = 0 and Lemma 7.3, we deduce by induction on i
that ordϖ(ai) ≥ 0 for i = 1, . . . ,m and that, moreover, ordϖ(am) ≥ 1

2 if κ = 1. This agrees with what we had
to show in (7.10).

7.4. Type Dm

7.4.1. Let m ≥ 4. Let V0 be a 2m-dimensional k-vector space with an (ordered) basis {e1, . . . , em,
e−m, . . . e−1}. Whenever convenient, we use this basis to identify V0 with k2m. Consider the quadratic
form Q

(∑m
i=1(aiei + a−ie−i)

)
=
∑m

i=1 aia−i on V0. We have the orthogonal group O(V0,Q) ⊆ GL(V0). Via
the Clifford algebra attached to Q, we have the surjective Dickson morphism DQ : O(V0,Q) → Z/2Z;
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cf. [Con14, Proposition C.2.2]. Its kernel is the special orthogonal group SO(V0,Q) of Q. Finally, let
G = GSO(V0,Q) be the closed subgroup of GL(V0) of elements which up to a scalar lie in SO(V0,Q).(6)

7.4.2. Let T ⊆ B ⊆ G be the diagonal torus and the Borel subgroup consisting of upper triangular
matrices in G. Then T = {(t0t1, . . . , t0tm, t−1

m , . . . , t−1
1 ) : ti ∈Gm} and X∗(T) =

⊕m
i=0Zεi , where

ε0 : t 7−→ (t⊕m,1⊕m) and εi : t 7−→ (1⊕i−1, t,1⊕2(m−i), t−1,1⊕i−1) for 1 ≤ i ≤m

are cocharacters of T. We have X∗(Tsc) = ZΦ∨ = {
∑m

i=1λiεi :
∑

i λi even}, X∗(Tder) =
⊕m

i=1Zεi and
X∗(Z) = Z(2ε0 −

∑m
i=1 εi). We have π1(Gad) = X∗(T)/ZΦ∨ +X∗(Z). If m is even, π1(Gad) �Z/2Z×Z/2Z,

generated by the classes of ε0 and εi for an arbitrary 1 ≤ i ≤m. If m is odd, π1(Gad) �Z/4Z, generated
by the class of ε0. In any case, π1(Gad) has the distinguished subgroup π1(Gder) �Z/2Z, generated by the
class of some (i.e., any) εi (1 ≤ i ≤m).

We have Φ = {α±i±j : (tλ)mλ=1 7→ t±1
i t±1

j : 1 ≤ i < j ≤ m} and ∆ = {αi−(i+1) : 1 ≤ i ≤ m − 1} ∪ {α(m−1)+m}.
We have the Coxeter element

(7.13) c = sα1−2
· · · · · sα(m−1)−msα(m−1)+m

= (1,2, . . . ,m− 2,m− 1,2m,2m− 1, . . . ,m+ 1)(m,m+ 1).

We consider three lifts ċ0, ċ1, ċ2 of c to G(k̆). For κ ∈ {0,1}, ċκ is given by ċκ(e±i) = e±(i+1) for 1 ≤ i ≤m−2,
ċκ(e±(m−1)) = e±1, ċκ(e±m) = ϖ∓κe∓m. The third is given by ċ2 = ċ0ϖ

ε0 . Then κ̃G(ċ0) = 0, κ̃G(ċ1) is the
non-trivial class in π1(Gder) and κ̃G(ċ2) = ε̄0 ∈ π1(G)∖π1(Gder). Thus the Gċκ (κ ∈ {0,1,2}) are three of
the four inner forms of G. The fourth inner form is conjugate to (G, ċ2) by the outer automorphism of G
induced by an inner automorphism of the orthogonal group GO(V0); hence we need not to consider it
separately.

We identify ATad,k̆ with X∗(Tad)
R
by sending 0 ∈ X∗(T)

R
to the σ -stable hyperspecial point (“the origin”)

corresponding to the self-dual lattice
⊕m

i=1

(
Ok̆ei ⊕Ok̆e−i

)
⊆ V0 ⊗k k̆.

The group cU∩U− is generated by root subgroups attached to αi−1 (2 ≤ i ≤m) and α−1−m. Explicitly,
any element n ∈ (cU∩U−)(R) is an R-linear map in GL(V0)(R) given by e1 7→ e1 +

∑m
i=2 ai−1ei + ame−m −

am−1ame−1; ei 7→ ei for 2 ≤ i ≤m− 1 and i = −1; em 7→ em − ame−1; e−i 7→ e−i − ai−1e−1 for all 2 ≤ i ≤m.

7.4.3. Let b = ċκ with κ ∈ {0,1,2}. We compute xb = 0 if κ = 0; xb = −1
2εm if κ = 1; xb = −1

4εm +∑m−1
i=1 (−1

4 + 1
2 (i − 1))εi if κ = 2. Let g ∈ Ẋb,b(f). Then (7.4) holds, with n as described in Section 7.4.2,

depending on some a1, . . . , am ∈ L. We have to show that y ∈ Gxb
(OL), which (as in Section 7.1.3) is equivalent

to

ordϖ(ai) ≥ 0 for 1 ≤ i ≤m if κ = 0,

ordϖ(ai) ≥ 0 for 1 ≤ i ≤m− 1 and ordϖ(am) ≥ 1 if κ = 1,(7.14)

ordϖ(ai) ≥
i
2

for 1 ≤ i ≤m− 2, ordϖ(am−1) ≥ m− 2
4

and ordϖ(am) ≥ m
4

if κ = 2.

