arXiv:2208.08737v4 [math.AG] 7 Jul 2024

Epijournal de Géométrie Algébrique ) d
epiga.episciences.org

Volume 8 (2024), Article No. 9 EPIGA

Action of the automorphism group on the Jacobian of Klein’s
quartic curve II: Invariant theta functions

Dimitri Markushevich and Anne Moreau

Abstract. Bernstein-Schwarzman conjectured that the quotient of a complex affine space by
an irreducible complex crystallographic group generated by reflections is a weighted projective
space. The conjecture was proved by Schwarzman and Tokunaga-Yoshida in dimension 2 for
almost all such groups, and for all crystallographic reflection groups of Coxeter type by Looijenga,
Bernstein-Schwarzman and Kac-Peterson in any dimension. We prove that the conjecture is true
for the crystallographic reflection group in dimension 3 for which the associated collineation group
is Klein’s simple group of order 168. In this case, the quotient is the 3-dimensional weighted
projective space with weights 1,2,4,7. The main ingredient in the proof is the computation of the
algebra of invariant theta functions. Unlike in the Coxeter case, the invariant algebra is not free
polynomial, and this was the major stumbling block.
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1. Introduction

A general conjecture of Bernstein and Schwarzman [BS06] claims that the quotient of C" by the action of an
irreducible complex crystallographic group generated by reflections (complex crystallographic reflection group
for short) is a weighted projective space. The conjecture is proved for almost all complex crystallographic
reflection groups for n1 = 2, as well as for irreducible complex crystallographic reflection groups of Coxeter
type of any rank n > 2. A complex crystallographic reflection group is said to be of Coxeter type if it is
obtained by complexification of a real crystallographic group or, in other words, if the group of its linear
parts is conjugate to a finite subgroup of the orthogonal group O(n). See [MM23] for more historical
comments and further references.

Since the 1980s, the conjecture remained widely open for any irreducible complex crystallographic
reflection group of rank n > 3 which is genuinely complex, that is, not of Coxeter type. In the present paper
we prove the conjecture for the rank 3 complex crystallographic reflection group I' of type [Ky4] in the
classification of Popov [Pop82]. We show that the quotient X = C3/T is isomorphic to a weighted projective
space.!) More explicitly, the main result of the article is the following.

Main Theorem (Theorem 6.3). The quotient variety J/G, where J = J(C) is the 3-dimensional_Jacobian of
the plane Klein quartic curve C and G is the full automorphism group of order 336, is isomorphic to the weighted
projective space P(1,2,4,7).

The group [K,4] is in several regards the most intriguing one among the rank 3 complex crystallographic
reflection groups. Firstly, it is the only one whose projectivized group of linear parts is simple, namely,
is equal to Klein’s group H of order 168. The groups of linear parts in all the other cases are solvable.
Secondly, the quotient C3/T is isomorphic to the quotient of the Jacobian 7 (C) of Klein’s quartic curve

C:={x*y+p32+2%x =0} c P?

UThe proof of the Bernstein-Schwarzman conjecture for [K;4] appeared in the second version of the present article, posted on
arXiv in November 2022, and at that moment it was the only non-Coxeter complex crystallographic reflection group of rank greater
than 2 for which the conjecture was established. In March 2023, Eric Rains posted the preprint [Rai23], in which he proves the
conjecture in full generality.
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by the full group
G={+1}xH

of its automorphisms as a principally polarized abelian variety. As follows from Hurwitz’ bound, C has a
maximal number of automorphisms for a curve of genus 3. Algebraic varieties acted on by Klein’s group,
not only curves, are a recurrent subject of interest in algebraic geometry. Thirdly, [K,4] encloses a very
rich number-theoretic content, for Klein’s curve C is nothing but the modular curve X(7), or else it can be
viewed as a Shimura curve, while its Jacobian is isomorphic, as an abstract abelian variety, to the cube of
the elliptic modular curve X((49). The representation of the translation lattice of I that we use was given
in [Maz86].

An important ingredient of our proof for [K,4] is the computation of the Hilbert function of the algebra
of I'-invariant theta functions. The proofs of the conjecture in the Coxeter case obtained in the 1980s passed
through showing that the invariant algebra is free. As the quotient variety is the spectrum of the invariant
algebra, the freeness of the latter implies that the quotient is a weighted projective space. But this idea does
not work for genuinely complex crystallographic reflection groups since the invariant algebra is not free
anymore. In the case of [Ky4], we succeed to understand the structure of relations between generators of
this algebra. It turns out that the ideal of relations is principal and defines a hypersurface of degree 8 in the
4-dimensional weighted projective space P(1,1,2,4,7).

