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1. Introduction

To understand the topology and the geometry of smooth complex hypersurfaces X c IP(V*) =~ IP"*1,
various auxiliary manifolds have been introduced in the past century, of which the intermediate Jacobian

JM(X) = (H"2(X) @ - @ H*")/H" (X, Z),torsion

when n = 2k +1 is odd is one of the most widely known since the seminal work of Clemens-Griffiths (|[CG72])
on the cubic 3-fold.

Cubic 5-folds are classically (¢f- [Gri69]) known to be the only hypersurfaces of dimension greater than 3
for which the intermediate Jacobian, which is in general just a (polarised) complex torus, is a (non-trivial)
principally polarised abelian variety.

Another interesting series of varieties classically associated to X are the varieties F,,(X) C G(m+1,V) of
m-planes contained in X.

Starting from Collino (|Col86]), some properties of the variety of planes F,(X) C G(3, V) of a cubic 5-fold
X have been studied in connection with the 21-dimensional intermediate Jacobian | 5(X ). In loc. cit., the
following is proven.

Theorem L1. For a general cubic X C P(V*) ~P%, F,(X) is a smooth irreducible surface, and the Abel-Jacobi
map of the family of planes ®p: Fy(X) — J°(X) is an immersion; i.c., the associate tangent map is injective and
induces an isomorphism of abelian varieties

¢p: Alb(F(X)) = J°(X),

where P € CH>(F,(X) x X) is the universal plane over Fy(X). Equivalently, q.p*: H3(F2(X), Z) torsion —
H>(X,7Z) is an isomorphism of Hodge structures, where the maps are defined by

p_1

|7

Fy(X).

X

In the present note, we investigate some additional properties of F,(X).
In the first section, we establish the following cotangent bundle exact sequence.

Theorem 1.2. Let X C IP(V™) be a smooth cubic 5-fold for which F,(X) is a smooth irreducible surface. Then the
cotangent bundle O, x) fits in the exact sequence

(L1) 0 — Q3lr,(x) — Sym* &3k, x) — Qp,x) — 0,
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where the tautological rank 3 quotient bundle 5 and the other bundle appear in the exact sequence
(1.2) 0— Q53— V'®0g3,v)— & —0

and the first map (of (1.1)) is the contraction with an equation eqy € Sym>V* defining X, i.e. for any [P] € F(X),
v eqx(v,)lp.

Classically associated to the Albanese map albp,: F»(X) — Alb(F,(X)) of F»(X), there is the Gauss map
G: alb, (F5(X)) - G(2, Taw(r,x))0)
t = Talbg, (F,(X))-£,0

where albp, (F>(X)) -t designates the translation of albr, (F,(X)) C Alb(F,(X)) by —t € Alb(F,(X)). The
map G is defined on the smooth locus of albp, (F(X)).
In the second section of the note, we prove the following.

Theorem 1.3. The Albanese map is an embedding. In particular, the Gauss map is defined everywhere. Moreover,
G is an embedding, and its composition with the Pliicker embedding

G (2 am(r 0 ) = G(2H (Qp,) ) P

/Z\HO(QF2<X>)*]

is the composition of the degree 3 Veronese of the natural embedding F(X) C G(3,V) C P(A\° V*) followed by a
linear projection.

The last section is concerned with some properties of the variety of osculating planes of a cubic 4-fold,
namely

(1.3) Fo(Z):={[P] € G(3,H), 3¢ C P line s.t. PN Z = { (set-theoretically)},

where Z C IP(H*) ~ IP° is a smooth cubic 4-fold containing no plane.

This variety admits a natural projection to the variety of lines F{(Z) of Z whose image (under that
projection) has been studied, for example, in [GK21]. The interest of the authors there for the variety Fy(Z)
stems from its image in F{(Z) being the fixed locus of the Voisin self-map of F;(Z) (see [Voi04]), a map that
plays an important role in the understanding of algebraic cycles on the hyper-Kéhler 4-fold F;(Z) (see for
example [SV16]).

In [GK21], it is proven that for Z general, Fy(Z) is a smooth irreducible surface, and some of its invariants
are computed.

We compute some more invariants of Fy(Z) using its link with the variety of planes F,(Xy) of the
associated cyclic cubic 5-fold: to a smooth cubic 4-fold Z = {eq, = 0} C IP>, one can associate the cubic
5-fold Xz = {X] +eqy(Xo,..., X5)} which (by linear projection) is the degree 3 cyclic cover of P> ramified
over Z.

Theorem 1.4. For Z general, Fo(Z) is a smooth irreducible surface, and

(1) Fy(Xy) is a degree 3 étale cover of Fy(Z),
(2) b1(Fo(Z)) = 0, h*(OF,(z)) = 1070, k' (Qp,(z)) = 2207,
(3) Im(Fy(Z) — F1(Z)) is a (non-normal) Lagrangian surface of F1(Z).

Remark 1.5. As mentioned by the referee and Frank Gounelas, in [GK21], it is proven that [Im(Fy(Z) —
Fi1(Z))] = 21[F{(ZNnH)] in CH,(F(Z)), where Z N H is a cubic 3-fold obtained as a general hyperplane
section, which implies that [Im(F(Z) — F{(Z))] is Lagrangian (see [Huy23, Lemma 6.4.5], for example).
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2. Cotangent bundle exact sequence

Let X C P(V*) = IP® be a smooth cubic 5-fold. Its variety of planes F,(X) C G(3,V) is the zero locus of
the section of Sym? &3 (where &3 is defined by (1.2)) induced by an equation eqy € H’(Ops(3)) of X.

Let us gather some basic properties of F,(X) before proving Theorem 1.2.

It is proven in [Col86, Proposition 1.8] that F,(X) is connected for any X, so that by Bertini-type theorems,
for X general, F,(X) is a smooth irreducible surface.

As such an F,(X) is cut out of G(3,V) by a regular section of the rank 10 vector bundle Sym?> &3, the
Koszul resolution says that the structure sheaf O, (x) is quasi-isomorphic to the complex

(2.) 0— A%Sym3&; — A?Sym®&; — - — Sym> & — Ogi,v)— 0,
where the differentials are given by the section of Sym3 &3. By the adjunction formula,

Kp,(x) = Kg(3,v) ® det(Sym® &3], (x)) = Og(3,v)(3)IE,(x) 1= OF,(x)(3)-

Theorem 1.1 (see also Theorem 3.1 below) implies that h"%(F,(X)) = hO(QFZ(X)) = h?3(X) =21, and we
can use software to compute the other Hodge numbers (see also [Gam]). We use the package Schubert2 of
Macaulay2:

(1) The Koszul resolution of OF, (x) gives x(OF,(x)) = 1'130(—1)")((/\1'Sym3 &5). We can get the result
X(OF,(x)) = 3213 using the following code:
loadPackage "Schubert2"
G=flagBundle{4,3}
(Q,E)= bundles G
F=symmetricPower(3,dual(E))
chi(exteriorPower (0,F))-chi(exteriorPower (1,F))+chi(exteriorPower(2,F))
-chi(exteriorPower(3,F))+chi(exteriorPower(4,F))-chi(exteriorPower(5,F))
+chi(exteriorPower(6,F))-chi(exteriorPower (7,F))+chi(exteriorPower(8,F))
-chi(exteriorPower(9,F))+chi(exteriorPower (10,F))
Then we get h%2(Fy(X)) = x(Op,x)) — 1 + h*1 (F2(X)) = 3233

(2) Next, Noether’s formula reads xiop(F2(X)) = 12x(OF,(x) IF c1(Kry(x 2, and as

2
2 2
J c1 (KFQ(X)) :j 1 (OG(3,V)(3)|F2(X))
Fp(X) Fp(X)
2
= [F2(X)]- 1 (OG(3,V)(3))
G(3,V)
2
= 9J c10(Sym®&3) - c1 (Og3,v)(1)
G(3,V)
the number IFZ(X) CI(KFZ(X))Z =32 %2835 = 25515 can be obtained using the code

loadPackage "Schubert2"
G=flagBundle{4,3}
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(Q,E)= bundles G
F=symmetricPower(3,E)
cycle=chern(1,exteriorPower(3,E))*chern(l,exteriorPower(3,E))*chern(10,F)
integral cycle
Then we get by (F»(X)) = Xtop(F2(X))—2+2b; (F2(X)) = 13041 -2+4x21 = 13123 and h"! (F,(X)) =
by(Fy(X)) — 2192 (F,(X)) = 6657.
Associated to X, there is also its variety of lines F;(X) C G(2, V). It is a smooth Fano variety of dimension
6 which is cut out by a regular section of Sym?>&,, where &, is the tautological rank 2 quotient bundle
appearing in an exact sequence

0—Q, — V*®OG(2,V) — & — 0.