Consider the φ-linear isocrystal (V ,ϕ) = (V0 ⊗k L,bσ ) over f. It is isoclinic of slope 0 if κ ∈ {0,1} and
slope 1

2 if κ = 2. For i ∈ {±1, . . . ,±m}, put gi := ϕ(ei). Then (7.4) implies that ϕ(gi) = gyb(ei) for all i. Using
this equation for all i ,m+ 1,m+ 2 and writing v := g1 and u := gm, we compute that gi = ϖAiϕi−1(v) for
2 ≤ i ≤m, g−1 = ϖA−1ϕm(v), g−m = ϖA−mϕ(u) +ϖA′−mam−1ϕ

m−1(v) and

g−i = ϖA−i

ϕm+i−2(v) +
m−3+i∑
d=m−1

φd−m+1(am−d+i−2)ϕd(v)

 for 2 ≤ i ≤m− 1,

(6)If chark , 2, then the Dickson morphism is not necessary to describe G. For any k-algebra R, we have

G(R) =
{
g ∈GL(V0)(R) : Q(gv) = λ(g)Q(v) for all u,v ∈ V0 ⊗k R and

det(g)
λ(g)m

= 1
}
,

where λ(g) ∈ R× is a unit only depending on g .
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where Ai = A′−m = 0 for all i ∈ {±1, . . . ,±m} if κ = 0; Ai = A′−m = 0 for all i , −m and A−m = −1 if κ = 1;
Ai = 1− i for 2 ≤ i ≤m− 1, A−1 = A′−m = A−i = 1−m for 2 ≤ i ≤m− 1 and A−m = −1 if κ = 2.

Lemma 7.4. The vectors {ϕi(v)}2m−3
i=0 , u,ϕ(u) form a basis of V .

Proof. From the formulas for the g±i above, it follows that the vectors are linearly independent, hence form a
basis by dimension reasons. □

Now, evaluating the equation ϕ(gi) = gyb(ei) for i = m+ 1 and i = m+ 2 gives the formulas

ϕ2m−2(v) = ϖB0v +
m−2∑
i=1

ϖBiaiϕ
i(v)−

2m−3∑
i=m

φi−m+1(a2m−2−i)ϕ
i(v) +ϖB′0am−1u +ϖB′1amϕ(u),(7.15)

ϕ2(u) = ϖC0u −ϖC1φ(am−1)ϕm(v)−ϖC2amϕ
m−1(v),(7.16)

where all Bi ,B
′
i ,Ci are 0 if κ = 0; B′1 = −1, C1 = 1 and all other Bi ,B

′
i ,Ci are 0 if κ = 1; Bi = m− 1− i for

0 ≤ i ≤m− 2, B′0 = B′1 = m− 2, C0 = 1 and C1 = C2 = 2−m if κ = 2. Put

µ := ϖDamφ(am)− am−1φ(am−1) ∈ L,

where D = 0 if κ = 0; D = −2 if κ = 1; D = 1 if κ = 2. We have five cases, which we consider separately in
the following subsections.

7.4.4. Case am , 0, am−1 , 0, µ , 0. Suppose amam−1µ , 0. Apply am
φ(am−1)ϕ(·) to (7.15), and subtract

(7.15) from the resulting equation. This gives an expression of am
φ(am−1)ϕ

2m−1(v) as a linear combination of

{ϕi(v)}2m−2
i=0 , ϕ2(u) and u. Substitute (7.16) into this expression to eliminate ϕ2(u). The coefficient of u in

the resulting equation is µ , 0, and it gives an expression of u as a linear combination of {ϕi(v)}2m−1
i=0 :

ϖEu = ϖE0
φ(am−1)

µ
v −

ϖE1am −ϖE′1φ(am−1)a1

µ
ϕ(v)−

m−2∑
i=2

ϖEiamφ(ai−1)−ϖE′iφ(am−1)ai
µ

ϕi(v)

−
ϖEm−1amφ(am−2)−ϖE′m−1a2

mφ(am)
µ

ϕm−1(v)(7.17)

−
φ(am−1)φ(am−2)−ϖE′mφ(am−1)amφ(am)))

µ
ϕm(v) +

2m−1∑
i=m+1

∗ ·ϕi(v) +ϖE2m−1
am
µ
ϕ2m−1(v),

where the ∗ ∈ L denote unspecified coefficients; all E,Ei ,E
′
i = 0 if κ = 0; E = E0 = E′i = 0 (1 ≤ i ≤ m − 2),

E′m = E2m−1 = Ei = −1 (1 ≤ i ≤ m − 1), E′m−1 = −2 if κ = 1; E = m − 2, E0 = m − 1, Ei = m − i and
E′i = m− 1− i for 1 ≤ i ≤m− 1, E′m = E2m−1 = 0 if κ = 2.