On the other hand, in [MM23], we determined the singularities of X: they are images of the orbits whose
stabilizers are not generated by reflections. We observed that the singularities of X are analytically equivalent
to those of P(1,2,4,7), which prompted us to conjecture that X is isomorphic to this weighted projective
space. The latter also embeds in P(1,1,2,4,7) as an octic hypersurface! It can be given by the equation
VoYa = y32. The last step of our proof is to show that all degree 8 hypersurfaces in P(1,1,2,4,7) whose
singularities are those of P(1,2,4,7) are equivalent to yyy, = y32 by automorphisms of P(1,1,2,4,7).

As a byproduct, we see that P(1,2,4,7) possesses a non-trivial deformation, obtained by varying the
coefficients of the octic in the 4-dimensional weighted projective space. This deformation turns out to be
versal and is a partial smoothing, so that the general member of the deformation family is a 2-Gorenstein
Fano 3-fold with Picard group Z and only rigid isolated singularities. Deformations of 1-Gorenstein weighted
projective spaces in dimension 3 have been studied in [DS23].

Another noteworthy feature of our quotient X is the existence of a natural double cover Y — X, a
Calabi-Yau orbifold that can be used as a target space for the superstring compactification; in particular, an
interesting question is what its mirror family is. This double cover is obtained as the quotient Y = C3/I},
where [ is the subgroup of index 2 in I', the unimodular part of I'. It can also be realized as an anticanonical
hypersurface in P(1,2,4,7,14) of dimension 4. However, the known procedure of constructing mirrors of
generic hypersurfaces in a weighted projective space does not apply to this case, for Y is by no means
generic; it is a very special member of the anticanonical system on this weighted projective space having
non-isolated singularities. We hope to return to the study of this Calabi-Yau orbifold in the future.

Let us now detail our strategy to prove the main theorem. In general, a complex crystallographic group I' of
rank 7 is a group of affine transformations of C" which fits in an exact triple

0—L—>TI—dl —1,

where L ~ Z?" is a lattice of maximal rank 27 in C", acting by translations, and dI is a finite subgroup
of the unitary group U(n). A complex crystallographic group is a complex crystallographic reflection group
if it is generated by complex affine reflections, where an affine transformation of C" is called a reflection
if it is of finite order and its fixed locus is an affine hyperplane. In our case dI' = G; there is a unique
G-invariant rank 6 lattice L in C, which turns out to be the period lattice A of Klein’s quartic C, and the
above extension is necessarily split, so that ' = A < G.
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The quotient C"/T" can be thought of as the quotient of the abelian variety C"/L = A by the induced
action of the finite group of linear parts: C"/I' ~ A/dI’. The idea applied in the case of irreducible complex
crystallographic reflection groups of Coxeter type in [BS06, Loo76] is to represent A as the Proj of the graded
algebra S(L£) of sections of the powers of an ample line bundle £ on A, linearizable by the action of dI’,
and then C"/T is the Proj of the dI'-invariant part:

S(ﬁ):éHO(A,[lk), A=ProjS(£), C"/I'=A/dl =Proj(S(£)™).
k=0

The sections of the powers of £ are given by theta functions for the lattice L, and it is proven that the
invariant part is a polynomial algebra in 1+ 1 free generators.

Mimicking this approach, we introduce the theta functions 0,,;: C> — C of degree k > 0 for the lattice
A in such a way that {0, i }ep, is a basis of the space HY(J, L) of global sections of the k' power of an
appropriate line bundle £ on J = C3/A defining a principal polarization, where 1 runs over a set P of
representatives of %23/23 . Unlike in the Coxeter case, the thus defined line bundle £ is not dI'-invariant,
only even powers of £ can be dI'-linearized, and thus we have to work with the second Veronese subalgebra
S(L?) of S(L£). We have

X =A7dr =projs(c2)", s(c2)" =D H(a,c2) "
p=0

Thus one cannot expect S(£?)9 to be polynomial; what we prove is the isomorphism between S(£2)9 and
the second Veronese algebra of P(1,2,4,7), the latter being non-polynomial.