Let us examine the relation between the two auxiliary varieties by introducing the flag variety
F1(2,3,V) —== Gr(2,V)
|
Gr(3,V),
where t: F1(2,3,V) =~ P(A%E3) — Gr(3,V) and e: F1(2,3,V) ~ P(Q,) — Gr(2, V). For the tautological

quotient line bundles, we have O;(1) ~ €"Og,(2,v)(1) and O,(1) = t*Ogy3,v)(1) ® €' Ogy(2,v)(=1).
On Fl(2,3,V), the relation between the two tautological bundles is given by the exact sequence

(22) 0— E*OG(Z,V)(_l) ® t*OG(&V)(l) — t*53 — 6*82 — 0.
We can restrict the flag bundle to get

er

P, := 11’(/\253|F2(X)) — F1(X)
Fy(X).
We have the following property.

Proposition 2.1. The tangent map Ter, of er, is injective; i.e., ep, is an immersion. Moreover, the “normal
bundle” NIPFQ/FI (X) := e}z Tr, (X)/TIPFZ of P, admits the following description:
(2.3) 0 — 11, (Q3lE,(x)) ®Op(1) — tf, Sym? E3®0,(1) — Np, /k,(x) — 0.

Proof. (1) Let us first prove that ep, is an immersion. Let us recall the natural isomorphism between the two
presentations of the tangent space of F1(2,3, V): looking at ¢, we can write

Tri2,3,v),(1¢)1p) = Hom((P), V/(P)) @ Hom({(), (P)/{()),
and looking at e, we have
Tri2,3,v),(1e1p)) = Hom((€), V/(€)) @ Hom((P)/(€), V/(P)),

where we denote by (K) C V the linear subspace whose projectivisation is K C IP(V*). For a given
decomposition (P) =~ (€) ® (P)/({), the isomorphism takes the following form:

Hom((P), V/{P)) ®Hom(({(),(P)/{()) — Hom(({(), V/{())®Hom((P)/{(), V/(P)).

(f, &) — (fliy +& fleyoy)

Notice that, by definition, we have Im(f) N Im(g) = {0}, so that in proving that T{(¢} [p))eF, is injective, we
can examine the two components separately.
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Now we have the exact sequence
0 — Ngyp — Neyx — Npyxle — 0,
from which we get

(24) 0— HO(N%EU) — H"(Ng/x) — H’(Np/xle) — 0= H'(O,(1)),

and we have TFl(X),[Z] = HO(Ng/X).
A linear form on P defining ¢ is given by any generator of ((P)/(€))* C (P)", so that

To(p2&3)1,00)1€1PD) = Try(x),[P) ©P)/((P)/L))".
—_—
~H°(Np/x) =ty

The second summand is readily seen to inject into TF, (x) () by (2.4).
Next, we have the exact sequence

0 — Npyx(-1) — Np;x — Np/xlp — 0,
which gives rise to
(2.5) 0 — H®(Np/x(-1)) — H° (Np;x) — H° (Np/xl/) — H' (Np/x(-1)) — H' (Np/x).

To prove that T(j¢)(p))eF, is injective, it is thus sufficient to prove that HO(Np/x(~1)) = 0.
Consider the exact sequence

(2.6) 0— Npjx —  Npps  — Ny pslp — 0.
—_— —_—
=(V/(P))®0p(1) =0p(3)
Up to a projective transformation, we can assume P = {X) = --- = X3 = 0}, so that eqy has the following
form:
6
(2.7) XoQo+X1Q1+X2Q, +X3Q35+ ) XiDi(Xo, Xy, X5, X3) + R(Xo, X1, X5, X3)

i=4
where R is a homogeneous cubic polynomial, the D;, 4 <i < 6, are homogeneous quadratic polynomials in
the variables (Xj)x<3 and the Q;, 0 <17 < 3, are homogeneous quadratic polynomials in (X;)4<;<¢. With this
notation, X is smooth along P if and only if Span((Q;|p)i=¢,. 3) is base-point-free. We recall the following
result found in [Col86, Proposition 1.2 and Corollary 1.4].

Proposition 2.2. For X smooth along P, the following properties are equivalent:

(1) The variety F5(X) is smooth at [P].

(2) The set (Qq,...,Q3) is linearly independent.

(3) The map H(a): H*(Npyps) = (V/(P)) ® HY(Op(1)) = H(Nx/pslp) =~ H(Op(3)), (Lo, ..., L3) =
Y. L;Q; is surjective.

Now tensoring (2.6) by Op(—1), we get the long exact sequence

28) 0 HO(Npyx(-1)) — VAP) 2T 50(0,(2) — HY (Npjx(-1)) — 0 = H' (Op)®*.

The map H(a(~1)) is given by the quadrics (Qy,...,Q3). As F5(X) is smooth by assumption, the latter
are linearly independent; thus H%(a(~1)) is injective; i.e, we have HY(Np,x(~1)) = 0. In particular,
H%(Np/x) € H*(Np/x|e); hence, looking at (2.6) and (2.4), we see that T(e),[P) €F, is injective.
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(2) We want now to establish the exact sequence (2.3). Pulling back the natural exact sequence of locally
free sheaves, we get the commutative diagram

0 Tp,,

J/ Ter, l Te|]Pp2 i Telpy,

0 — ep, Tr, (x) — €5, Tar2,v)lr, (x) — ep, Sym® &, (x) — 0,

Tri2,3,v)lp,, — (t*Sym? &)lp,, —0

which by the snake lemma yields
0— Ker(Tehsz) — Ker(Te|]pF2) — coker(Ter) — 0.

By the definition of the normal bundle, we get coker(Ter,) ~ NIPFZ/FI(X)' The restriction of the exact
sequence of locally free sheaves

0 — Tri(2,3,v)/Gr(2,7) — Tri2,3,v) — € Tgr(2,v) — 0
still being exact, we get ker(Tehsz) ~ TFI(Z,S,V)/Gr(2,V)|IPF2- The relative tangent bundle appears in the exact
sequence:
0 — Ofi(2,3,v) — € V/E, @O, (1) — Ty2,3,v)/Gr(2,v) — O
The sequence (2.2) also yields

0 — t'OG:(3,v)(-1) ® €' Ocr(a,v)(1) — V/E, — V/EF — 0,

from which, after twisting that last sequence by O,(1), we get TF1(2,3,V)/Gr(2,V)|]PF2 o~ t;z V/ES®O,(1).
Next, taking the symmetric power of (2.2) we get the exact sequence

0 — €' OGr(2,v)(~1) ® ' OGr(3,v)(1) ® 1" Sym® £3 — 1*Sym’ £3 — ' Sym*> €, — 0,

so that ker(TehpPZ) ~ (" Ogr(2,v)(=1)® t*Ogr3,v)(1) ® Sym? 53)|H)F2. Putting everything together, we get
the desired exact sequence. O

For any plane Py C X, looking for example at the associated quadric bundle

Xp, = P(&y)

S

where B~ {[T1] € G(4,V), Py c 1} ~IP3, £ ~ (P)* ® Ops ® Ops(1) and 5(;; €10,(2)® y*Ops(1)], we see

that the locus of quadrics of rank at most 2 has codimension (at most) (47%”) = 3. Moreover, by the

Harris-"Tu formula ((HT84, Theorem 1 and Theorem 10]), there are (at least) 2 Eégigg 6631((554423 = 31 of these

quadrics (where L has to be thought of as a formal square root of Ops(1)).

In particular, the locus I' = {([¢],[P]) € Pg,, A[P’] # [P], ([¢],[P’]) € PE,} has codimension 2 in Pf,
(above the general plane [P] € F(X), there are finitely many lines that belong to another planes P’ C X).

To any hyperplane H C P(V*) such that Y := X N H is a smooth cubic 4-fold containing no plane, we
can attach the morphism jy: F(X) — F1(Y) defined by [P] — [PNH].

The subvariety F1(Y) C F(X) is the zero locus of the regular section of &;|F, (x) induced by the equation
of H C IP(V*). For any such Y (containing no plane), e~ (F;(Y)) is obviously a section Zy of Pr, — F»(X),
[P] = ([PNH],[P]). The smooth surface Zy ~ F,(X) is thus the zero locus of a regular section of 6}252|F1(X).
By Bertini-type theorems, for H general, Zy; N T is 0-dimensional.