As am , 0, the coefficient of ϕ2m−1(v) in (7.17) is non-zero. Using this observation, as well as the version
of it after applying ϕ(·), shows, together with Lemma 7.4, that v is a cyclic vector for V . Now insert (7.17)
into (7.15) to eliminate u there. This gives (after multiplication with an element in L×) an expression

µ

φ(µ)
ϕ2m(v) =

2m−1∑
i=0

βiϕ
i(v)

with βi ∈ L satisfying ordϖ(βi) ≥ (2m − i) · λ, where λ is the slope of (V ,ϕ), by Lemma 7.3. Let γ :=

− am−1
φ(am) + φ2(am−1)µ

φ(am)φ(µ) .

Lemma 7.5. We have ordϖ(γ) ≥ 0 if κ = 0, ordϖ(γ) ≥ −1 if κ = 1 and ordϖ(γ) ≥ 1 if κ = 2.

Proof. One checks that γ = ϖD · φ
2(am−1)am−φ2(am)am−1

φ(µ) . First assume κ = 0. If ordϖ(am−1) > ordϖ(am), then

ordϖ(φ2(am−1)am −φ2(am)am−1) ≥ ordϖ(am−1) + ordϖ(am) ≥ 2ordϖ(am) = ordϖ(φ(µ)), and we are done
as D = 0 in this case. One concludes similarly in the case ordϖ(am) < ordϖ(am−1). Finally, suppose
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ordϖ(am−1) = ordϖ(am) =: α. Write x = ϖαam, y = ϖαam−1, so that x,y ∈ O×L . Write A := xφ(x) −
yφ(y),B := xφ2(y) − yφ2(x) ∈ OL. It suffices to show that ordϖ(B) ≥ ordϖ(A). We now compute in

OL/
(
ϖordϖ(A)

)
, where we surely have A = 0, i.e., xφ(x) = yφ(y), or equivalently φ

(
x
y

)
=
(
x
y

)−1
. Exploiting

this equation twice, we see φ2
(
x
y

)
= φ

((
x
y

)−1)
= x

y , which shows that φ2(x)y = xφ2(y) in OL /
(
ϖordϖ(A)

)
, i.e.

B = 0 in OL /
(
ϖordϖ(A)

)
, i.e., ordϖ(B) ≥ ordϖ(A).

Suppose κ = 1. Write am = ϖa′m. Then γ = ϖ−1 · φ
2(am−1)a′m−φ2(a′m)am−1

φ(a′mφ(a′m)−am−1φ(am−1)) , where the fraction is just γ from

case κ = 0 for am−1 and a′m, and we are done by applying the above.
Finally, suppose κ = 2. Then µ = ϖamφ(am) − am−1φ(am−1), and the claim is immediately checked in

both cases, ordϖ(am) < ordϖ(am−1) and the opposite. □

Now we proceed case by case.

Case b = ċ0. The slope is λ = 0; i.e., ordϖ(βi) ≥ 0 for all i. One computes β1 = a1 + γ and β2 =

a2 + φ(a1)γ − µ
φ(µ) . As ordϖ

(
µ

φ(µ)

)
= 0, Lemma 7.5 implies ordϖ(ai) ≥ 0 for i = 1,2. Using this as the

first step, and computing βi = ai −
µφ2(ai−2)

φ(µ) +φ(ai−1)γ for 3 ≤ i ≤m− 2, we conclude by induction (using

Lemma 7.5) that ordϖ(ai) ≥ 0 for all 1 ≤ i ≤m− 2. Next, we have βm−1 = am−1am −
µφ2(am−3)

φ(µ) +φ(am−2)γ ,
which (using the above) implies that ordϖ(am−1am) ≥ 0. Thus, if ordϖ(am−1) = ordϖ(am), we deduce that
this number is at least 0, and we are done according to (7.14). Finally, suppose ordϖ(am−1) , ordϖ(am).

We have βm = −
(
1 + µ

φ(µ)

)
φ(am−2) + am−1φ(am−1) + µ

φ(µ)φ(am)φ2(am), which shows (as ordϖ(βm) ≥ 0) that

ordϖ

(
am−1φ(am−1) + µ

φ(µ)φ(am)φ2(am)
)
≥ 0. As the two summands have different valuations by assumption,

both valuations must be non-negative, which implies ordϖ(am−1),ordϖ(am) ≥ 0. We are done by (7.14).

Case b = ċ1. The slope is again λ = 0, so that βi ≥ 0 for all i. We have β1 = a1 +ϖγ , β2 = a2 −
µ

φ(µ) +

ϖφ(a1)γ and βi = ai−
µφ2(ai−2)

φ(µ) +ϖφ(ai−1)γ for 3 ≤ i ≤m−2. As in the case b = ċ0, we deduce ordϖ(ai) ≥ 0
for 1 ≤ i ≤m−2. We have βm−1 = am−1am+ϖφ(am−2)γ . Using Lemma 7.5, we deduce that if ordϖ(am−1) =
ordϖ(am) − 1, then this number must be non-negative, and we are done according to (7.14). Assume

ordϖ(am−1) , ordϖ(am)−1. We compute βm = −
(
1 + µ

φ(µ)

)
φ(am−2)+ϖam−1φ(am−1)+ϖ−1 µ

φ(µ)φ(am)φ2(am),

and it follows that ordϖ(am−1),ordϖ(am)− 1 ≥ 0.