Now we describe the content of the paper by sections. Section 2 gathers definitions and preliminary
results on the complex crystallographic reflection group I', the lattice A and associated theta functions.

In Section 3, we compute the transformation formula for the action of the elements of the modular group
on our theta functions (Theorem 3.4).

In Section 4, we determine the Hilbert function of the algebra S(L£%)C, proving that it coincides with the
Hilbert function of the second Veronese algebra of P(1,2,4,7); see Theorem 4.3. This is the second step of
the proof of the isomorphism X ~ P(1,2,4,7); the first one was the study of the singularities of X, done
in [MM23, Theorem 4.3].

Next, we prove that X admits an embedding in P(1,1,2,4,7) as a degree 8 hypersurface. This is done
in Section 5. We first show that there exist four homogeneous elements ¢y, ..., 3 of S(£?)C of degrees
1,1,2,4 which are algebraically independent. The four invariant theta functions ¢; are chosen in an ad
hoc way in Lemma 5.2, and their algebraic independence is proved by evaluating their Jacobian. Using the
known Hilbert function, we deduce from this that there is a fifth element ¢4 of S(L?)C of degree 7 such
that the five functions ¢; generate S(£?)®, and this makes X into a degree 8 hypersurface in P(1,1,2,4,7)
(see Theorem 5.1).

Section 6 contains the last step of the proof of the main result: in Proposition 6.2, we show that the
degree 8 hypersurfaces in P(1,1, 2,4, 7) whose singularities are those of P(1, 2,4,7) form just one orbit under
the action of the group of coordinate changes in P(1,1,2,4,7). Thus X is equivalent, modulo a coordinate
change, to P(1,2,4,7) embedded in P(1,1,2,4,7) as a degree 8 hypersurface. This implies the main result
of the paper (Theorem 6.3). In Remark 6.4, we discuss the non-trivial deformations of P(1,2,4,7) smoothing
out the non-isolated singularity, provided by the family of weighted octics in P(1,1,2,4,7).

In Section 7, we look at the quotient C3/A = W, where W is a maximal real reflection subgroup of G, of
order 48. The group A = W is complex crystallographic but is not generated by reflections. It is plausible
that this quotient is a weak weighted projective space (see Proposition 7.3), and we formulate a conjecture,
generalizing this example, which says that if I' and I} are commensurable complex crystallographic groups
with the same linear parts, such that I' is complex crystallographic reflection, then C"/I is a weak weighted
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projective space (see Conjecture 7.4). We also provide in Section 7 some heuristic explanation of our ad hoc
choice for generators of S(£2)C (see Remark 7.1).
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2. The group, the lattice and the associated theta functions

Let the complex vector space V = C2, with coordinates (z;,2,, z3), be endowed with its standard Hermitian
product (—|—) and its standard symmetric bilinear form (—|—), and consider the complex root system @ in it,

consisting of the 42 vectors obtained from (2,0,0), (0, «, @) and (1,1, @), where a = %ﬁ, by sign changes
and permutations of coordinates. For each ¢ € @, the reflection of order 2

(l2)
gy ?

sends @ onto . As ry =r_p, we obtain 21 reflections in this way. We choose

¢1 = (01 a,—a), ¢2 = (01 012)} ¢3 = (11 115)

as the basic roots and write r; = T 1=1,2,3:

1 0 0 1 0 0 1 -1 -a
ri=[0 o 1|, r=[fo 1 o] r3:%71 I—
01 0 00 -1 @ -a@ 0

We define the lattice A as the root lattice Q(P) of @, that is, A = Zcpetb Z¢p. We have
A :O(Pl +O¢2+O(P3, O:Z[a] =Z+al.

Te: V—>V, z2r+>z-2

By [Maz86, Section IIL.3, pp. 235-236], A is the period lattice of Klein’s quartic; it can also be represented
in the form
A= {(21,22,23) €0% z1=2,=23 mod a, z; +2, + 23 = 0 mod E}.
The group G is the full group of complex-linear automorphisms of A. It contains 21 reflections, all of
order 2, and is generated by the three basic reflections: G = (ry,r,,73). According to [ST54, Equation (10.1)],
the following relations are defining for G:

(2-1) ri=ri =15 =(nn) = () = (1)’ = (nnnr)’ =1
Klein’s simple group of order 168 is the unimodular part of G:
H ={heG: det(h) =1}.

