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Abstract. We introduce the notion of categorical absorption of singularities: an operation that
removes from the derived category of a singular variety a small admissible subcategory responsible
for singularity and leaves a smooth and proper category. We construct (under appropriate
assumptions) a categorical absorption for a projective variety X with isolated ordinary double
points. We further show that for any smoothing X/B of X over a smooth curve B, the smooth
part of the derived category of X extends to a smooth and proper over B family of triangulated
subcategories in the fibers of X.
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1. Introduction

Resolution of singularities is a very important instrument in algebraic geometry, that allows one to
replace complicated geometry of singular schemes by much more tractable geometry of smooth varieties. Its
categorical version - categorical resolution of singularities - has been defined in [Kuz08, KL15].

Let X be a singular proper scheme over a field k. One associates with it the pair (DPerf(X), DP(X)) of
triangulated categories, where DP®™(X) is the category of perfect complexes on X (this category is proper
but not smooth) and DP(X) is the bounded derived category of coherent sheaves on X (this category is
smooth but not proper). Categorical resolution allows one to replace this pair with a single smooth and proper
triangulated category D.

Such a category D is “larger” than D®(X) and DPf(X) in the sense that D®(X) is (expected to be) a
localization of D and DP¢™(X) is a subcategory of D. In this paper we look at the problem from a different
angle suggesting to replace (when possible) the categories D?(X) and DPf(X) by a “smaller” smooth and
proper triangulated category in the following sense.

Definition 1.1. We say that a triangulated subcategory P € D®(X) absorbs singularities of X if P is admissible
in D®(X) and both orthogonals P+ and 1P are smooth and proper.

Note that since we assume P to be admissible, we have an equivalence P+ ~ 1+ % induced by the mutation
functors, so in the definition of absorption, it suffices to assume that either of the orthogonals is smooth and
proper. Furthermore, if P absorbs singularities of a Gorenstein scheme X, it is easy to check (see Lemma 4.3)
that the smooth and proper category D := 1P (which is equivalent to P) is contained in DP¢(X) and
admissible in both DPf{(X) and DP(X); in this sense the operation replacing DP(X) and DPerf(X) by D is
“opposite” to the categorical resolution operation.

There is a trivial example P = Db(X ), so that D = 0, which of course is not interesting. Therefore, the
idea is to make P as small as possible, so that D maximally reflects the geometry of X.

The following geometric example of absorption illustrates the idea. Let 0: X — Y be an “antiresolution”: a
proper morphism, where X is singular, Y is smooth, and both X and Y are proper, and assume 0,(Ox) = Oy,
where 0,: D?(X) — DP(Y) is the derived pushforward functor. Let

P := Ker(o,) c D?(X).
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We claim that P absorbs the singularities of X. Indeed, the two adjoint functors ¢*: D®(Y) — DP(X)
and o' : DP(Y) — D®(X) of o, are fully faithful and provide semiorthogonal decompositions

D®(X) = (?,0"(D*(Y))) = (0'(D"(Y)), P);
in particular, the category P+ ~ DP(Y) ~ 1P is smooth and proper.

Example 1.2. Let us further consider two special cases of this situation:
(a) Y is a smooth and proper surface, Z = Spec(lk[eo]/e(z)) CY, X=Blz(Y),and 0: X - Y is the
blowup morphism. Let E = P! C X be the exceptional locus taken with the reduced scheme structure
(notice that the exceptional divisor 2E is Cartier, while E is only a Weil divisor).
b) Y=P, X=Y Uy, E, where E = P! intersects Y transversely at a point g, and 0: X — Y is the
contraction of E to {yy}, so that E is again, in a sense, the exceptional locus of o.

A simple computation shows that in both cases P = (Og(—1)), but while in case (a) we have
(L) P~ D" (k[ep)/ef ) ~ DP(K[6;])
by the blowup formula (note that Z is a local complete intersection), in case (b) we have
(12) P = DP(k[e;)/ef) ~ DPr(K([0,]),

where €, is a variable of degree —p, 0, is a variable of degree ¢, and the second equivalences in (L1) and (1.2)
are given by the Koszul duality (see Proposition 2.2 for details). The difference in the structure of P in
these two cases leads to a completely different behaviour with respect to smoothings of X, where we use the
following.

Definition 1.3. We say that a flat projective morphism f: X — B to a smooth pointed curve (B,0) is a
smoothing of X if:

e the central scheme fiber of f is isomorphic to X; i.e., X, = X;
e the morphism f is smooth away from the central fiber; and
o the total space X is smooth.

In the case of Example 1.2(a), a smoothing of X can be obtained as follows. Let Y — B be any smooth
deformation of Y (e.g, Y =Y x B), let Z — B be a double covering ramified over the central point 0 € B (so
that the central fiber Z, is isomorphic to Z) with smooth Z, and let Z < Y be a closed embedding over B
(coinciding with the embedding Z < Y over the point 0). Then X := Bly(Y) is a smoothing of X. The
blowup formula gives in this case a B-linear semiorthogonal decomposition

DP(X) = (D°(2),D"(Y)),
and for each point b # 0 in B we obtain by base change (see [Kuzll]) a semiorthogonal decomposition
D®(X;) = (D®(24), D®(Yy))-

So, in this case we see that both components P = D®(Z) and 1P = D(Y) of D®(X) deform simultaneously
to a pair of smooth and proper categories; thus, in a sense, the smoothing of X is achieved through a
smoothing of the singular component P.

In the case of Example 1.2(b). the situation is quite different. In this case X is a singular conic, so any
smoothing of X is a conic bundle X — B with X = X, being the only singular fiber. Note that E C X is a
smooth rational curve (one of the components of the central fiber), and a standard computation shows that
its normal bundle is Og(—1). Therefore, the curve E C X can be contracted; i.e., there is a smooth surface Y
with a point yg € Y such that X = Bl (J) with E being the exceptional divisor. Then i — B is a smooth
IP!-fibration (with Y, = Y), and the blowup formula gives a B-linear semiorthogonal decomposition

(1.3) D°(X) = (Op(~1), D°(Y)).
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Its first component is generated by the exceptional sheaf Og(—1) supported in the central fiber of the conic
bundle; therefore, it disappears after base change to any point b # 0 in B, and we obtain an equivalence

D°(X;) = D°(Yy).

So, in this case the component P does not deform away from the central fiber; thus, a smoothing of X is
achieved by dropping “the singular part” P of D?(X) and deforming its “smooth part” +P ~ D°(Y,). In
Definition 1.4 we axiomatize this remarkable situation.

First, we recall some notation. For a set of objects S in a triangulated category T, we denote by (S) C T
the smallest triangulated and by thick(S) C T the smallest thick (i.e., triangulated and closed under direct
summands) subcategory of T containing S.

Definition 1.4. Let f: X — B be a smoothing of X, and let t: X < X be the embedding of the central fiber.
We say that a triangulated subcategory P C DP(X) provides a deformation absorption of singularities (with
respect to the smoothing X ) if P absorbs singularities of X and the triangulated subcategory (1,P) ¢ D®(X)
generated in DP(X) by the pushforwards of objects of P is admissible.

Similarly, we say that P C D®(X) provides a thick deformation absorption (with respect to the smoothing X)
if P absorbs singularities of X and the triangulated subcategory thick(t,P) c D?(X) is admissible.

We say that P provides a universal (thick) deformation absorption of singularities of X if the corresponding
property holds for any smoothing of X.

If P provides a deformation absorption, so that (1,P) C DP(X) is admissible, then thick(t,P) = (1,P), so
we will uniformly use the notation thick(t,P) for the resulting admissible subcategory of DP(X).

To clarify the definition, note that the category thick(t,?P) is contained in DE}(DC), the subcategory
of DP(X) formed by objects with set-theoretical support on X. Moreover, by [KS22, Theorem L1] the
category thick(t,P) is always admissible in DE’((DC) Thus, the deformation absorption property amounts to
the assumption that thick(t,P) keeps being admissible in the larger category DP(X).

Using the base change technique, cf. [Kuzll], it is easy to see that Definition 1.4 leads to the following
result.

Theorem 1.5. Let X be a projective variety, and let P C Db(X) provide a (thick) deformation absorption of
singularities of X with respect to a smoothing f : X — B. Then the subcategory

D = L(thick(1,P)) c D®(X)
is B-linear, and there is a B-linear semiorthogonal decomposition

D(X) = (thick(t,P), D).

Moreover, the central fiber D, of D can be described as
(1.4) D, ~+P c DP(X),
and if b # o, then Dy ~ D®(X}). In particular, D is smooth and proper over B.
Remark 1.6. In the situation of Example 1.2(b), if a smoothing of X is given by a conic bundle X/B
obtained from a IP'-bundle Y/B as X = Bly, (4) with exceptional divisor E, then the object (,Og(-1) is
exceptional on X, so the subcategory it generates in D®(X) is admissible. This means that the subcate-
gory P =(0g(-1)) C DP(X) is an example of a subcategory providing a universal deformation absorption

of singularities. Furthermore, in this case the semiorthogonal decomposition (1.3) implies that for the
subcategory D c D®(X) defined in Theorem 1.5, we have D ~ D®(Y).

Next, we observe that the deformation absorption phenomenon of Example 1.2(b) is not specific to the
concrete geometric situation, but rather a consequence of the equivalence (1.2). To state this result we
introduce the following definition.
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Definition 1.7. Let g4 > 1. An object P € D®(X) is called a IP*4-object if
Ext®*(P,P) = k[0],
where deg(6) = g. When we do not want to specify the parameter g, we just say that P is a IP*-object.

Since Ext®(P, P) is infinite-dimensional, IP®-objects can only exist on singular varieties. In the body of
the paper we define IP°>-objects in the general situation of arbitrary triangulated categories, and then the
definition becomes a bit more technical (see Definition 2.6), but in the geometric situation it is equivalent to
the one stated above (see Remark 2.7). Our main emphasis is on IP°!- and IP®2-objects because, as we will
see, they are geometrically meaningful. Moreover, we prove that IP*4-objects with g # 1,2 do not exist on
smoothable varieties; see Corollary 4.6.

As (1.2) shows, the situation of Example 1.2(b) corresponds to a IP®2-object. In this case we have the
following result, which we formulate in a slightly more general situation.

Theorem 1.8. Let X be a projective variety. Let (Py,...,P,) be a semiorthogonal collection of TP°?-objects
in D®(X) such that the subcategory

P:=(Pyq,...,P,)
absorbs singularities of X. Then for any smoothing X — B of X the collection 1,P1,..., P, in DP(X) is
exceptional. In particular, P provides a universal deformation absorption of singularities of X.

If we combine Theorem 1.8 with Theorem 1.5, we obtain a smooth and proper over B category D, and
following the analogy of Remark 1.6, we consider passing from DP(X) to D as a categorical incarnation of
the contraction X — Y.

We have a similar generalization of the situation of Example 1.2(a), which by (L1) corresponds to a IP*!-
object. Again, we state the result in a slightly more general situation.

Theorem 1.9. Let X be a projective variety. Let (Pq,...,P,) be a semiorthogonal collection of P! -objects
in D®(X) such that the subcategory

Pi=(Py,...,P,)
absorbs singularities of X. Then for any smoothing X — B of X after an étale base change, there are r double
coverings Z; — B, 1 <1 <, étale over B\ {0}, and a B-linear semiorthogonal decomposition

D°(X) =(D®(2,),...,D"(2,), D),

where D is smooth and proper over B, D, = +P c DP(X), and D®(2;), = (P;). Moreover, a semiorthogonal
decomposition of DP(X) with these properties is unique Zariski locally around o € B.

In the paper, besides proving the above results (see Section 4.2), we discuss possible approaches to
absorbing singularities by IP°>9-objects for g € {1, 2} and obtaining smooth and proper families of categories
out of them. One possibility here is to use the intrinsic structure of the category (P) generated by a [P*1-
object; we call such a category the categorical ordinary double point and discuss its properties in detail
in Section 2.

Another approach is to start with a resolution of singularities 7t: X — X and find appropriate admissible
subcategory P C DP(X) such that Ker(rt,) C P and the Verdier localization

P := P/Ker(m,) c D*(X)

is equivalent to a categorical ordinary double point (or has a semiorthogonal decomposition into several
categorical ordinary double points). Then the category P+ ~ PL (see Theorem 4.2) is equivalent to an
admissible subcategory in the derived category of a smooth and proper variety X, so it is smooth and proper,
and hence P absorbs singularities of X. This approach works well when Ker(7,) is generated by a spherical
object K € DP(X) and P is generated by an exceptional pair (&, &’) such that

dim Ext*(€,K) = 1
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(we say in this case that & is adherent to K; see Definition 3.9; this generalizes the notion introduced
in [KKS22]) and €’ is obtained from & by the spherical twist functor associated with K. We check in
Lemma 3.10 that in this case the pair (&, £’) is indeed exceptional with

Ext*(&, &) = ko k[—q], g>1.

We call the category generated by such a pair the graded Kronecker quiver category and discuss its properties
in Section 3. The main result here is Proposition 3.7, where we show that the Verdier localization of the
graded Kronecker quiver category by the spherical object K is equivalent to the categorical ordinary double
point.

However, if 7: X — X is a resolution, the condition that Ker(r,) is generated by spherical objects is
very restrictive, and for most singularities such resolutions do not exist. So, to circumvent this problem, we
replace a geometric resolution with a categorical resolution of singularities in the sense of [Kuz08, KL15]. In
other words, we consider a smooth and proper triangulated category 7 and a functor

n.: T — DP(X)

that behaves as the derived pushforward for a geometric resolution. There are several ways to make this
assumption precise: one is to assume that 7, is a Verdier localization, but we prefer a slightly weaker
assumption that was introduced by Efimov in [Efi20].

Definition 1.10. We say that a functor 7,: T — T is a categorical contraction if it factors as
T —» ‘j’/Ker(m) T,

where the first arrow is a Verdier localization and the second arrow is a dense embedding (i.e., a fully faithful
functor such that every object of T is a direct summand of an object of T/Ker(r,)).

Remark 1.11. In [Efi20, Definition 3.7] the same notion is called a localization. We find this confusing and
change the terminology to avoid possible misunderstanding.

As we mentioned above, it is useful for our goals to have a categorical contraction 7,: T — D?(X) such
that the subcategory Ker(rt,) C T is generated by spherical objects. Using Serre duality we observe that this
condition implies the following property, discussed in more detail in [KS22, Section 5] (in fact, the definition
of crepancy [KS22, Definition 5.6] is different from the definition given below, but [KS22, Lemma 5.7] says
that these definitions are equivalent when T is smooth and proper).

Definition 1.12. We say that a categorical contraction 7,: 7 — T from a smooth and proper category 7T is
crepant if the orthogonals Ker(r,)L € T and + Ker(r,) C T of the kernel Ker(rt,) C T coincide.

In the last part of the paper we show that the approach to the construction of absorption of singularities
via crepant categorical contractions can be made completely effective. Actually, in Section 5 for a variety X
of dimension at least two whose singularities are ordinary double points, we construct an admissible subcate-
gory D ¢ DP(X) in the derived category of the blowup 71: X — X of the singular locus of X such that the
restriction 77,|p: D — DP(X) of the pushforward functor for the blowup morphism is a crepant categorical
contraction and Ker(7,|p) is generated by spherical objects; see Theorem 5.8. When this paper was finished
we learned about the work [CGL* 23], where the same crepant categorical resolutions of nodal varieties have
been independently constructed.

In the last section, Section 6, we combine the above results by making explicit the adherence condition in
the constructed crepant categorical resolution of a nodal variety X (see Theorem 6.1). In particular, we show
that if the adherence condition is satisfied, then DP(X) has a semiorthogonal collection of IP*P*!-objects
absorbing singularities of X, where p € {0, 1} is the parity of dim(X). This allows us to apply Theorem 1.9
when dim(X) is even, or Theorem 1.8 when dim(X) is odd. As a baby example we discuss the case of nodal
quadrics in Proposition 6.4.
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Furthermore, in Section 6.2 we show that the singularity category of a variety that admits an absorption
by categorical ordinary double points is idempotent complete, and using this observation we deduce explicit
necessary conditions for the existence of such absorption for nodal varieties of dimension at most 3;
see Proposition 6.12. In the case of threefolds, this condition is the maximal nonfactoriality condition
from [KPS21]; see Definition 6.10. We also check in Corollary 6.18 that for a projective threefold X
with H>%(X,0x) = 0 and a single ordinary double point, the maximal nonfactoriality condition is also
sufficient for the existence of absorption.

We conclude the paper with a few geometric applications of our results; see Section 6.3. Namely, we
consider nodal curves (Section 6.3.1), nodal threefolds in general (Section 6.3.2), and nodal quintic del
Pezzo threefolds in particular (Section 6.3.3). Even more interesting examples of prime Fano threefolds are
discussed in a separate companion paper [KS23].

When we worked on this paper, one of our principles was to separate the geometric aspects from the
categorical ones, and to a large extent Sections 2-3 are categorical, Section 4 combines categories with
geometry, while Sections 5-6 are mostly geometric. On the other hand, we managed to develop the
categorical aspects much further than our geometric applications required. We feel these developments are
interesting and might be useful for further research; curious readers can find these in [KS22].