As a result, as noticed in [IM08, Proposition 7] (the published version corrects the preprint, in which
it is wrongly claimed that jy is an embedding, as underlined in [Huy23]), jg: Zy = F»(X) — F(Y) is
isomorphic to its image outside a 0-dimensional subset of F,(X).
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The following diagram is commutative:

0 Tz, Tp,, |z, Nz,./py,

| | |

0 —— (e, Tr,(v))lz,;, — (€, Try(x))lzyy — (e, N, (vyr (x))lzyy — 0.

As Zy C IPg, is the zero locus of a regular section of 62252|F1(X), we have NZH/]pF2 ~ (e}2€2|pl(x))|ZH, SO
that the last vertical arrow in the diagram is an isomorphism. As the second vertical arrow is injective by
Proposition 2.1, the first is injective as well. So the snake lemma gives (e}}2 Tr, vz, / Tz, = NIPFZ/Fl(X)|ZH-

According to [IM08, Proposition 4], Imi(jp) is a (non-normal) Lagrangian surface of the hyper-Kihler
manifold Fy(Y). In particular, outside a codimension 2 subset of F,(X), we have

QZH ~ (6;32 TFI(Y))ZH /TZH-
As both sheaves are locally free, the isomorphism holds globally; i.e.,

(2.9) Qk,(x) = NPy, /7, ()| 2

We can now prove Theorem 1.2

Proof of Theorem 1.2. Looking at (2.9) and (2.3), we see that we only have to check that O,(1)[z,, ~ Oy, .
For a (general) hyperplane H C IP(V*), we have a rational map ¢: Gr(3,V)--> Gr(2,(H)), P— PNH
whose indeterminacy locus is Gr(3,(H)). The morphism jp: F(X) ~ Zy — F;(Y) is the restriction of the
map @ to F»(X). To get the result, we will show more generally that ¢*Og;(2,(my)(=1) ® Ogy(3,v)(1) restricts
to the trivial line bundle on the open set where ¢ is defined, i.e., on Gr(3, V)\ Gr(3,(H)).
The subvariety Gr(3,(H)) C Gr(3,V) is the zero locus of a regular section of &3, so that
NaGr(3,(H))/Gr(3,V) = E3lar(3,(H))- After blowing up this locus, we get

—~—

E. . Gi3V)

| S

Gr(3,(H) > Gr(3, V) - < > Gr(2,(H)),

-

where the exceptional divisor E; is isomorphic to IP(£3) ~ P(A*E3®det(E3)7!). So E, is isomorphic to the
flag variety F1(2,3,(H)), and @ o j correspond to the projection on the Grassmannian of lines; hence

Of, (1) = j"¢" Ocr(2,(11y) (1) ® Tg_1"OGr(3,v)(=1)  in Pic(E;).
As the restriction Pic(Gr(3,V)) — Pic(Gr(3,(H))) is an isomorphism, so is Pic(G;(\C%,/V)) — Pic(E;); thus
Ocisi) (“E) = 7 Or(2,my)(1) ® TOr3 v)(~1)  in Pic(Gr’(?V)).
Now pushing forward by 7 the short exact sequence defining E, we get
T Ocr(2,m)) (1) ® Ogr(3,v) (1) = T.O0G57) (=E) = LGr(s,(H))/Ge(3,v)
which is indeed trivial on Gr(3, V)\ Gr(3,(H)). O

3. Gauss map of F,(X)

Let X C IP(V*) ~ IP® be a smooth cubic hypersurface such that F,(X) is a smooth (irreducible) surface.
We begin this section with the following.
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Theorem 3.1. The following sequence is exact:

(Pe ®id et
(3.0) 0— H' (Op,x)) — Sym?V @ det(V) ——"5 V* @ det(V) — 0,

where Qeq, is defined to be e; + ej — eqx(e;, €, ).

Moreover, we have an inclusion /\2H1((’)F2(X)) C HZ(OFz(X)), which by Hodge symmetry yields
A HY(QF,(x)) € HY(KE,(x))-

Proof. As OF,(x) admits the Koszul resolution (2.1), to understand the cohomology groups H i(@pz(x)), we
can use the spectral sequence

EP! = HO(G(3,V), AP Sym® £5) = HP*1 (O, (x) ).

As a reminder, we borrow from [Jial2] (see also [Spa03]) the following elementary presentation of the
Borel-Weil-Bott theorem for a G(3, W) with dim(W) =d.
For any vector space L of dimension f and any decreasing sequence of integers a = (ay,...,as), there is

an irreducible GL(L)-representation (Weyl module) denoted by I'@-~4/)[,
To two decreasing sequences a = (ay,...,a44_,) and b = (by,...,b,), we can associate the sequence

(p1,--rPa)=P(a,b):=(ay—1,a,-2,...,a5_,—(d—e), by —(d—e+1),...,b,—d).
We measure how far ¢(a,b) is from being decreasing by introducing i(a, ) := #{a < B, ¢n > Pg}.
Finally, let us denote by ¢(a,b)" = (¢7,...,¢}) a re-ordering of ¢(a,b) to make it non-increasing and set
P(a,b):=(p7+1,...,¢5 +d).
The Borel-Weil-Bott theorem reads as follows.
Theorem 3.2. We have
(1) HY(G(3,W),T*Q3®T"E;) = 0 for q = i(a, b),
2) H'*Y(G(3, W), T"Q3 ®T¢&;) =T¥abw
where Qs and E3 are defined by (1.2) and TV %YW = 0 if ih(a,b) is not decreasing.
E}

Now, we want to apply this theorem to compute the of the spectral sequence. Using Sage with the

code

R=WeylCharacterRing("A2")
V=R(1,0,0)
for k in range(11): print k, V.symmetric_power(3).exterior_power (k)

we get the decompositions into irreducible modules of AFSym?3 &5. Then by the Borel-Weil-Bott theorem,

we have
(0) 12HZ(OG(3V) @iHi(r(O ..... OQ ®I~000)g3)
=H"(Oggs,v)) =TV = C,
(1) 12Hl (Sym 53) 12Hl (r(3,0,0)g§) =0,
(2) ®;H'(A?Sym’ &3) = @;H' (T*>0 g3 91103
— 4 (F(5'1’0)8§) — (10 o ASY,
(3) ®;H' (A>Sym’&3) =, H' (T*37)&5 ear531 &I @r7e;)

= H (171 Dgg) = 131DV = Sym? V @ det(V),
(4) o;H'(A*Sym®&;) =@, H' (1¢*Ve; 01043 0TV o TV 4D 0 T3V g5
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- g8 (r(6,6,0)5;) — (2200
~ Sym? V* @ det(V)®?,
(5) o;H' (A>Sym’ &3) ~ @, H' (I®0? g5 0T 40e; 0TV 02 g5 @ T34 g5 @ TN
or¥+2¢;)
— HS (r(7,6,2)€; ® r(8,6,1)€;)
— 1322y gr*2-21)y
~ (Sym? V@ V*)@det(V)®,
(6) @iHi (/\6 Sym3 g;) ~ EBl-Hi (1“(7’7"”8; @r(8,6,4)g§ ® 1“(9,6,3)g§ ® T(9'7’2)8§ ® T(10'4'4)5§)
8 9,7,2) o*

~ 1322V ~ (A’ Sym? V) @ det(V)??,

(7) o;H' (A Sym’&3) ~ o, H' (I777 &5 @T079e; 019 g5 0 T1074g5)
— HlZ (r(7,7,7)g*) ~ r(3 ..... 3)V ~ det(V)®3,
(8) €Bl'Hi (/\8 Sym3 5;) ~ @iHi (F(1°'7’7)€§ ® r(10,9,5)5§)
— H12 (F(10'7'7)5§) — r(6,3 ..... 3)V ~ Sym3 Y4 ®det(V)®3,
(9) ®;H' (A°Sym’ £3) ~ @;H' (T10107)¢5)

— H12 (F(10'10'7)€§) ~ F(6’6’3""’3)V,
(10)  @H'(A'"Sym® &) ~@;H! (T101010)g7)
— g2 (r(10,10,10)g;) ~ T(6:6,63..3)y/

To understand Hl((’)FZ(X)), we have to examine the E;,i’iﬂ fori=0,...,10. As El_i’iJrl =0 for any 7 # 3,
we get E;’Hl =0 for i # 3.

On the other hand, for r > 2, E;, 3% is defined as the (middle) cohomology of

—(2+471),2+r dy -3,4 dy —4+7r,6—
Erfl B Erfl Erfl e

From the above computations, we see that El_i'i =0 for 1 > 3, so that Er_i’i =0foranyi>3 and r>1.

So we get E;>* =Ker(d; : E;>* — E;*%).

As E{1’3 =0, we have E;1'3 =0, so that E;3’4 ~ E;3’4.

As Elo’2 =0, we have Eg’z =0, so that E;3’4 ~ E;3’4.

