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1. Introduction

Enriques surfaces are an important class of algebraic surfaces. Their historical fame is due to the property
that outside characteristic 2, their irregularity and geometric genus both vanish although they are not
rational, which subsequently motivated Castelnuovo’s rationality criterion.

Characteristic 2 is special in this context because it features different types of Enriques surfaces; see
[BM76]. This is our motivation to focus onto a yet more special class of Enriques surfaces, namely those
admitting a quasi-elliptic fibration; here the general fibre is a cuspidal cubic.

Despite their special nature, quasi-elliptic Enriques surfaces are central for our understanding of several
aspects of the theory of Enriques surfaces over an algebraically closed field k of characteristic 2. We are
therefore convinced that our main result, stated below, will have many interesting consequences, a few of
which we will work out in this paper as well.

Theorem 1.1. Any quasi-elliptic Enriques surface is given by an affine equation of the following form, where each
polynomial ai ∈ k[t] is of degree at most i:
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(i) If S is classical, then

S : y2 + t2a1y = tx
4 + t3a0x

2 + t3a2x+ t
3(1 + t)4.(1.1)

(ii) If S is supersingular, then

S : y2 + t4a1y = tx
4 + t5a0x

2 + t6a2x+ t
3.(1.2)

In each case, we only require that (a1, a2) . (0,0).

One can also give a combined equation covering both cases to view the supersingular case as a
specialization of the classical one; see (1.3) below or (11.1) in Theorem 11.1. These equations are very useful
for explicit computations, similarly to the Weierstrass form of an elliptic surface with section. We shall
demonstrate this with three major applications.

Our first application concerns the Enriques torsors above a given rational quasi-elliptic surface X.

Theorem 1.2. A general rational quasi-elliptic surface X with section admits an irreducible 4-dimensional family
of torsors of classical Enriques surfaces and an irreducible 3-dimensional family of torsors of supersingular Enriques
surfaces.
More precisely, given any X, the families of Enriques torsors have dimension 1 (resp. 2) less than in the general

case if and only if X has only two (resp. one) reducible fibre, except for the supersingular Enriques surfaces with a
single reducible fibre of type I∗4, which depend on two moduli.
Explicitly, if X is given by the Weierstrass form

X : y2 = x3 + t(a21 + ta
2
0)x+ ta

2
2, a0 ∈ k[t], deg(ai) ≤ i,

then the Enriques torsors are given by

y2 + g22a1y = tx
4 + tg22a0x

2 + g32a2x+ t
3c41,(1.3)

where c1, g2 ∈ k[t]\{0} have degrees deg(c1) ≤ 1 and deg(g2) ≤ 2 and c1 ∤ g2 (and deg(g2) = 2 if deg(c1) = 0).

In comparison, in characteristic zero, there are 2-dimensional families of torsors of Enriques surfaces
above a given rational elliptic surface (but they are not necessarily irreducible), and the same holds true for
very general rational elliptic surfaces in any characteristic for moduli-dimension reasons. Theorem 1.2 thus
highlights once again how special quasi-elliptic Enriques surfaces are.

Theorem 1.2 enables us to translate Ito’s classification of rational quasi-elliptic surfaces into an explicit
classification of the Enriques torsors; see Table 2. As a key application, this will also put us in the position to
complete the classification of Enriques surfaces with finite automorphism groups, our second application.
After the work of Kondō [Kon86], Nikulin [Nik84] and Martin [Mar19], only the cases of classical and
supersingular Enriques surfaces are left, where the possible graphs Γ of smooth rational curves have been
computed in [KKM20], but the automorphism groups and the moduli involved have not been determined
completely yet. Using Theorem 1.1, we can remedy this with our second main result.

Theorem 1.3. Let S be an Enriques surface with finite automorphism group. Then S appears in [Mar19], for
singular Enriques surfaces, or in [KKM20], or, for type Γ = Ẽ6 + Ã2, in the family (c4) from Theorem 15.2, for
classical and supersingular Enriques surfaces.
In particular, classical or supersingular Enriques surfaces with finite automorphism group form irreducible

families, uniquely depending on Γ , of the dimension and with the automorphism group stated in [KKM20].

Explicit equations are given in Theorems 15.2 and 15.3. It also follows from Theorem 1.3 that the subgroups
of cohomologically or numerically trivial automorphisms are as stated in [KKM20]. By [DM19], this leaves
open only the existence of Enriques surfaces with a cohomologically trivial automorphism of order 3. Using
Theorems 1.1 and 1.2, we can also solve this.
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Theorem 1.4. Let S be an Enriques surface (in any characteristic) with a cohomologically trivial automorphism of
order 3. Then S is a supersingular Enriques surface in characteristic 2 and belongs to the following family:

S : y2 = tx4 +αt5x2 + t7x+ t3 (α ∈ k);(1.4)

the cohomologically trivial automorphism of order 3 is given by (x,y, t) 7→ (ζ2x,y,ζt), where ζ denotes a primitive
third root of unity.

As a consequence, the full picture of possible groups of numerically trivial automorphisms of Enriques
surfaces follows from [DM19, DM20, KKM20] combined with Theorems 1.3 and 1.4 (and similarly for
cohomologically trivial automorphisms).

Corollary 1.5. A group G appears as group of numerically trivial automorphisms of some Enriques surface over k
if and only if

(i) G ∈ {{1},Z/2Z,Z/4Z} if char(k) , 2;
(ii) G ∈ {{1},Z/2Z} if char(k) = 2 and the Enriques surface is singular;
(iii) G ∈ {{1},Z/2Z, (Z/2Z)2} if char(k) = 2 and the Enriques surface is classical;
(iv) G ∈ {{1},Z/2Z,Z/3Z,Z/5Z,Z/7Z,Z/11Z,Q8} if char(k) = 2 and the Enriques surface is supersingu-

lar.

One can also apply our results to the study of maximal root types supported on Enriques surfaces, i.e.,
rank 9 root lattices whose vertices correspond to smooth rational curves. In [Sch19] there is given a complete
classification of the maximal root types for singular and classical Enriques surfaces. This can now be
complemented for many types on supersingular Enriques surfaces. For another direction of applications of
our methods, see Remark 11.4.

Organization of the paper

After reviewing, in Section 3, the basics of Enriques surfaces needed for our work, we start by developing
an equation for nodal Enriques surfaces valid in any characteristic using Riemann–Roch (Section 3). Then
we specialize to the quasi-elliptic setting. We start out by reviewing Queen’s equations in Section 4. Applying
the results from Section 3, we obtain a first working version of the desired normal form in (5.4) which already
resembles the Weierstrass form of an elliptic curve to some extent.

The ensuing Sections 6–11 are devoted to a thorough analysis of the impact of the condition of S being an
Enriques surface on the polynomials occurring as coefficients (5.4). We first introduce the relative Jacobian
in Section 6; this is a rational quasi-elliptic surface sharing the same reducible fibres with the quasi-elliptic
Enriques surface S . Notably this implies high divisibility conditions for the discriminant and subsequently
also for the coefficients (see Lemma 7.2). In turn, these translate into singularities of the resulting normal
form which will crucially impact the canonical divisor (see (7.1)). In Section 8, we concentrate on ADE
singularities and show that they exclusively occur on simple fibres (see Corollary 8.2). Section 9 covers more
complicated singularities; it develops an explicit resolution of the singularities (similar in spirit to Tate’s
algorithm for elliptic curves) which in particular shows that the underlying fibres are multiple unless the
degree of (7.1) can be reduced. The explicit nature of the resolution is used in Section 10 to detect the impact
on the canonical divisor. Section 11 then collects all geometric and topological information needed to prove
Theorem 1.1.

The final five sections are concerned with the applications given above, namely to torsors, numerically or
cohomologically trivial automorphisms and finite automorphism groups.
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2. Basics on Enriques surfaces

Let S be an Enriques surface, i.e. a smooth algebraic surface with

b2(S) = 10, KS ≡ 0

regardless of the characteristic. Outside characteristic 2, Enriques surfaces form an irreducible 10-
dimensional family, but in characteristic 2 there are three classes of Enriques surfaces by [BM76], which
depend on the Picard scheme Picτ (S) as follows:

classical: Picτ (S) =Z/2Z,
singular: Picτ (S) = µ2,
supersingular: Picτ (S) = α2.

Both classical and singular Enriques surfaces form irreducible 10-dimensional families; their closures
intersect in the 9-dimensional supersingular locus (cf. [Lie15]). Singular Enriques surfaces behave as in
characteristic zero in the sense that they are quotients of K3 surfaces by free involutions. Hence many ideas
and results carry over; for instance, the classification of singular Enriques surfaces with finite automorphism
group is completely known thanks to [Mar19], while there are a few open questions for the other types of
Enriques surfaces which we will answer in this paper.

By [Il79], we know that ρ(S) = 10 and Num(S) � U ⊕ E8. In particular, Num(S) represents zero
non-trivially, and by Riemann–Roch, S admits a genus 1 fibration

f : S −→ P
1.(2.1)

Outside characteristic 2, this comes with two multiple fibres (thus with no section), but in characteristic 2,
the class of the Enriques surface S is given by the multiple fibre(s) (of multiplicity 2) as follows by [CD89,
Theorems 5.7.5 and 5.7.6]:

classical: two multiple fibres, both ordinary or additive,
singular: one multiple fibre, ordinary or multiplicative,
supersingular: one multiple fibre, supersingular or additive.

Note that any genus 1 fibration on a singular Enriques surface is elliptic.
Many properties of an Enriques surface are governed by the question of whether it contains a smooth

rational curve C (often called a nodal curve or (−2)-curve, for C2 = −2). Nodal Enriques surfaces have
codimension 1 in moduli. By [Cos85, Lan88], on every nodal Enriques surface, there exists a (−2)-curve
C that appears as a bisection of some genus 1 fibration (2.1). In the next section, we will start by briefly
considering nodal Enriques surfaces in full generality. These considerations will apply subsequently to
quasi-elliptic Enriques surfaces in characteristic 2 because these always contain a nodal curve, namely the
curve of cusps.

3. The defining equation

In this section we let k denote an arbitrary algebraically closed field. Let S be a nodal Enriques surface,
and fix a genus 1 fibration (2.1) with nodal bisection C. Let t be a coordinate of A1 ⊂ P1. Then, t has a pole
of order 1 at the point P∞ at infinity. We may assume that f : S→ P

1 has a multiple fibre at P∞. We set
f −1(P∞) = 2F∞. Then, we have

C2 = −2, (C ·F∞) = 1, F2∞ = 0.

By a suitable Möbius translation, we may assume that the fibre defined by t = 0 is simple and irreducible.
We have the following vanishing theorem.
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Theorem 3.1 (Cossec, Dolgachev and Liedtke, cf. [CDL22, Theorem 2.1.15]). Let S be an Enriques surface
defined over k and D be a big and nef divisor on S . Then we have H1(S,OS(D)) = 0.

Lemma 3.2. Let a,b ∈Z. Then D = aC + bF∞ is big and nef if and only if a > 0 and b ≥ 2a.