In fact, [KS22] includes a systematic treatment of the notion of homologically finite-dimensional objects,
briefly mentioned in Lemma 2.10, with an emphasis on the relation between semiorthogonal decompositions
of a triangulated category and the category of its homologically finite-dimensional objects, that leads to a
relation between semiorthogonal decompositions of DP(X) and DPf(X). It also contains a development of
the concept of categorical contractions and crepancy, and a generalization of the relation between P*2-
objects on the special fiber X and exceptional objects on the total space X of a smoothing (observed in
Theorem 1.8) to any admissible subcategories of D?(X).

We would also like to mention that the results of the present paper are related to the big project aimed
at the study of semiorthogonal decompositions of algebraic varieties in degenerating families. We refer
to [Kuz23] for a survey of other results in this direction.

Notation.— Throughout the paper k denotes a base field. All schemes are assumed to be of finite type
over Kk, and all algebras and categories we work with are k-linear.

We write C°P and T°P for the opposite dg-algebra or category, respectively.

For a dg-algebra C we denote by

e D(C) the unbounded derived category of right dg-modules over C;

e DPf(C) := thick(C) c D(C) the subcategory of perfect dg-modules, i.c., the smallest thick subcate-
gory of D(C) containing the free dg-module C;

e D(C) c D(C) the subcategory of dg-modules with finite-dimensional total cohomology.

Similarly, for a projective scheme X we write D .(X) for the unbounded derived category of quasicoherent
sheaves, while DPe'f(X) ¢ Dy (X) and DP(X) c D (X) stand for the category of perfect complexes and the
bounded derived category of coherent sheaves, respectively.

We write T = (Ay,...,A,,) for a semiorthogonal decomposition with components Aj,...,A,,, and we
write Ly, Ry, for the left and right mutation functors with respect to the component .A;, provided it is both
left and right admissible.

All pullback, pushforward, and tensor product functors are derived (unless specified otherwise).
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2. Categorical ordinary double points and P*-objects

In this section we define categorical ordinary double points and IP®4-objects in arbitrary triangulated
categories and explain how to construct fully faithful functors with admissible image from a categorical
ordinary double point into a given triangulated category. Here we work over an arbitrary field k.

2.1. Categorical ordinary double points

For p > 0 and g > 1 consider the following differential graded algebras;

~

A, = k[e]/(e?), deg(e) = —p, d(e)=0
B, = K[0], deg(0) =g, d(0)=0.
As the differentials are zero, we will sometimes consider these dg-algebras simply as graded algebras.

In this subsection we study the derived categories of dg-modules over A, and B, and their relation. Recall
that a graded algebra C is called inérinsically formal if for every dg-algebra C’ such that H*(C’) = C, there

is a quasi-isomorphism C = C’. The following lemma is well known (see, ¢.g., [KYZ09, Section 2]).
Lemma 2.1. Forp >0 and g > 1 the graded algebras A, and B, are intrinsically formal.

Proof. For B, there is a standard argument. Let B be any dg-algebra with H*(B) = k[0]. Let 6 € B be any
lift of © € HY(B). Since B, is a free associative (graded) algebra, there is a unique homomorphism of graded
algebras B; — B, 8 — 6. It follows from the Leibniz rule that it is a homomorphism of dg-algebras, and it
is obvious that it induces an isomorphism on the cohomology; therefore, it is a quasi-isomorphism.

For A, we argue as follows. First, any dg-algebra A with H*(A) = k[e]/(e?) corresponds to an A, -
structure on k[€]/(€?). But for n > 3 the degree of the operation m,, is negative, so m,(e,..., €) = 0. Thus,
any A, -structure on A is trivial, so that A is quasi-isomorphic to its cohomology. g

Recall that

e a dg-algebra C is proper if dim(H®*(C)) < oo, where H*(C) is the total cohomology of C;
e a dg-algebra C is smooth if the diagonal bimodule Ac is perfect, i.e., Ac € DPS'{(C ® CP).
Here and below tensor products of dg-algebras are taken over k.

Similarly, a dg-category T is proper if dim(H®*(Hom(T;, T5))) < oo for any objects Ty, T, € T, and T is
smooth if A € DPE{(T @ TP), where Ag is the diagonal dg-bimodule over J. Note that a dg-algebra C is
proper or smooth if and only if the dg-category T = DP¢'{(C) has the same property.

Recall that Db(Ap) C D(A,) and Db(Bq) C D(B,) are the categories of dg-modules over respective dg-
algebras which have total finite-dimensional cohomology over k. We also denote by ks and kg the simple
(I-dimensional) dg-modules over A, and B, respectively.

Proposition 2.2. Letp >0 and g > 1.

(i) The dg-algebra B, is smooth (but not proper), and (kg) = Db(Bq) ~ Dperf(Aq_l).
(ii) The dg-algebra A, is proper (but not smooth), and (kp) = Db(Ap) ~ Dperf(Bp+1 ).

Moreover, the categories Dperf(Ap) and Dperf(Bq) are generated by the free modules A, and B, as triangulated
categories, i.c., without additional idempotent completion.

Proof. (i) The smoothness of the dg-algebra B, is evident: the diagonal bimodule can be written as

”

0’-06
Ap, = Cone(Bq ®B,[-9] —— B, ® Bq),

where 0" and 0” are the generators of the first and second factor, respectively.
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The containment {kg) C Db(Bq) is evident, and to prove the converse containment, let M € Db(Bq). We
prove M € (kg) by induction on dim(H®*(M)). Let i be the maximal integer such that H' (M) = 0 (it exists
because H®*(M) is finite-dimensional). Using the distinguished triangle

0
(2.1 By,[-q] — B; — kg
and the equality Extg (B,, M) = H*(M), we obtain an exact sequence
q

.. — Ext(kg, M) — H'(M) — H (M) —> ---

Since g > 0, the group H'*9(M) is zero, so any class from H'(M) lifts to Ext’(kg,M). Clearly, the

corresponding morphism kg[—i] — M induces an embedding on H'. If M’ is the cone of this morphism, we

have dim(H*(M")) = dim(H®*(M)) — 1. By induction M’ € (kg), so also M € (kg). Thus, Db(Bq) = (kg).
Finally, applying the functor Ext®(—,kg) to (2.1), we obtain

Extgq(lkB,IkB) =kek(g-1]

and denoting by € a generator of the second summand, it is easy to see that €2 = 0. Now, since Db(Bq)
is generated by kg, we obtain an equivalence Db(Bq) ~ DPe"f(RHom (kkg, kg)) from Keller’s Morita the-
ory [Kel07, Theorem 8.5(c)], and the proof is finished since Lemma 2.1 implies that RHom(kg, kg) is
quasi-isomorphic to A;_;.

(i) The dg-algebra A, is proper because it is finite-dimensional, and the equality (ka) = Db(Ap) can
be obtained easily by using the standard t-structure (constructed, e.g., in [HKMO02, Theorem 1.3]). Thus, it
remains to check that Extap(lkA, ka) =B,1 and apply Lemma 2.1 as in (i). We postpone the computation
of Extl'Ap(lkA, ka) till Lemma 2.4(iii) below.

Assume that A, is smooth. Then the dg-module kj is perfect by [Lunl0, Lemmas 3.5 and 3.6] and [Orll6,
Theorem 3.18], and since A, is proper, the space Ext;‘p(IkA, kn) must be finite-dimensional. But this space is
actually isomorphic to By, 1, hence infinite-dimensional. Therefore, A, is not smooth.

The last statement of Proposition 2.2 follows from the fact that Db(Bq) and Db(Ap) are generated by the
simple modules kg and kp, without additional idempotent completions, and from the equivalences of (ii)
and (i) since under these equivalences, simple modules go to free modules. g

The module ky is not contained in DPe'f (Ap) and thus cannot be directly expressed in terms of A;
to compute Exty (Kka,ka) we use an interpretation of k as homotopy colimit. Recall from [BN93] that
P

the homotopy colimit of an infinite chain of morphisms F; L F, L -+~ in a cocomplete (i.e., admitting
arbitrary direct sums) triangulated category is defined as
00 id- _§ ¢; 0o
hocolim F; := Cone @Fi — @Fi .
i=1 i=1
Let T be a cocomplete triangulated category. Recall that a set of objects G, € T is a set of compact

generators if the functors Hom(G,,—) commute with direct sums for each @ and the right orthogonal of
all G, in 7 is zero, i.e, Ext*(G,, F) = 0 for F € T and all & implies F = 0.

Lemma 2.3. Let T be a cocomplete triangulated category with a set of compact generators G, € T If for an
object F € T the complex Ext*(G,, F) is bounded above for each a, then hocolimF[s;] = 0 for any strictly
increasing sequence {s;} of integers and any chain of morphisms F[s1] — F[sy] — ---.

Proof. Since G, is compact in T, the functor RHom(G,,—) commutes with homotopy colimits by [Kuzll,
Lemma 2.11], so [BN93, Remark 2.2] gives for each n € Z an isomorphism

Ext"(G,, hocolim F[s;]) = colim Ext"(G,, F[s;]).
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The right-hand side is zero because Ext®(G,, F) is bounded above. Thus, hocolim F[s;] is right orthogonal
to all G, and therefore is zero. O

Note that by the definition of Aj, we have a distinguished triangle
(22) AP — IkA — IkA[p + 1]
The computation of Ext} (Ika,lka) is based on using (2.2) iteratively and passing to the homotopy colimit.
p

Lemma 2.4. Letp > 0.
(i) There are a chain of morphisms A, = A;,l) - A;,z) — - in Dperf(Ap) such that

AYTY = Cone (Ap[i(p +1)-1]— Ajf’)

)

and a sequence of morphisms A;,i) — ka compatible with the chain maps A;,i_l) — Ag such that

2.3) Cone(A;,i) > IkA)ElkA[i(er 1)].

(ii) In D(A,) one hashocolimka[i(p +1)] = 0 and hocolimA;,i) = ka.
(iii) One has Ext;\p(IkA, ka) =Bp.1.

Proof. (i) We construct the chain inductively. Consider the composition

Ali(p+1)=1] — Kali(p+1) - 1] — A},

where the first arrow is the (shifted) morphism from (2.2) and the second arrow is the connecting morphism

in (2.3), and define ASH) as the cone of the composition A,[i(p+1) - 1] — Ag). Then (2.3) for i + 1 follows
easily from the octahedral axiom.
(ii) Asp+1>0,we have hocolimka[i(p+1)] = 0 by Lemma 2.3 because Exty (A, ka) =k is bounded
P

above and A, is a compact generator for D(A,). To compute hocolim Ag) we apply the functor hocolim to

the chain of morphisms A;,i N ka constructed in (i). From (2.3) and the exactness of the homotopy colimit,
we deduce a distinguished triangle

N hocolim ks — hocolimkp[i(p + 1)],

(i

and since the last term was shown to be zero, we have hocolim A,

hocolim Ag

)~ hocolim ka = Kka.

(iii) Applying the functor ExtRp(—, ka) to the triangle A;,i) — ASH) — Apli(p+1)], we deduce that

o (A p \.o :
EXtAp (Ag ;IkA) =1k[0]/6’, where deg(0) =p + 1.
Now passing to the homotopy colimit and using the isomorphism of (ii), we conclude that
EXt/‘\p (ka, ka) = Ext,lp (hocolim A;,i), IkA) = holim EXt/.x,, (Ag), IkA) ~ hOlimIk[G]/ei,

where holim is the homotopy limit defined as holimF; := Cone([[F; — []F;)[-1], analogously to the
homotopy colimit.
It follows that ExtRp(lkA, ka) = Kk[0] as graded vector spaces, and it remains to identify the algebra

structure. For this, using (2.2), we obtain a distinguished triangle
Ext}, (a Ka)[-p — 1] — Exty (Kp ka) — Ik,
which implies that the multiplication by 0 is injective, so Exty (Ika,lka) =1k[0] as algebras. O
P

Later we will use the following simple observation.
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Corollary 2.5. The category Dperf(Ap) is thickly generated by A;,z); ie., Dperf(Ap) = thick(Aéz)).

Proof. Recall the defining triangle A,[p] 5 A, — A;,z) , and consider the composition

2 2
A;, )[—1 -p]— Ap — Aé ),
where the first arrow is a shift of the connecting morphism in the above triangle. Using the octahedral axiom,

2
it is easy to see that its cone is isomorphic to the cone of the morphism A,[p] = Ap[-p], and as e? =0,

it is isomorphic to A,[-p]@®A,[p + 1]. Thus, A, belongs to the thick subcategory generated by A;,z), and

hence the latter thickly generates Dperf(Ap). O

2.2. P*-objects

As by Proposition 2.2 the category Db(Ap) ~ Dperf(Bp+1) is generated by the simple module kp, to embed
it into another triangulated category 7T, we need to find in T an object that could serve as the image of ka.
Looking at the properties of ka proved in Lemma 2.4, we arrive at the following.

Definition 2.6. Let 4 > 1. An object P in a triangulated category T is called a IP*9-object if
(a) Ext*(P,P) = Kk[6], where deg(0) = ¢, and
(b) hocolim(P 5 P[q] > P[24] > ) = 0,
where the homotopy colimit in (b) is taken in  any cocomplete category T containing 7J. For instance, if T is a

small triangulated dg-category, we can take T = D(7).
When we do not want to specify the parameter g, we just say that P is a IP*°-object.

Remark 2.7. When T = D®(X), property (b) is satisfied automatically by Lemma 2.3 because if P € D?(X),
then Ext*(G,P) is bounded above for any compact (i.c., perfect) object G € Dy (X). On the other hand,
there are examples of objects for which (a) is true but (b) fails. The simplest such example (maybe somewhat
unexpectedly) is the free module B, in T = Dperf(Bq). Indeed, in this case

Eq = hocolim(Bq LN B,l[4] LN B,[24] LN ) =1k[0,07!].

On the other hand, one can check that the object Cone(B, —>I/3\q) =~ 07 'Kk[07!] is a IP®9-object.
Definition 2.8. For any P*”9-object P € T we define another object M from the distinguished triangle
(2.4) M —P -2 P[],
We call M € T the canonical self-extension of P.

It follows easily from (2.4) and Definition 2.6(a) that
(2.5) Ext*(M,P) = k.
Furthermore, the following computation is obvious.
Lemma 2.9. If a pair of objects (M, P) in a triangulated category T satisfies (2.4) and (2.5), then
(2.6) Ext* (M,M) =A__;.

In these terms we can state a criterion for a full embedding of a categorical double point into a k-linear
dg-enhanced triangulated category J. We will say that an object F € T is left or right homologically finite-
dimensional if Ext®(F, T) or Ext®(T, F), respectively, is finite-dimensional over k for any T € T (¢f. [KS22,
Section 4.1)).
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Lemma 2.10. Let T be a dg-enhanced triangulated category, and let (M, P) be a pair of objects in T satisfying (2.5)
and such that Cone(M — P) = P[q] and hocolimP[iq] = 0 for the chain from Definition 2.6(b).

(i) We have RHoms(M,M) = A,_1, and the functor

q-1>
Py D(A,_1) — D(7), Fr—F®y M

is fully faithful, with Oyy(A;_1) =M and Dy(kp) = P. Furthermore,
Dy (D°(A,1))=(PYCT  and Dy (DPTH(A, 1)) =(M)CT.

In particular, P is a P -object, and M is its canonical self-extension.
(i) The functor CDM|Db(Aq_1): Db(Aq,l) — T has a right adjoint if and only if the subcategory (P) C T is
right admissible, which holds if and only if M is left homologically finite-dimensional.
(iii) The functor CDMlDb(Aqil)Z Db(Aq_l) — T has a left adjoint if and only if the subcategory (P) C T is left
admissible, and if T ~ TP, this is equivalent to M being right homologically finite-dimensional.
In particular, if T = DY(X), X is a projective Gorenstein scheme, and M € DPert(X), then (P) c DP(X) is
admissible.

Proof- (i) By Lemma 2.9 a combination of (2.5) with the assumption Cone(M — P) = P[q] implies (2.6).
Using Lemma 2.1 we deduce RHomy(M,M) = A, 1, s0o M isa A, 1 -TJ-bimodule, and it gives a continuous
(i.e., commuting with arbitrary direct sums) fully faithful derived tensor product functor

Oy D(A4-1) — D(J), Fr—F®  M;

see [Kel06, Section 3.8]. Obviously, Py(A;_1) = M. Furthermore, it follows from the continuity of ®y; and
Lemma 2.4 that

Dy(ka) = Ppg(hocolim Al ) = hocolimM,

(i_)l in Lemma 2.4 and the

where M) := @M(Af;_) 1)- Using the inductive construction of the objects A,

octahedral axiom, it is easy to find distinguished triangles

2.7) M@ s p 2, plig]

for all i > 1 such that the maps M) — P are compatible with the chain maps M) - M(?) — ... Therefore,

taking the homotopy colimit of the above triangles, we obtain the triangle
hocolim M) — hocolim P —> hocolim P[ig],

and since the last term is zero by assumption, we obtain an isomorphism ®y;(ka) = hocolimP = P. As the
functor @y is fully faithful, we conclude from Lemma 2.4(iii) that P is a IP°>9-object.