-3,4 _ 34
~E,

As Ef’b =0 for any a > 0, we get E ; i.e., the following sequence is exact:

d—3,4
0—> H! (OFZ(X)) — B L B

Now, d1_3’4 is given by contracting with the section defined by eqy, so that, choosing a basis (eg,..., )
of V, we have

a7t Sym?vedet(V)  — A°V=Viedet(V).

(e;+e))®(eg A=+ Aeg) — Zeqx(eirej:ek)a =eqyl(e;,ej,")®(eg A+ Aeg)
k
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If this map is not surjective, we can choose the basis so that e; ® (eg A+ A eg) € Im(d1_3’4). Then we get
eqx(e;, ej,e9) = 0 for any i, j, which means that the cubic hypersurface X is a cone with vertex [e].

So for a smooth cubic, d; s surjective, so (3.1) is exact.

Before tackling the case of H 2(0F2(X))> we notice that the exterior square of (3.1) gives the following exact
sequence:

@2 Peax ®idgym? vede(v

0 — A2HY(Op,x)) — (A*Sym? V) ®@det(V) , Sym2V ® V* @ det (V)2

32) N
Pe 1dy+*gde
o T, Sym? V@ det(V)®2 —s 0.

To understand HZ(OFZ(X)), we have to examine the Eg(,i’iJr2 fori=0,...,10. As El_i’iJr2 =0fori=26,10,
we have E;,Z’HZ =0fori=2,6,10.

Analysis of E;,ZA.— As El_l'4 =0,E, 24 is the cokernel of d, 3’4, which has just been proven to be surjective
when X is smooth. So E£2’4 = 0, from which we get Eg02’4 =0.

Analysis of E;f’s.— Each E; % is the middle cohomology of

B Lo, pr6 S, gm0,
From the above computations of the cohomology groups, we see that El_(5+r)'6+r =0 for any r > 2, so
Er__(“rl)w)’é” =0 for any r > 2.
So E;%% = Ker(d;*®: E;*® = E;**).
We see that E1_7+r’10_r =0 for any r > 3, so that Er__71+r’10_r = 0 for any r > 3. As a result, we get

F=68 _ =68
00 =L, .
From (3.2), we get that Coker(d;*®: E[®® — E[*®) ~ Sym? V* @ det(V)®? and Ex®® = Ker(d;*®:
-6,8 -5,8
El —>E1 ) =~ /\2H1(OF2(X)).
Now, the spectral sequence computes the graded pieces of a filtration

_rl 0 -10 =11 _ 152
0=F'cFlc-cF'cF ! =H?(Op,x)),

and we have seen (E(;,z’4 = 0) that all the graded pieces are trivial, but Grf . Es>® and (a priori)
Grf10 ~EJ%2% Asa result, we get /\zHl(OPZ(X)) ~ES =F6=...2F9cF0¢c Hz(OFz(X)), proving
the inclusion. O

Moreover, we have the following proposition.

Proposition 3.3. We have HO(Q3|;2 x0) = H%(Q%) ~ V and HO(Sym? &k, (x)) = H(Sym? &) ~ Sym? V*,
and the following sequence is exact:
(33) 0— H0 (Q§|F2(X)) —> H0 (Sym2 53|F2(X)) —> H0 (QFQ(X)) —> 0,
where the first map is given by v — eqx (v, ).
Proof- To understand HO(Q§|F2(X)), we use again the Koszul resolution (2.1) tensored by Q. We have the
spectral sequence

EYT = H1(G(3,V),Q3® AP Sym® £3) = HP™(Qjlr,x)).

We again use the Borel-Weil-Bott theorem 3.2 to compute the cohomology groups on G(3,V). The
decompositions of the A’ Sym &3’s into irreducible modules have already been obtained in Theorem 3.1. So
we get

(0) &H' (Q3) ~ @;H' (1100003)
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_ O (r(l,O,O,O)QE) v

(1) ®;H'(Q3 ®Sym’ &) ~ &, H' (100005 o T300¢5) = 0,

(2) ®;H'(Q5 ® A>Sym’ &3 ) ~ @, H' (I100003 (13305 01103 )) = 0,

(3) @jHi (Q}; ® /\3 Sym3 g;) ~ @iHi (F(l'O'O’O)QE ® (I‘(3,3,3)g§ ® I‘(5,3,l)g; ® I‘(6,3,0)g§
7

ol 7es))
— H4 (F(I’O,O'O)QS ®r(7,1,1)5§) ~ r(3,2,1,‘..,1)V,

(4) €BiHi (Qfo, o Sym3 g;) ~ EB,-Hi (r(l,O,O,O)QE ® (r(6,3,3)5§ EB1~(6,4,2)5§ @r(6,6,0)5§
oI 74e; o> er))
=0,
(5) ®;H'(Q3 ® A>Sym’ &3 ) ~ o, H' (I 00003 g (I(*62 g5 @ T4 ¥g; 9T 7625
oI 843g; or®ole; o r42s;))
=0,
(6) ®;H'(Q5 ® A°Sym’ &3 ) ~ @, H' (I 00003 (17705 @ T e; 91035

®r(9,7,2)5§ ® 1'*(10,4,4)5; ))

_ 8 (I‘“'O’O'O)Qg ®1‘<9'7'2)€§)
~ (53322

7

(7) ®;H'(Q5 ® A Sym’ &3) ~ @, H' (I 00003 (1777 g5 @773 g3 9 T35
EBF“O’7’4)E§ ))
=0,
(8) ®;H'(Q5 ® A¥Sym’ £3) ~ @, H' (T 00003 (11077 g5 @ 710953 )
=0,
(9) ®;H'(Q5 ® \7Sym’ £3) ~ @, H' (T100005 o T10107)g3) = 0,
(10) ®;H'(Q3® A'0Sym’ &) ~ @, H' (11000105 T(101010)¢7)

_ le(r(l'O'O’O)Q’; ®F(10’10’10)5§) ~T(6:664333)y

The graded pieces of the filtration on HO(Q§|F2(X)) are given by E;oi’i, 1=0,...,10. From the above

calculations, we see that El_i’i =0 for any i > 1; thus Ecy”" = 0 for any i > 1.
On the other hand, E?’O = HO(Q’;) =V, and as Ef’b = 0 for any a > 0, we have E?’O =
Coker(d,_1: Er__(;_l)’r_zE?LOl) for any r > 2. But the above calculations give El_r’r_1 =0 for r > 0,

so that Er—r,r—l =0 for any r > 1. Thus EY’ = E?’O, proving that HO(Q§|FZ(X)) = HO(QE) ~V,
Now, let us examine HO(Sym2 &3, (x)) using the spectral sequence

E{v,q - g4 (Sym2 E3@NP Sym3 g;) — HP* (Sym2 53|F2(X))-

Using Sage with the code

R=WeylCharacterRing("A2")
V=R(1,0,0)
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W=R(0,0,-1)
for k in range(11): print k,

— W.symmetric_power (2)*V.symmetric_power(3).exterior_power (k)

and the Borel-Weil-Bott theorem 3.2, we get

(0) @Z‘Hi (symZ 53) ~ @iHi (I*(0,0,—Z)g;)
— HO (1’*(0,0,—2)5;) ~ F(O,...,O,—Z)V ~ Sym2 V*I
(1) ®;H' (Sym? & ®Sym> &) = @;H' (T 005 0 10 Ve T30 2)g5) = 0,
: : 2
(2) ®;H' (Sym” €3 ® A’ Sym>£3) ~ @, H' ((r<3'1'0>5; ) er(2 e or33-2g;

4,0, * 4,1,— * ,1,— * ,0,— *
el 00 T -Nes T 2e;or>0-e;)
— H4 (r(5,1,—2)5§ @F(S,O,—l)gg)
~ T2 @ T (L 101y
; ; 2
(3) ®;H' (Sym? &3 ® A’ Sym® £3) ~ &, H' ((r<3 3 1>5;) o2 e; g (130 g;)”
( L) e )632 (F (520)¢ ) (F(5'3"1)5§)®2
( 610 ) 1"6215 ®r63 2)53
r71-1)g )
_ g4 ((F(S,l,l)gg)eaz @ (r(6,1,0)5§ )392 EBF(7'1'_1)€§)
~ det(V)®? @ (1~(2,1,...,1,0)V)€‘92 oT3Ll-Dy
; ; 2
(4) ®;H' (Sym” &3 @ A*Sym® £5) ~ @, H' (r<4’3'3>5; oT**2g; 9 (r>32g; )®
@(F(5’4’1)5§)®2 (622 s EB( 63,1)5;)694
@ (r(6,4,0)5§)@3 @T65 g @r66-2)g;
2 2
@(r(7,2,1)8§)@ @(F(7'3'0)€’3‘)€B oT(74- g
er®Les @r®20e; 9r®3-e;)
_ H4(r(8,1,1)g;)®H8(r(6,6,—2)g;)’