Proof. If D is nef, then intersecting with F∞ gives a > 0 and intersecting with C implies b ≥ 2a.
Conversely, D2 = 2a(b − a) > 0 directly shows that D is big. For any irreducible component Θ of F∞, we

have (F∞ ·Θ) = 0. Therefore, we have (D ·Θ) ≥ 0. Moreover, (D ·C) = −2a+ b ≥ 0 by assumption. But then,
this gives (D ·C′) ≥ 0 for any irreducible curve C′ ⊂ S . Hence D is nef, as claimed. □

Lemma 3.3. Let a,b ∈Z>0 with b ≥ 2a. Then D = aC + bF satisfies dimL(D) = 1+ ab − a2.

Proof. Since we have χ(OS ) = 1, by the Riemann–Roch theorem, we have

χ(OS(D)) = (D2 −D ·KS )/2+1 = a(b − a) + 1.

From Theorem 3.1, Lemma 3.2 and the Serre duality theorem, we deduce

Hi(S,OS(D)) = 0 (i = 1,2) for n ≥ 2.

Therefore, we obtain dimL(D) = ab − a2 +1, as claimed. □

We will use Lemma 3.3 to calculate a defining equation of S . It follows from Lemma 3.3 that there exist

x ∈ L(C +3F∞), y ∈ L(2C +4F∞)

such that {1, t, t2,x,y} is a basis of L(2C +4F∞).
Consider the vector space L(4C + 16F∞). It follows from the choice of the functions x,y, t that the

following 50 functions are contained in L(4C +16F∞):

ti (0 ≤ i ≤ 8), tix (0 ≤ i ≤ 6), tix2 (0 ≤ i ≤ 5),
tix3 (0 ≤ i ≤ 3), tix4 (0 ≤ i ≤ 2),
tiy (0 ≤ i ≤ 6), tiy2 (0 ≤ i ≤ 4), tixy (0 ≤ i ≤ 4), tix2y (0 ≤ i ≤ 3).

On the other hand, by Lemma 3.3, we have dimL(4C + 16F∞) = 49. Therefore, these 50 functions are
linearly dependent over k. A non-trivial linear relation between these functions is expressed as

(3.1) h4(t)y
2 + k3(t)x

2y + k4(t)xy + h6(t)y = g2(t)x
4 + g3(t)x

3 + g5(t)x
2 + g6(t)x+ g8(t)

with indices indicating the degree of the respective polynomial in k[t].

Theorem 3.4. Any nodal Enriques surface is birationally expressed by (3.1).

Proof. Consider the generic fibre E of f : S → P1. This is a curve of genus 1 over k(t), and the bisection
C gives a point P of degree 2 on the curve E. By the Riemann–Roch theorem for curves, we have
dimL(nP ) = 2n for n ≥ 1. By the consideration above, we see that {1,x} is a basis of L(P ), and {1,x,x2, y} is
a basis of L(2P ). It is easy to see that 1,x,x2,x3,x4, y,y2,xy,x2y are elements of L(4P ). Since dimL(4P ) = 8,
these nine elements are linearly dependent over k(t). Therefore, Equation (3.1) is nothing but the desired
linear relation over k(t).

We continue to argue with 2P . Since this is very ample on E, E is embedded into P
3 via [X0,X1,X2,X3] =

[1,x,x2, y]. But then the image lies on the conic {X0X2 = X
2
1 }, so we can eliminate X2 and obtain (3.1) as

affine equation over k(t). This means that our Enriques surface is birationally equivalent to the surface
defined by Equation (3.1). This proves the theorem. □

In the next section, we will specialize to the quasi-elliptic setting in characteristic 2 to derive a much more
convenient equation (as ultimately displayed in Theorem 1.1) which will also lend itself to several applications.
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4. Queen-type equations

We now specialize to the situation in characteristic 2 where the genus 1 fibration is quasi-elliptic and the
nodal curve C is the curve of cusps. We will use this setting to simplify Equation (3.1). Our results should
be compared to those of Queen; see [Que71, Que72]. The main difference is that Queen works over a field,
so he can simplify further, while we prefer to preserve some polynomial shape with good control over the
degrees involved.

We let K = k(t) and consider the generic fibre E of the quasi-elliptic fibration. This is endowed with the
degree 2 point P at infinity corresponding to the curve of cusps, so we can define functions x,y in complete
analogy with Section 3. Consider the degree 2 extension K(E)/K(x). In what follows, we distinguish whether
this extension is separable or not.

4.1. Inseparable case

As above, {1,x,x2, y} is a basis of L(2P ), and we have K(E) = K(x,y). Since K(E)/K(x) is a purely
inseparable extension of degree 2, we see that y2 ∈ K(x). On the other hand, we have y2 ∈ L(4P ) and

K +Kx+Kx2 +Kx3 +Kx4 = K(x)∩L(4P ).

Therefore, there exist elements a,b,c,d,e ∈ K such that

y2 = ax4 + bx3 + cx2 + dx+ e.

Suppose that b is not zero. Then, differentiating this equation with respect to x, we have the singular locus
of E defined by bx2 + d = 0, which contradicts our assumption that the infinite point P is the cusp. Thus
b = 0 and

(4.1) h4(t)y
2 = g2(t)x

4 + g5(t)x
2 + g6(t)x+ g8(t).

4.2. Separable case

We consider L(4P ). Then, by the Riemann–Roch theorem, we have dimL(4P ) = 8. Since 1, x, x2, x3, x4,
y, xy, x2y and y2 are elements of L(4P ), we have a linear relation

(4.2) y2 + (ax2 + bx+ c)y = dx4 + ex3 + f x2 + gx+ h

with a,b,c,d,e, f ,g,h ∈ K . Note that by considering the pole order at P , we see that the coefficients of y2

and of x4 are non-zero, so we can take the coefficient of y2 to be 1 and assume d , 0. By the change of
coordinates X = 1/x and Y = y/x2, we have

(4.3) Y 2 + (a+ bX + cX2)Y = d + eX + f X2 + gX3 + hX4.

By our assumption, the point P of degree 2 defined by X = 0 is the cusp singularity. Therefore, differentiating
with respect to X and Y , we infer that X = 0 must be a solution of the equations

a+ bX + cX2 = 0, bY = e+ gX2.

Therefore, we have a = 0 and bY = e. Suppose b , 0. Then, we have Y = e/b. Substituting these results in
Equation (4.3), we have (e/b)2 = d, and Equation (4.2) becomes

y2 + (bx+ c)y = (e/b)2x4 + ex3 + f x2 + gx+ h.

By the change of coordinates ỹ = y + (e/b)x2, this equation is converted to a cubic in x and y. By inspection,
we see that it attains a section at infinity. In particular, this quasi-elliptic surface cannot have multiple fibres,
which contradicts our assumption. Hence, we see that b = 0 and e = 0, and our equation becomes

y2 + cy = dx4 + f x2 + gx+ h.
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Since K(x,y)/K(x) is separable, we have c , 0. Applying this calculation to Equation (3.1), we obtain

(4.4) h4(t)y
2 + h6(t)y = g2(t)x

4 + g5(t)x
2 + g6(t)x+ g8(t).

Note that this contains (4.1) as a subfamily, though in what follows the two equations will sometimes display
quite different behaviour.

5. General normal form

We aim to convert Equations (4.1) and (4.4) alike to a general normal form. To this end, we multiply both
sides of (4.4) with h4. Replacing h4y with y, we obtain the equation

y2 + h6y = h4g2x
4 + h4g5x

2 + h4g6x+ h4g8.

Writing h4g2 = h
2
3 + th

2
2, we can translate y by h3x

2 to get

y2 + h6y = th
2
2x

4 + (h4g5 + h3h6)x
2 + h4g6x+ h4g8.

Dividing x and y by h2, this leads to

y2 + h2h6y = tx
4 + (h4g5 + h3h6)x

2 + h2h4g6x+ h
2
2h4g8.(5.1)

We could continue by analysing this equation (for instance the special fibres at the zeroes of h2, or the
purported multiple fibre at ∞), but for the sake of a unified treatment, we will content ourselves with the
overall shape of a complete model. To this end, we attach the weights 9 to y and 4 to x and homogenize
(5.1) as an equation of degree 18 in P[1,1,4,9]:

y2 + a9y = stx
4 + a10x

2 + a14x+ a18.(5.2)

Here and in what follows, the ai will be regarded as homogeneous polynomials in k[s, t] of degree given
exactly by the index, though we will take the liberty to suppress s from notation for ease of presentation. If
necessary, a complete model of the surface can be described by four affine charts, namely

(1) the chart in (5.1) and those obtained from it as follows:
(2) the chart with affine coordinates X = 1/x,Y = y/x2, t as in Section 4.2;
(3) the standard chart at t =∞ with affine coordinates s = 1/t,u = x/t4,v = y/t9;
(4) the chart analogous to the second one with coordinates U = 1/u,V = v/u2, s.

Note that the shape of (5.2), including the coefficient of x4, is preserved by the admissible coordinate
transformations

(x,y) 7−→ (x+ b4, y + b5x+ b9),(5.3)

where bi ∈ k[t] is of degree i. (Additionally, we could also rescale coordinates (x,y) 7→ (ux,u2y) for u ∈ k×,
which will appear later in Lemma 12.1).

Lemma 5.1. There is an admissible transformation converting (5.2) to

S : y2 + a9y = tx
4 + ta24x

2 + a14x+ t
3a43.(5.4)

Remark 5.2.

(i) The shape of (5.4) is symmetric in t and the suppressed homogenizing variable s. This will be quite
useful later when we locate the multiple fibres (in the classical case) at 0 and ∞; cf. (1.1).

(ii) Note that we have not made any assumption on the special fibres at t (or ∞) yet, so (5.4) is universally
valid locally at any given fibre (but with coefficients depending on the choice of fibre).

Proof. The proof of Lemma 5.1 relies on the following easy general result.



Normal forms for quasi-elliptic Enriques surfaces 9Normal forms for quasi-elliptic Enriques surfaces 9

Lemma 5.3. Let k be an algebraically closed field. Let n ∈N and h1, . . . ,hn ∈ k[z1, . . . , zn] be such that for each
i,

hi = z
di
i + (terms of total degree < di).

Then there is a common zero of all hi in k
n.

Proof of Lemma 5.3. Homogenizing the equations by an additional variable z0, we deduce that there is a
solution in P

n(k). The degree assumptions directly imply that there is no solution in the hyperplane z0 = 0,
so the claim follows. □

To continue the proof of Lemma 5.1, we spell out the coefficients of (5.2) and (5.3) as

ai =
i∑
j=0

αi,jt
i , bi =

i∑
j=0

βi,jt
i

Converting (5.2) to (5.4) by way of the admissible transformation (5.3) amounts to solving the following
system of 21 equations:

0 = α10,2j = β
2
5,j ,

0 = α18,2j = β
2
9,j +

2j∑
l=0

α9,lβ9,2j−l +
4∑
l=0

α10,2j−2lβ
2
4,l ,

+
4∑
l=0

α14,2j−lβ4,l (j = 0, . . . ,9)

0 = α18,4j+1 = β
4
4,j +

2j∑
l=0

α10,4j+1−2lβ
2
4,l +

4j+1∑
l=0

α14,lβ4,4j+1−l

+
4j+1∑
l=0

α9,lβ9,4j+1−l (j = 0, . . . ,4).