Finally, since by Proposition 2.2 the categories Db(Aq_l) and Dperf(Aq_l) are generated by the objects kp
and A;_1, respectively, we conclude that their images are (P) and (M).

(ii) Since the functor @y, is fully faithful, right admissibility of (P) is equivalent to the existence of a right
adjoint for @y on Db(Aq_l); this proves the first equivalence.

Now note that the functor @y on D(A,_;) always has the right adjoint given by

RHoms(M,-): D(T) — D (Aq_1 ) ;

see [Kel06, Section 3.8]. If M is left homologically finite-dimensional, this functor takes 7 to Db(Aq_l), so it
gives a right adjoint to @y; on T. Conversely, if a right adjoint functor CDI!\/I: T — Db(Aq_l) exists, then for
any T €T

Ext}(M, T) = Ext} Dy (Ag_1), T) = Bxth | (Ag-1, @Y (T)) = H* (D}(T))

is finite-dimensional, so M is left homologically finite-dimensional. This proves the second equivalence.
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(iii) We apply (ii) to the opposite categories, using an equivalence AZI_) 1 = Ag-1 (which holds because A;_;
is commutative) and the equivalence T =~ T°P. Passing to opposite categories swaps left and right adjoints
and left and right homological finite-dimensionality, and the result follows.

The final statement is a combination of parts (ii) and (iii) because left homological finite-dimensionality
for an object M € DP(X) is equivalent to the condition M € DPf(X), see [Orl06, Proposition 111}, and
when X is Gorenstein, the Grothendieck duality implies that the same is true for right homological finite-
dimensionality. O

We conclude this section with an obvious consequence of Corollary 2.5.
Corollary 2.11. Under the assumptions of Lemma 2.10, we have M € thick(M?)) ¢ T
We will also need the following simple consequence of (2.7), generalizing (2.5).

Corollary 2.12. We have Ext®*(M),P) = k[0]/0'.

Despite the apparent symmetry between the algebras A, and B, and their derived categories, the category
we will use mostly is the category Db(Ap). In particular, in Section 6 we will show that varieties with ordinary
double points often admit subcategories equivalent to Db(Ap) in their bounded derived categories. For this

reason we call Db(Ap) the categorical ordinary double point of degree p.

3. Kronecker quiver and categorical ordinary double points

In this section we introduce the graded Kronecker quiver category, study its properties, and show that
the categorical ordinary double point can be obtained as its Verdier localization with respect to a spherical
object. Also, we explain how to construct fully faithful functors with admissible image from the graded
Kronecker quiver category. We keep working over an arbitrary field k.

3.1. The graded Kronecker quiver
Let g > 1 be a positive integer. We define the graded Kronecker quiver of degree q as the dg-quiver

q
(3.1) Krgi={ e e, deg(otg) =0, deg(ay) =4, d(ag) =d(ag) =0
Xo

We will also use the same notation Kr, for the path dg-algebra of this quiver.

Remark 3.1. The same definition makes sense for any g, not necessarily positive. However, for g < 0

the resulting dg-algebra Kr, is Morita equivalent to Kr_;, while for g = 0 the derived category of Kry is

g
equivalent to the derived category of the projective line P! (¢f the proof of Lemma 3.5).

Lemma 3.2. The dg-algebra Kr, is intrinsically formal, smooth, and proper.

Proof. The intrinsic formality is proved by the argument of Lemma 2.1; see also [Kuz2l, proof of Proposi-
tion A.3]. The smoothness is clear since the quiver (3.1) is directed, and the properness is evident. g

A combination of the smoothness and properness of the dg-algebra Kr, implies that the cate-
gory Dperf(qu) of perfect dg-modules over Kr, coincides with the category Db(qu) of dg-modules with
bounded total cohomology. We denote this category by

Kr, := DP (Kr,) = D (Kr, )

and call it the graded Kronecker quiver category of degree q.
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The vertices of the quiver provide two idempotents in Kr, and since the quiver is directed, the corre-
sponding direct summands of the free module form an exceptional pair (€, €’) in Kr, generating the category.
In other words, we have a semiorthogonal decomposition

Kry = (&, &%),
with exceptional objects € and £” and
(3.2) Ext*(&, &) = ke k[—q]
The intrinsic formality (Lemma 3.2) of the dg-algebra Kr, has the following useful consequence.

Corollary 3.3. Every dg-enhanced triangulated category T generated by an exceptional pair (€,E’) satisfying (3.2)
is equivalent to Xr,.

We define the objects K,,K_ € Kr, from the distinguished triangles

(3.3) K, — & —25 ¢,
(34) K. — &1 ¢/[q].

Lemma 3.4. The Ext-groups between the objects K_, &,E", K, € Kr, are given in the table below

| R
K_ keklg—1] k k 0
€ klg-1] k k@ k[—q] k[—g -1]
¢ K[g—1] 0 Kk k[-1]
K, 0 Kk k[—q] ko kl-g—1]

where each entry shows the Ext-groups from the object in the given row to the object in the given column.

Proof. These are easily computed from the defining triangles (3.3) and (3.4), using the exceptionality of the
pair (€,&’) and (3.2). O

Recall that an object K € 7 in a triangulated category with a Serre functor Sg is r-spherical, ¢f- [STO1], if
Ext*(K,K) = ko Kk[-7] and S+(K) = K][r].
Note that since the Kronecker quiver category iqu is generated by an exceptional pair, it has a Serre functor
(e.g., by [BK89, Proposition 3.8]).
Lemma 3.5. The objects K, and K_ in Kr, are (1 + q)-spherical and (1 — q)-spherical, respectively.

Proof. The spaces Ext*(K,,K,) and Ext®(K_,K_) have already been computed in Lemma 3.4, so it remains
to compute Sg@q(KJ_,). We start with a few remarks about the structure of the category Xr,, which is very
similar to the structure of DP(IP') ~ Kr (e.g., the objects &; constructed below are analogous to the line
bundles O(i), while K, and K_ are analogous to the structure sheaves of the points 0, co € P!).

Consider the infinite sequence of exceptional objects &; € Kr,, i € Z, defined by

&y =¢, & =¢, €iv1 =Rg,(€;21)[1—q], €io1 =L (Eis1)lg—1],

where R and L stand for the right and left mutation functors. Spelling out the definition of £,, we have a
distinguished triangle (which is analogous to the Euler sequence on IP!)

(0‘010‘0))

(3.5) &g —— &1 @& 1[q] — &21q].



Categorical absorptions of singularities and degenerations 15

It follows from this that Ext®(Eq,&,) = k@ k[—gq] = Ext*(£p, &1). Since both (€y, &) and (&, &,) are

exceptional pairs generating Xr;, Corollary 3.3 implies that there is an autoequivalence
T: Kry — Kry such that 7(€p) = &1 and T(E1) = &,

(analogous to the O(1)-twist in D®(IP')), and upon replacing (3.5) with an isomorphic triangle, we may
assume that the second arrow in (3.5) takes the form (—7(a), 7(g)). Then it follows from the definition of
the sequence &; that

(3.6) T(&) =&, forallieZ

Also note that the octahedral axiom applied to (3.5) implies that

(3.7) Cone(El[q]mEZ[q])gCone(Eoﬂﬁl) =K, [1],
(3.8) Cone(El M>82[q])ECone(80iﬂ‘ll[q])gK_[l];

hence 7(K,) =2 K,[—g], ©(K_) =K_, and therefore, we have distinguished triangles

i (o)
(3.9) Kil-ig)— & —0 g and Ko — & —s &,40q]

for any i € Z. On the other hand, it follows from (3.5) that Ext®*(€,,£g) = k[g — 1], and therefore
Ext*(&y, S, (€2)) = Ext®(€,,&0)" =k[1 -q], Ext'(El,Sg(rq(SQ)) = Ext*(€,,&1)Y = 0.

Since the category KXr, is generated by the exceptional pair (€,&1), the above isomorphisms imply
that Sj{rq(gz) = Ey[1 —g]. Since the Serre functor commutes with any autoequivalence, we conclude from
this and (3.6) that for all i € Z we have

Sacr, (€i) = Eio[1—q].
Applying this to triangle (3.3) and using the first triangle in (3.9) for i = -2, we conclude that
Sqr, (K,) = Cone (S, (€9) — Sxr, (€1))[1] = Cone (E_5[~q] — €_1[—q]) =K. [1 +q]
Thus, K, is (1 + g)-spherical, and a similar computation shows K_ is (1 — g)-spherical. 0

Remark 3.6. The category Kr, also has a topological interpretation (see [BBD82] and [dCM09] for the

q+1

required material). Let S7*! be a (g + 1)-dimensional real sphere with a point {P} <> S9*! and its open

complement U = R7*! <5 S9! Then iqu is equivalent to the category of complexes of sheaves of k-vector

spaces on S9*1

constructible with respect to the stratification {P, U}. Under this equivalence the object K,
corresponds to the constant sheaf kgg+1.

Note that this interpretation gives an alternative explanation for the fact that K, = lkgs+1 is spherical.
Indeed, the self Ext-algebra of the constant sheaf kgg+1 is isomorphic to the cohomology of the sphere, and

using Verdier duality one can show that the Serre functor of Xr,,; acts on kgg+1 as the shift [q+1].

In fact, in [KY18] a more general “orbifold version” of the graded Kronecker quiver has been studied. Its
special case, the graded quiver I'(1,1,7) defined in [KY18, Theorem 1.1}, is isomorphic to the quiver Kr,, and
Lemma 3.5 can be deduced from [KY18, Theorem 1.2(a)].
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3.2. Localization and adherence

The next proposition relates the graded Kronecker quiver category Xr,,; to the categorical double
point Db(Ap).

Proposition 3.7. There is an equivalence
Krp:1/(K,) = DP(Ay)

between the Verdier localization of the Kronecker quiver category and the categorical double point such that the
corresponding localization functor p..: Krp, 1 — Db(Ap) satisfies

() p.(€) = pu(€') = ka, pu(xg) = idk, € Homp (Kka,Kp), pu(api1) =0 € EXtﬁzl(IkA, ka);

(i) p.(K_) = A,.
Proof. Set T := Xr,,1/(K,), and let p,: Kr,;1 — T be the localization functor. We will use Lemma 2.10 to
construct the equivalence J =~ Db(Ap). So, let

P:=p,(8)=p.(8)eT, M=p (K )eT

(the isomorphism p, (&) = p,(&’) follows from (3.3); it is induced by p,(a)). Since Kr,,; is generated by &
and &’, it follows that T is generated by P. By Lemma 3.4 the object K_ is orthogonal to K., so by the
definition of Verdier localization, we have

Ext}(M,P) =Ext}, (K €)=k,

where the second isomorphism follows again from Lemma 3.4. Furthermore, applying p, to (3.4) we
conclude that Cone(M — P) = P[p + 1], with the morphism P — P[p + 1] given by p. (1) Finally, note
that hocolim €[i(p + 1)] = 0 in D(Kr, ) by Lemma 2.3 because & and £’ compactly generate D(Kr,_ ),
and since p, induces a continuous (i.¢., commuting with arbitrary direct sums) functor D(Kr,,1) — D(7), it
follows that hocolimP[i(p + 1)] = 0.

Now applying Lemma 2.10(i) we obtain a fully faithful functor ®y;: Db(Ap) — T that takes kp to P.
Since T is generated by P, this functor is essentially surjective, so it is an equivalence. This completes the
proof of the first statement of the proposition.

Since 0 € ExtP*!(Ikp,kpa) is taken by the functor @y to a nontrivial element in Hom(P,P[p + 1]), we
conclude that, rescaling 0 if necessary, we obtain p,(o,1) = 0. This proves (i). Similarly, since @y takes A,
to M, comparing with the definition of M, we deduce (ii). g

Remark 3.8. Since Ker(p,) = (K, ) is generated by a spherical object, the functor p, is an example of a
crepant categorical contraction (see Definitions 1.10 and 1.12). One can also show that p, has a left adjoint
functor p*: Dperf(Ap) — Krpy1 such that p*(A,) =K_ and (Xr,,1,p% p.) is a weakly crepant categorical
resolution in the sense of [Kuz08|.

Conversely, it is easy to check that the dg-algebra Kr, is Morita equivalent to the Auslander resolution of
the dg-algebra A; see the definition in [KL15, Section 5] for the case of algebras, [Or]20, Section 2.3] for the
case of dg-algebras, and [KL15, Example 5.3] for a computation in the case p = 0. Therefore, the graded
Kronecker quiver category Kr,,,1 provides a categorical resolution in the sense of [KL15] for the categorical
ordinary double point Db(Ap).

We conclude this section by explaining how an admissible subcategory equivalent to Xr, can be embedded
into a given triangulated category. For this the following definition, generalizing [KKS22, Definition 3.6], is
convenient.

Definition 3.9. Let T be a proper triangulated category with a Serre functor, and let K € T be a spherical
object. We say that an exceptional object & € T is adherent to K if

(3.10) dimExt®(K, &) = dim Ext*(&,K) = 1.
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Note that the first equality follows from Serre duality and the definition of a spherical object.

Recall that a spherical object K in a dg-enhanced proper triangulated category T gives rise to an
autoequivalence

(3.11) Ty(-) := Cone (RHom*(K,-) ® K — -},
which is called a spherical twist; cf. [STO1].

Lemma 3.10. Let T be a dg-enhanced proper triangulated category with a Serre functor S5, and let K € T be
a (p + 2)-spherical object with p > 0. If an exceptional object & € T is adherent to K, then

(3.12) (&, Tk(E))

is an exceptional pair and the subcategory (€, Tx(€)) C T generated by (3.12) is equivalent to Krpi1 and admissible
inT.

Proof. Shifting K appropriately (note that this does not affect the corresponding spherical twist), we may
assume Ext®*(K, ) = k. Since Ty is an autoequivalence, Tx(€) is also an exceptional object. Furthermore,
by definition (3.11) of the spherical twist, we have a distinguished triangle

K— & — Tg(&).

Applying the functor Ext®(—, £) to this triangle, we see that the pair (&, Tg(€)) is exceptional. On the other
hand, using Serre duality in T, we obtain

Ext®(€,K) = Ext*(8:'(K), €)" = Ext*(K[-p - 2],€)" = k[-p-2],

and so, applying Ext®(&,—) to the above triangle, we see that the Ext-groups between € and Tg(€) are
those of the graded Kronecker quiver of degree p + 1. Thus, by Corollary 3.3 the subcategory in T generated
by the pair (€, Tk (€)) is equivalent to Kr,, 1, and since this subcategory is generated by an exceptional pair
in a proper triangulated category, it is admissible. g

In Section 6 we will present several geometric applications of Lemma 3.10 (or rather of Theorem 4.2 that
relies on it), where the category T will be taken to be a crepant categorical resolution of DP(X). Here we
mention the following simpler example; see [KKS22, Example 2.14] for details.

Example 3.11. Let T =DP(X), where X is a smooth projective surface such that H>%(X,0¢) = 0. If E c X
is a (=2)-curve, then K = Og(~1) is a 2-spherical object. Furthermore, if D € Pic(X) is a divisor class
satisfying D - E = 1, then the exceptional object &€ = O¢(D) is adherent to K and Tg(€) = O(E + D). In this

situation Lemma 3.10 says that the subcategory
(0%(D),0%(E+ D))

is admissible in D®(X) and is equivalent to Kr;.

4. Adherence and categorical absorption of singularities

In this section we relate the notion of adherence introduced in Definition 3.9 to the notion of categorical
absorption of singularities from Definition 1.1. After that we prove Theorems 1.5, 1.8, and 1.9 from the
introduction. We keep working over an arbitrary field k.



18 A. Kuznetsov and E. Shinder

4.1. From adherence to categorical absorption
The following result allows us to descend semiorthogonal decompositions along Verdier localizations.
Proposition 4.1. Let 7t,: T — T be a Verdier localization with the kernel category X := Ker(r,) C T. Let
T = <‘Tl,...,iTn>
be a semiorthogonal decomposition compatible with K, i.c., such that the subcategories K; = KNT; form a
semiorthogonal decomposition K = (XKq,...,K,,). Then there is a semiorthogonal decomposition
T=(T1,.., T

with T; := 1,(T;) € T, and the restriction Tc*|§i : T; — T; is a Verdier localization with kernel X ;.

Proof- We assume n = 2, as the general case follows by induction. The natural functors

Ti=Ti/K; —T/K=T
are fully faithful by [Orl06, Lemma 1.1]. Moreover, it also follows that the subcategories T; are semiorthogonal;
see [Orl06, Proposition L11]. Indeed, the semiorthogonality of 7} and T, can be rephrased by saying that
the left adjoint functor for the embedding T} < T vanishes on the subcategory 75, and [Orl06, Lemma 1.1]
then implies that the left adjoint functor for the embedding 7 <> T vanishes on T,, which implies the

semiorthogonality of T and 7T,. Finally, the categories 7J; generate J because 7, is essentially surjective and
the T; generate T. Thus, T = (JT;,7,) is a semiorthogonal decomposition. O

We now explain how to construct subcategories absorbing singularities. Let 0;; be the Kronecker delta.
Recall the definition of a crepant categorical contraction (Definitions 1.10 and 1.12).