~Sym? Vedet(V) =T@-2-2)y
(5) ®,H' (Sym2 €58 A3Sym® 5;) ~ @ H (1“(5’4'4)5; o (r(6,4,3)€; )@3 o (r(6,5,2)g; )692
o (ree3)” er739g; o (1742 g5)™
& (I750e3)™ o (1760¢3)” @ (1832 g5)*
o (r®+1e;)* erd50g; @rdo-Ne;
er@2) 3013 ey or040s;)

=H® ((1‘(6,6,1)g§)®3 ey (I'(7,6,0)£; )692 ® r(8,6,—1)g§)
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~ (F(2 ..... 2,1)‘,)@93 ® (r(s,z,...,z,o)v)eaz ®T¢22-1y
(6) o, H' (Sym2 €58 ASSym’ 5;) ~ @ H ( (664) g2 @( 7 5,4)5§)ea2 o (r(7,6,3)g;)@3

7,7,2) 5;)@2 ea( 8,4,4) £ )992 ® (r(8,5,3) & )992
)
(

o (I I
o (r#o2g;) @r®7e; o (r43g;)™
& (r52e3)™ @ (106 Ve5)” @ro70;
or0+2e;)
- H8 ((r”'”)eg )632 ® (r<8'6'2)€§ )6133 or®7e:
a(roVe;)” ore70g; )
< (0322 g (1622 g 2.1y
@ (r(5,2,...,2,1) V)®2 @T532.20)y
7) & H' (Sym? &5 @ A7 Sym® £3) = &' (T079¢3)” 180905 @ (10741¢5)

. £\ 92 \93
o F(9'5’5)S3 o (r(9,6,4)53) o (1"(9'7'3)83)
9,8,2) o* 9,9,1) o* 10,5,4) o*
eT®82g; g2 e; gT(1054) e
10,6,3) o* 10,7,2) o
or!1063)e; T1072)e3)
— H8 (r(9,8,2)g§ EBI‘(9,9,1)5§ @F(10'7’2)5;)
~ (5422 g T(552-21) 7 @ T(6,3.2,2) v,
(8) ®;H' (Sym? &3 @ ABSym® £5) = @;H' (T®77) &30 1070 g5 9 O g5
2
@I‘(9,9,4)g;®(r(10,7,5)5§) @r(lo 8,4) 53
10,9,3) o*
or1023¢;)
— H12 (F(S'”)E;) ~ r(4,3 ..... 3)V,
(9) ®;H' (Sym? &3® A°Sym?> &£;) = @;H' (T1087) g5 9 1(1096) g5 g T 10105)g3)
- g2 (r(10,8,7)5§) ~T(643..3)y
(10) o;H' (Sym2 E;0 A10Sym?3 5;) ~@;H' (F(m’lo’g)é';)
— g2 (r(10,10,8)5§) ~ T(6:6/43,..3)y/

The graded pieces of the filtration on H’(Sym? &3, (x)) are given by the Ex". We have Eol”’ = 0 for any
i#0, 4sinceE_ii—0fori¢0 4.

As Eab—Oforanya>OandE n l—O(becauseE rrl =0) for any r > 1, we have EX’ _E

In particular, HO(Sym? £3) ~ E&” € HO(Sym? &3]k, (x))- As h(Sym? €3) = dim(Sym? V*) = 28, we have
hO(Sym2 &3lp,(x)) = 28. By Hodge symmetry, hO(sz(X)) = hl(Opz(X)) = 21 (see Theorem 3.1). So the
exactness of the sequence

0— H0 (leFz(X)) bl HO (Sym2 53|F2(X)) —> HO (QFZ(X))
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implies H(Sym? £3) = HY(Sym? &3lr,(x)) and the surjectivity of the last map. g

According to Theorem 3.1, /\2H0(QF2(X)) - HO(sz(X)). As Kr,(x) = Og3,v)(3)|E,(x), the map
p: Fa(X) --» |/\2H0(QF2(X))| is the composition of the degree 3 Veronese of the natural embedding
F,(X) € G(3,V) followed by a linear projection. Moreover, we have the following.

Lemma 3.4.
(1) The canonical bundle Ky, (x) is generated by the sections in /\2 HO(QFZ(X)) C HO(KFZ(X)). In particular,
A2 HO(QFZ(X))l is base-point-free.
(2) For any [P] € F»(X), the following sequence is exact:

0 Q eV([P]) Q
0 — Kip) — H*(Qr,x)) — Qr,x),1p) — O,

where Kip) = {Q € H*(Ops(2)), P < {Q = 0}}/Span((eqx (x, ) xe(p))-

Proof. (1) As &3|p,(x) is globally generated (as a restriction of &3, which is globally generated, by (1.2)),
Sym? &5 F,(x) is also globally generated. The same holds for Q3|r,(x) (by (1.2)). So applying the evaluation
to (3.3), we get the commutative diagram

0— H° (Q3|}2(X)) ® Or,x) — H°(Sym?&3lr,x)) ® O, x) — HO(QF,(x)) ® OF,(x) — 0

J/ ev, i/ ev, \L evs

0 Q3lE, (x) Sym? &5k, (x) QF,(x)

0,

where the bottom row is (L1). As ev, is surjective, we get that evs is also surjective; i.e., (f,(x) is globally
generated. Then taking the exterior square of ev3, we get that A%evs is surjective:

/\2 €evy

2
/\ H" (QFz(X)) ®Op,(x) —> /\2QF2(X)-

Now a base point of |/\2HO(QF2(X))| would be a point where AZevs fails to be surjective. So
|/\2HO(QF2(X))| is base-point-free.

(2) As HO(Q§|F2(X)) ~ HY%(Q3%) ~ V by Proposition 3.3, (1.2) yields ker(ev) = &3l (x)» so the snake lemma
gives the exact sequence. g

Now, let us come back to the Gauss map of F,(X), that we have defined to be
G: albg, (F(X)) ---» G(l TAlb(Fz(X)),O)r
t = Talby, (Fy(X))-£,0

where albp, (F>(X)) —t is the translation of albp, (F»(X)) C Alb(F,(X)) by —f € Alb(F,(X)). It is defined on
the smooth locus of albg, (F(X)).

According to [Col86, Section (IIL)], Talbp, is injective. So the indeterminacies of G are resolved by the
pre-composition with albg, i.e.,

Fr)(X) — G(Z, TAlb(Fz(X)),O)
t+— T_ip,, 1y Translate(—albp, (¢)) (Tyalbp, (Tr,x),¢))-
We have the Pliicker embedding

G(2, TAlb(Fz(X)),O) ~ G(z'HO (QFQ(X))*) cP

AH O(QFAX))*]
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and the commutative diagram

albg,
F>(X) albg, (F»(X))
g
v
P G(ZHO(QFZ(X))*)

A2 HO(Qpy0)| == P(APH (Qry) )-
The following proposition completes the proof of Theorem 1.3.

Proposition 3.5. The morphism p is an embedding, which implies that albr, is an isomorphism unto its image
and G is an embedding.

Proof. Let us denote by Jx the Jacobian ideal of X, i.e, the ideal of the polynomial ring generated by

deqy
0X;

dim(Jx »|p) = 4, so that dim(Jx N{Q € H%Ops(2)), P c{Q = 0}}) = 3. We have the following.

) and by Jx , its homogeneous part of degree 2. By Proposition 2.2, for any [P] € F,(X),
i=0,...,6

Lemma 3.6.

(1) For [P] e G(3,V), the codimension of L2 {Qe HY(Ops(2)), P C {Q 0}} in HO(O]pG( )) is 6. For
[P] #[P’] € G(3,V), the codimension of LP’P, :={Q e H%Ops(2)), P,P’ c{Q=0}} in LP is
(a) 6 if PNP =0,
(b) 54 PAP’ = [pt),
(c) 3 if PN P’ = {line}.

(2) For[P] = [P’] € F5(X) such that PNP’ = {line}, we have dlm(]XﬂLP p) 2 1, and if X is general, we even
have dlm(]XﬂLP pr) =280 LIZJ/(]XOLI%HLIZJ,P, C L2, and for X general, dim(LI%/(]Xﬂle,)JrLl%’P,) >2.

Proof. (1) This follows from a direct calculation.

(2) Up to a projective transformation, we can assume P ={Xy=---=X3=0}and P'={Xy=X; =X, =
X4 = 0}. Then eqy is of the form (2.7) with the additional conditions Q3(0, X5, X¢) = 0, D5(0,0,0,X3) =0,
Dg(0,0,0,X3) =0, R(0,0,0,X3)=0.