Case b = ċ2. The slope is λ = 1
2 , so that for any i, ordϖ(βi) ≥m− i

2 , or equivalently ordϖ(βi) ≥m− ⌊ i2⌋.
We have β1 = ϖm−1(a1 +γ), β2 = ϖm−2(a2 +γφ(a1)−ϖ µ

φ(µ) ), βi = ϖm−i(ai +γφ(ai−1)−ϖ µ
φ(µ)φ

2(ai−2)) for

3 ≤ i ≤m−2, βm−1 = am−1am+ϖγφ(am−2)−ϖ2 µ
φ(µ)φ

2(am−3) and βm = −ϖ(1+ µ
φ(µ) )φ(am−2)+am−1φ(am−1)+

µ
φ(µ)φ(am)φ2(am). As in the previous two cases, we deduce that (7.14) holds.

In the following cases, we do not give all details as the computations are similar to (and easier than) those
in Section 7.4.4.

7.4.5. Case am−1 , 0, am = 0. In this case (7.16) gives ϕm(v) = 1
φ(am−1) (u −ϕ

2(u)). By Lemma 7.4 this

implies that u is a cyclic vector for V . Apply ϕm(·) to (7.15), and insert the above expression of ϕm(v) in
terms of u to eliminate v. This gives an expression ϕ2m(u) =

∑2m−1
i=0 βiϕ

i(u). Making all βi explicit for
1 ≤ i ≤m and using Lemma 7.3, one immediately deduces (7.14).

7.4.6. Case am−1 = 0, am , 0. This case is completely analogous to the one in Section 7.4.5 (one has

ϕm−1(v) = 1
am−1

(u −ϕ2(u)), from which the cyclicity of u and an explicit formula ϕ2m(u) =
∑2m−1

i=0 βiϕ
i(u)

follow).
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7.4.7. Case am−1 = 0, am = 0. By Lemma 7.4 v is a cyclic vector for the (2m−2)-dimensional subisocrystal
with L-basis {ϕi(v)}2m−3

i=0 . The result follows easily from Lemma 7.3 by looking at the coefficients of (7.15).

7.4.8. Case am−1 , 0, am , 0, µ = 0. (Note that κ , 2 in this case.) As am−1 , 0, (7.15) along with
Lemma 7.4 show that the vectors {ϕi(v)}2m−2

i=0 are linearly independent. Further, following the same steps
as in the first lines of Section 7.4.4 and exploiting µ = 0, we arrive at an expression am

φ(am−1)ϕ
2m−1(v) =∑2m−2

i=0 βiϕ
i(v), thus showing that v is a cyclic vector for the (2m− 1)-dimensional subisocrystal generated

by it. Proceeding as in the previous cases, one verifies (7.14). This finishes the proof in type Dm.

7.4.9. Proof of Lemma 5.6 for type Dm. The action of c on Φ+ is as follows: for 1 ≤ i < j < m − 1,
c(αi±j ) = α(i+1)±(j+1); for 1 ≤ i ≤ m − 2, c(αi−(m−1)) = α1+(i+1); for 1 ≤ i ≤ m − 2, c(αi±m) = α(i+1)∓m; for
1 ≤ i ≤m− 2, c(αi+(m−1)) ∈ Φ−, c(α(m−1)±m) ∈ Φ−.

Set r = m + 1; Ψm+1 = {αi+(m−1)}m−2
i=1 ∪ {α(m−1)−m,α(m−1)+m}; Ψm = {αi+j : 1 ≤ i < j ≤ m} ∪

{α(m−1)−m,α(m−1)+m}; Ψm−1 = Ψm ∪ {αi−m}m−2
i=1 ∪ {αi+m}m−2

i=1 ; for 1 ≤ i0 ≤m− 2, Ψi0 = Ψm−1 ∪ {αi−j : 1 ≤ i <
j ≤m− 1 and j > i0}.

7.5. Type 2An−1

7.5.1. Let n ≥ 2. Let m = ⌊n2 ⌋, so that n = 2m+ 1 if n odd and n = 2m if n is even. Let V0, ei be as
in Section 7.1.1. Let G be the unitary group attached to the standard hermitian form on V0 ⊗k k2, relative
to the unramified extension k2/k of degree 2. We may identify G⊗k k2 = GLn(V0 ⊗k k2), so that for any
Fq-algebra R0 with R̃ = W(R0 ⊗Fq

F q)[1/ϖ], the Frobenius σ on G(R̃) = GLn(V0)(R̃) is given by

g 7−→ σ (g) = Jσ0(g)−1,T J−1,

where σ0 is the Frobenius on GL(V0)(R̃) corresponding to the natural k-structure on GL(V0), (·)T is
transposition and J ∈GLn(V0)(k) is given by ei 7→ en+1−i (1 ≤ i ≤ n).