Theorem 4.2. Let T be a dg-enhanced smooth and proper triangulated category, and let Ky,..., K, € T be
a collection of v completely orthogonal (p + 2)-spherical objects with p > 0. Assume that there is a (nonfull)
exceptional collection €1,...,E, in T such that

(4-1) dimExt'(Ei,Kj) = 51']';

in particular, &; is adherent to K; for each i. Set KX = (Ky,...,K,) C T, and consider the localization
. T — T:=T/XK.
Then the following hold:
(i) Foreach 1 <i <r the triangulated subcategory

Pi = (&, Tk &)

generated in'T by &; and Tk, (&;) (or, equivalently, by &; and K;) is equivalent to the graded Kronecker
quiver category Xr,,1 and is admissible in T. Moreover, the collection of subcategories Py,...,P, C T is
semiorthogonal in T, and the subcategory

P = <?1,...,ﬂ>r>

is admissible in T.

(ii) For each i the object P; := 10,(E;) is a PP -object, and the category P; = 1,(P;) = (P;) is equivalent
to the categorical ordinary double point Db(Ap) and is admissible in T. Moreover, the collection P1,...,7P,
is semiorthogonal in T, the subcategory

P=(Py,....P,)=(Py,...,P,)
is equal to 1,(P) and absorbs singularities of T, and the functor 7t, induces equivalences

(4.2) LPp~tp, PlLapl
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(iii) Zhe functor 1, is a crepant categorical contraction.

Proof. (i) By Lemma 3.10 the subcategory P; C T is equivalent to Krpy1 and admissible. To check that
the subcategories P1,...,P, C T are semiorthogonal, it is enough to note that the generating sets of these
subcategories are semiorthogonal; i.e., for all i > j we have

EX’[.(SZ‘, 8]) =0, EX’[.(EZ‘,K]') =0, EXt.(Ki, 8]) =0, EXt.(Ki,K]') =0.

Indeed, the first holds for i > j since the collection €4,...,E, is exceptional, the second holds for i # j
by (4.1), the third follows from the second and Serre duality since K; is spherical, and the last holds for
all i # j since the spherical objects are assumed to be orthogonal. Since each P; is admissible in T, the
subcategory P is admissible as well.

(i) Consider the semiorthogonal decompositions

T=(Prn B 49),  F=(P49,..9,).

Applying Proposition 4.1 to the subcategories (K;) € Py, ..., (K,) € P, and 0 ¢ +P or 0 ¢ P (and
defining K € T as K := (Ky,...,K,)), we obtain semiorthogonal decompositions

T/K=(Pro s P P),  T/K = (PP, P,

where P; = 70,(P;) = Pi/(K;), P = 1,(P) € T/K is the subcategory generated by Py,...,P,, and the functor 7,
induces equivalences (4.2). Furthermore, we deduce the equivalence P; ~ Db(Ap) from Proposition 3.7, and
since n*lj’i is isomorphic to the localization functor p, from Proposition 3.7, we also conclude that P; := 7t,(&;)
is the P*P*!_generator of P;.

To show that P; is right admissible, we consider the semiorthogonal decomposition

‘j': <Srj~(j>i+1),...,Sfj(j)n),j)l,jjl,...,j)»,
where S5 is the Serre functor of T, and note that since the objects K, are spherical, we have
<Srj*(Kl'+1),...,ST(KH),O,KI,...,Ki> = <Ki+1,...,KH,0,K1,...,Kn> =X.

Hence the above arguments provide a semiorthogonal decomposition of T = T/K, where P; = P;/(K;) stands
on the right, so it is right admissible. Similarly, using the semiorthogonal decomposition

T=(Pi.., P P8 (P1),... 851 (Pict))
and the spherical property of the objects K;, we show that P; is left admissible.

Finally, P absorbs singularities of T because +P and PL are equivalent to admissible subcategories +P
and P in the smooth and proper category 7T, so they are smooth and proper.

(iii) This is obvious because Ker(7,) is generated by spherical objects. O

See Section 6, in particular Theorem 6.1, for geometric applications of Theorem 4.2 to nodal varieties.
Meanwhile, just note that in the situation of Example 3.11, if 7t: X — X is the contraction of E, we obtain a
fully faithful embedding DP(A,) < DP(X); ¢f [KKS22, Example 3.17].

4.2. Absorption and deformation absorption

Recall the notion of absorption from Definition 1.1. We will need the following observation. Let w% be the
dualizing complex of X.

Lemma 4.3. Assume that P C DP(X) absorbs singularities of a projective scheme X, and let P, P+ C DP(X) be
its orthogonals in D®(X). Then

LpcDPr(X)  and Pt cDPTE(X)®w},

and these embeddings are admissible.
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Proof Let F € +P. Then Ext®*(F,F’) is finite-dimensional for any F’ € -+ because +P is proper,
and Ext*(F,P) = 0 for any P € P by the definition of the orthogonal. Therefore, Ext*(F,G) is finite-
dimensional for any G € Db(X), and hence F is perfect by [Orl06, Proposition 1.11], and the first inclusion is
proved. The second inclusion follows from the first and Grothendieck duality.

Finally, since the category +P ~ P+ is smooth, it is equivalent to the derived category of a dg-algebra, see,
e.g., [Toél2, Lemma 2.6], so it has a strong generator by [Lunl0, Lemmas 3.5 and 3.6(a)]. Since P ~ P+ is
also proper and idempotent complete, it is saturated by [BVdB03, Theorem 1.3]. Therefore, its image in the
proper categories DP¢'f(X) and DP¢™(X)® wY% is admissible. g

Example 4.4. Assume that P absorbs singularities of a projective Gorenstein variety X. Then w% is a
shift of a line bundle, and by Lemma 4.3 we have +P, P+ C Dperf(X ). If in addition P has an admissible
semiorthogonal decomposition

(4.3) P =(D°(Ry),...,DP’(R,,)),

where the R; are finite-dimensional associative algebras, then (P+,P) is a “Kawamata semiorthogonal
decomposition” in the sense of [KPS21]. Conversely, a Kawamata semiorthogonal decomposition provides
absorption of singularities. For examples of Kawamata decompositions, see [KPS21, PS21a, Xie23|.

Recall the definitions of smoothing and (thick) deformation absorption from Definitions 1.3 and 1.4,
respectively. Given a smoothing f: X — B of X, we denote by t: X <> X the embedding of the central
fiber. Note that since X is a hypersurface in a smooth variety X, it follows that X has (at worst) Gorenstein
singularities. Furthermore, since X C X is a Cartier divisor with trivial normal bundle, for each F € DP(X)
we have the standard distinguished triangle

(4.4) F[1] — ¢ (F) — F — F|[2].
Recall the definition of a IP°>9-object (Definition 2.6) and its canonical self-extension (Definition 2.8). Also

recall the objects M(!) defined in the proof of Lemma 2.10.

Lemma 4.5. Let X be a Gorenstein projective variety with a smoothing f : X — B, and let v: X — X be the
embedding of the central fiber. If P € DP(X) is a P9 -object, then q € {1,2}. Moreover,

o if'q =2, the morphism P — P[2] in (4.4) for F = P is given by © and *i.P =M, and

o ifq =1, the morphism P — P[2] in (4.4) for F = P is given by 6 and v*,P = M(?),
where M is the canonical self-extension of P and the object M?) is defined in (2.7). In both cases M is a perfect
complex on X.

Proof. First, we note that the smoothness of X implies that ,P € D?(X) is a perfect complex, so
,P € DPeT(X),

On the other hand, consider the triangle (4.4) for F = P. Since P itself is not perfect (because Ext*(P,P) is
infinite-dimensional), it follows that the connecting morphism P — P[2] is nonzero. By the definition of
a P*1-object, it follows that g < 2 and, moreover, if g = 2, the connecting morphism is isomorphic to 6, and
if g =1, it is isomorphic to 2. Finally, if g = 2, it follows that M = (*1,P is perfect, and if g = 1, it follows
that M(®) = (*(P is perfect, so M is also perfect by Corollary 2.11. O

We would like to emphasize the following consequence.
Corollary 4.6. If X is a smoothable projective variety and P € D®(X) is a P°9-object, then g € {1,2).

We are ready to prove Theorem 1.5. Recall that for a variety X/B a subcategory D C DP(X) is called
B-linear if it is closed under tensor products with pullbacks of perfect complexes on B. Given a B-linear
triangulated category D C DP(X) and a morphism ¢: B’ — B, the base change category D C D°(X xp B’)
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is defined in [Kuzll, Theorem 5.6] under appropriate assumptions (admissibility of D and of either of its
orthogonals and finiteness of cohomological amplitude of the projection functor to D) as

(4.5) Dy := hocolim (¢*(D N DP(X))) N D (X x5 B),

where ¢: X xg B’ — X is the morphism induced by ¢. In other words, first one considers “the perfect
part” D N DP(X) of D, then one considers the triangulated hull of the pullback ¢*(D N DP™(X)) along @
(this gives “the perfect part” of the base change category Dp/), and finally one considers all homotopy
colimits contained in D®(X x B’) of chains of morphisms of objects in (¢*(D N DP(X))).

In the special case where B’ is a point b € B, this defines the fiber D;, of D.

Proof of Theorem 1.5. By the definition of deformation absorption, the subcategory thick(t,P) c DP(X) is
admissible, so we have a semiorthogonal decomposition

(4.6) DP(X) = (thick(,P), D).

Its first component is supported set-theoretically on the central fiber of X over B, so it is B-linear. By [Kuz06,
Lemma 2.36] the second component D := *(thick(t,P)) is B-linear as well. The components of (4.6) are
both admissible because X is smooth over k and proper over B, and their projection functors have finite
cohomology amplitude by [Kuz08, Proposition 2.5] since X is smooth and quasiprojective. Therefore,
by [Kuzll, Theorem 5.6] we can talk about base change of the B-linear category D; in particular, the
fibers Dy, and D, are defined.

Now the equality D, = D®(X;) for b # o follows from base change along the point embedding {b} < B
applied to (4.6) since the base change of the first component of (4.6) is zero (because the support of any object
in it does not intersect the fiber X;). Similarly, by base change we have a semiorthogonal decomposition

D(X) = (thick(1,P),, D,).
Thus, we need to identify its first component with P.
On the one hand, since t is the embedding of a fiber, [Kuzll, Corollary 5.7] shows that
thick(1,P), = {F € D?(X) | ,F € thick(,,P)}.

It follows immediately that P C thick(t,P),.

On the other hand, triangle (4.4) applied to an object F € P shows that t*(,F € P. Since the functor *
is triangulated, we have G € P for any G in (1,P), and since P is idempotent complete, we have "G € P
for any G € thick(t,P). This proves that (*(thick(t,P) N DPef(X)) = ¢*(thick(1,P)) is contained in P.
Furthermore, since P is closed under homotopy colimits contained in D(X) (because by Lemma 4.3 the
category P is an orthogonal to a subcategory consisting of perfect objects), we have the inclusion

hocolim(P?) N D®(X) c P.

Combining the two inclusions proved above with (4.5), we see that thick(t.P), C P, and comparing it with
the opposite inclusion proved above, we obtain the equality P = thick(t,P),.
Finally, the smoothness and properness of D over B follow from [Kuz22, Theorem 2.10]. g

Proof of Theorem 1.8. Let f: X — B be a smoothing of X, and recall that t: X — X denotes the embedding
of the central fiber. Consider the distinguished triangle (4.4) for F = P;. Applying Lemma 4.5 we conclude
that
UL(Pj) = M;
is the canonical self-extension of P;. As a consequence, using adjunction and (2.5), we obtain
Ext®(L(Pj), L.(P)) = Ext® (v, (Py), P;) = Ext*(M;, P;) = K,
which means that (,(P;) € DP(X) is an exceptional object. Similarly, if i > j, we have

Ext®(w(P;), L*(P])) = Ext® (U1 (P;), P]) = EXt.(Mi,P]‘),
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and using the triangle (2.4) for M; and P;, we see that Ext*(M;,P;) = 0. Thus, t.(Py),...,.(P;) is an

exceptional collection of compactly supported objects in D®(X), so
(LP) = (L(P1),..., L(Py)) € DO(X)

is admissible in DP(X), and therefore, P provides a deformation absorption for X. Since this is true for any
smoothing of X, the subcategory P C DP(X) provides a universal deformation absorption. g

Remark 4.7. The fact that .P is an exceptional object on the total space of a smoothing is an analogue and
the limiting case of the fact that the direct image of a IP"-object with respect to the embedding into the total
space of an appropriate deformation is a (21 + 1)-spherical object; see [HT06].

Combining Theorem 1.8 with Theorem 4.2, we obtain the following.

Corollary 4.8. Under the conditions of Theorem 4.2, if T~ DP(X) for a projective variety X and p = 1, then the
category P constructed therein provides a universal deformation absorption of singularities of X.

Finally, we prove Theorem 1.9.

Proof of Theorem 1.9. Let f: X — B be a smoothing of X, and recall that t: X — X denotes the embedding
of the central fiber. Consider the stack Dgug(DC/ B) of universally gluable B-perfect complexes on X as defined
in [Lie06, Section 2.1]. Note that under the assumption of smoothness of the base B, an object F € D ¢(X) is

B-perfect if and only if F € D®(X). Also recall that the “gluability condition” for an object F € DP(X) is just
f.RHom(F,F) € D°(B)=°,

where the right-hand side stands for the subcategory of objects with zero sheaf cohomology in negative
degrees, and “universal gluability” is gluability after arbitrary base change.
For each 1 <i < r consider the canonical self-extension M; € D?(X) of the IP*!-object P; € D(X). By
Lemma 4.5 we have M; € DP*™(X), and by Lemma 2.9 we have
Ext®(M;,M;) = Ay = k[e]/e?,  deg(e) =0,
so M; gives a k-point of the stack DS, (X/B) over the point 0 € B. Moreover, the stack DY, (X/B) is locally

pug pug
of finite presentation by [Lie06, Theorem 4.2.1], and it follows from [Lie06, Theorem 3.11] that the natural

morphism of stacks
Dpyg(X/B) — B
is smooth at the point [M;]. Therefore, étale locally this morphism admits a section passing through [M;].
In other words, after an étale base change, there is an object M; € DP(X) such that
L*(MZ’) = Ml‘,

and applying [Kuz22, Corollary 2.12], we conclude that, shrinking B, we may assume M; € DPe™(2X).

Now consider the object

R; = fRHom(M;, M;) = f.(M; ®, M} ) € D*(B).

Since the morphism f is flat, using base change we obtain an isomorphism

Rilo = (f. RHom(M;, M;))|, = H*(X, " RHom(M;, M;)) = H* (X, RHom(M;,M;)) = RHom(M;, M;),

where the left side is the derived restriction of R; to the point 0 and the right side is isomorphic to Ay; in
particular, it is a 2-dimensional vector space sitting in degree zero. Therefore, shrinking B further, we may
assume that R; is a locally free sheaf of rank 2.

By construction R; is a sheaf of Og-algebras. Consider the adjoint pair of B-linear functors

CDM,- : D(B, :Rl) — D(X), Fr— f*:}“@f*jzi Mi,
®j: D(X) > D(BR), G+ fRIHom(M;,).
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Using the containment M; € DPf(X), the projection formula, and the definition of R;, we compute
fRHom (M, f*F@pq, M;) = £.(f*F @, M; ®0, MY ) = F @, f.(M; ®09, M) ) = F @, Ry = F

for any F € D(B,R;). Thus, ®;; o Dy, = id, so Py, is fully faithful.

Also note that the functor @y, is B-linear and takes the free module Ag® O, at point 0 € B to 1. M;. Using
()
i
the functors @y, and t, commute with direct sums, and hence also with homotopy colimits, we conclude
that

the notation of Section 2 and a simple induction, it is easy to check that CDMZ-(A(()]) ®0,) = .M. Now, since

Dy (kp ® O,) = Dy, (hocolim Ag) ® Oo) = hocolim L*ng) =P,

where we used Lemma 2.4(ii) and an argument of Lemma 2.10.

Next, we interpret this computation geometrically. Since the rank of the sheaf of Op-algebras R; is 2,
the sheaf is commutative, so we can consider the B-scheme Z; := Specz(R;). Then D(Z;) ~ D(B,R;) and
the simple module kp ® O, corresponds to the structure sheaf of the unique point z; € Z; over 0. Abusing
notation, we will write @y for the induced functor D(Z;) ~ D(B,R;) — D(X) and q).;v[. for its adjoint. Then
the above computation gives an isomorphism ®y.(0,.) = ,P;. Using the full faithfulness of the functor Dy,
Lemma 4.5, and Corollary 2.12, we therefore obtain

Ext (0,,0.,) = Ext}(uP;, LP;) = Ext}(c"LP;, Py) = Exty (Mﬁ.z), Pi) ~ K[0]/62.
Since deg(0) = 1, we conclude that the scheme Z; is smooth at z;, so, shrinking B further, we may assume
that Z; is smooth everywhere.