Considering the βi,j as variables (21 in number), we would like to apply Lemma 5.3. To this end, we square
the middle equations and subtract appropriate multiples of the lower ones. This does not alter the zero set
but eliminates the highest powers of β4,l in the middle expressions. Therefore, the conditions of Lemma 5.3
are satisfied by the new system of equations, and the claim follows. □

Corollary 5.4. The set of admissible transformations (5.3) converting (5.2) to (5.4) is finite.

Proof. This is implicit in the proof of Lemma 5.1. Consider the zero set Z ⊂A
21 given by the 21 equations

above. If Z were positive-dimensional, then Z̄ ⊂ P
21 would intersect any hyperplane non-trivially. However,

we argued that Z̄ ∩Z(z0) = ∅, so this would lead to a contradiction. □

Philosophically, one should consider (5.4) as a replacement of the Weierstrass equation of a smooth
genus 1 curve with a rational point. Indeed, we shall see soon that in the case of (quasi-elliptic) Enriques
surfaces, it shares many convenient features with the standard Weierstrass form. For instance, we will see
this in action when working out explicit linear systems in Sections 15.8 and 15.9.

The analogous equations for general nodal Enriques surfaces (without the assumption of being quasi-
elliptic, and in fact in any characteristic) are to be exploited in future work.
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6. Relative Jacobian

In this section we work out the Weierstrass form of the relative Jacobian of the quasi-elliptic fibration (5.4).
By Queen [Que72], the relative Jacobian of (5.4) is given by omitting the constant term:

Jac(S) : y2 + a9y = tx
4 + ta24x

2 + a14x.(6.1)

Lemma 6.1. The relative Jacobian admits the Weierstrass form

Y 2 = X3 + (a29t + a
4
4t

2)X + a214t(6.2)

Proof. To convert (6.1) to Weierstrass form, we formally have to distinguish whether a9 . 0 or not.
Assume that a9 . 0. We convert to Queen’s second standard from [Que71] by the change of coordinates

y = y1 +
a14
a9
x+

(
a24t

a9
+
a214
a39

)
x2,

as we get

y21 + a9y1 =

t + a44t2a29 +
a414
a69

︸              ︷︷              ︸
h

x4.

The change of coordinates x = x2/y2, y1 = x2/y
2
2 gives the cubic

x2 + a9y
2
2 = hx32.

Writing y2 = y3/a
5
9h, x2 = x3/a

3
9h, we derive the following equation which is monic in x3 and in y3:

y23 = x33 + (a44a
4
9t

2 + a69t + a
4
14)x3.

This simplifies further by setting

x3 = a
2
9X + a214, y3 = a

3
9Y + a14a

2
9X + a14a

2
4a

2
9t

and results exactly in the Weierstrass form (6.2).
If a9 ≡ 0, then the affine chart at ∞ with coordinates Y = y/x2, X = 1/x readily returns a cubic starting

from (6.1). This is easily transformed into Weierstrass form – and yields exactly (6.2) with a9 ≡ 0. □

7. Rationality vs minimality

By [BM76], if S is an Enriques surface, then the relative Jacobian Jac(S) is a rational surface. This property
will be analysed using the discriminant of (6.2),

∆ = (a29t + a
4
4t

2)a49 + a
4
14,

a homogeneous polynomial of degree 56. It follows from [CD89, Proposition 5.5.3] that ∆ is unique up to
multiplication by 12th powers; this ambiguity is related to non-minimal Weierstrass forms and will play an
important role in the proof of the following result.

Proposition 7.1. The relative Jacobian of a quasi-elliptic surface with normal form (5.4) is rational if and only if
there are polynomials g and ai (of degree i ) such that (5.4) reads

y2 + a1g
2y = tx4 + a0tg

2x2 + a2g
3x+ t3a43(7.1)

and ∆ . 0.
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Proof. The main subtlety is that the Weierstrass form (6.2) may (and has to) be non-minimal at certain places
of P1. Indeed, after minimalizing, rationality requires by [Ito94] that the resulting discriminant has degree 8
as a homogeneous polynomial, i.e. including contributions at ∞. Thus the Weierstrass form (6.2) is highly
non-minimal; in terms of the discriminant, there is a degree 4 polynomial g such that

g12 | ∆.

As one of the special features of characteristic 2, we have the same divisibility property for the formal
derivative:

g12 | ∆′ = a69 =⇒ g2 | a9 = g2a1.
In turn, the shape of ∆ then implies that g2 | a14 = g2a6, and moreover

g4 | a44t
2a41 + a

4
6 =⇒ g2 | ta24a

2
1 + a

2
6.

Since the last sum decomposes into an even and an odd part, we deduce as before, using the formal
derivative, that

g | a4a1 and g | a6 (so g3 | a14).(7.2)

In view of the degrees of the polynomials involved, these divisibility properties are quite restrictive, especially
the left-most one. We will make use of this to prove the following important simplification.

Lemma 7.2. In the above setting, we have g | a4 (in addition to g2 | a9, g3 | a14).

Proof of Lemma 7.2. Assuming the contrary, there is a linear form ℓ dividing g with multiplicity m such that
ℓm ∤ a4. Then (7.2) implies that ℓ2m+1 | a9. By the universality of the normal form (5.4) (cf. Remark 5.2(ii)),
we may as well assume that ℓ = t. Thus the Weierstrass form of the relative Jacobian reads

Y 2 = X3 + (a29t + a
4
4t

2)X + a214t.(7.3)

We first assume that a9 . 0. Then (7.2) predicts the precise vanishing orders of a4 and a9 for degree reasons
and by assumption:

a9 = t
2m+1b9, a4 = t

m−1b4, where t ∤ b4b9.

(Here, for ease of notation, the indices of the bi cease to indicate the degree, but rather refer back to the
coefficients ai which the bi originate from.) Then the Weierstrass form (7.3) can be minimalized m− 1 times
by setting X = t2m−2X ′ , Y = t3m−3Y ′ , but the resulting Weierstrass form

Y ′2 = X ′3 + (t7b29 + t
2b44)X

′ + t7b214(7.4)

is minimal since the special fibre has type I∗n for some n > 0 by [CDL22, Table 4.3]. In fact, since (7.4) has
discriminant still divisible by t12 by construction, we infer n ≥ 8, but then the contribution of this fibre to
the Euler–Poincaré characteristic already prevents Jac(S) from being rational.

For a9 ≡ 0, the argument is completely analogous, as we have to minimalize at most m− 1 times to arrive
at the same kind of fibre type, so we skip the details. □

To complete the proof of Proposition 7.1, we show that, with the divisibilities of Lemma 7.2 in effect, the
relative Jacobian Jac(S) is indeed verified to be rational generally. To this end, we shall minimalize (6.2) at
each zero of g counted with multiplicity. Indeed, in terms of the factorizations

a9 = g
2a1, a4 =

√
a0g, a14 = g

3a2

implied by Lemma 7.2, the minimal model is given by

Jac(S) : Y 2 = X3 + (a21t + a
2
0t

2)X + a22t.(7.5)

Generally, this defines a rational surface by [Ito94, Theorem 1.1] and has discriminant

∆(t) = (a21t + a
2
0t

2)a41 + a
4
2
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of degree 8, as required. □

For later use, we record the possible configurations of reducible fibres of Jac(S).

Lemma 7.3. If ∆ , 0, then the reducible fibres of Jac(S) are determined as follows:

# Roots of ∆ Multiplicities Fibre types Conditions

8 18 8× III a1 . 0, a1 ∤ a2
5 14,4 4× III + I∗0 a1 . 0, a1 | a2, a41 | ∆
3 12,6 2× III + I∗2 a1 . 0, a1 | a2, a61 | ∆
2 1,7 III + III∗ a1 . 0, a1 | a2, a71 | ∆
2 42 2× I∗0 a1 ≡ 0, a2 < k[t]2

1 8 I∗4 a1 ≡ 0, a2 ∈ k[t]2, a0 , 0
1 8 II∗ a1 ≡ 0, a2 ∈ k[t]2, a0 = 0

Proof. This follows from Ito; cf. [Ito94, Proposition 4.2]. □

8. Singularity analysis I

We turn to the model of S which we have derived in (7.1). We start by analysing the singularities outside
the fibres above the zeroes of g . For simplicity, we first consider the fibre at t = 0. The notation of ADE
singularities follows [Art77].

Proposition 8.1. Let g(0) , 0. Then (7.1) has at worst ADE singularities in the fibre above t = 0, and the surface
S has a simple fibre of the following type at t = 0:

Conditions ADE configuration Fibre type

t ∤ a1 or t ∤ a2 − II or III
t | a1, t | a2, t2 ∤ a2 4×A1 I∗0

a0 , 0, t | a1 , 0, t2 | a2 2×A3 I∗2
a0 , 0, a1 = 0, t2 | a2 , 0 2×D0

4 I∗4
a0 = 0, t | a1 , 0, t2 | a2 A7 III∗

a0 = a1 = 0, t2 | a2 , 0 D0
8 II∗

Table 1. ADE configurations and fibre types at t = 0

Proof. Starting from the affine chart (7.1), we first check the point at infinity – the cusp if the fibre is
irreducible. Here the partial derivative with respect to t always returns 1, so this point is never a surface
singularity.

It thus suffices to analyse the affine chart (7.1). By the Jacobi criterion, the fibre at t = 0 contains a
singularity if and only if t | a1, a2; this verifies the first entry of Table 1.

Assume that t | a1, a2, so we can write a1 = tc0, a2 = tb1. In this case, Lemma 7.3 predicts that the fibre
of S is non-reduced, and we will check how the double fibre component Θ = {t = y = 0} fits into this fibre.

Recall that g(0) , 0 by assumption. For ease of notation, we shall assume that g(0) = 1 by absorbing the
non-zero factor g(0) into the ai . Note that this does not affect the divisibility conditions in Table 1.

The fibre arises by resolving the singularities at the points (x,y, t) = (α,0,0), where α runs through the
roots of the auxiliary polynomial

r = x4 + a0x
2 + b1(0)x,
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again by the Jacobi criterion. We now analyse the resolution of the singularities. To this end, we blow up
along Θ; in the affine chart y = ty′ , we obtain the strict transform

ty′2 + c0tg
2y′ = x4 + a0g

2x2 + b1g
3x+ t2a43.(8.1)

The exceptional curves of this blow-up, serving as fibre components at t = 0, are encoded in the zeroes
of the auxiliary polynomial r . In particular, if t ∤ b1, then there are four disjoint components, forming a
simple I∗0 configuration together with the strict transform Θ̃ of Θ. Since (8.1) is smooth at t = 0, as we see by
inspection of the partial derivative with respect to x, and the same holds true for the other affine chart of
the blow-up, we confirm the second entry of Table 1. We note that (7.1) describes an A1 singularity at each of
the four points.

Assume that b1 = tb0 and a0 , 0 so that r has two double zeroes; in (8.1) these result in disjoint double
fibre components Θ′ , Θ′′ at t = 0. In case c0 , 0, each component contains two A1 singularities at y′ = 0
and at y′ = c0. Altogether, this results in a simple I∗2 configuration. Indeed, (7.1) is easily converted to the
normal form of an A3 singularity at the two singular points corresponding to the zeroes of r . This confirms
the third entry of Table 1.