7.5.2. Let T,B,βi ,αi−j be as in Section 7.1.2. Note that T,B are both k-rational (with respect to σ ).
Moreover, the action of σ on π1(Gad) is by multiplication with −1. Thus, π1(Gad)⟨σ⟩ = 1 if n is odd, and
π1(Gad)⟨σ⟩ �Z/2Z, with the non-trivial element represented by β̄i for any i, when n is even. We have an
isomorphism Z

∼−→ π1(G), 1 7→ class of β1, under which X∗(Z) ⊆ π1(G) corresponds to nZ. The action
of σ corresponds to multiplication by −1. Justifying Remark 7.1 in this case, we deduce from this that the
induced map X∗(Z)⟨σ⟩ �Z/2Z→Z/2Z � π1(G)⟨σ⟩ is an isomorphism when n odd and is 0 when n even.

The sets Φ and ∆ are the same as in Section 7.1.2. The action of σ on ∆ is given by σ : αi−(i+1) 7→
α(n−i)−(n−i+1). We have the Coxeter element

(7.18) c = sα1−2
· · · · · sαm−(m+1)

= (1,2, . . . ,m,m+ 1).

We consider the lift ċ0 of c to G(k̆), given by ċ0(ei) = ei+1 for 1 ≤ i ≤ m, ċ0(em+1) = e1 and ċ0(ei) = ei
for the remaining i. If n = 2m is even, we also consider the lift ċ1 given by ċ1(ei) = ċ0(ei) for i , m+ 1,
ċ1(em+1) = ϖe1. Then ċ0, ċ1 are basic, and if n is even, κ̄G(ċ0) = 0, κ̄G(ċ1) , 0 in π1(G)⟨σ⟩. Thus, if
n = 2m+ 1 is odd, the quasi-split group G (represented by the pair (G, ċ0)) has no non-trivial inner forms; if
n = 2m is even, there are two inner forms, represented by the pairs (G, ċκ) with κ ∈ {0,1}.

We identify ATad,k̆ with X∗(Tad)
R
by sending 0 to the σ -stable hyperspecial point (“the origin”) corre-

sponding to the standard lattice
⊕n

i=1Ok̆ei .

The group cU∩U− is generated by the root subgroups attached to αi−1 (2 ≤ i ≤m+1). For a k̆-algebra R,
any element y ∈ (cU∩U−)(R) is an element of GL(V0)(R), determined by e1 7→ e1 +

∑m
λ=1 aλeλ+1, ei 7→ ei

(2 ≤ i ≤ n) for some a1, . . . , am ∈ R.
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7.5.3. Let b = ċκ with κ = 0 if n odd and κ ∈ {0,1} if n even. We compute that xb = 0 if κ = 0 and that
xb is the image of

∑m
λ=1

1
2βλ −

∑n
λ=m+2

1
2βλ under X∗(T)

R
↠ X∗(Tad)

R
�ATad,k̆ if κ = 1 (and n = 2m even).

Let g ∈ Ẋb,b(f). Then (7.4) holds with y as described in Section 7.5.2, depending on some a1, . . . , am ∈ L. We
have to show that y ∈ Gxb

(OL), which is (as in Section 7.1.3) equivalent to

(7.19) ordϖ(ai) ≥ 0 ∀1 ≤ i ≤m

(independently of what κ is).

Let cspl = cσ (c), and let ċ
spl
κ = ċκσ (ċκ). We write bspl for ċspl if b = ċκ. We have the automorphism

bσ : g 7→ ḃσ (g) of LG (regarded as a sheaf on Perf
F q
). As σ2 = σ2

0 (recall the identification in Section 7.5.1),
we have

(7.20) (bσ )2 = bsplσ2 = bsplσ2
0 .

Let V = V0 ⊗k L, and denote by σ0 : V → V the Frobenius automorphism v ⊗ λ 7→ v ⊗φ(λ). Then
ϕ := bsplσ2

0 : V → V is a φ2-linear automorphism of V . Moreover, (V ,ϕ) is an isocrystal over f (relative to
Fq2 ) of slope 0.

For 1 ≤ i ≤ n, let gi := g(ei). Then σ2
0 (g)(ei) = σ2

0 (gi). Using (7.20), (7.4) applied twice gives the equation

(7.21) bsplσ2
0 (g) = g ·

(
y · bσ (y)

)
· bspl.

Applying both sides of this to ei ∈ V and using the above, for 1 ≤ i ≤ n, we get

(7.22) ϕ(gi) = g ·
(
y · bσ (y)

)
· bspl(ei).

7.5.4. Assume that n = 2m+ 1 is odd (and b = ċ0). Then

cspl = (1,2, . . . ,m,m+ 1,2m+ 1,2m,. . . ,m+ 3,m+ 2),

bspl is its lift with all entries 1 or 0, and y · bσ (y) is given by e1 7→ e1 +
∑m

λ=1 aiei+1 − φ(am)e2m+1;
ei 7→ ei for 2 ≤ i ≤ m + 1 and i = 2m + 1; ei 7→ ei −φ(a2m+1−i)e2m+1 for m + 2 ≤ i ≤ 2m. Put v := g1.
Applying (7.22) for all i , m + 2, we deduce that gi = ϕi−1(v) for 1 ≤ i ≤ m + 1, gi = ϕ3m+2−i(v) +∑2m+1−i

λ=1 φ1+2(2m−i−λ+1)(aλ)φ3m+2−i−λ(v) for m+ 2 ≤ i ≤ 2m+ 1. As g ∈ GL(V0)(k̆), the set {gi}2m+1
i=1 is a

basis of V . This easily implies that the set {ϕi(v)}2mi=0 is a basis of V ; i.e., v is a cyclic vector for (V ,ϕ). Now,
applying (7.22) with i = m+ 2 and inserting the values of gi , we deduce

ϕ2m+1(v) = v +
m∑
i=1

aiϕ
i(v)−φ(am)ϕm+1(v)−

2m∑
i=m+2

φ1+2(i−m−1)(a2m−i+1)ϕi(v).