Finally, since both Z; and X are smooth over k and proper over B, the restricted Fourier-Mukai
functor @y |pv(z,) has both adjoints, and therefore the subcategory @Mi(Db(Zi)) c D®(X) is admissible.
Since the objects P;, 1 <i < n, are semiorthogonal, shrinking B further, we may assume that the subcate-
gories CDMI_(Db(Zi)) C D®(X) are semiorthogonal (see the argument of [FK18, Proposition 2.16]). Thus, we

obtain a B-linear semiorthogonal decomposition
(47) D®(X) = (D(2y),...,D"(,), D),

where the last component D is the orthogonal complement of the other components.
Now, consider the base change of this decomposition to any geometric point b # 0. We obtain

D (%) = (D°((21)p),--, D ((2/)y), Dy)-

On the one hand, D®((Z;),) =~ D®((R;);), where (R;), is a 2-dimensional algebra. On the other hand,
since this is a semiorthogonal component in the derived category of a smooth projective variety X;, the
algebra should have finite homological dimension, so it should be étale over the residue field of the point b.
Therefore, Z; — B is étale over B\ {o}. Moreover, D, is also a smooth and proper category.

Furthermore, by construction the base change of Db(Zi) to the point o coincides with the subcate-
gory (P;) € DP(X), so D, ~ L P; in particular, it is smooth and proper. Finally, we use [Kuz22, Theorem 2.10]
to conclude that D is smooth and proper over B.

It remains to prove the uniqueness of (4.7). For this we note that if ¥ € DP(X) is an object such
that 1*F € D®(Z;), for some 1 <i < r, then there is a Zariski neighbourhood U C B of o0 such that the
pullback of F to Xy = X xg U is contained in D®(Z; x5 U) € D(Xy). Indeed, if Jje Db(Z.j) and FpeD
are the components of F with respect to (4.7), then the assumption means that

vF;=0 forj=i and UFp =0.

Then the objects J; for j #i and Fp vanish on a Zariski neighbourhood of X C X. But since f: X — B is
proper, any Zariski neighbourhood of X contains X; for an appropriate Zariski neighbourhood U C B of o.
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Therefore, the pullbacks of ¥ for j =i and Fp to Xy vanish, and hence the pullback of F to Xy is equal to
the pullback of J;. Thus, the pullback of I to X, is contained in DY (Z; x5 U).
Now, if
D°(X) = (D°(2),..., D"(2;), D’)

is another B-linear semiorthogonal decomposition such that its base change to o gives the decomposi-
tion D°(X) = (Py,...,P,,~P), then applying the above observation to generators G,..., 5, of the compo-
nents Db(Zi ),...,DP(Z.), we find Zariski neighbourhoods Uj,..., U, C B of 0 such that the pullback of G;
to X xg U; is contained in D®(Z; x5 U;). Taking U = U; N---N U,, we deduce that

D® (2] x5 U) c D°(2; xp U)

for all i. The same argument shows the opposite inclusion (possibly after shrinking the base further), and
therefore we finally obtain an equality Db(Z; xp U) =DP(Z; x5 U). O

5. Crepant categorical resolutions for nodal varieties

In this section we construct crepant categorical resolutions for varieties with ordinary double points or
nodal varieties. In Section 5.1 we consider the blowup morphism 7t: Bl (X) — X for an ordinary double
point x € X and check that the pushforward functor 7,: Db(le(X)) — Db(X) is a Verdier localization.
In Section 5.2, we consider a nodal variety with singular points xy,...,x, € X and find an admissible subcat-
is generated by a completely orthogonal collection of spherical objects.

Starting from Section 5.2, we work over an algebraically closed field k of characteristic not equal to 2.

5.1. Bondal-Orlov localization

It is a conjecture of Bondal and Orlov (see [BO02, Section 5] and [Efi20, Conjecture 1.9]) that if X is a variety
with rational singularities and 7t: X — X is a resolution, then the pushforward functor 7, : D?(X) — Db(X )
is a Verdier localization. The main advance in this direction was obtained in [Efi20]; we prove a slight
extension of his results in a convenient form.

Recall from Definition 1.10 the notion of a categorical contraction.

Lemma 5.1. A4 functor 7t,: T — T is a Verdier localization if and only if it is a categorical contraction and the

induced map on the Grothendieck groups Ko(T) — Ko(T) is surjective.

Proof. If 7, is a categorical contraction and Ky(T) — K(7) is surjective, then Ky(Im(7,)) = Ko(7) and by
Thomason’s theorem on classification of dense subcategories [Tho97, Theorem 2.1], we have the equiva-
lence T/Ker(m,) ~ Im(,) = T. The other implication is obvious. O

If X is a variety with rational singularities over a field kk of characteristic zero, 7w: X — X is a resolution
of singularities, and 7, : D?(X) — DP(X) is the pushforward functor, the surjectivity of the induced map
of the Grothendieck groups was proved recently in [MS23, Theorem 1.2]. Consequently, the functor 7, is a
Verdier localization if and only if it is a categorical contraction; see [MS23, Corollary 1.3].

We denote by

Go(X) := Ko(D(X))

the Grothendieck group of the bounded derived category of X.

Theorem 5.2 (¢f: [Ef20]). Let t: X — X be a proper birational morphism. Let (: Z < X be a closed subscheme
such that E := 7"\ (Z) is a Cartier divisor and the restriction 7: X\ E — X \ Z is an isomorphism. Assume the
Jollowing isomorphisms for the derived pushforwards of the sheaves O x(—mE):

(5.1 10,0%(-mE) = 37 forall m > 0.



Categorical absorptions of singularities and degenerations 25

Letp: E— Z andn: E < X be the natural morphisms so that we have a Cartesian square

E<_n>)”(

T

ZC—C>X.

Ifp.: DY(E) - D®(Z) is a Verdier localization or a categorical contraction, then 1,: DP(X) — DP(X) is also
a Verdier localization or a categorical contraction, respectively. In both cases the category Ker(m,) is generated
by n.(Ker(p.)).

Proof. Assume that p, is a categorical contraction. Then the conditions of [Efi20, Theorem 8.22] (recall the
difference in terminology mentioned in Remark 1.11) are satisfied, so that 7, is also a categorical contraction
and Ker(7,) is thickly generated by n.(Ker(p.)).

To show that Ker(7,) is generated by 1, (Ker(p,)) as a triangulated category, by Thomason’s theorem (see
the proof of Lemma 5.1) it suffices to check that the induced map on the Grothendieck groups

n.
(52) Ko(Ker(p.)) — Ko(Ker(r,))
is surjective. For this we consider the diagram of categories

Ker(p,) — DP(E) —— DP(2)

N

Ker(r,) —> DY(X) —> DY(X),

where D%(X) c D®(X) and DE(X) C DP(X) are the full subcategories of objects set-theoretically supported
on E and Z, respectively. Its rows are “exact sequences”, ie., the left arrows are fully faithful, and the right
arrows are categorical contractions. Indeed, for the top row this is the assumption of the theorem, and for
the bottom row this is proved in [Efi20, Theorem 8.22(2)]. Now we apply Schlichting’s K-theory machinery as
explained in [PS21b, Section 1.2] to this diagram; in this way we obtain a commutative diagram of K-groups

p-

Gy (E) Gi1(2) Ko(Ker(p.)) Go(E) Go(2)

ml c*l mt ml C*L
K (DY(X)) — K; (DY(X)) — Ko (Ker(rz,)) —= Ko(D(X)) —— Ko(DY(X)).

Applying Quillen’s devissage (see [Qui73, Section 5, Theorem 4] and [Orlll, Lemma 2.1]), we conclude that
the first two and the last two vertical arrows in the diagram are isomorphisms, so the middle arrow (5.2) is
also an isomorphism.

Assume that p, is a Verdier localization. By Lemma 5.1 we only need to show that the map

(5.3) 7.: Go(X) — Go(X)

is surjective. For any coherent sheaf  on X the natural morphism F — RO7,(Ly7*F) — 71, (Lo7c*F) is an
isomorphism on the complement of Z, so it is enough to show that the classes of sheaves set-theoretically
supported at Z are in the image of (5.3). Since any such sheaf is filtered by sheaves scheme-theoretically
supported on Z and p,: Go(E) = Gy(Z) is surjective (again by Lemma 5.1), we conclude that (5.3) is
surjective as well. g

Let x € X be a k-point which is a normal isolated singularity, and let 7t: X := Bl (X) — X be the blowup
of x € X with exceptional divisor E C X; we denote by Og(1) := Og(—E) its conormal bundle. We will use
the following definition to verify the assumption (5.1).
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Definition 5.3. We say that a normal isolated singularity x € X with the maximal ideal my , C Ox , is

acyclic projectively normal if the following conditions hold for all m > 0:
(a) The canonical map m?’x/mgg;l — HY(E, Og(m)) is an isomorphism.

(b) The vanishining H!(E, O (m)) = 0 holds for all i > 0.

Example 5.4. If X is a cone over a smooth Fano complete intersection of positive dimension, or more
generally x € X is an isolated singular point such that the projective tangent cone Cyx , is a Fano complete
intersection, then x € X is acyclic projectively normal. Indeed, complete intersections are projectively normal,
combining this with [Har77, Exercise I1.5.14], we obtain (a). The vanishing in (b) follows easily from the
standard computation of cohomology of line bundles on a complete intersection; ¢f. the proof of Lemma 5.7.

Lemma 5.5. Let x € X be an acyclic projectively normal singularity. Then 70,(0%) = Oy, in particular, if X is
smooth, then (X, x) is a rational singularity. Moreover, condition (5.1) is satisfied for Z = {x}.

Proof. Let m > 1. The structure sheaf O,,p := Og/JF of the m™ infinitesimal neighbourhood of the
exceptional divisor E of the blowup has a filtration with factors J’E/ﬂlfsﬂ = Og(k), 0 <k <m—1; all these
sheaves have no higher cohomology by Definition 5.3(b), so
H(X,0,£) =0
for all m > 1. It follows from the formal functions theorem [Har77, Theorem IIL11.1] that
R™%7, (0%) = 0.
Since X is normal near x and 7 is an isomorphism over the complement of x, we have R%7,(0¢) = Oy, so
that 77,(O ) = Ox.
Let Jx  C Ox be the ideal sheaf of x. We now prove that 77,(Ox(-mE)) = ng by induction on m > 0.
The base of induction, m = 0, is proved above. Now assume that the claim is proved for some m > 0, and
consider the exact sequence
0— Og(-(m+1)E) — Og(-mE) — Og(m) — 0.

Applying 7, and using the induction hypothesis and Definition 5.3(b), we obtain a distinguished triangle
1,(Og(—(m+1)E)) — J% . — H(E,Op(m)) ® O,.

The second arrow in it factors as the composition
3%, — 3% /A% =my /migt! — HO(E, 0p(m)).

By Definition 5.3(a) the last arrow is an isomorphism, so 7, (Og(—(m+ 1)E)) = H?}l. O

Now we deduce the Bondal-Orlov localization conjecture for acyclic projectively normal singularities.
Note that when x is a k-point, Definition 5.3 for m = 0 ensures that Of is an exceptional object in Db(E), e)
we have a semiorthogonal decomposition DP(E) = (OF, OF); its first component Oz plays the crucial role.

Corollary 5.6. Let 1i: X = Bl (X) — X be the blowup of an acyclic projectively normal k-point x € X. Then
the functor 1, : DY(X) — DY(X) is a Verdier localization, and the subcategory Ker(m,) C DY(X) is generated
byn.(05) C D®(X), wheren: E — X is the embedding of the exceptional divisor.

Moreover, the map 1t,: Go(X) — Go(X) is surjective with kernel generated by N.(Ko(0F)) C Go(X).

Proof. Since O € D(E) is an exceptional object, the pushforward p,: DP(E) — DP(Spec(k)) is a Verdier
localization with Ker(p,) = Of. By Lemma 5.5 the conditions of Theorem 5.2 are satisfied for 7, so 7, is
a Verdier localization with kernel generated by 1,(O%). Finally, the statement about Gy follows from the
localization exact sequence

Ko (Ker(r,)) — Ko (DP(X)) — Ko (D°(X)) — 0;
see [SGAJ, Proposition VIIL3.1]. 0



Categorical absorptions of singularities and degenerations 27

5.2. Crepant localization for ordinary double points

From now on we work over an algebraically closed field k of characteristic not equal to 2.

Recall that an isolated singularity x € X is an ordinary double point or a node if it is a hypersurface
singularity and the exceptional divisor E C Bl,(X) of the blowup is a smooth quadric with conormal
bundle Og(—E) isomorphic to the hyperplane line bundle Og(1). Since E is a Cartier divisor, it follows
that Bl,(X) is smooth along E.

Lemma 5.7. An ordinary double point of dimension n > 2 is an acyclic projectively normal singularity.

Proof. Let (X, x) be an ordinary double point. Since the question is étale local at x and (X, x) is a hypersurface
singularity, we can assume that X is a hypersurface in the affine space A™*! with equation f = 0 and x € X
is the origin. Then it is easy to see that the exceptional divisor of Bl,(X) is given in IP” by the lowest-degree
homogeneous component of f. Since this is a smooth quadric by assumption, we have f = f, + f>3, where f,
is a nondegenerate quadratic form and f3 is the sum of components of higher degree. Then, denoting by z;
coordinates on A"t it is easy to see that

wy /ot = Kzo, 20,00 20w/ fo - Kl20,21, s 2y ]2 = HO(E, O (m)),
so (a) is satisfied. Condition (b) is evident since E is a quadric of dimension n—1 > 1. U

Let X be a variety of dimension # > 2 with ordinary double points, and let 77: X — X be the blowup of its
singular locus. A combination of Lemma 5.7 with Corollary 5.6 shows that the functor 7, : DP(X) — DP(X)
is a Verdier localization. However, unless n = 2, the functor 7, is not crepant (see Definition 1.12). The goal
of this subsection is to construct a crepant categorical resolution of X in all dimensions n > 2.

To state our result we need to recall some properties of spinor bundles on quadrics following [Ott88].
Let E be a smooth quadric over an algebraically closed field of characteristic not equal to 2. In the case
where dim(E) = n—1 is odd, we let § be the spinor bundle on E, and if dim(E) =n—1 is even, we let 8 be
one of the two spinor bundles on E and denote the other by 8’. We have

(5.4) N :=rk(8) = 2L(-212],
For example rk(8) = 1 when E is 1-dimensional or 2-dimensional, in which case § = O(-1) on E = P!
and 8 = 9(-1,0) or 9(0,—-1) on E = P! x P!
All statements which follow are symmetric with respect to the swap of § and §'.
The twists and duals of spinor bundles are related by [Ott88, Theorem 2.8]:
8§V =8§(1) if dim(E) =1 mod 2,
(5.5) 8V =8(1), 8V =8 (1) ifdim(E)=0mod 4,
8§V =8'(1), 8V =8§(1) ifdim(E)=2 mod 4.
Moreover, by [Ott88, Theorem 2.8] if dim(E) is odd, there is an exact sequence
(5.6) 0—8— 0N _8(1)—0,
and if dim(E) is even, there are exact sequences
(5.7) 0—8 — 0N _58(1)—0 and 0—8— 0N _8(1)— 0,

where N is defined in (5.4).

By [Kap88] spinor bundles are exceptional, completely orthogonal to each other if dim(E) is even and
can be used to construct a full exceptional collection in DP(E). For our purposes the following collections
are convenient:

DY(E) = {<OE(1 —dim(E)),..., 0p(=2),0g(-1),8,0) if dim(E) is odd,

>-8) (Op(1 =dim(E)),...,0p(=2),8(=1),0(-1),8,0F) if dim(E) is even;
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see [KPe2l, Lemma 2.4]. When dim(E) is odd, the above collection coincides with the one from [Kap88,
Section 4], while if dim(E) is even, Kapranov’s collection takes the form

(5.9) D®(E) = (Og(1 = dim(E)),..., Op(=2), Op(-1),8",8, Og),

and to pass between these two, one can use the mutation given by a twist of (5.7).
For future reference, we also record that if dim(E) is odd, we have

(5.10) Ext®(8(1),8) = k[-1].
and if dim(E) is even, then
(5.11) Ext®(8(1),8") = Ext*(8'(1),8) = k[-1].

These isomorphisms follow from (5.6) and (5.7), respectively, using exceptionality of the spinor bundle 8 and
the vanishing Ext®(Og,8) = 0 which is a part of semiorthogonality of (5.8).
Now we are ready to state the main result of this subsection.

Theorem 5.8. Let X be a variety of dimension n > 2 over an algebraically closed field k of characteristic not
equal to 2 with ordinary double points x1,...,x, and no other singularities. Let

be the blowup of all singular points, letn);: E; — X be the embedding of the exceptional divisor over x;, and let 8,
be a spinor bundle on E;. Then the subcategory

(5.12) D= {F e D°(X) IN;F €(8;,OF,) foreach 1 <i < r}

is admissible in D®(X). Moreover,

(i) the induced functor 1t,: D — D®(X) is a crepant Verdier localization;
(ii) the kernel Ker(m,|p) is generated by completely orthogonal spherical objects Ky,..., K, € D, where each K;
is 2-spherical when dim(X) is even and 3-spherical when dim(X) is odd.