By definition, the quadrics of the Jacobian ideal are a , and according to Proposition 2.2, ( x| p)

are linearly independent, so that

deqy
JxNL3 :Span(( |p) )
g 9X; i=4,5,6

deqy Qo dQ, 2Q, Q3
ax, ~Jogx. TXigx TXgx TR gk

which, when restricted to P’, gives 9 X3 8X 3(0, X5,X6)+D-(0, 0,0, X3). But since Q3(0, X5, Xs) =0,

we have a_Xl_(O,X5,X6) 0 fori =5, 6 so that elep/ = aeq |p/ .e., a;)?", a;)?x € L2 pp NJx. For X

For i € {4,5,6),

+Di

general, those two quadric polynomials are 1ndependent
We have dim(Jx N L} + L3 ) = dim(Jx N L}) +dim(L3 ;) - dim(Jx N L} ,), which, by the first item of
the lemma, yields the result. O

According to Lemma 3.6, for [P] # [P’] € F,(X), we can always find a quadric Q € H%(Ops(2)) such that
02Q¢e€ lej/(]X N le, + le,’P,); in particular, Q|p = 0 but Q|p, # 0. Pick another Q’ € HO(O]pa(Z))\(lej U ley)
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(i.e, Q'lp 20, Q’|pr # 0) such that Q’|p is independent of Q|p: and Q and Q’ are independent modulo Jx ,
(dim(H(Ops(2))/(Jx,2 ®C[Q))) = 5).

By Proposition 3.3, such quadrics give rise to 1-forms on F»(X). Then Q A Q' € /\2H0(QFZ(X)) vanishes
at [P] but not at [P’]; i.e., |/\2HO(QF2(X))| separates points.

Now, given a [P] € F»(X), we recall that

Tip1F2(X) = {u € Hom((P), V/(P)), eqx(x,x,u(x)) = 0 Vx € (P)}

(the first order of eqyx (x + u(x), x + u(x), x + u(x)) is 0 for all x € (P)).

Let Q€ LI% be such that 0= Q € HO(O]P6(2))/]X,2 and Tjp)F2(Q) N Tjp)F»(X) = {0}. Pick a non-zero
Q' € H(Ops(2))/]x,» such that Q’|p # 0; then QA Q" € AZH(Qp, (x)) and (Q A Q')|p = 0.

Moreover, given a u € TjpF»(X), we have d;pjQ(u) A Q'lp + Qlp A d[p)Q’(u) = d;p1Q(u) A Q'|p, where
dp)Q(u) is the quadratic form x > eqg(x, #(x)) and is non-trivial since Tjp)F»(Q) N Tjp)F2(X) = {0}. Then
for Q generic (containing P and such that TjpF>(Q) N Tjp;F2(X) = {0}), d[p)Q(u) is linearly independent
of Q’|p, so that Q A Q” does vanish along the tangent vector u. So |/\2HO(QF2(X))| separates tangent
directions. O

4. Variety of osculating planes of a cubic 4-fold

In (1.3), we have previously introduced, for a smooth cubic 4-fold containing no plane Z C P(H*) ~ IP>,
the variety of osculating planes Fy(Z) :={[P] € G(3,H), 3¢ C P line s.t. P N Z = { (set-theoretically)}.
The variety Fy(Z) lives naturally in F1(2,3,H), i.e.,

Fo(Z) ={([€],[P]) € F1(2,3,H), PN Z = { (set-theoretically)},
and from the exact sequence (2.2):
0— e*OG(Z’H)(_l) ® t*OG(3,H)(1) —> t*53 —> 6*62 — 0,

we see that e*Og o 1) (—1) ® " Og(3,m)(1) is, for ([¢],[P]) € F1(2,3, H), the bundle of equations of £ C P. As
a result, Fy(Z) is the zero locus on F1(2,3, H) of a section of the rank 9 vector bundle F defined by the
exact sequence

(4.1) 0 — €' Og(2,1)(~3) @ t'Og(3 1y(3) — t*Sym> E5 — F —> 0.

In particular (since F is globally generated by the sections induced by H(t* Sym3 &3)), by Bertini-type
theorems, for Z general, Fy(Z) is a smooth surface with Kr (z) ~ (t*Og3 1)(3))|,(z)- Its link to the surface
of planes of a cubic 5-fold is the following.

Proposition 4.1. Denoting by X, = {Xg —eq,(Xo,...,X5) = 0} the cyclic cubic 5-fold associated to Z, the linear
projection with center pg :=1[0:---:0: 1] induces a degree 3 étale cover 0: Fy(Xy) — Fo(Z) given by the torsion
line bundle (e*OG(le)(—l) ® t*OG(3,H)(1))|F0(Z)-

In particular, when Fo(Z) is smooth, F5(Xy) and Fy(Z) are smooth and irreducible.

Proof. (1) The point py does not belong to X. In particular, any [P] € F»(X7) is sent by 7t, : P(V*) --> IP(H")
to a plane in IP(H"), where V = H@® C - pg. The restriction of 7, (also denoted by 7, ) to X is a degree 3
cyclic cover of P> ramified over Z. Let us denote by 7: [ag :---:ag] +> [ag: -+ : a5 : Eag), with & a primitive
third root of 1, the cover automorphism.

For any [P] € F5(Xz), 7, : ﬂ;()l(npo(P)) — T, (P) is a degree 3 cyclic cover ramified over the cubic
curve 7, (P) N Z. It contains the three sections P, 7(P), 72(P), which in turn all contain (set-theoretically)
the ramification curve 7t, (P)N Z, so it is a line; i.e., ([{7tp,(P) N Z}eq, [10p, (P)]) € Fo(2).

Conversely, for any ([¢],[P]) € Fo(2), 71;,01 Ix,(P) — P is a degree 3 cyclic cover ramified over {€)3,
so it consists of three surfaces isomorphic each to P, i.e, three planes. To make it even more explicit,
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if P={Xg=X; =X,=0}and £ = {Xg = X; = X, = X3 = 0}, then 71,!|x,(P) is defined in 7,!(P) =~
Span(P,pg) ~ IP3 by Xg’ - an’ for some a # 0 (since Z contains no plane), and we have Xg - aX; =
(X6 —bX3)(Xg—b'X3)(Xg —b"X3), where b,b’,b” are the distinct roots of y3 = a. So 7w: F5(Xz) — Fo(Z) is
étale of degree 3.

(2) The equation eq defines a section 0q, € HO(t*Sym?3 £3) ~ H%(Sym? £3) and by projection in (4.1) a
section Ogq, of 7 whose zero locus is Fo(Z). Restricting (4.1) to Fo(Z), we see that oq, induces a section of
(€*Og(2,1)(=3) ® t*Og3,1)(3))|r,(z) Which vanishes nowhere since Z contains no plane. Thus

(e*OG(z,H)(—3) ® t*OG(3,H)(3)) lro(z) = OF,(2)-

Now if (e*Og(2,m)(—1) ® t*Og(3,1)(1))Ey(2) = OF,(z), since (e'Og(a,m)(—1) ® t*Og3,m)(1))|p,(z) is the
bundle of equation of ¢, C P, for any x = ([(,],[P]) € Fo(Z), for any nowhere-vanishing section s of
(€*Og(2,1)(=1)®t*Og3,1)(1))|F,(2), we would be able to define three distinct sections of 7c: F»(Xz) — Fo(Z),
namely (symbolically) [x — {Xg — ‘Eks(x)}Span(Px,po)], k =0,1,2. But according to [Col86, Proposition 1.8],
F>(X) is connected for any X. Hence we have a contradiction. So (¢*Og(,1)(=1) ® t*Og3,1)(1))|F,(z) is a
non-trivial 3-torsion line bundle.

Moreover, we readily see that for any [P] € F»(Xz), Xg|p # 0 is an equation of the line P NIP(H"); i.e.,
1(e"Og(2,1)(=1) ® t*Og(3,1)(1))|F,(z) has a nowhere-vanishing section, hence is trivial.

(3) When F(Z) is smooth, since 7t is étale, F(X) is also smooth. As F,(Xy) is connected (by [Col86,
Proposition 1.8]), F5(Xy) is irreducible, and 7t(F,(Xy)) = Fo(Z) is also irreducible. O

Remark 4.2. That Fy(Z) is smooth and irreducible, for Z general, is proven in [GK21, Lemma 4.3] without
reference to F(Xy).