Applying Lemma 7.3, we deduce (7.19).

7.5.5. Assume that n = 2m is even. Then

cspl = (1,2, . . . ,m− 1,m,2m,2m− 1, . . . ,m+ 3,m+ 2),

c
spl
0 is its lift with all entries 1 or 0, and c

spl
1 is given by c

spl
1 (em) = ϖ−1e2m, c

spl
1 (em+2) = ϖe1, c

spl
1 (ei) =

c
spl
0 (ei) for all i , m,m + 2. Next, y · bσ (y) is given by e1 7→ e1 +

∑m
λ=1 aiei+1 −ϖ−κφ(am−1)e2m; ei 7→ ei

for 2 ≤ i ≤ m and i = 2m; em+1 7→ em+1 −φ(am)e2m; ei 7→ ei −φ(a2m−i)e2m for m + 2 ≤ i ≤ 2m − 1. Put
v := g1 and u := gm+1. Applying (7.22) for all i , m + 1,m + 2, we deduce gi = ϕi−1(v) for 1 ≤ i ≤ m;
gi = ϖκϖ3m−i(v) +ϖκ∑2m−i

j=1 φ1+2(2m−i−j)(aj )ϕ3m−i−j(v) for m+ 2 ≤ i ≤ 2m. As in the previous cases, from
this description we deduce the following.

Lemma 7.6. The set {ϕi(v)}2m−2
i=0 ∪ {u} is a basis of V .
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Inserting the above values for gi into (7.22) for i = m+ 1 and i = m+ 2, we deduce

0 = u −ϕ(u)−ϖκφ(am)ϕm(v),(7.23)

ϕ2m−1(v) = v +
m−1∑
i=1

aiϕ
i(v)−φ(am−1)ϕm(v)−

2m−2∑
i=m+1

φ1+2(i−m)(a2m−1−i)ϕ
i(v) + amu.(7.24)

If am = 0, Lemma 7.6 shows that v is a cyclic vector for the (2m− 1)-dimensional isocrystal generated by it.
Then (7.24) and Lemma 7.3 finish the proof by showing formulas (7.19).

We may now assume am , 0. Dividing (7.24) by am, we obtain an expression of u as a linear combination
of {ϕi(v)}2m−1

i=0 , with ϕ2m−1(v) appearing with non-zero coefficient. Then Lemma 7.6 shows that v is a cyclic
vector for V . Moreover, inserting this expression of u into (7.23) and multiplying with am, we eliminate u
and obtain an expression of the form ϕ2m(v) =

∑2m−1
i=0 γiϕ

i(v) with fixed γi ∈ L. By Lemma 7.3 we have
ordϖ(γi) ≥ 0 for all i. We then compute that γ2m−1 = 1− am

φ2(am)φ
1+2(m−1)(a1), γi = φ1+2(i−m)(a2m−1−i)−

am
φ2(am)φ

1+2(i−m)a2m−i for m + 1 ≤ i ≤ 2m − 2 and γm = −ϖκamφ(am) + φ(am−1) − am
φ2(am)φ

2(am−1). Using

induction, it follows from these equations that ordϖ(ai) ≥ 0 for 1 ≤ i ≤m. This shows (7.19).

7.5.6. Suppose that n = 2m is even and b = ċκ (κ ∈ {0,1}) as in Section 7.5.3. We have the central
cocharacter ζ =

∑n
i=1βi ∈ X∗(Z), whose image in X∗(Z)⟨σ⟩ � Z/2Z is non-trivial but which maps to

0 ∈ π1(G)⟨σ⟩. To finish the proof in the 2An−1-case (cf. the discussion after Lemma 7.2), we have to show
that for all g ∈ Xbϖζ ,b(f), we have g−1σb(g) ∈ (cU∩U−)xb

(OL)ϖζ . As in (7.4), we can write

(7.25) bσ (g) = gyϖζb

with y ∈ (cU∩U−)(L) depending on a1, . . . , am ∈ L as described in Section 7.5.2. We thus have to show that
(7.19) holds for these ai . However, doing the same computation as in Section 7.5.3 (with bspl and other
notation as there), we see that

bsplσ2
0 (g) = (bσ )2(g) = gyϖζ+σ (ζ)bσ (y)bspl

(where we used that ϖζ and ϖσ (ζ) are central). As ζ + σ (ζ) = 0, we arrive simply at (7.21) and may proceed
as there (and in Section 7.5.5) to deduce (7.19).