We note that in the case where X is a cone over a smooth quadric Q, the category D appeared in [KPe23]
under the name of the categorical cone over Q.

Remark 5.9. Note that the category D is smooth over k and proper over X because it is an admissible
subcategory of DP(X). Therefore, by [Kuz08] it provides a crepant categorical resolution for DP(X).

The proof of the theorem takes most of this subsection. In what follows we construct the objects K;
explicitly. To start with, consider the case r = 1. In this case we denote by E the only exceptional divisor
of 77, by n: E <> X its embedding, and by 8 a spinor bundle chosen on E. Then by [Kuz08, Proposition 4.1]
applied to (5.8), the category D defined by (5.12) is a part of the semiorthogonal decomposition

M.0p(1 —dim(E)),...,n.0g(-2),1m.0(-1), D) if dim(E) is odd,

(513)  D°X)= . .
M.Og(1 —=dim(E)),...,n.0p(-2),M.O0p(-1),1n,8’,D) if dim(E) is even.

To define the object K, consider the natural distinguished triangle

(5.14) .8 — 8 — 8(1)[2]
(which uses the isomorphism Og(—E) = O(1)). If dim(E) is odd, using adjunction and (5.10) we obtain
(5.15) Ext*(n.8,1.8) = ke k[-2].

If dim(E) is even, we have
(5.16) Ext*(m.8,1.8) =k, Ext*(M,8,M.8") = Ext*(n.8",n.8) = k[-2],

where the first isomorphism follows from (5.13) as the object 1,8’ (and by symmetry also 1.8) is exceptional,
and the second and third isomorphisms follow as in the odd-dimensional case using (5.11) instead of (5.10).
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Now we define the object K € DP(X) as follows:
(5.17) K:=n.8 if dim(E) is odd,
(5.18) K —n.8 —1.8'[2] if dim(E) is even,

where in (5.18) the second arrow is nontrivial (see (5.16)).
The following lemma provides the key computation for the proof of the theorem.

Lemma 5.10. The object K has the following properties:
(i) K is the projection of 1,8 € DP(X) to D with respect to (5.13); in particular, K € D.
(if) Ker(m.|p) = (K).
(iii) The object K is (p + 2)-spherical, where p € {0, 1} is the parity of dim(X).

Proof- (i) If dim(E) is odd, then by the definition (5.12) of D, we must check that n1'1,8 € (8§, O). Using (5.14)
we see that it is enough to check that §(1) € (§,0), which follows immediately from (5.6).
If dim(E) is even, we use (5.13) instead of (5.12). Note that K is orthogonal to the exceptional collection

M.0p(1 =dim(E)),...,n.0g(-2),n.0g(-1)

(because both 1,8, 1,8 are, the latter by (5.13), and the former by symmetry). Furthermore, by (5.16) the
triangle (5.18) realizes K as the right mutation of 1,8 with respect to 1,8’; therefore, K is orthogonal to 1,8’
as well, and hence (5.13) implies that K is the projection of 1,8 to D.

(ii) First, note that Ker(m,|p) = Ker(rt,) N D and that (5.13) implies a semiorthogonal decomposition

MO (1 —dim(E)),...,m.05(=2),m.05(~1), Ker(r,) N D) if dim(E) is odd,

Ker(rm,) = . , o1 .
M.O0p(1 =dim(E)),...,M.0g(-2),1.0p(-1),n,8",Ker(r,) N D) if dim(E) is even,

just because all components of (5.13) except for the last one are contained in Ker(r,). Therefore,
Ker(m,|p) = pro(Ker(m,)),

where pry, is the projection to D with respect to (5.13).

On the other hand, recall from Corollary 5.6 that Ker(r,) is generated by pushforwards to X of objects
from (f)]J::. The latter category has a full exceptional collection induced by the first row in (5.8) if dim(E)
is odd or by (5.9) if dim(E) is even. Therefore, Ker(7,|p) is generated by the projections to D of the
objects 1,0g(1 — dim(E)), ..., 1.0g(-1), n.8 (and additionally of n,8” if dim(E) is even). But all these
objects project to zero except for 1,8, which projects to K by part (i). Thus, Ker(7,|p) = (K).

(i) The description of Ext®(K,K) is given by (5.15) in the odd case, and in the even case it can be
computed as follows. It follows from (i) that Ext®(K,n.8") = 0, so that applying the functor Ext*(K,-)
to (5.18), we get Ext*(K,K) = Ext®*(K,n,8), and the latter group is computed easily using (5.18) and (5.16).

To check that K is spherical, it remains to show that S1,(K) = K[p + 2], where recall p € {0, 1} is the parity
of dim(X) and S is the Serre functor of D. Let us write d = dim(E) = dim(X) — 1.

We first consider the case where d is odd, so p = 0. Let wg be the canonical line bundle of X. Since by
adjunction formula wy|g = O(1 - d), the Serre functor Sg of X acts on K =1,8 as

Sx(n.8) =n.(8(1-d))[d +1].
On the other hand, by (5.13) the Serre functor Sq, is equal to the composition

Sp = Rm.0;(1-d),..n.05(-2)n.0(-1)) © Sx|D>

where R stands for the right mutation functor. Twisting the sequence (5.6) by Op(—i) with 1 <i <d —1 and
pushing it forward to X, we obtain a chain of morphisms

M.8[2] = n.8(-1)[3] — -+ —n.(S(1—d))[d +1]
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with cones isomorphic to shifts of 1,05(=1)®?N, ..., 1,05(1 —d)®?N, so the cone of the composition is

contained in the subcategory (1,0g(1 —d),...,1.0p(=2),n.0p(-1)) = DL c D®(X). Since, on the other
hand, 1,8 € D as we proved in (i), we conclude that 1,8[2] is the right mutation of 1, (8(1 —d))[d + 1]
through D+. Thus, we have
Sp(n.8) =n.8[2],

and K = 1,8 is 2-spherical.

In the case where d is even, so that p = 1, we can refer to [Kuz22, Proposition 3.15(iii)]. Alternatively, we
can argue in a way similar to that in the odd case. Let pry, be the projection functor to D with respect to
the second decomposition in (5.13), so that applying Sp = prg, 0Sx|p to (5.18), we obtain the triangle

(5.19) Sp(K) — pro(n,8(1 ~d))[d + 1] — proy(n.8'(1 ~d))[d + 3]

As before, we have pry, = Ry s/ 0 Ry 0, (1-d),..n.05(=2)n.05(~1))- Using twists of (5.7) repeatedly as in the odd
case to project to (N,Op(1 —4d),...,n.0p(-2),n.Op(~1))*, we obtain

pryp(m.S (1-d))[d+1] =Ry 9 (M.82]) =0,
pry(n.8’(1 - d))[d + 3] =Ry, s (n.S [4]) =K[4],
where in the last isomorphism we used (i). Thus, (5.19) implies that S5 (K) = K[3]. O

Now we are ready to prove the theorem.

.....

points x; (in partlcular X is smooth) n;: E;— X 1 <i <r,is the embedding of the exceptional divisor over
the point x;, 8; is a spinor bundle on E;, and the category D is defined by (5.12). By [Kuz08, Proposition 4.1],
the category D is admissible in DP(X) and comes with a semiorthogonal decomposition analogous to (5.13),
where the left orthogonal to D is generated by the exceptional objects n;,Of,(—s) with 1 <s <dim(E;) -1
(and also by 1;,8’
follows from Corollary 5.6 and Proposition 4.1 that 7t,|5y: D — DP(X) is a Verdier localization. Furthermore,

if dim(E;) is even) and 1 < i <r. Since all these objects are contained in Ker(r,), it

the arguments of Lemma 5.10 show that
Ker(m,|p) =(Ky,...,K,),

where K; = pry)(n;.8;) is a (p + 2)-spherical object, and as each of these objects is defined by the isomor-
phism (5.17) or the triangle (5.18) for the corresponding divisor E;, their supports are disjoint, so they are
completely orthogonal. Finally, we have
,
Ker (12,]p)* ﬂKl ﬂ (SpK;) = ﬂLK LKer(t,|p),
=1 i=1

so the localization 1t,|p is crepant by Definition 1.12. O

If dim(X) = 2, decomposition (5.13) shows that the category D from Theorem 5.8 coincides with DP(X),
and if dim(X) = 3, we prove below that D is equivalent to the derived category of a small resolution of X.
In higher dimensions D should be considered as a categorical version of a small resolution.

Recall that if x € X is a 3-dimensional node and 7t: X — X is the blowup of x, the exceptional divisor
of 7w is E = P! x P!, and its normal bundle is Ng/x = Op(-1,-1). The two contractions E — P! induce
two factorizations of the blowup morphism that fit into a commutative diagram of algebraic spaces

X
N
X © X,

I/

X.
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The algebraic spaces X, are smooth (they are known as the small resolutions of X) the exceptional loci
of the maps @, : X — X are smooth rational curves C.cC X+, the maps 0, : X — X are the blowups of
these curves, and the birational isomorphism o, 0 0-! = (Dll o : X_-> X+ is the Atiyah flop.

Similarly, if X is a nodal threefold with nodes x1,...,x,, one can choose one of the two small resolutions
for each of the nodes independently and obtain 2" small resolutions in the category of algebraic spaces.
Some of these small resolutions may also exist in the category of projective varieties.

Corollary 5.11. If X is a nodal threefold, 0: X — X is the blowup of the nodes, and @: X — X is a small
resolution by an algebraic space X, then for an appropriate choice of spinor bundles on the exceptional divisors
of 71, we have a canonical equivalence D ~ D(X) such that 7| = @,. Under this equivalence the 3-spherical
object K; corresponds to Oc,(—1), where C; is the exceptional curve in X over x; € X.

Proof- To simplify the notation, assume that x € X is the only ordinary double point of X. Then the
blowup 7t: X — X of x € X admits a factorization through the small resolution

X2 Xx-2,x,
where o is the blowup of the exceptional curve C C X. Let E = P! x P! be the exceptional divisor of ¢ (it

coincides with the exceptional divisor of 77). Note that o|z: P! x P! — P! is the projection to the first factor.
Therefore, the blowup formula applied to o gives

D°(X) = (0g(-1,-1), 0£(0,-1), 0" (D°(X))).
Since the spinor bundles on E are precisely the line bundles 8§ = Og(—1,0) and 8’ = Og(0,—-1), comparing
the decomposition above with the description of D given in (5.13), we obtain the equivalence o,: D ~ D°(X).
Finally, let us compute o,(K). Applying o, to (5.18) and using the fact that o on: P! x P! — P! is the
projection p; onto the first factor, we obtain the distinguished triangle

0,(K) — p1,0p(-1,0) — p1,0£(0,-1)[2].
But we have p1,0p(-1,0) = O¢(-1) and p.0fg(0,-1) = 0, hence 0,(K) = O¢c(-1). O

If dim(X) is odd and X has r ordinary double points, the definition of D in (5.12) depends on a choice of
one of the two spinor bundles on each of the quadrics E;, so we have constructed 2" categorical resolutions.
However, all these resolutions are equivalent and related by categorical flops, see [Kuz22, Proposition 3.15],
which are analogous to Atiyah flops relating 2" small resolutions in the 3-dimensional case. On the other
hand, if dim(X) is even, the constructed categorical resolution D is canonical; i.e., it does not depend on
any choice.

6. Absorption of singularities for nodal varieties

In this section we combine the results obtained in the previous sections and apply them for nodal
varieties. In Section 6.1 we construct (under appropriate assumptions) an absorption of singularities for a
nodal variety X, in Section 6.2 we discuss an obstruction to the existence of absorption of singularities by
categorical ordinary double points, and in Section 6.3 we demonstrate how our approach works for nodal
curves and threefolds.

We keep working over an algebraically closed field k of characteristic not equal to 2.

6.1. Absorption for nodal varieties

First, we apply the construction of Theorem 4.2 to the crepant Verdier localization of Theorem 5.8. Recall
that for an exceptional divisor E of the blowup of an ordinary double point, we write Og(1) for the conormal
bundle Og(—E) and denote by § a spinor bundle on E; we also write 8’ for the other spinor bundle if dim(E)
is even, or for the same spinor bundle if dim(E) is odd.



32 A. Kuznetsov and E. Shinder

Theorem 6.1. Let X be a proper variety of dimension n > 2 with ordinary double points x1,...,x, and no
other singularities. Let 10: X = Bly, . x (X) — X be the blowup, and letn;: E; — X be the embedding of the
exceptional divisor over x;. Let p € {0,1} be the parity of n.

Assume that there exists a (nonfull) exceptional collection &,,...,&, € D®(X) such that

S;or 8X(1) ifi=j,
(6) = o S =
forV; ;e DP(K) and some choice of spinor bundles 8; on E;. Then the following statements hold:

(i ) Each P; := 11,(&;) € DP(X) is a PP -object, and each P; := (P;) C DP(X) is an admissible subcategory,
equivalent to the categorical ordinary double point of degree p.
(ii) The collection P+,..., P, is semiorthogonal, the subcategory P := (Py,...,P,) C DY (X) absorbs singulari-
ties of X, and the categories P and P are equivalent to admissible subcategories in D®(X).
(iii) Ifn is odd and X projective, P provides a universal deformation absorption of singularities for X.

Note that (6.1) implies that €; must be locally free of rank 2l=22] 4 neighbourhood of the divisor E;.

Proof. Consider the crepant categorical resolutions 77,: D — DP(X) constructed in Theorem 5.8 and
associated with the choice §; of spinor bundles on E; determined by (6.1). Let Ky,...,K, € D be the
corresponding (completely orthogonal) sequence of (p + 2)-spherical objects.

To start with, note that the assumptions (6.1) together with (5.6) and (5.7) imply that

(€0 € (85,0 )
for all i, j. Comparing with the definition (5.12) of D, we see that €; € D for each 1 <i <r. Furthermore,

if pry) denotes the projection functor to D with respect to (5.13) (or its obvious analogue if r > 1), it follows
from Lemma 5.10 that

Ext}, (€4, K;) = Ext}, (€5, pro (nj<8;)) = Exty (€:,m;8;) = Exty (n}(€:),S).
Using (6.1) together with (5.10), (5.11), and the exceptionality of 3;, we see that the graded space Ext®(&;,K;)
is 1-dimensional, and using the semiorthogonality of the pair (S;, O, ) (see (5.8)), we see that Ext*(&;,K;) = 0
for j # i. Thus, the adherence assumption (4.1) is satisfied. Also note that D(X) = D/(K,...,K,) by
Theorem 5.8. Therefore, Theorem 4.2(ii) applies to this situation and implies parts (i) and (ii). Similarly,
part (iii) follows from Corollary 4.8. g

We observe the following nice homological property of the IP*-objects P; constructed in Theorem 6.1.
Recall from [Buc2l, Definition 4.2.1] that a coherent sheaf J on a Gorenstein variety X is called maximal
Cohen-Macaulay if Ext'(F,0x) =0 for i > 0.

Proposition 6.2. Under the assumptions of Theorem 6.1, assume that &; is a locally free sheaf on X. Then
each P* -object P; = 1.(E;) on X is a maximal Cohen-Macaulay sheaf locally free on X \ {x;}.

To prove Proposition 6.2, we use a simple criterion for the pushforward of a sheaf F on X to be a sheaf.

Lemma 6.3. Let X be an n-dimensional variety with an ordinary double point x € X, and let: E < X be the
exceptional divisor of the blowup 7: X = Bl(X) — X. If a sheaf T on X has the property

HYEnF(m)=0  form>0,
then R7O70,(F) = 0. In particular, this holds whenn*F = 8(a) with a > 2 —n.
Proof. Consider the exact sequence

0— F(—=(m+1)E) — F(-mE) — n.(m*F(m)) — 0.
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Since H>O(E,n*F(m)) = 0 for m > 0 by assumption, it follows that the sheaf Ri7t,F(—(m + 1)E) surjects
onto Ri7t,F(—mE) for all i > 1 and m > 0. On the other hand, R>%7,(F(—mE)) = 0 for m > 0 because —E
is relatively ample for 7. Therefore, R>7t,(F(-mE)) = 0 for all m > 0.

For the second part we just note that H>*(E,8(m)) = 0 for m > 2 — n by [Ott88, Theorem 2.3] and Serre
duality, so the first part applies. O

Proof of Proposition 6.2. The maximal Cohen-Macaulay property of 7€ is local with respect to X, so we
may assume that X has a single ordinary double point. We will also assume that n°€ = § (the case
where n*€ = 8’(1) is similar).

First, we apply Lemma 6.3 to § = € and a = 0; since n > 2 it implies that P := 7,€ is a sheaf. Next, taking
into account that wg,x = Og((n - 2)E) and using the Grothendieck duality, we obtain

RHom (1,€,0x) = 7, R¥Hom (€, 7' Ox ) = 7, (¥ @ wy/x ) = 7. (EV((n - 2)E)).

It remains to note that n*(€Y((n —2)E)) = 8Y(2 — n), and by (5.5) this is isomorphic either to §(3 —n) or
to 8’(3 — n); in both cases using Lemma 6.3 with a = 3 — 1, we conclude that 7,(€Y((n — 2)E)) is a sheaf.
Therefore, 7,€ is maximal Cohen-Macaulay.