On the other hand, if b1 = tb0 and a0 , 0 but c0 = 0, then each Θ′ and Θ′′ contains a single singular
point given by y′ = 0. One verifies that the singularity on each, Θ′ and Θ′′ , has type A3, and the resulting
simple configuration corresponds to Kodaira type I∗4. In fact, (7.1) readily displays a singularity of type D0

4 at
(t,x,y) = (0,0,0) in the normal form from [Art77], and similarly at the other double root of r . This proves
the fourth entry of Table 1.

It remains to cover the case b1 = tb0 and a0 = 0. Then (8.1) reveals the 4-fold fibre component
Θ′ = {t = x = 0}. We continue to blow up along Θ′ . In the affine chart t = xt′ , the strict transform reads

t′y′2 + c0t
′g2y = x3 + t′b0g

3x+ t′2a43x.(8.2)

At x = 0 (which describes part of the fibre at t = xt′ = 0), we obtain two simple fibre components given by
y′ = 0 and y′ = c0 if c0 , 0. Thus the fibre itself is simple, as claimed, and two analogous further blow-ups
add another two components each, of multiplicity 2, resp. 3, to make for the fibre of Kodaira type III∗.
Accordingly, in (7.1), the lowest-order terms y2, ty, tx4 encode a singularity of type A7, as claimed.

Meanwhile, if c0 = 0, then (8.2) returns another double fibre component given by Θ′′ = {x = y′ = 0}. It
contains an A5 singularity at (0,0,0), but more importantly, there is also an A1 singularity in the other
chart x = tx′ . Its resolution results in a simple fibre component, confirming the claim of the lemma. The
overall configuration of exceptional curves gives a fibre of Kodaira type II∗. In (7.1), the lowest-order terms
y2, tx4, t2x, t3 confirm a singularity of type D0

8 in the notation of [Art77]. This completes the proof of
Proposition 8.1. □

With a view towards our goal of determining when S is an Enriques surface (so that it has exactly one or
two multiple fibres), we record the following useful consequence.

Corollary 8.2. Let t0 ∈ P1 be such that g(t0) , 0. Then (7.1) has at worst ADE singularities in the fibre above
t0, and the surface S has a simple fibre at t0.

Proof. In order to reduce the corollary to Proposition 8.1, we first apply a Möbius transformation to move
the special fibre to t = 0. Then a suitable variable transformation

(x,y) 7−→ (ux+ b4,vy +αx
2 + βgx+ b9), u,v,α,β ∈ k, b4,b9 ∈ k[t]

ensures that the special shape of (7.1) with the given divisibilities by g is restored. This can be viewed as a
special instance of the universality of (5.4), as explained in Remark 5.2(i) and extended to (7.1). The claim of
Corollary 8.2 follows directly. □
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9. Singularity analysis II

Let α be a root of g . In analogy with the case of (quasi-)elliptic surfaces with section, we call α
non-minimal (for the model (7.1)) if a3(α) = 0. Indeed, at a non-minimal root, we can apply a change of
variables

x = (t −α)x′ , y = (t −α)2y′ ,

reducing the degree of (7.1) by 4 to 14 (and those of all coefficients accordingly) while embedding the surface
in P[1,1,3,7]. In analogy, the degree of the discriminant drops by 12 – exactly as in the proof of Lemma 7.2
(or in the last step of Tate’s algorithm; cf. [Tat75]).

Proposition 9.1. At the roots of g , either (7.1) is non-minimal, or S has a double fibre.

Since S is an Enriques surface, the proposition together with Corollary 8.2 has the following important
consequence (disregarding multiplicities).

Corollary 9.2. The polynomial g has exactly two minimal roots if S is classical and one minimal root if S is
supersingular.

Proof of Proposition 9.1. Let α be a minimal root of g (of multiplicity m ≥ 1). By the universality of (5.4), we
may assume that α = 0 and write

a4 = t
mb4, a9 = t

2mb9, a14 = t
3mb14

as before. We proceed by resolving the singularity at (0,0,0) until we reach a model with ADE singularities
at worst. The first two steps where we blow up along smooth curves rather than in single points are exactly
as in the proof of Proposition 8.1 (but with the additional divisibilities of coefficients provided by the root of
g). Indeed, the fibre of (7.1) at t = 0 is the double component Θ0 = {t = y = 0}, and we set out by blowing up
S along Θ0. It suffices to consider the following chart.

9.1. First blow-up: y = ty′

Then the strict transform of (7.1) is

ty′2 + t2mb9y
′ = x4 + t2mb24x

2 + t3m−1b14x+ t
2a43(9.1)

with 4-fold fibre component Θ1 = {t = x = 0} and singular point at (0,0,0). We continue to blow up along
Θ1. Again, one affine chart suffices to investigate the exceptional curve.

9.2. Second blow-up: t = xt′

The strict transform of (9.1) reads

t′y′2 + t′2mb9(xt
′)x2m−1y′ = x3 + t′2mb4(xt

′)2x2m+1

+ t′3m−1b14(xt
′)x3m−1 + t′2a3(xt

′)4x.(9.2)

At x = 0, we recover the 4-fold fibre component Θ1 = {x = t′ = 0} as well as the double fibre component
Θ2 = {x = y′ = 0}, intersecting Θ1 transversely in the surface singularity (0,0,0). By inspection of the
threefold vanishing order of each monomial, we see that this is not an ADE singularity, so we blow it up in
the usual manner. Again, one affine chart suffices to detect the remaining singularities.
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9.3. Third blow-up: x = t′x′′, y′ = t′y′′

The strict transform of (9.2) is given by

y′′2 + t′4m−3b9(x
′′t′2)x′′2m−1y′′ = x′′3 + t′4m−2b4(x

′′t′2)2x′′2m+1

+ t′6m−5b14(x
′′t′2)x′′3m−1 + a3(x

′′t′2)4x′′ .(9.3)

Since a3(0) , 0 by our minimality assumption on α, we can rescale to assume that a3(0) = 1. At t′ = 0, we
thus obtain the cuspidal cubic

Θ3 = {t′ = y′′2 + x′′3 + x′′ = 0}
from (9.3). Since t = x′′t′2, this has multiplicity 2 as a fibre component (and this multiplicity will persist
throughout the resolution process to give the claim of the proposition). Note that Θ3 is Cartier; hence the
surface is smooth away from the cusp.

9.4. Interlude: Contraction of fibre components

For completeness, we briefly deviate from the resolution of singularities to explain how the fibre compo-
nents Θ0,Θ1,Θ2 behave. Recall that the fibre F̂ above t = 0 satisfies

F̂ = 2Θ0 +4Θ1 +2Θ2 +2Θ3.

Here the components Θ1 and Θ2 intersect Θ3 transversely in two distinct points (different from the cusp).
On the partial resolution Ŝ given by (9.3), where we have blown up S three times, we thus obtain the
following configuration of curves making for the support of F̂:

Θ3Θ0

Θ1 Θ2

By the moving lemma, one has Θi · F̂ = 0 for each i = 0,1,2, so the multiplicities calculated above give

Θ2
0 = −2, Θ2

1 =Θ2
2 = −1.

Hence we can contract first Θ1,Θ2 and then Θ0 to two smooth points on a relatively minimal, but possibly
still singular, model S ′ as sketched below. This surface shares the same affine equation (9.3) as Ŝ , so we will
continue to argue with the double fibre Θ3 of S ′ given by (9.3) (and iterate this procedure if necessary).

Ŝ
↙ ↘

S S ′

9.5. Singularity analysis continued

In order to analyse the singularity at the cusp (1,0) (if any), we introduce a new variable

x̂ = x′′ + a23(x
′′t′2)

so that the cusp is located at (x̂, y′′ , t′) = (0,0,0). The analysis is facilitated by passing to the completion
k[[x̂, t′]]. We define the unit b3 ∈ k[[x̂, t′]] implicitly by the condition b3(x̂, t′) = a3(x′′t′2), so that

x′′ = x̂+ b23.(9.4)
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When we subsequently also write y′′ = ŷ + b3x̂+ t′2m−1b3b4 (x̂+ b
2
3)
m but suppress the arguments of b3 and

b4 for ease of presentation, (9.3) transforms as

ŷ2 + t′4m−3b9 (x̂+ b
2
3)

2m−1(ŷ + b3x̂+ t
′2m−1b3b4 (x̂+ b

2
3)
m)

= x̂3 + t′4m−2b24 (x̂+ b
2
3)

2mx̂+ t′6m−5b14 (x̂+ b
2
3)

3m−1,(9.5)

where the argument of each of b4,b9,b14 is t′2(x̂ + b23). Looking closely, the lowest-order terms exactly
resemble the equation of an elliptic curve in Weierstrass form, but it can be minimalized m−1 times. Hence,
without considering any further intermediate partial resolutions, we apply the variable change

(t′ , x̂, ŷ) = (t̃, t̃2m−2x̃, t̃3m−3ỹ),(9.6)

which leads to the following strict transform of (9.5):

ỹ2 + t̃b9 (t̃
2m−2x̃+ b23)

2m−1(t̃m−1ỹ + b3x̃+ t̃b3b4 (t̃
2m−2x̃+ b23)

m)

= x̃3 + t̃2b24 (t̃
2m−2x̃+ b23)

2mx̃+ t̃b14 (t̃
2m−2x̃+ b23)

3m−1.(9.7)

At t̃ = 0, this again describes a cuspidal cubic, say Θ′ = {t̃ = ỹ2 + x̃3 = 0}. Since t = t̃2(t̃2m−2x̃ + b23) with
unit b3, the cuspidal cubic has multiplicity 2 as a fibre of S . On Θ′ , a singularity of this surface may exist
only at the cusp point if at all. Indeed, the singularity is necessarily rational, and the types are given as
follows (this can also be read off from the relative Jacobian):

(i) If t ∤ b14, then non-singular.
(ii) If t | b14, t ∤ b9, then A1.
(iii) If t || b14, t | b9, then D4.
(iv) If t2 | b14, t || b9 and t ∤ b4, then D6.
(v) If t2 | b14, t || b9 and t | b4, then E7.
(vi) If t2 || b14, t2 | b9 and t ∤ b4, then D8.
(vii) If t2 || b14, t2 | b9 and t | b4, then E8.

In particular, the multiplicity of the fibre continues to be 2 since the strict transform of Θ′ (of multiplicity 2)
presents a simple component of the underlying Kodaira type. This completes the proof of Proposition 9.1. □

Remark 9.3. Note that the above computations are of purely local nature. Hence, if S is an Enriques surface,
then the divisibility properties from Lemma 7.2 limit the possible shapes of b4 and b9. In practice, this
means that b4 ≡ 0 in cases (v) and (vii) and b9 ≡ 0 in cases (vi) and (vii).

10. Canonical divisor

In order to decide when (7.1) (or (5.4)) defines an Enriques surface, we now investigate the canonical
divisor. Since the resolution of ADE singularities does not affect it and non-minimal roots of g can be dealt
with by lowering the degree, this amounts to analysing the minimal roots of g (which are one or two in
number by Corollary 9.2). Throughout, we argue with the standard rational 2-form

ω = dx∧ dt/a9 if a9 . 0, or ω = dy ∧ dt/a14 if a14 . 0.

(Note that (a9, a14) . (0,0) since otherwise (5.4) and (7.1) would be geometrically reducible.)