7.5.7. Proof of Lemma 5.6 for type 2An−1 . The action of c on Φ+ is as follows: for 1 ≤ i < j ≤ m,
c(αi−j ) = α(i+1)−(j+1); for 1 ≤ i ≤ m and m + 2 ≤ j ≤ n, c(αi−j ) = α(i+1)−j and c(α(m+1)−j ) = α1−j ; for
m+ 2 ≤ i < j ≤ n, c(αi−j ) = αi−j ; for 1 ≤ j ≤m, c(α(m+1)−j ) ∈ Φ−. The action of σ on positive roots is given
by σ (αi−j ) = α(n+1−j)−(n+1−i).

We set r = m + 2; Ψm+2 = {α(m+1)−j}mj=1; Ψm+1 = Ψm+2 ∪ {αi−j : 1 ≤ i ≤ m and m + 2 ≤ j ≤ n}; for
m ≥ i0 ≥ 2, Ψi0 = Ψi0+1 ∪ {αi−i0}

i0−1
i=1 ∪ {α(n−i0)−j}nj=n−i0+1; Ψ1 = Φ+.

7.6. Type 2Dm

7.6.1. Let m ≥ 4, V0, Q be as in Section 7.4.1. Consider the closed subgroup GSO(V0,Q) ⊆ GL(V0),
which was denoted by G in Section 7.4.1. It is k-split, and its derived group is of type Dm. First,
suppose chark , 2. Fix some ∆ ∈ O×k which is not a square in k, and fix a square root

√
∆ ∈ O×

k̆
.

Let h0 ∈ GL2m(V0)(k) be given by h0(ei) = ei for all i , ±m and h0(e±m) = (−2∆)±1e∓m. Now suppose
chark = 2. Then let h0 ∈ GL2m(V0)(k) be given by h0(ei) = ei for all i , ±m and h0(e±m) = e∓m. In this
section we let G be the k-group GSO(V0,Q)h0

in the sense of Section 2.1.3. In particular, for any Fq-algebra

R0 with R̃ = W(R0⊗Fq
F q)[1/ϖ], the geometric Frobenius on G(R̃) = GSO(V0,Q)(R̃) ⊆GL(V0)(R̃) is given

by
g 7−→ σ (g) = h0σ0(g)h−1

0 ,

where σ0 is the Frobenius on GL(V0)(R̃) corresponding to the natural k-structure on GL(V0).
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Lemma 7.7. The derived group of the k-group G is of type 2Dm.

Proof. First suppose chark , 2. Let Q′ : V0 → k be the quadratic form Q′
(∑m

i=1(aiei + a−ie−i)
)

=∑m−1
i=1 aia−i + a2

m − a2
−m∆. It is non-split of Witt index m− 1; hence SO(V0,Q

′) is of type 2Dm. It suffices to
construct a k-isomorphism GSO(V0,Q

′) �G. Let h1 ∈GL(V0)(k̆) be the element given by h1(e±i) = e±i for
1 ≤ i ≤ m− 1 and h1(em) = 1

2
√
∆
em + 1

2e−m, h1(e−m) =
√
∆em −∆e−m. Then hT1 σ0(h1)−1,T = h0. If Q (resp.

Q′) denotes the matrix representing Q (resp. Q′) with respect to the fixed basis of V0 (so that Q(v) = vTQv
for all v ∈ V ), one immediately checks that h1QhT1 = Q′ . This means that v 7→ hT1 v : (V ,Q′)→ (V ,Q)
is a k̆-isometry (i.e., Q′(v) = Q(hT1 v)) and that Int(hT ,−1

1 ) : GL(V0)k̆ → GL(V0)k̆ restricts to a k̆-rational

isomorphism Int(hT ,−1
1 ) : GSO(V0,Q)k̆ → GSO(V0,Q

′)k̆ . (Indeed, if g ∈ GSO(V0,Q), then gtQg = Q

and one computes using h1QhT1 = Q′ that Int(hT ,−1
1 )(g)T Q′ Int(hT ,−1

1 )(g) = Q′ .) For R̃ as above, this
isomorphism transfers the geometric Frobenius σ0 of GSO(V0,Q

′)(R̃) to the Frobenius σ given by

σ (g) = Int(hT ,−1
1 )

(
σ0(Int(hT ,−1

1 )(g))
)

= Int(h0) (σ0(g)) .

Now suppose chark = 2. Let Q′ : V0 → k be the quadratic form Q′
(∑m

i=1(aiei + a−ie−i)
)

=
∑m−1

i=1 aia−i +
a2
m +ama−m +∆a2

−m, where ∆ ∈ O×k is such that X2 +X +∆ ∈ k[X] is irreducible. It is non-split of Witt index
m− 1; hence SO(V0,Q

′) is of type 2Dm. Let λ ∈ O×k̆ be a root of X2 +X +∆. Let h1 ∈GL(V0)(k̆) be given

by h1(ei) = ei for i , ±m, h1(em) = em + λe−m, h1(e−m) = em + λ−1∆e−m. Then h1 induces a k̆-isometry
between (V ,Q′) and (V ,Q). We may conclude as above, computing that hT1 σ0(h1)−1,T = h0. □

7.6.2. Via the identification G ⊗k k̆ � GSO(V0,Q)k̆ , we can use T,B, εi ∈ X∗(T) (0 ≤ i ≤ m) from
Section 7.4.2. The induced action of σ on X∗(T) is given by σ (εi) = εi for 1 ≤ i ≤ m − 1, σ (εm) = −εm,
σ (ε0) = ε0 − εm. It follows that π1(Gad)⟨σ⟩ �Z/2Z, generated by the class of ε0.