The fact that P; is locally free on X \ {x;} follows from the triviality of £; on the exceptional divisors E;
for i # j; see, e.g, the argument of [KKS22, Lemma 2.5]. Indeed, this claim is local around the points x;
for j # i, so we may again assume that X has a single ordinary double point x and € is trivial on the
exceptional divisor E of its blowup X = Bl,(X). Then, on the level of the unbounded from below categories,
we have a semiorthogonal decomposition

D™ (X) = (Ker(r,), 7*(D™(X))),

and since Ker(r,) C D7(X) is generated by M.(O%) (where the orthogonal is taken in D~ (E)), the triviality
of n*€ implies that & = 77*F for F € D7 (X) (alternatively, the same result follows from [KS22, Proposi-
tion 5.5(ii)]). Finally, using the isomorphisms Ext®(&, Oz) = Ext*(F,0,) for £ € E, it is easy to deduce that F
is locally free at x if € is locally free along E, and it remains to note that ' = 1, €. ]

The following proposition shows an example of an application of Theorem 6.1.

Proposition 6.4. Let X C P! be a nodal n-dimensional projective quadric with node x € X, i.e., a cone
over a smooth quadric Q"' of dimension n— 1. Assume n > 2, and let S be a spinor bundle on Q"'
If po: X\ {x} —> Q" is the natural projection, the sheaf py(S) has a unique maximal Cohen-Macaulay
extension P to X. The sheaf P is a PP+ -object on X, where as usual p € (0,1} is the parity of n, it absorbs
singularities of X, and if n is odd, this is a universal deformation absorption.

Proof Let t: X — X be the blowup of x. Then
X = IPQn—l (O @ O(—l))

Note that the exceptional divisor E of the blowup is the section of the projection p: X — Q"~! corresponding
to the summand O in the bundle O ® O(~1) above. Since p is a ' -bundle, the functor p* is fully faithful, so
the bundle
£ = p'(S)

is exceptional and satisfies (6.1). Therefore, Theorem 6.1 implies that P := 77,(€) is a P°P*!-object on X which
absorbs singularities of X, and when # is odd, this is a universal deformation absorption. Further, Proposi-
tion 6.2 shows that P is maximal Cohen-Macaulay, and since 7t induces an isomorphism X \ E = X \ {x}
compatible with the projections p and py, it follows that P|x\(y = p;(S). On the other hand, since maximal
Cohen-Macaulay sheaves are reflexive by [Buc2l, Lemma 4.2.2(iii)], the sheaf P is isomorphic to the pushfor-
ward of the sheaf p{,(8) along the inclusion X \ {x} <> X. Thus, P is a maximal Cohen-Macaulay extension
of pj(8), and its unicity is obvious. O
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The maximal Cohen-Macaulay extension P of p;(8) is known as a spinor sheaf on X.

Remark 6.5. Another approach to constructing the same absorption of singularities for X relies on homo-
logical projective duality. Indeed, consider X as a singular hyperplane section X = Y N H of a smooth
quadric Y € IP"*2, Then by [KPe2l, Theorem 1.1] the homological projective dual YEof Y is

e either the projectively dual quadric of Y, if n is odd,

e or the double covering of P"*+2 ramified over the projectively dual quadric of Y, if # is even.
Therefore, applying the main theorem of homological projective duality [Kuz07, Theorem 6.3], we obtain
a semiorthogonal decomposition of DP(X), where one of the components is equivalent to the (derived)
fiber (Y% of Y% over the point [H] € P"*? of the dual projective space. The above description of Y*
implies that DP((Y%)y) ~ Db(Ap), where recall that the right-hand side is a categorical ordinary point of
degree p, where p € {0, 1} is the parity of n.

6.2. Obstructions

If the category DP(X) is indecomposable (e.g., if X is a Calabi-Yau variety or, more generally, if X is a
projective Cohen-Macaulay variety and the dualizing sheaf wx has small base locus, see [Spe22], [LMSdS23],
or [KS22, Corollary 6.7] for details), then X admits no nontrivial absorption. This shows that the existence
of nontrivial absorption is a global condition on X, not a local condition around singularities. In this
subsection we discuss obstructions to absorption of singularities by categorical ordinary double points. To
state our obstruction in the most general form, we recall the following definition.

Let T be a triangulated category with finite-dimensional Hom-spaces. Then the triangulated singularity
category Jsg is defined in [Orl06, Definition 1.7] (see also [KS22, Remark 4.9]) as the Verdier localization

Teg = T/ Tt

where T¢ C T is the subcategory of left homologically finite-dimensional objects. Note that for this notion to
behave well, it is better to assume that T is hfd-closed in the sense of [KS22, Definition 4.1]. On the other
hand, any admissible subcategory of DP(X) is hfd-closed if X is projective over a perfect field; see [KS22,
Propositions 6.1(ii) and 4.6(iii)].

Lemma 6.6. Let T be a triangulated category with finite-dimensional Hom -spaces.

@) If T=(T1,..., T ) is a semiorthogonal decomposition with admissible components, then
ng = <(Tl )sgr-'-r (Tm)sg>-
(ii) Zf T is proper, then Tog = 0.
Proof. Part (i) is [Orl06, Proposition 1.10], and part (ii) is obvious because Jy¢ = T if T is proper. O

Using this and Proposition 6.4, we can state the general obstruction. In the case of varieties of dimension
at most 3, it will be later reformulated as an explicit numerical condition (see Proposition 6.12).

Proposition 6.7. Ifp € {0,1}, the singularity category Db(Ap)Sg of the categorical ordinary double point Db(Ap)
is idempotent complete.

Proof. By Proposition 6.4 the categorical ordinary double point Db(Ap) absorbs singularities of a nodal
quadric X of dimension n = 2k + p for any k > 1; i.e., there is a semiorthogonal decomposition

D°(X) =(7,D"(A,)),
where T is smooth and proper. Applying Lemma 6.6 we conclude that

D° (AP )sg = Db(X)sg’
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so it is enough to check that DP(X )sg is idempotent complete. Indeed, by Knérrer periodicity (¢f [Orl04,
Theorem 2.1]) we may assume k = 0, and then in the case p = 0, the category Db(X)sg is described
explicitly in [Orl04, Section 3.3] (as additive category it is equivalent to the category of vector spaces), and
its idempotent completeness is obvious. In the case p = 1, idempotent completeness is proved in [KPS21,
Lemma 2.20 and Proposition 3.1]. O

Remark 6.8. In fact, the same result holds for any p > 0; indeed, one can identify the category Db(Ap)Sg
with the additive category of Z/(p + 1)-graded finite-dimensional vector spaces (where the shift functor acts
as the shift of grading), see [Kel05, Section 7.1], so it is obviously idempotent complete.

Corollary 6.9. Let X be a projective variety. If there exists a semiorthogonal collection of admissible sub-
categories Pq,..., P, C D°(X), each equivalent to a categorical ordinary double point and such that the cate-
gory P = (Py,..., P,) absorbs singularities of X, then the category Db(X)Sg is idempotent complete.

Proof- Since the category P is smooth and proper, Lemma 6.6 gives a semiorthogonal decomposition

Db(X)sg = <(:Pl )sgr ey (Tr)sg>'

By Proposition 6.7 and Remark 6.8, every component in the right-hand side is idempotent complete,
so Db(X)Sg is idempotent complete as well; see [KPS21, Lemma 2.2]. O

In the rest of this subsection we will make the criterion of Corollary 6.9 explicit for nodal varieties of
small dimension. In dimension 3 we use the notion of maximal nonfactoriality, ¢/ [KPS21], which we state
in terms of the blowup 7: X — X of the singular locus with exceptional divisors Ej,..., E,. Note that for
each i we have E; = IP! x P! and

(62) OE,‘(EZ') = Olplxlpl(—l,—l),
hence Pic(E;)/[Of, (E;)] = Z, and the two choices of isomorphism correspond to two contractions E; — Pt

Definition 6.10 (cf. [KPS21]). A nodal threefold X is maximally nonfactorial (respectively, Q-maximally
nonfactorial) if the morphism

(6.3) Pic(X) — @D Pic(E;) — EP(Pic(E;)/[OF, (E)) = 2"
i=1

i=1
is surjective (respectively, has finite cokernel).

Remark 6.11. The map (6.3) factors through the quotient C1(X) = Pic(X)/(®]_,Z - [E;]), and the induced
homomorphism from CI(X) to the right-hand side of (6.3) can be identified with the restriction map to the
sum of the class groups of the completions of X at the singular points. Thus, Definition 6.10 is equivalent to

that of [KPS21].
We denote by Br(X) the Brauer group of X.

Proposition 6.12. Let X be a nodal projective variety. If there exists a semiorthogonal collection of admissible
subcategories P1,...,P, C DP(X), each equivalent to a categorical ordinary double point and such that the
category P := (Py,..., P,) absorbs singularities of X, then the following hold:
(i) If dim(X) =1, the dual graph of X is a tree.
(i) If dim(X) = 2, then Br(X) = 0. If in addition X is a rational surface, then C1(X) is torsion-free.
(iii) If dim(X) = 3, X is maximally nonfactorial.

Proof. We use [KPS21, Corollary 3.3] in the case dim(X) = 1, [KPS21, Proposition 3.7] and [KKS22, Proposi-
tion 4.4] in the case dim(X) = 2, and [KPS21, Corollary 3.8] in the case dim(X) = 3. O
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We conclude this subsection with a discussion of the geometric meaning of maximal nonfactoriality.
Recall from Section 5.2 a description of small resolutions of a nodal threefold. The following Proposition 6.13
shows in particular that Q-maximal nonfactoriality implies that all 2" small resolutions of X are projective.

Proposition 6.13. Let X be a nodal projective threefold with v nodes. Consider the following properties:

(a) Db(X)Sg is idempotent complete.

(b) X is maximally nonfactorial.

(c) X is Q-maximally nonfactorial.

(d) X admits 2" projective small resolutions.

(e) X admits a projective small resolution.

(f) X is nonfactorial.
We have the following implications: (a) < (b) = (¢) & (d) = (e) = (f). If; moreover, X has a single
node, i.e, v =1, then (c) & (d) & (e) (f).

(c) always holds for nodal threefolds. However, in [KS23,
Proposition A.14] we prove the equivalence (b) &= (c) for complex nodal Fano threefolds.

—
We do not know if the equivalence (b) &
Proof. The equivalence (a) <= (b) is [KPS21, Corollary 3.8]. The implication (b) = (c) is trivial.

For the equivalence (c) &< (d) we consider the blowup X of X at all the nodes and note that each
exceptional divisor E; = P! x IP! has two IP!-bundle structures p; ,: E; — P!, and by (6.2) the conormal

bundle Og (—E;) is relatively ample for both of them. We will use the following criterion: if I C {1,...,7} is a

subset, then there is a contraction o;: X — X over X to a smooth projective variety X such that

pi+ foriel,
01|E,- = .
pi—- forigl

if and only if there is a globally generated line bundle £ on X such that

oy = {pz+oun(d,~), di>0, foriel,

(6.4) .
p;_Opi(d;), d;>0, foriel

(more precisely, the “if” part is proved in [Ish77, Theorem 1], while the “only if” part is obvious).

Now, assume that X is Q-maximally nonfactorial. Since the cokernel of (6.3) is finite, an appropriate
positive multiple of any vector is in the image of (6.3), so for each subset I we can find a line bundle £
satisfying (6.4), and twisting it by the pullback of a sufficiently ample line bundle on X, we can assume that
it is globally generated. Thus, X admits 2" projective small resolutions. This proves (¢) = (d).

Conversely, assume that X is not Q-maximally nonfactorial, i.e., the map (6.3) has infinite cokernel. Then
there is a nonzero linear function v: @::l(PiC(Ei)/[OEi(Ei)]) — Z such that the image of (6.3) is contained
in Kerv. Let I, be the sets of i € {1,..., r} such that v([p; , Op1(1)]) > 0. By (6.2) the elements [p; , Op1(1)]
are opposite in Pic(E;)/[O,(E;)], so the sets I, and I_ are disjoint; moreover, since v # 0, at least one of
these sets is nonempty. Now consider the small resolution X — X such that the restriction of the factorization
map 0: X — X to E; coincides with p; . if i € I; in other words, 0 = o7 as above with I, CI and INI_ = @.
If X is projective, the above criterion shows the existence of a line bundle £ on X satisfying (6.4), and then
the value of v on the image of £ is positive. Indeed, if I, # @, then the positivity follows from I, C I, and
if I_ # @, the positivity follows from I NI_ = @. This contradiction proves (d) = (c).

The implication (d) = (e) is trivial. Finally, the implication (¢) = (f) follows from the fact that factorial
nodal threefolds admit no projective small resolutions (indeed, if X — X is a small projective resolution,
then Pic(X) € Pic(X) = CI(X) = C1(X), so X is not factorial).

Now assume that X has a single node. It suffices to show (f) = (c). This implication is equivalent to the
statement that the map in (6.3) is nonzero if and only it has finite cokernel, which is obvious because its
target is Z. U
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Finally, we state a criterion for a nodal threefold X to be maximally nonfactorial in terms of a small
resolution by an algebraic space.

Lemma 6.14. Let X —> X —> X be a factorization of the blowup T through a small algebraic space resolution.
Let C; = 0(E;) =P be the exceptional curves of ®. Then the map (6.3) factors as the composition

Pic(X)ﬁ»Pic()/(\)—e@Pic —e@ (Pic(E;)/[Og,(E)]),
i=1

where the first map is surjective, the second map is given by the restriction, and the last map is induced
by the pullbacks (o|g,)*. In particular, X is maximally nonfactorial if and only if there exist divisor
classes Dq,...,D, € Pic(X X) such that

Di . C] = (31]

Proof The map o: X — X is the blowup of the curves Cy,...,C, with exceptional divisors Ey, ..., E,,
so Pic(X) = o*(Pic(X)) ® (®Z[E;]). Thus, it is enough to check that the maps agree on o*(Pic(X)) and
on the E;. The first follows from the equalities 0,(0*(D)) = D (which also proves the surjectivity of o,)
and 0*(D)|g, = (0]g,)"(Dlc,), and the second is obvious as E; is taken to zero by both maps. O

6.3. Curves and threefolds

In this subsection we collect examples of absorption for nodal curves and threefolds. We do not discuss the
case of nodal surfaces because it essentially reduces to the results obtained in [KKS22]; see also Example 3.11.

6.3.1. Curves.— We start with the case of nodal curves.

Proposition 6.15. Assume that C = C’ U C” is a reducible Gorenstein curve, where C' = P! and the scheme
intersection C' N C” is a single point x which is smooth on C”. Let v': C' — C be the embedding. Then for any
line bundle L' on C’ the object

P =1L’ e DP(C)
is a P2 -object. Moreover, the subcategory P := (P) C DP(C) is admissible, and
(6.5) Lp~Dpd(C”).

In particular, if C” is smooth, then P provides a universal deformation absorption for C.

Proof. For any line bundle £ on C we have an exact sequence
0 _)L _)L|C’$L|C// —> ,le — 0

(obtained by tensor product of £ with 0 - O¢c — Oc ® O¢cr — O, — 0). Conversely, for any pair of line
bundles £’ on C” and £” on C” we can define

L:=Ker(L'®L"— O,),

where the map is given by trivializations of £” and £” at x, and it is easy to see that £ is a line bundle.
This shows that restriction of line bundles gives an isomorphism

(6.6) Pic(C) = Pic(C’) @ Pic(C”).

In particular, any line bundle on C’ is obtained by restriction from C, so, twisting by a line bundle on C if
necessary, we may assume £’ = Q¢ (-1).

Now consider the line bundle £ on C which restricts to C’ as O¢/(-1) and to C” as O¢», and the line
bundle £; which restricts to C” as O¢»(—x) and to C” as O¢,. Then we have exact sequences

0— Ocr(-x) — Ly — O¢c/(-1)— 0 and 0— Oc/(-1)— L1 — Ocr(-x) — 0.
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Merging these we obtain a long exact sequence
0—0c(-1)— L; — Ly— Oc(-1)— 0.

This exact sequence can be considered as triangle (2.4) with P = O¢/(-1), M = Cone(£; — L), and g = 2.
Applying Ext®(—, O¢/(-1)) to the triangle £; — £y — M, we obtain Ext®(M, P) = k. Besides, the condi-
tion hocolim P[2i] = 0 follows from Lemma 2.3 (see Remark 2.7). Therefore, P is a IP*2-object, and the
subcategory P := (P) is admissible in DP(C) by Lemma 2.10 as C is Gorenstein and M € DPerf(C).

Now consider the contraction 0: C — C” of the component C’ to the point x € C”. Since x is a smooth
point on C”, we have a well-defined functor ¢*: D®(C”’) — DP(C) which is left adjoint to o,, and since the
curve C’ is rational, we have 0,(O¢) = O¢», hence 0, 0 0* = id. Thus, ¢” is fully faithful, and we have a
semiorthogonal decomposition

(6.7) D°(C) = (Ker(a.), 0" (D*(C"))).