It is generated by the antireflections py, := —7; of course, the antireflections p; = —7; associated to the three
basic roots ¢; (i =1, 2, 3) suffice to generate H. According to [Pop82], there is a unique extension of A by
G, the split one, or the semi-direct product I' = A =< G, and it is a complex crystallographic reflection group.

Note that A contains the sublattice @ Q, homothetic to the root lattice Q = Q(C3) of the real root system
Cs, and thus G contains the Weil group W = W(C3) of order 48. The latter consists of all the monomial
matrices of size 3 whose only non-zero elements are +1. We have W = GN O(3), and G is the union of
seven cosets g;W (i=0,...,6) for some element g; of order 7. We can choose

-1 1 «a

g7 =p1p2p3=-—nnr=3|-a@ -a 0]
1 -1
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This is a handy way to enumerate all the elements of G, say, for computer checks of some properties.

Let M denote the weight lattice of C5, M = Q" = Z3+ %(1, 1,1). Then A = 2aM + aQ is generated
by the columns of the 6-by-3 period matrix () = (w; |w;), where w1, w, are square blocks of size 3, the
columns of w, being «a times the elements of a basis of C3, and we set

1 0 0
(2.2) wy=aC, wy=-2alC’)’!, c=|-1 1 ol
0 -1 2

The normalized period matrix of J is obtained by multiplying () on the left by a)glz

(2.3) w,'Q=(Z|I), Z=w,'w, =1B,
where 7 = —a? and
L[4 42
(2.4) B=(C'C) =5|4 8 4
4
2 4 3

is real symmetric and positive definite, so that Z = 7B € £3, where §), denotes the Siegel half-space of
complex symmetric matrices of size r with positive-definite imaginary part.

Let ¢y,c; € R" be two vectors, k € Z, k > 0, Z € §,. The classical theta function with period Z and
characteristic ¢;Z + ¢, and of degree k is the complex-valued function

C'5v s Qk[ﬁi](v,Z) _ Z eZm’k[(v+c2)T(u+c1)+%(u+c1 )TZ(u+c1)].
ueZ’

When k = 1, the subscript k is usually omitted. For k = 1 and ¢; = ¢, = 0, the function 6[](e, Z) represents a
section of a uniquely determined line bundle £ on the principally polarized abelian variety A = C"/(ZZ"+Z"),
and then for any k,c;, ¢y, the function O[(i](e, Z) represents a section of the line bundle TC’ZZHZ(E]‘), the
pullback of the tensor power £F of £ by the translation by the point ¢;Z + c;mod (ZZ" + Z") of A. If we
choose a set Py of representatives of %Zr/Zr, then the k3 theta functions from {Qk[g](o,Z)}mepk represent a
basis of HY(A, T* (£F)). See e.g. [BLOA].

c1Z+c;

Definition 2.1. Let A be as above, Z € iz asin (2.3), r =3, ke Zwithk>1 and m e %Z"’. We define the
theta function for A of degree k with characteristic m by the formula

Omi(z) = Qk[’g](a)glz,Z) forany ze V.

There is a unique line bundle £ on J = V/A ~ V/(ZZ3 + Z3) defining a principal polarization such that
the functions {6, }ep, form a basis of H%(J, L), where P is a set of representatives of %23/23, for all
k>1.

We denote by Sp(2r,Z) the symplectic group of automorphisms of Z?" preserving the skew-symmetric
bilinear form given by the matrix E:

Sp(2r,2) = {A € M,,(2): ATEA=E}, E:Er:(IO _éf),
.

where I (or I,) denotes the identity matrix (of size 7). We represent E and the matrices y = (? Z) e Sp(2r,2)
by their blocks of size r. A crucial ingredient of our computation of the action of G on the theta functions
O,k is a transformation formula under modular transformations. The action of the modular transformation

¥ on a classical theta function is defined by
(2.5) (0:12)) (v,2) = 6,2 (((cz +d)") v, (aZ +b)(cZ +d)! )

The following is a particular case of Igusa’s theorem for a polarization of type (k,k,..., k).
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Theorem 2.2 (cf. [Igu72, Theorem IL5.6]). For every (v,Z) € C" x §,, ¢1,c, €RS, m € P and y = (24 €
Sp(2r,2), the matrix cZ + d is invertible, and we have

W=

mec)1\V i - ’ye
(Gk[ 1]) (v,Z)= kT (cZ+d) cv det(cZ +d)2 - Z U Ok (v, 2),
Wl,EPk

cl (a b\[er] 1[(cdT)g
c) _(c dl|c, "3 (ab") |’

() € U(K") and (h)o denotes the column vector of the diagonal elements of h for any square matrix h.

where

In the next section, we will represent the automorphisms from G by modular transformations and compute
explicitly the matrices (u,, ,,) for even k. As we will see, the presence of the half-integer inhomogeneous
term in the transformation formula for the characteristics c1, ¢, implies the non-invariance of £ under the
action of G; however, the even powers of £ are G-invariant.