Proposition 10.1. Let α ,∞ denote a minimal root of g of multiplicity m. Then ω extends over a minimal
resolution of (7.1) with a pole of order m/2 along the fibre at α.

Remark 10.2. At ∞ we have to be more careful since our choice of ω tends to have a zero there (as we shall
discuss below around Proposition 10.3). Of course, the assumption α ,∞ in Proposition 10.1 can always be
achieved by some Möbius transformation, so it should not be viewed as a restriction.
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Proof of Proposition 10.1. As before, we may assume that α = 0. Then we simply trace back ω through the
resolution of the singularity in the proof of Proposition 9.1. For brevity, we only discuss the case a9 . 0. The
other case is completely analogous. Step by step, we obtain

ω =
dx∧ dt
a9

=
dx∧ dt
t2mb9

9.2=
dx∧ dt′

x2m−1t′2mb9

9.3=
dx′′ ∧ dt′

x′′2m−1t′4m−2b9
(9.4)
=

dx̂∧ dt′

(x̂+ b23)
2m−1t′4m−2b9

(9.6)
=

dx̃∧ dt̃
(t̃2m−2x̂+ b23)

2m−1t̃2mb9
.

Since (9.7) has at worst ADE singularities in the fibre at t̃ = 0 by the proof of Proposition 9.1, there is the
standard 2-form

ω̃ =
dx̃∧ dt̃

(t̃2m−2x̃+ b23)
2m−1t̃mb9

.

This extends to a 2-form on the minimal desingularization which is regular and non-zero along the fibre.
Comparing ω and ω̃, we deduce that ω has a pole given by t̃m. In particular, this gives the claimed
order. □

Proposition 10.3.

(i) For S to be a classical Enriques surface, g has to have exactly two minimal roots, each of multiplicity 1.
(ii) For S to be a supersingular Enriques surface, g has to have exactly one minimal root, of multiplicity 2.

Proof. By Corollary 9.2, g has exactly the claimed number of minimal roots. Denote their multiplicities by
m1,m2, and set d =m1+m2. Since being Enriques is a birational property, we may eliminate all non-minimal
roots of g in (7.1). Since there are 4 − d non-minimal roots counted with multiplicities, this leads to the
following model of degree 4d +2 in P[1,1,d,2d +1]:

y2 + a1g
2
dy = tx

4 + a0tg
2
dx

2 + a2g
3
dx+ t

3c4d−1.(10.1)

The standard rational 2-forms ω = dx∧ dt/a1g2d or dy ∧ dt/a2g3d are regular outside the fibres above the
roots of gd , attaining a zero of order d − 1 at ∞ (verified by considering the third chart, with s = 1/t, from
Section 5). By Proposition 10.1, ω extends over the minimal desingularization with

div(ω) = (d − 1)F∞ −
m1

2
F1 −

m2

2
F2.

Since m1 +m2 = d, this is numerically trivial if and only if d =m1 +m2 = 2, as claimed. □

11. Proof of Theorem 1.1

11.1. Uniform normal form

With a view towards moduli and our applications, we first consider the following normal form of
quasi-elliptic Enriques surfaces where the multiple fibres are not yet fixed at t = 0 and ∞ (in the classical
case).

Theorem 11.1. Let S be a quasi-elliptic Enriques surface. Then S is given by an equation

S : y2 + g22a1y = tx
4 + tg22a0x

2 + g32a2x+ t
3c41.(11.1)

Here the coefficients are polynomials of degree at most the index with the conditions that c1, g2 . 0, (a1, a2) . (0,0)
and c1 ∤ g2 (and deg(g2) = 2 if deg(c1) = 0).
The Enriques surface is classical if g2 has two different roots (possibly including ∞) and supersingular if g2 is

a square.
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One of the benefits of the theorem is that the codimension 1 condition for being supersingular inside the
closure of the moduli space of classical Enriques surfaces becomes transparent in a very instructive and
explicit way. We will exploit this extensively in applications studied in the remainder of this paper.

Proof. By Proposition 10.3, the polynomial g of degree 4 that has been central to many of our considerations
has two non-minimal roots counted with multiplicity. Hence (7.1) can be minimalized at these two roots, and
we obtain exactly the normal form (11.1), where g2 has either two simple roots (classical case) or one double
root (supersingular case). The non-vanishing and non-divisibility conditions follow directly from what we
have seen before.

The resulting surface S is indeed an Enriques surface because the canonical divisor is trivial in the case
m1 = 2 and numerically trivial in the case m1 = m2 = 1 as KS = F∞ − F1/2 − F2/2. In either case, the
Euler–Poincaré characteristic equals that of Jac(S), i.e. e(S) = 12. Together this identifies S as an Enriques
surface by virtue of the Enriques–Kodaira classification; cf. [BM76]. □

11.2. Proof of Theorem 1.1(i)

In the classical case, we apply Möbius transformations and rescale x,y, t to normalize g2 = t and c1 = 1+t
to obtain (1.1) from (11.1). The conditions given are all immediate. □

11.3. Proof of Theorem 1.1(ii)

In the supersingular case, we normalize g2 = t2 and c1 = 1 to obtain (1.2) from (11.1). The conditions are
again immediate. □

Remark 11.2. In the supersingular case, there is one normalization left preserving the shape of (1.2). It
amounts to the scalings (x,y, t) 7→ (αx,α3y,α2t) for α ∈ k×, to comply with the fact that the supersingular
locus has codimension 1 inside the closure of the classical locus.

Remark 11.3. The normal forms in Theorems 1.1 and 11.1 are very well suited for explicit computations,
similarly to the Weierstrass form of an elliptic curve. We will see this in action when computing automorphism
groups in Section 14 and linear systems in Sections 15.8 and 15.9.

Remark 11.4. The techniques of this paper also have applications beyond Enriques surfaces. For instance,
one can use them to construct explicit simply connected projective surfaces with pg = 1 which provide
counterexamples to the Torelli theorem (cf. [Cha80, PP23]).

12. Isomorphisms of quasi-elliptic Enriques surfaces

For later use, both for automorphisms and for moduli dimensions, we discuss the implications of our
normal form for isomorphisms of quasi-elliptic Enriques surfaces. For this purpose, we fix the generic fibres
E,E′ of two quasi-elliptic Enriques surfaces S,S ′ , given by (11.1), resp., in dashed notation,

S : y′2 + g ′2
2a′1y = tx

4 + tg ′2
2a′0x

2 + g ′2
3a′2x+ t

3c′1
4.(12.1)

Lemma 12.1. In the above set-up, let g : E→ E′ be an isomorphism. Then g takes the polynomial shape

g : (x,y) 7−→ (ux+ d2,u
2y + d5)

for a unit u ∈ k× and polynomials d2,d5 ∈ k[t] of degree at most 2, resp. 5. Moreover, u is unique up to possibly
multiplying by a third root of unity, and there are only finitely many choices for d2,d5.

Proof. The isomorphism g defines a birational map Sd S ′ which automatically is an isomorphism since
the surfaces are smooth and the canonical bundles are nef. Since it also preserves the fibrations, we have
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g2 ∼ g ′2; i.e. g2 and g ′2 are proportional. Clearly the cusp at ∞ is preserved: g(P∞) = P ′∞. Arguing as in
Section 3, we thus find

g∗x′ ∈ L(P∞) = ⟨1,x⟩, g∗y′ ∈ L(2P∞) = ⟨1,x,x2, y⟩.

Hence g takes the form

g : (x,y) 7−→ (d1x+ d0, e3y + e2x
2 + e1x+ e0)(12.2)

for some rational functions di , ej ∈ k(t) with d1e3 , 0. Substituting into (12.1), we compare the coefficients
of x4 and x2, both of which are odd in (11.1), to derive that e2 = e1 = 0 and subsequently, also taking
the coefficient of y2 into account, e3 = d21 . But then, from the coefficients of y,x2 and x, we derive the
proportionalities

d−21 a′1 ∼ a1, d−21 a′0 ∼ a0, d−31 a′2 ∼ a2.
Since not all ai can be zero simultaneously, we derive at least one condition on d1. But since the ai have
degree smaller than the negative power of d1 involved, this shows that d1 is a constant, i.e. d1 = u ∈ k×.
This is uniquely determined by comparing the coefficients unless a1 = a0 = a′1 = a

′
0 = 0; in the latter case,

uniqueness only holds up to multiplying by a third root of unity, as stated.
It remains to study the rational functions d0, e0. We first claim that they are polynomial. To see this,

assume to the contrary that they admit a pole of order n1,n2 at P ∈A1. Since substitution of (12.2) into (12.1)
has to lead to the polynomial equation (11.1), the poles have to cancel out. The highest-order terms are e20+td

4
0 .

This shows that n2 = 2n1, but even so, since e20 is even and td40 is odd, we have vP (e
2
0 + td

4
0 ) ≤ 1 − 4n1.

Since all other terms involved have pole order at most 2n1 < 4n1 − 1 at P , we infer that n1,n2 ≤ 0. Hence
d0, e0 ∈ k[t], as claimed.

To conclude, we have to bound the degrees of d0, e0. But here the analogous reasoning applies to prove
that deg(d0) ≤ 2 and deg(e0) ≤ 5. This shows the claimed shape of g , and the finiteness of the possible
choices for d0, e0 follows from Corollary 5.4 since now (12.2) is a special case of (5.3) with degrees adjusted
to accommodate the total degree of (11.1) being 10 instead of 18 for (5.2). □

We shall now use Lemma 12.1 to study isomorphisms g of quasi-elliptic Enriques surfaces which induce a
non-trivial action on the base, say by π. This is encoded in the following commutative diagram:

S
g

−−−−−→ S ′

f

y yf ′
P
1 π−−−−−→ P

1.

Lemma 12.2. In the above set-up, g assumes the weighted homogeneous form

g : (x,y, s, t) 7−→ (ux+ d2,vy + d1x
2 + d3x+ d5,π(s, t))(12.3)

with u,v ∈ k× and the di ∈ k[s, t] homogeneous of degree i. Here d1,d3 are unique, u,v are unique possibly up to
multiplying by a third root of unity, and there are only finitely many choices for d2,d5.

Proof. We can factor g through the π-action on the base, extended trivially to S, composed with an
isomorphism

gπ : Sπ −→ S ′

from the π-twisted surface Sπ to S ′ . Then we use the unique polynomials d1,d3 ∈ k[t] and α ∈ k× such that
the automorphism

g ′ : (x,y, t) 7−→ (αx,y + d1x
2 + d3x, t)

converts the equation of Sπ derived from S to the normal form (11.1). But then we are in the situation of
Lemma 12.1, so the claims of Lemma 12.2 follow immediately. □
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Remark 12.3. It follows that any automorphism of a quasi-elliptic Enriques surface assumes the form (12.3),
as we shall exploit in Section 14.2. We note that this agrees with the form for a special case from [KKM20,
Section 6]. However, the argument in loc. cit. appears to be incomplete, at least in the classical case, as it
states that an affine open of S is obtained by resolving the rational singularities of (11.1) (denoted by Spec(A)
in loc. cit. However, we saw in Section 9.4 that at the multiple fibres, there are non-rational singularities,
requiring three blow-ups which are succeeded by three contractions, and possibly some further blow-ups.