A standard argument (see [KKS22, Lemma 2.1]) shows that Ker(o,) is generated by P = O¢/(—1). This
proves (6.5).
The last statement follows from Theorem 1.8. 0

Example 6.16 (cf [KPS21]). Let C be a nodal tree of smooth rational curves with 7 + 1 components. Then
choosing an appropriate ordering for the components of C (removing rational tails one by one) and using
Proposition 6.15 inductively, we obtain an admissible semiorthogonal decomposition of D°(C) with r
components generated by P°2-objects and one component equivalent to DP(IP') (hence generated by two
exceptional objects).

Note that conversely, by Proposition 6.12, if X is a nodal curve which admits absorption of its singularities
by a semiorthogonal collection of admissible subcategories generated by IP*°-objects, then the dual graph
of X is a tree.

6.3.2. Threefolds.— The most interesting case for our applications in the sequel [KS23] to this paper is
the case of nodal threefolds. Recall that 9;; is the Kronecker delta and Ty (1) are the spherical twists.

Theorem 6.17. Let X be a threefold with ordinary double points x,...,x, and no other singularities, and
let @: X — X be a small resolution by an algebraic space with exceptional curves Cy,...,C,. Assume that there is
a (nonfull) exceptional collection &1,...,E&, in D®(X) such that

(6.8) Eile, = Oc, (£5;j)-

Then X is a projective variety, and
(i) each P; := @,(&;) € DP(X) is a P2 -object, and each P; := (P;) C D®(X) is an admissible subcategory,
equivalent to a categorical ordinary double point;
(i) the collection Pq,..., P, is semiorthogonal, the subcategory P := (Py,...,P,) C D(X) provides a universal
deformation absorption of singularities for X, and the functor @, induces equivalences

Lp =€, Tog (c1)(€1)r €r To (<1)(Er)),
L
PLa (€1, Tog, (1)(E1)r€nTo (1)(€0)
where the orthogonals on the left-hand side are taken in D®(X) and the orthogonals on the right-hand side are
taken in D®(X).

Proof- The projectivity of X follows from Lemma 6.14 and Proposition 6.13. The remaining part of the
theorem is a special case of Theorem 6.1; indeed, by Corollary 5.11 there is an equivalence D = DP(X))
such that the objects K; correspond to O¢.(~1) and the functor 7t,|p corresponds to @,. Moreover, we
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have 8§ = Og(~1,0), 8’ = Og(0,-1), 8'(1) = Og(1,0), and it is clear that condition (6.8) on X translates into
condition (6.1) in D. Therefore, Theorems 6.1 and 4.2 give the required results. O

Condition (6.8) is subtle in general, but in the case of a single node, it simplifies.

Corollary 6.18. Let X be a projective threefold with H' (X,0x) = 0 fori > 0 and a single node. Assume that X is
maximally nonfactorial. Then DP(X) contains a categorical ordinary double point subcategory P C D®(X) which
provides a universal deformation absorption of singularities for X.

Proof- Since X is a maximally nonfactorial threefold, Proposition 6.13 ensures the existence of a projective
small resolution X — X. Let C C X be its exceptional curve. Then Lemma 6.14 shows that there is a

divisor class D € Pic(X) such that D - C = 1. Therefore, Theorem 6.17 applied to the exceptional line
bundle & = O%(D) implies the corollary. O

In the rest of this section we discuss del Pezzo threefolds over an algebraically closed field k of
characteristic zero. In this case a combination of Proposition 6.12 with [PS21a, Theorem 1.1] proves that
nodal del Pezzo threefolds of degree d < 4 do not admit absorption by categorical ordinary double points.
Therefore, we concentrate on the case of quintic del Pezzo threefolds. Similar results in terms of Kawamata
decompositions have been obtained by [Xie23] and [PS21a].

6.3.3. Quintic del Pezzo threefolds.— Let X be a quintic del Pezzo threefold, i.e., a complete intersection
X :=Gr(2,5)NIP° c IP’.

If X has isolated singularities, then all of them are nodes, see [Fuj86, Theorem 2.9], the number r of nodes

is 1 <r < 3, and for each such r there is a unique (up to isomorphism) quintic del Pezzo threefold X with r
nodes; see [KPr23, Theorem 7.1].

Proposition 6.19. Let X be a nodal quintic del Pezzo threefold with r nodes over an algebraically closed field k
of characteristic zero. Then there is a semiorthogonal decomposition

D°(X)=(Py,...,P,,C),

where the P; are completely orthogonal IP*>? -objects which provide a universal deformation absorption of singulari-
ties and C is a smooth and proper category. Moreover, each P; is a maximal Cohen-Macaulay sheaf on X locally
free on the complement of the corresponding node.

Proof- 1t is well known (see, e.g., [KPr23, Theorem 7.1]) that for each 1 < r < 3 there is a diagram

where the following hold:

o If r = 1, then Y = IP?, the map o is the projectivization of the vector bundle V on IP? defined by the
exact sequence

0—V—Q1)e0(-1)@®0(-1) 2> 0%2 0,

and the map @ contracts a smooth rational curve C C IP(V) which projects isomorphically to a line
in IP2. In this case we take &; := O(—H), where H is the pullback of the hyperplane class of Y = IP2.

o If r =2, then Y = FI(1,2;3), the map o is the blowup of a point y € Y, and the map ® contracts
the strict transforms C;,C, C X of the fibers of the two projections F1(1,2;3) — IP? passing through
the point . In this case we take &; = O(-H;), i = 1, 2, where H; is the pullback of the divisor class
on F1(1,2;3) inducing the projection F1(1,2;3) C IP? x P? — IP? to the i*" factor.
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o If r = 3, then Y = IP, the map o is the blowup of three points y;,7,,v3 € Y, and the map @
contracts the strict transforms C;,C,, C5 C X of the lines connecting the points (we label the lines
in such a way that y; does not lie on 0(C;)). In this case we take &; := O(H — D;), where H is the
pullback of the hyperplane class of Y = IP3 and D; is the exceptional divisor of o over ;.

In all these cases it is easy to see that condition (6.8) of Theorem 6.17 is satisfied for any ordering of
the singular points, so we obtain the completely orthogonal collection of IP°2-objects P; := @,(&;). The
objects P; are maximal Cohen-Macaulay sheaves by Proposition 6.2. O

Remark 6.20. Similarly to Remark 6.5, one can use homological projective duality to obtain another
description of the P*?-objects P;. Indeed, any X is a linear section of Gr(2,5) C P’ by an appropriate
linear subspace IP® C IPY, and the homological projective dual variety of the Grassmannian is the dual
Grassmannian Gr(3,5) C IP%; see [Kuz06, Section 6.1]. Thus, the objects P; correspond to natural generators
of the (derived) intersection Gr(3,5) N IP? (which consists of 1, 2, or 3 reduced points, respectively) by the
linear subspace P> C IP? orthogonal to IP®  IP°.

References

[BBD82]  A.A. Beilinson, J. Bernstein, and P. Deligne, Faisceaux pervers, in: Analysis and topology on
singular spaces, I (Luminy, 1981), pp. 5-171, Astérisque 100 (1982).

[BN93] M. Bokstedt and A. Neeman, Homotopy limits in triangulated categories, Compos. Math. 86
(1993), no. 2, 209-234.

[BK89] A.I Bondal and M. M. Kapranov, Representable functors, Serre functors, and reconstructions, Izv.
Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 6, 1183-1205.

[BO02] A. Bondal and D. Orlov, Derived categories of coherent sheaves, in: Proceedings of the International
Congress of Mathematicians, Vol. II (Beijing, 2002), pp. 47-56, Higher Ed. Press, Beijing, 2002.

[BVdBO3]  A. Bondal and M. Van den Bergh, Generators and representability of functors in commutative and
noncommutative geometry, Mosc. Math. J. 3 (2003), no. 1, 1-36, 258.

[Buc21] R.-O. Buchweitz, Maximal Cohen-Macaulay modules and Tate cohomology, Math. Surveys Monogr.,
vol. 262, Amer. Math. Soc., Providence, RI, 2021.

[dCM09] M.A.A. de Cataldo and L. Migliorini, The decomposition theorem, perverse sheaves and the topology
of algebraic maps, Bull. Amer. Math. Soc. (N.S.) 46 (2009), no. 4, 535-633.

[CGL*23] W. Cattani, F. Giovenzana, S. Liu, P. Magni, L. Martinelli, L. Pertusi, and J. Song, Kernels
of categorical resolutions of nodal singularities, Rend. Circ. Mat. Palermo (2) 72 (2023), no. 6,
3077-3105.

[Efi20] A.1. Efimov, Homotopy finiteness of some DG categories from algebraic geometry, J. Eur. Math. Soc.
(JEMS) 22 (2020), no. 9, 2879-2942.

[FK18] A. Fonarev and A. Kuznetsov, Derived categories of curves as components of Fano manifolds, J. Lond.
Math. Soc. (2) 97 (2018), no. 1, 24-46.

[Fuj86] T. Fujita, Projective varieties of A-genus one, in: Algebraic and topological theories (Kinosaki, 1984),
pp. 149-175, Kinokuniya Company Ltd., Tokyo, 1986.

[Har77] R. Hartshorne, Algebraic geometry, Grad. Texts in Math., vol. 52, Springer-Verlag, New York-
Heidelberg, 1977.

[HKMO2] M. Hoshino, Y. Kato, and J.-I. Miyachi, On t-structures and torsion theories induced by compact
objects, J. Pure Appl. Algebra 167 (2002), no. 1, 15-35.



Categorical absorptions of singularities and degenerations 41

[HTO06]

[Ish77]
[KPS21]

[KY18]

[Kap88]|

[KKS22]

[KelO5]
[Kel06]

[Kel07]

[KYZ09]

[Kuz06]

[Kuz07]
[Kuz08]

[Kuzll]
[Kuz21]

[Kuz22]

[Kuz23|

[KL15]

[KPe2]|

[KPe23]

[KPr23)

[KS22]

D. Huybrechts and R. Thomas, P-objects and autoequivalences of derived categories, Math. Res.
Lett. 13 (2006), no. 1, 87-98.

S. Ishii, Some projective contraction theorems, Manuscripta Math. 22 (1977), no. 4, 343-358.

M. Kalck, N. Pavic, and E. Shinder, Obstructions to semiorthogonal decompositions for singular
threefolds I: K-theory, Mosc. Math. J. 21 (2021), no. 3, 567-592.

M. Kalck and D. Yang, Derived categories of graded gentle one-cycle algebras, ]J. Pure Appl. Algebra
222 (2018), no. 10, 3005-3035.

M. M. Kapranov, On the derived categories of coherent sheaves on some homogeneous spaces, Invent.
Math. 92 (1988), no. 3, 479-508.

J- Karmazyn, A. Kuznetsov, and E. Shinder, Derived categories of singular surfaces, J. Eur. Math.
Soc. (JEMS) 24 (2022), no. 2, 461-526.

B. Keller, On triangulated orbit categories, Doc. Math. 10 (2005), 551-581.

, On differential graded categories, in: International Congress of Mathematicians. Vol. II,
pp- 1561-190, Eur. Math. Soc., Ziirich, 2006.

, Derived categories and tilting, in: Handbook of tilting theory, pp. 49-104, London Math.
Soc. Lecture Note Ser., vol 332, Cambridge Univ. Press, Cambridge, 2007.

B. Keller, D. Yang, and G. Zhou, The Hall algebra of a spherical object, ]J. Lond. Math. Soc. (2) 80
(2009), no. 3, 771-784.

A. G. Kuznetsov, Hyperplane sections and derived categories, Izv. Ross. Akad. Nauk Ser. Mat. 70
(2006), no. 3, 23-128.

, Homological projective duality, Publ. Math. Inst. Hautes Etudes Sci. 105 (2007), 157-220.

, Lefschetz decompositions and categorical resolutions of singularities, Selecta Math. (N.S.) 13
(2008), no. 4), 661-696.

, Base change for semiorthogonal decompositions, Compos. Math. 147 (2011), no. 3, 852-876.

, Derived categories of families of sextic del Pezzo surfaces, Int. Math. Res. Not. IMRN (2021),
no. 12, 9262-9339.

, Simultaneous categorical resolutions, Math. Z. 300 (2022), no. 4, 3551-3576.

, Semiorthogonal decompositions in families, in: International Congress of Mathematicians.
Plenary lectures, D. Beliaev and S. Smirnov (eds), pp. 1154-1200, EMS Press, Berlin, 2023.
Published online https://doi.org/10.4171/icm2022/135.

A. Kuznetsov and V. A. Lunts, Categorical resolutions of irrational singularities, Int. Math. Res.
Not. IMRN (2015), no. 13, 45636-4625.

A. Kuznetsov and A. Perry, Homological projective duality for quadrics, J. Algebraic Geom. 30
(2021), no. 3, 457-476.

, Categorical cones and quadratic homological projective duality, Ann. Sci. Ec. Norm.
Supér. (4) 56 (2023), no. 1, 1-57.

A. Kuznetsov and Y. Prokhorov, On higher-dimensional del Pezzo varieties, Izv. Ross. Akad. Nauk
Ser. Mat. 87 (2023), no. 3, 75-148.

A. Kuznetsov and E. Shinder, Homologically finite-dimensional objects in triangulated categories,
preprint arXiv:2211.09418 (2022).


https://doi.org/10.4171/icm2022/135
https://arxiv.org/abs/2211.09418

42

A. Kuznetsov and E. Shinder

[KS23]
[Lie06]

[LMSdS23]

[Lun10]
[MS23]

[Orl04]

[01106]

[Or1]]

[Orl16]

[0r120]

[Ott88]
[PS21a]

[PS21b]

[Qui73]

[STO1]

[SGAS5]

[Spe22]

[Tho97]

[To&l2]

[Xie23]

, Derived categories of Fano threefolds and degenerations, preprint arXiv:2305.17213 (2023).

M. Lieblich, Moduli of complexes on a proper morphism, J. Algebraic Geom. 15 (2006), no. 1,
175-206.

A.C. Lopez Martin and F. Sancho de Salas, Indecomposability of derived categories for arbitrary
schemes, Collect. Math., published online on May 18, 2023, to appear in print.

V. A. Lunts, Categorical resolution of singularities, J. Algebra 323 (2010), no. 10, 2977-3003.

M. Mauri and E. Shinder, Homological Bondal-Orlov localization conjecture for rational singularities,
Forum Math. Sigma 11 (2011), Paper No. e66.

D.O. Orlov, Triangulated categories of singularities and D-branes in Landau-Ginzburg models
(Russian), in: Algebraic geometry: Methods, relations, and applications (Russian), pp. 240-262, Tr.
Mat. Inst. Steklova 246 (2004), 240-262.

, Triangulated categories of singularities, and equivalences between Landau-Ginzburg models
(Russian), Mat. Sb. 197 (2006), no. 12, 117-132.

, Formal completions and idempotent completions of triangulated categories of singularities,
Adv. Math. 226 (2011), no. 1, 206-217.

, Smooth and proper noncommutative schemes and gluing of DG categories, Adv. Math. 302
(2016), 59-105.

, Finite-dimensional differential graded algebras and their geometric realizations, Adv. Math.
366 (2020), 107096.

G. Ottaviani, Spinor bundles on quadrics, Trans. Amer. Math. Soc. 307 (1988), no. 1, 301-316.

N. Pavic and E. Shinder, Derived categories of nodal del Pezzo threefolds, preprint arXiv:2108.04499
(2021).

, K-theory and the singularity category of quotient singularities, Ann. K-Theory 6 (2021),
no. 3, 381-424.

D. Quillen, Higher algebraic K -theory. I, in: Algebraic K -theory, I: Higher K -theories (Proc. Conf.,
Battelle Memorial Inst., Seattle, Wash., 1972), pp. 85-147, Lecture Notes in Math., vol. 341,
Springer-Verlag, Berlin-New York, 1973.

P. Seidel and R. Thomas, Braid group actions on derived categories of coherent sheaves, Duke
Math. J. 108 (2001), no. 1, 37-108.

L. lusie (ed.), Séminaire de Géometrie Algébrique du Bois-Marie 1965-1966 (SGA 5), Cohomologie
I-adique et fonctions L, Lecture Notes in Math., vol. 589. Springer-Verlag, Berlin-New York, 1977.

D. Spence, A note on semiorthogonal indecomposability of some Cohen-Macaulay varieties, . Pure

Appl. Algebra 226 (2022), no. 10, 107076.

R.W. Thomason, The classification of triangulated subcategories, Compos. Math. 105 (1997), no. 1,
1-27.

B. Toén, Derived Azumaya algebras and generators for twisted derived categories, Invent. Math. 189
(2012), no. 3, 581-652.

F. Xie, Nodal quintic del Pezzo threefolds and their derived categories, Math. Z. 304 (2023), no. 3,
Paper No. 48.


https://arxiv.org/abs/2305.17213
https://arxiv.org/abs/2108.04499

	Introduction
	Categorical ordinary double points and PP^infty-objects
	Kronecker quiver and categorical ordinary double points
	Adherence and categorical absorption of singularities
	Crepant categorical resolutions for nodal varieties
	Absorption of singularities for nodal varieties
	References