3. Theta transformation formula

We keep the notation of the previous section. The elements of G are complex 3-by-3 matrices leaving
invariant the lattice A. As A is generated by the columns of the 6-by-3 matrix () = (w;|w;), we can
associate to each g € G a matrix y =y, = (‘C‘ Z) € Sp(6,Z) in such a way that

T T
T )

Obviously, the map g + 7, is a group homomorphism.

Lemma 3.1. Let g€ G, and let y = (‘; 2) be as above. Then the following properties hold:
() (aZ+b)(cZ+d) ! =2;
(i) det(cZ +d) =detg ==+1;
(iii) detd = +1.
Proof. (i) We have

Z'=7Z = w3 w; = (gwy) " (gw1) = (¢ +wpd") ! (wya’ +wyb') =
(ZeT +d")N(Za" +b7) = ((aZ + b)(eZ +d) ) .

ii) By the definition of v, ZcT+d" = (cZ +d T is the matrix of ¢ in the basis of C3 given by the columns
Yy )4 4 g Yy

of w,, so detg =det(cZ + .
(iif) This is verified by a direct computation of the matrices y, for all elements g € G. O

Corollary 3.2. Forz eV, we have
g-001(2) = (01))* (v, 2) = x,01)(v, 2),

where - - -
v=wy's xg= I (detg) 2, [Vvﬂ]:‘%(dT —a)[ﬁ;‘;;g]-

—C a

Proof. This immediately follows from Lemma 3.1, Igusa’s theorem with k = 1 and the inversion formula

a b\ (dT -bT
c d " \=c" a'

for matrices (Z 2) € Sp(2r,2). U
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We see that the theta function 0 ;, representing a section of £, acquires a half-integer characteristic upon
the action by an element ¢ € G whenever the diagonal elements of the integer matrices cd' and ab" are not
all even. In this case, g*L is not £ but the translation of £ by a point of order 2.

Corollary 3.3.
(i) For g € G, we have the equivalence §*L ~ L & g€ W, where W = W(C3) = GNO(3) is the subgroup of
real matrices in G.

~ L forall g€ G & k is even.

(ii) g"C*
Proof- By a direct computation, we verify that for ¢ € G, the diagonal elements of the integer matrices cd’
and ab' are all even if and only if ¢ € W. This implies both assertions. O

Thus the problem of calculating the action of G on H(7, £¥) has sense only for even k. We are now
going to calculate, in a particular case and only for even k, the matrix (,, ) from Igusa’s theorem up to
proportionality; we denote the matrix we find by (i, /), as it is a multiple of Igusa’s matrix (1, ;) which
is not necessarily unitary.

For (? Z) € Sp(2r,Z) with detd = +1, we define
T=a-bdlc=d")", b=b"=ba', T=¢ =—-cd".

Theorem 3.4. Let k be a positive even integer, Dy a set of representatives of%ZT/Zr, y € Sp(2r,2Z) such that
detd = +1 and Z = ©B for a real symmetric positive-definite matrix B of size v, where T € C, Imt > 0.
Then 6,[1] = x Y wep, Okl ], where x = Xy (v, Z) is a nowhere-vanishing analytic function on C" x f,,
depending on y, and
~ _ _mikb[m] 2rcik(m—dm'+ 1) i
Uy =€ Z e 2 .
rﬁEPk
Proof. We decompose y in a product of elementary transformations as follows:
1 )0 1)1 @0 -1)@ o
Y=lo 1)-1 ojlo 11 oo d
I Il I I Il
(o5} 0y 03 0y O35

and apply the factors of this decomposition successively.
m1\9 m T
Stepl. (04[3))" (v, 2) = 31w, Z + b) =
Z e2nik(vT(u+m)+%(u+m)TZ(u+m)) . ercik?[u] . e2nikaBu .enikZ[m] _ enik?[m]ek[g](vyz),
ueZ’

where we use the notation A[u] = u' Au for any symmetric matrix A of size r and any vector u € C’, and

e ikb[u] = p2mikmbu — 1 for any u € Z", k even.