To verify the automorphism groups for types Γ = Ẽ8, D̃8 and D̃4 + D̃4, one can now safely appeal to
Lemma 12.2; alternatively, the computations of the finite automorphism groups for the families in [KKM20]
can also be verified by

• limiting the non-numerically trivial automorphisms of the surfaces based on the symmetries of the
finite graph Γ of (−2)-curves (cf. Section 15),
• bounding the subgroup of numerically trivial automorphisms by the general results of [DM20,

Corollary 7.8(1) and Theorem 7.6] and
• comparing this to the automorphisms of Spec(A) exhibited explicitly in [KKM20] (since these

automatically extend to automorphisms of the Enriques surfaces as in the proof of Lemma 12.1).

13. Torsor interpretation

We continue the paper with some interesting applications of our results and techniques. In this section we
consider the general quasi-elliptic picture, but as a motivation we first recall the usual set-up.

While the standard construction of an Enriques surface outside characteristic 2 nowadays probably is that
as a quotient of a K3 surface by a free involution, there is also another approach using the Jacobian of any
genus 1 fibration on the Enriques surface. This is a rational elliptic surface, and over C, one can recover
the Enriques surface by a suitable logarithmic transformation (cf. [BHP+04, Section V.13]). In essence, this
depends on the two ramified fibres, but it also involves a choice of 2-torsion points on the ramified fibres.
This implies that a given rational elliptic surface X admits a 2-dimensional family of Enriques surfaces
whose Jacobian is X, but the family is only irreducible if X has no 2-torsion section.

In the algebraic category, there is an alternative interpretation of this construction in terms of torsors; see
[CDL22, Section 4.10]. Naturally, this also applies to the quasi-elliptic fibrations on which we are focusing in
this paper, as featured in Theorem 1.2.

13.1. Proof of Theorem 1.2

Let X be a rational quasi-elliptic surface with section. By [Ito94, Equation (5.1)], it can be given by the
standard Weierstrass form

X : y2 = x3 + tb2x+ tc
2
2,

where b2, c2 ∈ k[t] are of degree 2 as usual. By Lemma 6.1, this is exactly the relative Jacobian (6.2) adjusted
to our normal form (11.1) once we identify

b2 = a
2
1 + ta

2
0, c2 = a2.

Hence Theorem 11.1 exhibits the torsor exactly in terms of c1 and g2 (under the condition that c1 ∤ g2) since
we can always rescale x,y in (11.1) to normalize some coefficient of c1 or g2. As, by Lemma 12.1, there can
only be finitely many other symmetries, this leads to a 4-dimensional family of curves of arithmetic genus 1
over k[t] as predicted by Ogg–Shafarevich theory.

To understand the moduli of the underlying Enriques surfaces, it suffices to study the symmetries of the
fixed quasi-elliptic fibration. Except for the scaling alluded to above, Lemma 12.2 tells us that essentially the
only continuous symmetries of (11.1) may be induced from Möbius transformations. Clearly, this is impossible
as soon as there are three or more reducible fibres; in this case, we derive a 4-dimensional family of classical
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Enriques surfaces (where g2 has distinct roots) and a 3-dimensional irreducible subfamily of supersingular
Enriques surfaces (where g2 has a double root), lying as torsors above the given rational quasi-elliptic
surface X, thus confirming Theorem 1.2 in this case.

If there are fewer reducible fibres, then there are additional Möbius transformations preserving the relative
Jacobian; in particular, if there are at least three reducible or multiple fibres, then Möbius transformations
can be used to normalize three of them, thus again confirming Theorem 1.2.

This only leaves the supersingular case with exactly one reducible fibre. This will be treated in Section 13.3
following general considerations for the torsors of rational quasi-elliptic surfaces.

13.2. Explicit torsors for Ito’s normal forms

For immediate use in the proof of Theorem 1.2 and for later reference, we apply the above methods to
exhibit the torsors for all rational quasi-elliptic surfaces, following the classification of Ito in [Ito94, Table 1].
Throughout we keep the order of Lemma 7.3 and let α ∈ k,β ∈ k×.

Recall that the polynomials c1, g2 of degree 1, resp. 2, do not share a common root including ∞ and that
the torsor defines a classical Enriques surfaces if g2 has two distinct roots and a supersingular Enriques
surface if g2 has a double root.

Fibre configuration Ito’s equation: y2 = Enriques torsor

8× III x3 + (t3 +α2t2 + β2t)x+ t3 y2 + (t + β)g22y = tx
4 +αtg22x

2

+ tg32x+ t
3c41

4× III + I∗0 x3 + (t3 + β2t2 + t)x y2 + (t +1)g22y = tx
4 + βtg22x

2 + t3c41
2× III + I∗2 x3 + (t3 + t)x y2 + (t +1)g22y = tx

4 + t3c41
III + III∗ x3 + t3x y2 + tg22y = tx

4 + t3c41
2× I∗0 x3 +α2t2x+ t3 y2 = tx4 +αtg22x

2 + tg32x+ t
3c41

I∗4 x3 + t2x+ t5 y2 = tx4 + tg22x
2 + t2g32x+ t

3c41
II∗ x3 + t5 y2 = tx4 + t2g32x+ t

3c41

Table 2. Torsors for rational quasi-elliptic surfaces with section

13.3. Proof of Theorem 1.2, continued

To complete the proof of Theorem 1.2, it remains to study the supersingular Enriques surfaces arising as
torsors above rational quasi-elliptic surfaces with just one reducible fibre. We distinguish two cases by the
possible fibre types I∗4 and II∗ at t = 0 as in Table 2 and locate the multiple fibre at ∞; after normalizing,
this amounts to setting g2 = 1.

13.3.1. Type I∗4. By Table 2, the Enriques torsors form the family given by

y2 = tx4 + tx2 + t2x+ t3c41.

Here we cannot rescale t without altering one of the four normalized summands, so the family of Enriques
surfaces depends on two moduli (the coefficients of c1).

13.3.2. Type II∗. Table 2 leads to the following 2-dimensional family of torsors:

y2 = tx4 + t2x+ t3c41.

After rescaling x, t,y, this simplifies to the 1-dimensional family of Enriques surfaces

y2 = tx4 + t2x+γt3(t +1)4 (γ ∈ k×).
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13.3.3. Conclusion of the proof. We recorded one exception to the moduli count from Section 13.1,
exactly as stated in Theorem 1.2.

Remark 13.1. The results of Theorem 1.2 agree not only with Ogg–Shafarevich theory, but also with the
predictions in the context of a conjecture of W. Lang (cf. [CDL22, Section 4.8]).

Remark 13.2. The subtleties concerning moduli counts reappear when considering special subfamilies where
reducible fibres are assumed to be multiple; see Section 14.1.

14. Automorphisms of quasi-elliptic Enriques surfaces

It is a classical problem to investigate automorphisms of Enriques surfaces – especially finite automorphism
groups and those which act trivially on cohomology (or on Num). Finite automorphism groups will be
studied in Section 15, so here we focus on numerically or cohomologically trivial automorphisms. Over
C, the solution for these from [MN84] was later corrected in [Muk10]. In positive characteristic, there are
extensive results in [DM19, DM20], but the order 3 case was left open, and the results also depended on the
classification of Enriques surfaces with finite automorphism groups which we are about to complete with
Theorem 1.3. To prepare for this, we will give further general results on automorphisms of quasi-elliptic
surfaces in Section 14.2, but first we give a quick application of the results culminating in Table 2.

14.1. Numerically trivial automorphisms

Our first application concerns numerically trivial automorphisms of classical Enriques surfaces in charac-
teristic 2. By [DM20, Corollary 7.8], Enriques surfaces with non-trivial numerically trivial automorphisms
admit quasi-elliptic fibrations with very specific multiple fibres, namely

I∗4 or III∗ + III or 2× I∗4 or I∗2 + III.

Here we can work out the surfaces explicitly, using Table 2, and thus confirm the moduli dimensions which
were given partly conditionally in [DM20, Table 5].

Proposition 14.1. Let S be a classical Enriques surface admitting a non-trivial numerically trivial automorphism.
Then S admits a quasi-elliptic fibration, given in the following table, and moves in a family of specified dimension.

Double fibres Equation Moduli

I∗4 + II y2 = tx4 + t3x2 + t5x+ t3c41 2
III∗ + III y2 + t3y = tx4 +γt3(1 + t)4 1
2× I∗0 y2 = tx4 +αt3x2 + t4x+γt3(1 + t)4 2
I∗2 + III y2 + (t +1)3y = tx4 + t3c41 2

Proof. We use the normal forms from Table 2. The configuration of multiple fibres can be translated into
g2 = t for the first three families and g2 = t+1 for the fourth. For the second and third family, we can further
rescale t,x,y to normalize c1, resulting in the given equations and moduli counts. □

14.2. Automorphisms preserving a quasi-elliptic fibration

For independent use, we discuss the shape of automorphisms of quasi-elliptic Enriques surfaces further,
building on Lemma 12.2.

Lemma 14.2. Let ϕ be an automorphism of an Enriques surface S which preserves some quasi-elliptic fibration.
Then ϕ preserves some fibre of (11.1), say at t =∞, and is given by

(x,y, t) 7−→ (βx+ b2,δy +
√
γx2 + d3x+ d5,αt +γ),(14.1)
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with scalars α,β,γ,δ (non-zero except possibly for γ) and polynomials b2, d3, d5 in k[t] of degree bounded by the
index.

Proof. The induced action of ϕ on the base P
1 of the quasi-elliptic fibration has a fixed point, so ϕ preserves

the corresponding fibre. By Möbius transformation, we can map this fibre to t =∞ and deduce the claimed
action on P

1 with α ∈ k×. The rest is Lemma 12.2 with the addition that d1 =
√
γ , as can be seen by

comparing the coefficient of x4 before and after the Möbius transformation. □

One can also take the multiple fibre(s) into consideration: in the supersingular case, it is obviously also
fixed by ϕ; in the classical case, either the multiple fibres are interchanged (if γ , 0), or each is preserved
(whence γ = 0 as either the multiple fibres are located at 0,∞, or ϕ acts as identity on the base). We
consider one of these special cases in more detail.

Lemma 14.3. Assume that the automorphism ϕ preserves a quasi-elliptic fibration and acts on the base P1 with
at least two fixed points which we locate at 0,∞. Then it takes the shape

(x,y, t) 7−→ (βx+ b2,δy + d5,αt)(14.2)

for some non-zero scalars α,β,δ. Moreover, if α , 1, then the polynomials a1, a2, g2 in (11.1) are all monomial (or
zero for a1, a2).

Proof. We may start with the shape of ϕ given by (14.1), but then with two or more fixed points on P
1, we

have γ = 0 as stated. We now substitute (14.1) into (11.1) and consider the coefficient of x2. Decomposing into
even and odd terms, we find that d3 ≡ 0. This proves that ϕ takes the shape of (14.2).

Now assume that α , 1. As argued above, this locates the multiple fibres at t = 0, say, and ∞ in the
classical case. That is, up to normalizing, g2 = t, resp. g2 = t2; in particular, g2 is monomial, as claimed.
Comparing further coefficients upon the substitution, we subsequently deduce

• from the coefficient of y that a1 is monomial or zero,
• from the coefficient of x that a2 is monomial or zero.