We have isomorphisms Z⊕Z/2Z ∼−→ π1(G), (1,0) 7→ ε0, (0,1) 7→ ε̄1 and Z
∼−→ X∗(Z), 1 7→ 2ε0−

∑m
i=1 εi .

The inclusion X∗(Z)→ π1(G) corresponds to the map 1 7→ (2,1) if m is odd and to 1 7→ (2,0) if m is even.
Moreover, σ acts on X∗(Z) as the identity, and the action on π1(G) is given by (a,b) 7→ (0, (a mod 2) + b).
Justifying Remark 7.1 in this case, one easily deduces that the induced map X∗(Z)⟨σ⟩ �Z→Z � π1(G)⟨σ⟩ is
multiplication by 2, hence injective.

We have the roots α±i±j of T in G as in Section 7.4.2. The σ -action on the simple roots fixes all αi−(i+1)
(1 ≤ i ≤m− 2) and interchanges α(m−1)−m and α(m−1)+m. Thus we obtain a Coxeter element

(7.26) c = sα1−2
· · · · · sα(m−1)−m = (1,2, . . . ,m− 1,m)(2m,2m− 1, . . . ,m+ 2,m+ 1).

We consider two lifts ċ0, ċ1 of c to G(k̆). For κ ∈ {0,1}, ċκ is given by ċκ(ei) = ϖκei+1 for 1 ≤ i ≤ m− 1,;
ċκ(em) = ϖκe1; ċκ(e−i) = e−(i+1) for 1 ≤ i ≤m−1; ċκ(e−m) = e−1. Then κG(ċ0) = 0, κG(ċ1) = ε̄0 in π1(G)⟨σ⟩.
Thus the Gċj (κ ∈ {0,1}) are the two inner forms of G.

We use the ATad,k̆ as in Section 7.4.2. The group cU ∩U− is generated by root subgroups attached
to αi−1 (2 ≤ i ≤ m). Explicitly, any element y ∈ (cU∩U−)(R) is an R-linear map in GL(V0)(R) given by
e1 7→ e1 +

∑m
i=2 ai−1ei ; ei 7→ ei for 2 ≤ i ≤m and i = −1; e−i 7→ e−i − ai−1e−1 for all 2 ≤ i ≤m.

7.6.3. Let b = ċκ with κ ∈ {0,1}. We compute xb = 0 if κ = 0 and xb =
∑m

i=1(−m4 + i
2 )εi if κ = 1. Let

g ∈ Ẋb,b(f). Then (7.4) holds, with n as described in Section 7.6.2, depending on some a1, . . . , am−1 ∈ L. We
have to show that n ∈ Gxb

(OL), which is (as in Section 7.1.3) equivalent to

(7.27) ordϖ(ai) ≥
κi
2

for 1 ≤ i ≤m− 1.

Let V = V0 ⊗k L. Let σ0 be the φ-linear automorphism x ⊗ λ 7→ x ⊗ φ(λ) of V . Consider the φ-
linear automorphism ϕ = bh0σ0 of V . Then (V ,ϕ) is an isocrystal over f of slope κ

2 . Equation (7.4)
gives bh0σ0(g) = gybh0. Applying this to ei for 1 ≤ ±i ≤ m, we get ϕ(gi) = gybh0(ei), where we write
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gi = g(ei) (and where we use σ0(g)(ei) = σ0(gi)). Writing v := g1, we deduce gi = ϖ1−iϕi−1(v) and
g−i = −(2∆)−1ϖκ(1−m)

(
ϕm−1+i(v) +

∑i−1
j=1φ

i−j−1(aj )ϕm+i−j−1(v)
)
for 1 ≤ i ≤ m. Inserting this into the

equation attached to ϕ(gm+1) = gybh0(em+1) gives

ϕ2m(v) = ϖκmv +
m−1∑
i=1

ϖκ(m−i)aiϕ
i(v)−

2m−1∑
i=m+1

φi−m(a2m−i)ϕ
i(v).

It is easy to see that v is cyclic for V . Using Lemma 7.3, (7.27) follows.

7.6.4. Proof of Lemma 5.6 for type 2Dm . The action of c on Φ+ is as follows: for 1 ≤ i < j < m,
c(αi±j ) = α(i+1)±(j+1); for 1 ≤ i ≤ m − 1, c(αi+m) = α1+(i+1); for 1 ≤ i ≤ m − 1, c(αi−m) ∈ Φ−. Moreover,
σ (αi±j ) = αi±j if j ,m and σ (αi±m) = αi∓m.

Set r = m + 1; Ψm+1 = {αi−m}m−1
i=1 ; Ψm = Ψm+1 ∪ {αi+j : 1 ≤ i < j < m}; Ψm−1 = Ψm ∪ {αi+m}m−1

i=1 ; for
1 ≤ i0 ≤m− 2, Ψi0 = Ψi0+1 ∪ {αi−(i0+1) : 1 ≤ i < i0 + 1}.
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