Step 2. We have

(ek[,g])(ﬁffz (v,z):e“ka[M]ek['S](—z—lv,—z— )= mkb[mlg [z v, -z 7Y,

2mik (, Tp-1 1 Tp-1 mik mik
Qk[‘é”](Z‘lv, _Z—l) _ ZET(V B! (u=m)=3(u—m) B~ (u-m)) _ ,"FA[v] Z e—TA[u—m—v]’
ueZ’ ueZ’

where A = B~! and we used the hypothesis that Z = tB. To transform the latter expression, we apply the
Jacobi inversion formula (see for example [Gun62, Chapter VI)):

Z pTitAlx+u] _ Z ~8 A [u]+2mixTu
V(=it)"det A

ueZ’ ueZ’
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forxeR’, teC, Imt>0, Ae M,(R), AT=A, A>0. We set t = —k/7 and x = —m — v, and we obtain
14 u . ’ . T
(Qk[m] ,2) = xo Z nikZ[4]-2mik(m+v)' 4 _ Xo Z Tk Z[u')-2mik(m+v) u )
ueZ’ u’e%Z’

em‘kZ’l[v]
(—ik) detZ-1"
and m’ € P, and we obtain

(ek[,g])ﬁl(fz (v,Z) _ Xoenikz[m] Z 2mikmm’ 9 [m ](‘I),Z),

m’EPk

where x(v,Z) = Now each u” € 1Z" has a unique representation 1’ = u + m’ with u € Z’

where xo = xo(v,Z) is the nowhere-vanishing analytic function in v, Z defined above.

Step 3. We have
(Gk[gl])0'10’20'3 (v,2) = Xleniky[m] Z eznik(me#%’c‘[m’] 0, [m ](v 7),
m,EPk

where x1(v,2Z) = xo(v, Z +7).
Step 4. The calculation is similar to that in Step 2:

o . — T,
(Gk[,g])mcfz%m; (v,Z) — X1(Z_1V: _7-1 )enzkb[m] Z e27‘[zk(m+%cm) m ek['g](z—lv, _Z—l)
m’EPk

=2 ) ) CwwOlilwz

m’eP, m”eP;

rikb[m) ,27cik(m+LEm’'~m") e

where C,,p = e and x,(v,Z) = x1(Z7'v,-Z Y xo(v, 2).

St 5. OV 0,20 =1 Y G013 0,2) = Y G043 0,2

m m// m m//
=2 ) GOl 0.2) = )T Ol )(0,2)
ml’m// m/’
where 1, ,,» is as in the statement of the theorem and x(v,Z) = x2((dT)y v, (@)t zd™h. 0

Together with Igusa’s theorem and Lemma 3.1, Theorem 3.4 obviously implies the following corollary.

Corollary 3.5. For every even k > 0, the a])plzcatwn of Theorem 3.4 to the theta functions 0,, . for the lattice A
introduced in Definition 2.1 provides a map g — Uy, where U is the complex matrix (iL,,, ') of size k> defined in
the statement of Theorem 3.4 with y, in place of y, and tlzzs map provides a group homomorphism from G to the
projective unitary group PU(k3) = U(k3)/(homotheties).

4. Unitary action of G on theta functions and its character

Neither Igusa’s theorem nor our approach applied in Theorem 3.4 allows us to conclude that the matrices
Ug can be normalized by multiplying by some constants €, in such a way that the normalized map
g Ug=¢€; ﬁg is a group homomorphism G — U(k?®). However, we managed to find convenient constants

€¢ by trial and error. We will write Ug(k), ﬁék) when we want to specify the degree k of theta functions on

which Uy, U, act.
Proposition 4.1. Let 11,13, 13 be the basic reflections generating G introduced in Section 2. Set U; = %[7,}_ for

j=12and Uz = %[ﬂjﬁ. Then Uy, Uy, Uz € U(k3). We denote by U(Gk) the subgroup of U(k>) generated by these
three matrices.
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(i) The U; satisfy the same relations (2.1) as the basic reflections r;:
Uf = U3 = U3 = (U1Ua)" = (UyUs)* = (UsUs)° = (U1 U, Uy Us)* = 1.

(i) UY ~H and UY ~ G for all cven k > 4.