This completes the proof of Lemma 14.3 □

One can retrieve further information from studying the constant term of the normal form and then
imposing the invariance of the normal form under ϕ, but we will only pursue this for one example from
Proposition 14.1 and for some special cases needed to prove Theorems 1.3 and 1.4.

Example 14.4. Lemma 14.3 directly applies to the numerically trivial automorphisms on the classical Enriques
surfaces from Proposition 14.1 because they automatically preserve reducible fibres (and hence all multiple
fibres).

For instance, for the fourth example from Proposition 14.1 with three reducible fibres, we deduce that
any numerically trivial automorphism ϕ acts trivially on the base, so α = β = δ = 1 in (14.2). But then,
comparing coefficients upon substitution, we find that deg(b2) ≤ 1 and deg(d5) ≤ 3, eventually leading to
the following three cases with ϕ , id:

(b2,d5) = (0, (1 + t)3), (1 + t,1+ t2), (1 + t, t + t3).

The first two involutions permute the components of the simple fibre of type III at t = 0, so they are not
numerically trivial. Meanwhile, going through the resolution of singularities, the third involution is checked
to be numerically trivial. Note that by [DM19, Corollary 7.2], it is not cohomologically trivial.

Remark 14.5. We note again that the surfaces given by (1.4) have infinite automorphism group.
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15. Finite automorphism groups of Enriques surfaces in characteristic 2

Enriques surfaces with finite automorphism groups are notorious because a general Enriques surface has
infinite automorphism group (contrary to the case of K3 surfaces, for instance). The property of having
finite automorphism group can be described combinatorially, namely in the incidence graph Γ of smooth
rational curves – which in particular has to be finite. This was employed to give a full classification over C
by Kondō [Kon86] and Nikulin [Nik84], and in odd characteristic by Martin [Mar19]. In fact, Martin’s work
also covers the case of singular Enriques surfaces, while all possible graphs Γ have been determined for
the cases of classical and supersingular Enriques surfaces in [KKM20]. In op. cit., the authors also provide
examples for each Γ , but no uniqueness or irreducibility of moduli is claimed (except for the extra-special
cases covered in [Sal03]). In particular, the precise finite automorphism groups could not be classified in
most cases. Theorem 1.3 remedies this based on our normal form arguments.

15.1. Overall idea

Given a graph Γ of smooth rational curves, we identify a divisor of Kodaira type which induces a
quasi-elliptic fibration on the Enriques surface. In particular, this determines the shape of the relative
Jacobian, so Ito’s equations in [Ito94] can be translated back to our Enriques surfaces using Theorem 1.2, in
particular, using the explicit calculations from Section 13.1. Ideally, this quasi-elliptic fibration already fixes
all the curves in Γ , but in three cases we also have to consider a second fibration to verify the findings from
[KKM20] (see Sections 15.8 and 15.9). In particular, this will prove that the examples and automorphism
groups in [KKM20] are essentially complete, and thus verify Theorem 1.3.

In what follows, we go through all possible graphs Γ one by one; throughout, we employ the notation and
findings of [KKM20].

15.2. Γ = Ẽ7 + Ã(1)
1

These Enriques surfaces admit a quasi-elliptic fibration with reducible fibres of types III∗ (multiple) and III
(simple). Locating these fibres at t = 0 and t =∞, respectively, we see that Table 2 leads to the normal form

y2 + t3g21y = tx
4 + t3c41,(15.1)

where deg(g1) = 1 (with classical Enriques surfaces if t ∤ g1 and supersingular Enriques surfaces otherwise).
Hence we normalize g1 = t + a,c1 = b(t + 1) such that b , 0. The 2-dimensional classical family is given
by a , 0, and the 1-dimensional supersingular family occurs at a = 0. This confirms that the examples of
[KKM20] are complete, with anticipated moduli dimensions, and so are the possible automorphism groups
computed.

15.3. Γ = Ẽ7 + Ã(2)
1

The Enriques surfaces with this graph also admit a quasi-elliptic fibration with reducible fibres of types

III∗ and III, but contrary to Section 15.2, the special graph Γ = Ẽ7 + Ã
(2)
1 implies that the III fibre is also

multiple. Thus this only concerns the classical case and leads to the second family from Proposition 14.1
(given by g1 = 1 in terms of (15.1)), again confirming [KKM20].

15.4. Γ = Ẽ8

There is a quasi-elliptic fibration with multiple II∗ fibre (which we locate at t = 0). From Table 2, we obtain
a 2-dimensional family of torsors given by

y2 = tx4 + t4g21x+ t
3c41 (t ∤ g2).(15.2)
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We derive a 1-dimensional family of classical Enriques surfaces where t ∤ g1 (whence we normalize g1 = β
(with β , 0), c1 = 1 + t), and a single supersingular Enriques surface at g1 = t. This is again in perfect
agreement with [KKM20].

15.5. Γ = D̃8

This graph induces a quasi-elliptic fibration with a multiple fibre of type I∗4 which we locate at t = 0. The
2-dimensional family of classical Enriques surfaces thus appears in Proposition 14.1; the 1-dimensional family
of supersingular Enriques surfaces is obtained from Table 2 by setting g2 = t2 and normalizing c1 = γ ∈ k×
by the Möbius transformation. Then the shape of (11.1) can be restored by an easy transformation in x and y,
resulting in the normal form (with β = γ4)

y2 = tx4 + t5x2 + t8x+ βt3.

15.6. Γ = D̃4 + D̃4

These Enriques surfaces admit a quasi-elliptic fibration with two multiple fibres of type I∗0. Hence they
are given by the 2-dimensional family of classical Enriques surfaces in Proposition 14.1.

15.7. Γ =VII

Among all possible configurations of smooth rational curves on classical and supersingular Enriques
surfaces with finite automorphism group, this graph is singled out by the property that it only induces elliptic
fibrations. It follows from the classification of the fibrations in [KKM20, Appendix A.1] that the universal
cover has 12 A1 singularities, so the minimal resolution is the supersingular K3 surface of Artin invariant
σ = 1. Its Enriques quotients (classical and supersingular) have been determined in [Kon21]. In particular,
this confirms the findings of [KKM20].

15.8. Γ = Ẽ6 + Ã2

This type was covered in [Sal03], but we decided to include an independent proof for completeness; it
also serves as a good illustration of the interplay of our normal forms with concrete linear systems.

15.8.1. Classical case. In the classical case, these surfaces admit a quasi-elliptic fibration with multiple
fibres of type III at t = 0 and II at t =∞, plus a simple fibre of type III∗ at t = 1. Using Table 2, we compute
the equation

S : y2 + (t +1)t2y = tx4 + t3x2 + (t +1)t4x+ at3(t + b)4,(15.3)

where ab , 0. This has curve of cusps C at ∞, making for the following graph of smooth rational curves
together with the fibre components:

Θ1 Θ2 Θ3 Θ4 Θ′3 Θ′2 Θ′1

Θ0

C

C0

C1

s s s s s s s
s
s
s
s

Figure 1. Smooth rational fibre components and curve of cusps for f
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Note the divisor D = C +2Θ0 +3Θ4 +2(Θ3 +Θ′3) +Θ2 +Θ′2 of Kodaira type IV∗ central to the diagram.
We continue by exhibiting the linear system |2D |; by inspection of the diagram, we see that this will induce
an elliptic fibration

f ′ : S −→ P
1

with multiple fibre of type IV∗, nodal bisections C0,Θ1,Θ
′
1 and another reducible fibre containing the curve

C1.
To make all of this explicit, we resolve the singularity in the fibre at t = 1 as in the proof of Proposition 8.1.

First we substitute a = c4 and change variables y = (t+1)y′ +x2+ tx+ c2t(t+b)2, amounting to the blow-up
along Θ0 from Section 9.1. This produces the 4-fold fibre component

Θ4 = (t +1 = x+γ = 0),

where γ2 = (bc + c + 1)(b + 1)c. After the change of variables x = x′ + γ , the remaining pairs of fibre
components Θi ,Θ

′
i of multiplicity i = 1,2,3 are successively uncovered in the three blow-ups t = x′iti +1.

This shows that the function

w =
(x+ tγ)2

t(t +1)2
=

(1+γt1)2

(x′t1 +1)t21
(15.4)

has pole divisor exactly 2D outside the multiple fibres at t = 0,∞. Meanwhile, on the two multiple fibres of
the original quasi-elliptic fibration, the resolution of singularities as in Section 9 shows that w is regular and
non-constant on the fibre component met by the curve of cusps. In particular, on C0, it gives a bisection, and
we have w = c2b2 on the other fibre component C1 at t = 0. That is, C1 is a component of the (reducible)
fibre of f ′ at w = c2b2.

Lemma 15.1. The general member of the family of Enriques surfaces given by (15.3) does not have finite automor-
phism group.

Proof. For the surface to fall into the finite automorphism group case Γ = Ẽ6 + Ã2, the second reducible
fibre of the fibration f ′ at w = c2b2 has to have type I3 or IV. Otherwise, the Jacobian would have
positive Mordell–Weil rank by [Lan88, SS19]; thus it would induce an infinite-order automorphism on S . We
therefore continue by calculating the Kodaira type of this very fibre, depending on b and c. To this end,
we substitute (15.4) for x′ in the equation corresponding to (9.2). Rescaling the coordinate y′ by h2/t51 for
h = b2α2t1 + bαt1 +α2t1 +αt1 +1, where α =

√
c/(b+1), we obtain an equation

y′′2 +wt1h
2y′′ = r with h ∈ k[t1,w] of degree 6 in t1.

This is not quite visibly a curve of arithmetic genus 1, but writing r = r20 + r1, where r1 is odd with respect to
t1 or w1, the coordinate change y′′ = hu + r0 gives a curve of arithmetic genus 1 over k(w):

u2 +wt1hu = wR with R ∈ k[t1,w] of degree 4 in t1.(15.5)

This has discriminant
∆′ = w12(w2 +w+ c4)(w+ c2b2)2

vanishing generally to order 2 at w = c2b2; since we already know that the fibre at w = c2b2 is reducible as
it contains the smooth rational component C1, this verifies the Kodaira type I2. The lemma follows. □

In order to determine the subfamily with finite automorphism group, it remains to check when the fibre
at w = c2b2 degenerates to Kodaira type I3. The discriminant ∆′ acquires a triple root at w = c2b2 if and
only if c = b/(1 + b)2. One verifies that the fibre type is indeed I3 by checking that the fibre of (15.5) at
w = c2b2 always contains exactly one singular point (a surface singularity of type A1 where h vanishes), but
it becomes reducible on the given subfamily. (Alternatively, both fibre types I2 and I3 follow generally from
the classification of wild ramification of additive fibres in characteristic 2 in [SS13] as this implies that ∆′

has vanishing order at least 4 at any additive fibre.) With fibres of type IV∗ and I3, the Jacobian of f ′ has



Normal forms for quasi-elliptic Enriques surfaces 27Normal forms for quasi-elliptic Enriques surfaces 27

MW(Jac(f ′)) �Z/3Z. But then the symmetry imposed by the induced order 3 automorphism on S implies
that the curves in Figure 1 augmented by the two additional components of the I3 fibre of f ′ produce exactly
the graph of smooth rational curves for type Γ = Ẽ6 + Ã2 from [KKM20]. This gives the claimed irreducible
1-dimensional family of classical Enriques surfaces with finite automorphism group from Theorem 1.3.