In [GK21], the interest for the image e(F((Z)) C Fi(Z) stems from e(Fy(Z)) being the fixed locus of a
rational self-map of the hyper-Kihler 4-fold F;(Z) defined by Voisin (¢f- [Voi04]).

Proposition 4.3. For Z general, the tangent map of er := el (z): Fo(Z) — F1(Z) is injective, and ef, is the
normalisation of e (Fo(Z)) and is an isomorphism unto its image outside a finite subset of Fo(Z).
Moreover, er (Fo(Z)) is a (non-normal) Lagrangian surface of the hyper-Kihler 4-fold F1(Z).

Proof. (1) That e is injective outside a finite number of points follows from a simple dimension count:
let us introduce I := {(([¢],[P]),[Z]) € F1(2,3,H) x |Ops(3)], £ C Z and Z NP = { set-theoretically}
and I, := {(([€], [P1],[2]),[Z]) € P(Q2) XG(2,1) P(Q2)\Ap(g,) X [Ops(3)l, £ € Z and ZN P = ¢, i =
1,2 set-theoretically}. As F1(2,3,H) and P(Q;) xg(2,i) P(Q2)\Ap(g,) are homogeneous, the fibers of
p: I — FI(2,3,H) (resp. pa: I, — P(Q2) Xg(2,H) P(Q2)\Ap(g,)) are isomorphic to each other and are
sub-linear systems of |Ops(3)|.

Notice that, since Fy(Z) is a surface for Z general, we know that dim(I) = dim(|Ops(3)| + 2.

Let us analyse the fiber of p,. To do so, we can assume € ={X;, =---=X5=0}, P, ={X5=X4=X5 =0}
and P, = {X, = X4 = X5 = 0}. Then the condition Z N P; = ¢ implies that eq, is of the form

2
(4-2) eqy = an + X3Q3 + X4Q4 + X5Q5 + ZX{D,‘(X3,X4, X5) + R(X3, X4,X5),
i=0
where the Q;(Xo, X1, X>) are quadratic forms in X, X1, X, the D; are quadratic forms in X3, Xy, X5 and R
is a cubic form in X3, X4, X5. Notice that this is the general form of a member of the fiber p~!([¢],[P;]), in
particular, dim(p~1([€],[P;])) = dim(|Ops(3)]) + 2 — dim(F1(2, 3, H)) = dim(|Ops(3)]) - 9.

The additional condition Z N P, = ¢ implies that Q3(Xy, X;,0) = 0, Dy(X3,0,0) = 0, D1(X3,0,0) =0,
which gives 3+1+1 = 5 constraints. So dim(pgl(([ﬂ, [P],[P,])) = dim(p~'([€],[P;]))-5 = dim(|Ops(3)]) -
14, hence dim(I,) = dim(pg1 (([€], [P1], [P2])))+2x3+dim(G(2, H)) = dim(|Ops(3)|). As a result, the general
fiber of I, — |Ops(3)| is finite. In other words, for [Z] € |Ops(3)| general, there are only finitely many ¢ C Z



The geometry of the variety of planes of a cubic fivefold 19

such that there are at least two planes P, P, C P> such that ZNP = ¢, i = 1,2, i.e., there is a finite set
Y C Fo(Z) such that e|g,: Fo(Z)\y — F;(Z) is a bijection unto its image.

(2) Let us give a description of Tr(z), (¢} (). We recall that the two projective bundle structures on
F1(2,3,H) given by e: F1(2,3,H) ~ P(Q,) — G(2,H) and t: F1(2,3,H) ~ P(A%2E3) — G(3,H) yield the

following descriptions of the tangent bundle:
Tri2,3,1),(¢11P) = Hom((€), H/(C)) ® Hom((P)/((), H/(P))
and
Tei(2,3,1),(1¢),1P) = Hom((P), H/(P)) ® Hom((€), (P)/(()).

The isomorphism between the two takes the form
Hom ((£), H/{{)) ® Hom ({P)/{€), H/{P)) — Hom ({(P), H/{P)) ® Hom ({€), (P)/{{)),

(@) — (9. + )
where ¢ = (¢, ¢, ) is the decomposition corresponding to the choice of a decomposition H/{¢) =~ (P)/{({)®
H/{P) coming from a decomposition (P) =~ (£) ® (P)/({).

Around ([¢],[P]) € Fyo(Z), the points of F1(2,3,H) are of the form ([(id(e)+¢)((€))], [(id(py+¢, +
¥)((P))]). Let us choose an equation A € (P)* (a generator of ((P)/({))*) of € C P such that eq,(x,x,x) =
A(x)3 for any x € (P).

The first-order deformation of this equation to an equation of (ids, +¢)((€)) C (id(py+@, + P)((P)) is
given by A — ¢*(A), so that the point associated to (¢, 1) belongs to Fy(Z) if and only if

eqz (X + @ (%) + P(x), X + @ (%) + P(x), x + @, (%) + P(x) = (1 +c(@, ) (A(x) 9" ()(x)>  Vx € (P)
for some term c(¢, 1) = O(¢@, {) constant on (P). So at the first order, we get

(4.3) eqz (%%, @, (x) + P(x) = =A(x)*@"(A)(x) + %C(fp, P)A(x)° Vxe(P).

The differential of the projection er (7): Fo(Z) — F{(Z) is simply given by (¢, ) — ¢.
Let us introduce

J:={(([€],[P]),[Z]) € FI(2,3,H) x|Ops(3)|, £ C Z, ZN P = ¢ and Tjj¢},[p) elF,is not injective}

and analyse the fibers of p;: | — F1(2,3, H), which are isomorphic to each other by the homogeneity of
F1(2,3,H).

So we can assume ¢ = {X; =--- = X5 =0} and P = {X3 = --- = X5 = 0}, so that eq, is of the form (4.2)
with Q; = az-Xg + binz + cng +d; XoX1 +6; XX, + [;X1X,, i =3,4,5, for some aj, ..., f;. We recall that for
Uy v
Q= (gi ZZ) € Hom((¢), H/{{)) and ¢ = (%i ) € Hom((P)/(€), H/(P)), the associated subspaces are
Us Vs 5

Cipp) = [A o Ay + vy, Aus + pvs], [Ap] € P!,

P,y = [A v, Auz + pvs + vws, Adug + pvg + vy, Aus + pvs +vws],  [A,p,v] € P2,

Now, if (0,4) € Tf,(z),(j¢},(P])» We have at the first order

Mm

eqylp,,, = wi(ajA* + b + v+ didpu+ e Av + fipv) +O(((p,z,b))

i=3
3 2
= (a +c3w3 + cqwy + c5ws) V7 + [(e3w3 + eqwy + esws) A + (frws + fawy + fsws) ulv

+ (a3ws3 + agwy + asws) Ay + (baws + bywy + b5U/5)]12

+(dsws + dgwy + dsws) Apv + O(((p,t,b)z)
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so that looking at (4.3), we see that (0,9) € T (z),(j¢},(p)) if and only if
rank d3 d4 ds < 2,

which defines a subset of codimension (3 —2)(5-2) = 3.

So J C I has codimension 3. As dim(I) = dim(|Ops(3)|) + 2, ] does not dominate |Ops(3)|; i.e., for the
general Z, ep is an immersion.

(3) Let us prove that ep (Fo(Z)) is a Lagrangian surface of Fi(Z). In [IM08], the following explicit
description of the symplectic form C-Q = H>%(F(Z)) is given: let us introduce the following quadratic
form on /\szl(Z),[g] with values in Hom((A2(€))®%, A*(H/(C)):

K(uAv,u' Av')=u(x) Au'(y) Av(x) AV (v) —u(y) Au'(y) Av(x) Av'(x)
+u(p) Au'(x) Av(y) Av'(x) —u(x) Au'(x) Av(y) AV (v),

where (x,v) is a basis of (). Let us also introduce the following skew-symmetric form:

w: A Tg,(z)10] — (NO)®?
UAV > eqz(x,x,u(p))eqz(y,9,v(x)) —eqz (x, x,v(y)) eqz (v, 9, u(x))
+2eqz(x,p,u(y)eqz(x,x,v(y) - 2eq (x, x, u(y)) eqz(x,y,v(y))
+2eq,(v,v,u(x))eq,(x,v,v(x) - 2eq,(x,y, u(x))eq, (v, v, v(x)).

According to [IM08, Theorem 1], for u,v € Tf (7))
K(u Av,u Av) =w(u Av)Qe(u,v).