Proof. We verify this for k = 2,4,6 by direct computation using the computer algebra system
Macaulay2 [Mac2|; the result for all even k follows from the fact that the algebra of even-degree
theta functions on a p.p.a.v. is generated in degrees at most 6. U

We thus have a unitary representation p;, of G on the space H 0(F, LK) of dimension k3 for each even
k > 0, defined by substituting the U; for the r; in the words in the r; defining all the elements of G. We
denote by x the character of this representation. In order to determine it, we start by fixing the choice of
representatives of the conjugacy classes of G. Klein’s simple group H has six conjugacy classes, represented
by the following elements:

si=L £=p1, £=p1P301P2 &4=pP102> &7 =P1P203 g7_1,

where the p; = —7; are the basic antireflections and the subscript p in g, stands for the order of g,.

The conjugacy classes of G are deduced from these in an obvious way: to every conjugacy class Cly(g) in
H correspond two conjugacy classes in G of the same length: Cl;(g) = Cly(g) and Clg(-g) = -Clg(g).
Also, to each irreducible representation f of H correspond two irreducible representations of G, f: fom
and f@ det, where 1t: G — H ~ G/(-1) is the natural surjection.

The lengths of the conjugacy classes of H are given by the following table, providing the characters of H.
The characters of G are easily deduced from it.

g S| % | 88| 8|
Cly(@)l | L | 21|56 | 42| 24 | 24
" T 11111
s 51101 |-l -a
P 511101 |-a| &
Yo 62100 -1 1
P 71111 <110 0
Xs 810 -1]0 1] 1

Theorem 4.2. For any even k > 0, the character x of p, takes the following values on the above representatives
of the conjugacy classes:

81|81 |8 | 8|8 | 8|84 -84 g7 —g7 g;l —g;l
ky . ky .

Blos Lok k2 | k| 2 |k |3ecns |@ER] |G
—iV7 if 7|k iV7 if 7|k

where
X 1 if k=1,2or4mod?7,
(;): -1 if k=3,50r 6mod7,
0 if k=0mod7
is the Legendre symbol.

Proof. The result is obvious for g; and needs some reasoning, following the same pattern, in the other cases.
We will illustrate this reasoning on the example of g = g7, where the details of the calculation are the most
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involved. We first observe that the normalization constant for g = g7 is €, = %, so that

xk(g) =tr U, = k3 & Where X = Z Uy m-

meP;,
By Theorem 3.4,
/T i
Y = Z pik(2m’ (id~d) ym+b[m]+[m’]) _ Z e TKIx]
m,m’€P, 0<x;<k-1

where we pass to the summation over the integer column vector x = (xl,...,xé)T =k(m’, m)T €Z% K[x] =
x"Kx as before and K is the following integer matrix of size 6:

Explicitly, we have

“101 | 0 —2-1 000] 210
110 | 0 —4-2 01 1] 2110
001 | 132 o fo-12] 112
Vg = 0 0] 1-10] =231 121
111100 111|242
1512 | <1-1-1 002|122

By Gauss diagonalization over Z, we reduce the quadratic form x - K[x] to the diagonal representation
2 2 2 2 2 2
Y =1 ¥6) > Y1 +92 +V3 ~ Y3 95~ 795 Thus
Y = Z oKl Z e F Wi +v3+93-9i-93-79)

0<x; <k—1 0<y,;<k-1
k-1 3 (k-1 (k=1
y=0 y=0 y=0

The exponential sums in the last line belong to the class of Gauss sums. We use the following formula for

Gauss sums from [BEWI8]:
r—1

Zezf (1+1)x 1\/_ ( )
h=
if 2t g, 4|r and gcd(q,r) = 1, where Kq { ii Zi;igj i' and (%) is the Jacobi symbol (which

coincides with the Legendre symbol when g is prime). Applying this formula, we obtain

1+i
ZO G(1,2k) = \/_\/_

l——— 1+ifk _
ol . 5G(7,2k)_ﬁ(;)\/i if 71k,
k

- 7— 1 .
=0 5 G(1,2k)) = \/_\/_ if k = 7ky.

<

We thus finish the calculation of ¥} and obtain the value of xj(g) given in the table. il
By taking the scalar product of x; with the trivial character, we obtain the following.

Theorem 4.3. The Hilbert function of the algebra of invariant theta functions

(g
p=0
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is given by
hs2yo(5) = 5h2 [K2+ 21 k% + 140k + 294+ (—1)7 x 42+ 48(%) .
This coincides with the Hilbert function of the second Veronese algebra of P(1,2,4,7).