15.8.2. Supersingular case. In the supersingular case, the above set-up degenerates to a quasi-elliptic
fibration with a single multiple fibre of type III at t = 0 and another reducible fibre, simple as before, of type
III∗ at t = 1. From Table 2, we obtain the equation

S : y2 + (t +1)t4y = tx4 + t5x2 + (t +1)t7x+ ct3(t +1)4,(15.6)

where c , 0. Note that we used a different normalization than in (1.2) because the given one turns out to be
much more convenient as it automatically leads to a unique Enriques surface. The graph of smooth rational
curves in Figure 1 is still standing and so is the divisor D of Kodaira type IV∗, but now the linear system
|2D | is generated by

u =
x2 + c(t +1)3t
t2(t +1)2

.

In terms of the induced fibration f ′ , the smooth rational curve C1 is a component of the fibre at u = c. The
fibre contains a single singular point which is never a surface singularity for any c , 0; its projectivized
tangent cone consists of a single line unless c = 1. We now combine Kodaira’s and Tate’s classifications of
singular fibres, see [Kod63, Tat75], with an Euler–Poincaré characteristic reasoning taking into account the
multiple fibre of type IV∗ at u =∞. Presently this implies that the fibre can only have type III for c , 0,1.
But then S inherits an automorphism of infinite order from Jac(f ′) by the Shioda–Tate formula, ruling out
all values c , 0,1.

On the other hand, for c = 1, the fibre acquires three smooth rational irreducible components which meet
in the singular point (with different tangent directions). This verifies that the fibre has type IV. In particular,
we have MW(Jac(f ′)) = Z/3Z by [SS19], and the symmetry imposed by the induced automorphism on S
exactly leads to the required graph Γ of smooth rational curves. Thus, at c = 1, the Enriques surface S has
finite automorphism group.

15.8.3. Conclusion for type Γ = Ẽ6 + Ã2. We have not explicitly identified our Enriques surfaces with
type Γ with those from [KKM20]. For the supersingular case, it follows from the uniqueness of the surface in
Section 15.8.2 that it has to agree with the one from [KKM20]. Thus the automorphism group also agrees
(but it can also be computed directly using Lemma 14.3).

In the classical case, our 1-dimensional family from Section 15.8.1 is irreducible and unique and thus
contains the family from [KKM20]. Instead of identifying the two families explicitly, we proceed by computing
the automorphism group for the family from Section 15.8.1.

The symmetry group of the graph Γ is S3, and these automorphisms are always induced from the
Mordell–Weil groups of the Jacobians of genus 1 fibrations on S (it suffices to consider those fibrations
denoted by f and f ′ in Section 15.8.1).

It remains to compute the numerically trivial automorphisms. Necessarily, they preserve any genus 1
fibration on S, and they fix any reducible fibre (componentwise). We can thus apply Lemma 14.3 to the
quasi-elliptic fibrations from (15.3) with a = b4/(1 + b)8 (family (c4) in Theorem 15.2) and consider the
automorphism ϕ given by (14.2). Since a1 is not monomial, Lemma 14.3 implies that α = 1. Substituting
(14.2) and comparing the coefficients of y and x2 gives δ = β = 1. This leaves the constant coefficient, where
vanishing orders at 0 and at ∞ yield

b2 = b
′t, d5 = dt

2 + d′t3 (b′ ,d,d′ ∈ k).
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The three constants satisfy a system of three equations which is seen to have exactly two solutions:

(b′ ,d,d′) ∈ {(0,0,0), (0,1,1)}.

The automorphism ϕ corresponding to the second solution is an involution which acts non-trivially on
Num(S) as it interchanges the two branches of the III∗ fibre at t = 1 (it is induced by translation by the
2-torsion section on MW(Jac(f ))). Thus we conclude that Autnt(S) = {id}, confirming the examples from
[KKM20].

15.9. Γ =VIII

By [KKM20], Enriques surfaces of this type admit a quasi-elliptic fibration with two multiple fibres of type
III and a simple fibre of type I∗2. By Table 2, the normal form is given as

S : y2 + t2(t +1)y = tx4 + t3(at + b)4 (a,b ∈ k∗).(15.7)

The diagram of reducible fibre components enriched by the curve of cusps C
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features a divisor D = C0 +C∞ +2C +2Θ0 +Θ1 +Θ′1 of Kodaira type I∗1. It follows that |2D | induces an
elliptic fibration

f ′ : S −→ P
1

with multiple fibre of type I∗1 and at least four smooth rational bisections as well as two smooth rational
4-sections. Explicitly, the fibration can be exhibited through the elliptic parameter

u =
(x2 + tx+ a2t3 + at2 + bt2 + b2t)2

t3(t +1)2

which has pole divisor exactly 2D . The fibration f ′ visibly has a double fibre at u = 0, with smooth support.
In addition to the double I∗1 fibre at u =∞, there are generally two reducible fibres, of Kodaira type I2 each,
at u = a2 and u = b2. It follows that S has infinite automorphism group (induced from MW(Jac(f ′)) unless
a = b. To see that this exactly recovers the family

v2 = tu4 + at2u3 + at3(t +1)2u + t3(t +1)4 (a , 0)

from [KKM20, Appendix A.2(3)], one may apply the following birational transformation with c = 1/a2:

x =
(t +1)v

√
a(u2 + t(t +1)2)

, y =
t3(t +1)3

u2 + t(t +1)2
.
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15.10. Proof of Theorem 1.3

With all possible graphs of smooth rational curves covered, each type yields irreducible families of
classical and supersingular Enriques surfaces of the expected dimensions. These families agree with the
examples exhibited in [KKM20], or they contain the examples from [KKM20] for type Γ = Ẽ6 + Ã2, but
then we checked in Section 15.8.3 that the automorphism groups agree anyway. The computations of the
numerically (resp. cohomologically) trivial automorphism groups from [KKM20] remain valid (confirmed by
[DM19, DM20]). This completes the proof of Theorem 1.3. □

15.11. Equations

For the convenience of the reader, we collect normal forms for all quasi-elliptic Enriques surfaces with
finite automorphism group.

Theorem 15.2. The normal forms of quasi-elliptic classical Enriques surfaces with finite automorphism group
and their numbers n of moduli are given as follows:

Type Normal form n

(c1) Ẽ8 y2 = tx4 + at5x+ t3(1 + t)4 (a , 0) 1

(c2) Ẽ7 + Ã1
(1)

y2 + at3y = tx4 + bt5x+ t3(1 + t)4 (a , 0,b , 0) 2

(c3) Ẽ7 + Ã1
(2)

y2 + at3y = tx4 + t3(1 + t)4 (a , 0) 1

(c4) Ẽ6 + Ã2 y2 + (t +1)t2y = tx4 + t3x2 + (t +1)t4x+ t3(t + b)4b4/(b+1)8 1

(b , 0,1)
(c5) D̃8 y2 = tx4 + at3x2 + bt3x+ t3(1 + t)4 (b , 0) 2

(c6) D̃4 + D̃4 y2 = tx4 + at3x2 + bt4x+ t3(1 + t)4 (b , 0) 2

(c8) VIII y2 + t2(t +1)y = tx4 + ct3(1 + t)4 (c , 0) 1

Theorem 15.3. The normal forms of quasi-elliptic supersingular Enriques surfaces with finite automorphism
group and their numbers n of moduli are given as follows:

Type Normal form n

(s1) Ẽ8 y2 = tx4 + x+ t7 0

(s2) Ẽ7 + Ã1
(1)

y2 + y = tx4 + ax+ t7 (a , 0) 1

(s3) Ẽ6 + Ã2 y2 + t4y = tx4 + t3 0

(s4) D̃8 y2 = tx4 + tx2 + ax+ t7 (a , 0) 1

Proof. All equations have been derived in equivalent form before, only (s3) meriting some explanation. The
given equation results from c = 1 in (15.6) by moving the III∗ fibre to ∞ combined with an easy coordinate
transformation used to recover the general shape of (11.1). □

16. Proofs of Theorem 1.4 and Corollary 1.5

16.1. Proof of Theorem 1.4

Let ϕ be a cohomologically trivial automorphism of odd order n > 1 acting on an Enriques surface
S . Until this paper, the only examples originated from the supersingular Enriques surfaces with finite
automorphism groups pioneered in [KKM20]. By Theorem 1.3, the examples from [KKM20] are complete,
so there are no more cohomologically trivial automorphisms of odd order n > 1 acting on Enriques surfaces
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with finite automorphism group. But then it follows from [DM19, Section 7] that the only case left is n = 3.
Concretely, by [DM19, Proposition 7.9], the Enriques surface S admits a configuration of rational curves
amounting to a quasi-elliptic fibration with two fibres of type I∗0, exactly one of which is multiple. Moreover,
the cohomologically trivial action implies that ϕ preserves any genus 1 fibration on S ; more precisely, by
[DM19, Lemma 7.5], ϕ acts non-trivially on the base of the fibration.

By Table 2, we may assume that g2 = t2 and S is given by

S : y2 = tx4 +αt5x2 + t7x+ t3c41 (α ∈ k).(16.1)

Since we know that t ∤ c1, we can normalize c1 = 1+ηt to obtain a 2-dimensional family of Enriques surfaces.
By assumption, ϕ preserves the curve of cusps and each irreducible fibre component of the two I∗0 fibres. By
Lemma 14.3, the automorphism is given by

ϕ : (x,y, t) 7−→ (βx+ b2,δy + d5,ζt),(16.2)

where ζ is a primitive third root of unity. Upon substituting, we compare coefficients of the constant term to
deduce that b2 = β′t2 (β′ ∈ k) and d5 ≡ 0. But then the coefficients of t3 and t7 combine for ζ3t3(1 + ζηt)4.
This is proportional to the original term t3c41 if and only if η = 0, leading to the family of supersingular
Enriques surfaces (1.4) from Theorem 1.4. Finally, the coefficient at t9 gives

β′(β′3 +αζβ′ +1) = 0.(16.3)

Solving for (1.4) to be preserved by ϕ leads to

β = ζ2, δ = 1.

Note that for choices β′ , 0 in (16.3), the order of ϕ is even, so we are left with β′ = 0, giving the order 3
automorphism

ϕ : (x,y, t) 7−→ (ζ2x,y,ζt)(16.4)

displayed in Theorem 1.4. It remains to prove that the action of ϕ on the Enriques surfaces given by (1.4) is
indeed cohomologically trivial. This is easily checked by resolving the singularities as explained in Sections 8
and 9.

Remark 16.1. The same approach shows that the special Enriques surface at α = 0 admits an automorphism
ψ of order 9, with ζ a primitive ninth root of unity. However, ψ is verified to permute three of the simple
fibre components at t = 0, and considering ψ3 reduces to the automorphism ϕ from (16.4).

16.2. Proof of Corollary 1.5

The results of Corollary 1.5 can be found in [DM19] with two restrictions:

(1) The possible lists of numerically trivial subgroups of the automorphism group in (iii) and (iv) rely on
the validity of the computations of [KKM20] for all classical and supersingular Enriques surfaces with
finite automorphism groups which we confirmed in Theorem 1.3.

(2) The appearance of Z/3Z as a group of numerically trivial automorphisms depends on Theorem 1.4.

Thus Corollary 1.5 is proved in its entirety. □
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