As for a general point ([£],[P]) € Fo(Z), € C Z is of the first type; i.e., in reference to the above presentation

as by d

(42)for ¢ ={X;, =---=X5=0}, P ={X5 =Xy = X5 =0}, az bz di # 0, it is sufficient to prove the vanishing
as bs ds

of Q¢ (Im(Ti(ey,p))er, ), Im(T((¢)(p))€F,)) for such a line. So we can assume a =1 and

Q3 = Xg + €3XOX2 + f3X1X2 + C3X22,
Qu = XoX; +e4XoXs + f1X1 Xp + ¢4 X3,
Q5 = X12 + €5X0X2 + f5X1X2 + C5X22.

Then as above, for ¢ = (53 z;) € Hom((¢), H/(£)) and ¢ = (gi ) € Hom((P)/(€), H/(PY)), we have
Us vs 5
5
edz Iy, = V> + ) (At +pv;+ vws)Q; + O((¢,9)°)
i=3

= (14 c3ws + Cawy + Csws) V> + (C31U3 + e3ws3 + Cally + €4Wy + C5Us + e5ws) AV
+(c3v3 + faws + C4vq + fawy + C5v5 + b5w5)yv2
+ (w3 + e3ut3 + eqiiy + esus) A2V + (ws + fyvs + favg + f5vs)uv
+(wy + f3us + e3v3 + fyug +eqvg + fsus +esvs)Apy

+ 1347 +vsp? + (v +us) A + (v3 + ug) 2+ O (0, 9)?),
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so that the description (4.3) of Tk (), (¢}, p)) Yields

C3U3 + e3W3 + C4lly + €4Wy + C5Us + e5Ws = —UUy

C3V3 + f3ws + c4vg + fawy + c5v5 + bsws = —v,
w3 +ezuz+equy+esus =0
ws + f3v3 + favs + fsvs =0

Wy + faUz +e3v3 + falig +e4vy + fsus +esv5 =0

V4 =—Usz; V3 =—Uy M3:01/5:0.

The seven last equations yield w3 = —(eqti4 + esus), wy = (e3 — fy)ug + (€4 — f5)us, ws = f3uy + faus. Thus
the first two give a system
aug+ Pus = —uy,

—61/!4 — QU5 = —Vy,
where a = Cq— €4f4 + €5f3, ﬁ = (5 —e3€5+ ei - 64f5 + €5f4 and 0 = €3f4 —f42 - €4f3 + f3f5 —C3. In particular,
the determinant A = —a? — 8 of the 2 x 2 system is non-zero for a general choice of the (e;, f;,c;) and
Uy = %(0[142 + pvy), us = %(5142 —avy). So a basis of Tf,(z)je),(p)) is given by ((u; = 1,7, = 0) and
(MZ = 0,7/2 = 1))

a 0
q)uzl €EgH— €+ —€4+ €5,

A A
a 0
€1 H— — Z€3 - K€4
and
B a
Pu,t €0 > €4 L€5,
€1 > €7 — E€3 + g€4
A A
where (€, ..., €5) is the (dual) basis associated to the choice of the coordinates X;. Then we readily compute
1 0 0 1
a B
Kipw A=y 8 5 “5l=0
Fd A
A A
and (@, A @,,) = % # 0, hence Q¢)(@y,, Py,) = 0. 0

Remark 4.4. In [GK21], it is also proven that Fy(Z) — e(F(Z)) is the normalisation and that e(F(Z)) has
3780 non-normal isolated singularities.

As for Z general, ef is an immersion, Ng (zy/F,(z) := e}o Tk, (z)/ Tr,(z) is locally free. Moreover, since e,
is, outside a codimension 2 subset of Fy(Z), an isomorphism unto its image and that image is a Lagrangian
subvariety of F;(Z), we get (outside a codimension 2 subset, thus globally) an isomorphism

QFy(z) = NEy(z)/F,(2)-
Notice that F(Z) naturally lives in IP(Q5|F, (7)) C F1(2,3, H). We have the following.
Lemma 4.5. The following sequence is exact:
0 —> €}, OF,(2)(=3) ® t}, Og(3,1)(3) — €5, OF, (~1)® t1. (Sym” &3 ® Og(3,11)(1))F, ()
— NE(2)/P(Qslr, 1) — O
where ep, : P(Qs|F, (z)) = F1(Z) and tg, : P(Qs|F, (z)) — G(3,H).
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Proof- We have seen that Fy(Z) C F1(2, 3, H) is the zero locus of a section of F appearing in the sequence
(4.1). Taking the symmetric power of (2.2), we have the following commutative diagram with exact rows:

0 €' Og(2,m)(=3) ® t*Og3,1)(3) €' Og(2,1)(=3) ® t*Og3,1)(3) 0 0

J J !

0 —¢e"Ogo,u)(-1)® t*(Sym? &; ®0Og3,1)(1)) t*Sym>® £ —— ¢*Sym? &, — 0.

The projection to e*Sym?2 &, of the section Oeq, € HO(t*Sym? E3) induced by eq, vanishes on F;(Z) by the
definition of F;(Z). So it induces a section of

et O, (z)(=1) ® t}, (Sym* £3® Og3,m)(1)) = (€' Ogp,11)(~1) @ *(Sym® £3 ® Oc ) (DIP©,lr, )
Now the snake lemma in the above diagram gives the result. 0

The snake lemma in the diagram with exact rows

0— TFO(Z) - TIP(QZlF](Z))lFO(Z) - NFO(Z)/IP(QZIFI(Z)) —0

= | |

0 — Tryz) — €f, Triz) — = Nryzyrz) —= 0
and the description of the relative tangent bundle of ef, give the following.
Proposition 4.6. The following sequence is exact:
0 — Of, — €f, (Q2lF,(2) ® OF,(2)(-1)) ® tf; (O3,1)()lF, — NEy(z)/p(Q,r, () — QFy(2) — 0
We finish this section by computing the Hodge numbers of Fy(Z).
Proposition 4.7. We have H'(F((Z),Z) = 0 for any Z for which Fy(Z) is smooth.

Proof. For the universal variety of planes rypiy: F(X) — |Ops(3)], R® Tuniv,+Q is a local system over the
open subset {[X] € |[Ops(3)|, F»(X) is smooth} which, by Proposition 4.1, contains an open subset of the
locus of cyclic cubic 5-folds.

As a consequence, the Abel-Jacobi isomorphism g,p*: H?(F,(X), Q) = H>(X, Q) given by the result of
Collino (Theorem 1.1) for general X extends to the case of the general cyclic cubic 5-fold.

But, as noticed in the proof of Proposition 4.1, for any [P] € Fy(Z), the associated cycle q(p~! (1" ([P])))
on Xy is the complete intersection cycle Span(P, py) N X, which belongs to a family of cycles parametrised
by a rational variety, namely {[I1] € G(4,V), pg € I1} ~ G(3,H). Now, as an abelian variety contains no
rational curve, the Abel-Jacobi map ®: G(3,H) — J>(Xy), [P] + [Span(P, pg) N Xz]—[Span(Py, pg) N X ]
([Py] being a reference point) is constant. Hence the restriction Dire,idy, (&) Fo(Z) = J?(Xz) of @ to the
sub-family (7t,,idx, )IP(€3) C Fy(Z) x Xz (of planes P such that Span(P, pg) N X consists of three planes) is
constant; i.e., g,p*1c*: H3(Fy(Z),Z) — H>(Xy,Z) is trivial.

As 7t is étale, w*: H3(Fy(Z),Q) — H3(F,(Xy),Q) is injective, so that the trivial map g,p*r* is the
composition of a injective map followed by an isomorphism. O

We can then compute the rest of the Hodge numbers:

(1) Again using the package Schubert2 of Macaulay2, we can use the Koszul resolution of Of (z) by
A!F* (where F is defined by (4.1)) to compute X(O,(z)) = 1071 with the following code:

loadPackage "Schubert2"
G=flagBundle{3,3}
(Q,E)=bundles G
wE=exteriorPower(2,E)
P=projectiveBundle' wE
p=P.StructureMap
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pl=exteriorPower(3,E)

pol=p~*pl**xdual (00_P(1))

F=p~*symmetricPower(3,E) -symmetricPower(3,pol)
chi(exteriorPower (0,dual (F)))-chi(exteriorPower(1,dual(F)))
+chi(exteriorPower(2,dual(F)))-chi(exteriorPower(3,dual(F)))
+chi(exteriorPower (4,dual (F)))-chi(exteriorPower (5,dual(F)))
+chi (exteriorPower (6,dual (F)))-chi(exteriorPower(7,dual (F)))
+chi(exteriorPower (8,dual (F)))-chi(exteriorPower (9,dual(F)))

so we get hz(OFO(Z)) =1070.

2) Then as 7t is étale of degree 3, we get Xiop(Fo(Z)) = L xion(F2(X)) = 4347. So hV1(Fy(Z)) = 2207.
g g p 3Atop
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