Proof- The formula for the Hilbert function is an immediate consequence of Theorem 4.2. The Hilbert series
for P=P(1,2,4,7) is given by
1
t = »
fie(1) (1—t)(1=t2)(1 —t4)(1-17)
and that of the second Veronese of P is
1

ﬁéz)(t) = E(ﬁp(tl/2)+ﬁp(_t1/2)): 1444

(1-1)2(1-12)(1-1t7)

Denote by 5, the coefficients of the latter series, so that /'i'(:z)(t) = 2 p>0hpt?; by [Sta86, Theorem 4.4.1],
the Hilbert function p > h, is a rational quasi-polynomial of degree 3 whose coefficients are periodic
with period 14. The dominant coefficient being constant, it suffices to compare the initial segments of the
sequences lg(,2)6(p) and hy, of length 42 to see that they coincide for all p > 0. In this way, we conclude the
proof. g

5. Hypersurface in a weighted projective space of dimension 4

For any theta function 6 of even degree k > 0, we denote by R(CI;()

k 1 k
(5.1) RY(0) = T3 Y ug).
geG

the Reynolds operator

We will call Rg)(e) the G-average of 0; for given k, the G-averages of theta functions of degree k represent
sections of £X which generate H O(j ,Ck )G over C.

We will identify sections of £¥ with regular functions on the total space V(£™!) of the line bundle £7!
which are fiber-homogeneous of degree k. Explicitly, V(£7!) is the quotient of the trivial line bundle C x V
over V = C3 by the action of A ~ {Zu'+u” | u’,u” € Z3):

Zu' +u”: (t,v)— (ezm(”T“Ur%Z[“,])t, v+Zu' + u”),
and to each degree k theta function 6, we associate the A-invariant function
(5.2) 0:CxV —>C, (t,v)— t"O(v),
which descends to a fiber-homogeneous function of degree k on V(£!) denoted by the same symbol 6.

Theorem 5.1. There exist five G-invariant theta functions @; = @; . of degrees k;, where (k,...,k4) =
(2,2,4,8,14), such that the associated sections of the powers L5 of L generate S(L*)C. The ideal of rela-
tions between these generators is generated by a single relation of weighted degree 16, so that the quotient X = J/G
is isomorphic to a hypersurface in the weighted projective space P(1,1,2,4,7) of weighted degree 8.

Proof. 1t suffices to show that we can find G-invariant theta functions ¢, @1, @,, 3 of respective degrees
2,2,4,8 such that the associated fiber-homogeneous functions @; on V(£~!) are algebraically independent.
This is done below in Lemma 5.2. Then the functions ¢;, i = 0,..., 3, generate the free polynomial subalgebra
S’ in S = S(£?)%, and comparing the initial segments of their Hilbert functions,

(hs(p))ps0 = (1,2,4,6,10,14,20,27,36,46,58,...),
(hs/(p))pso = (1,2,4,6,10,14,20,26,35,44,56,...),
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we see that the four ¢; generate S in degrees less than 7 and hg(7) = hs/(7) + 1, so that one extra generator
of degree 7, say ¢y, is needed to generate S up to degree 7. Furthermore, there are 35 monomials in the
@i, 1=0,...,3, of degree 8, and two more monomials @@y, @1 @, involving ¢4, and as hg(7) = 36 is one
less than the number of monomials of degree 8, there is precisely one linear relation Fg = 0 between the 37
monomials of degree 8. One easily verifies that hg(p) = hr(p) —hgr(p — 8) for all p € Z, where R denotes a
free polynomial algebra with generators of degrees 1,1,2,4,7, so that the natural map R/FgR — § is an
isomorphism. Thus X is isomorphic to a hypersurface Fg = 0 of degree 8 in the weighted projective space
P(1,1,2,4,7) = ProjR. O

For the algebraic independence of @y,..., @3, it is necessary and sufficient that the Jacobian | = J(¢;)
is not identically zero. We will present explicitly an ad hoc example of ¢;(v) lying in the images of the
Reynolds operators R(Gki) and satisfying this property; some motivation for the choice of the example is
given in Remark 7.1. We will verify that J(ty,vg) = 0 at a specific point (ty, v() by computing the differentials
do;(tg, vg) approximately as partial sums of their Fourier series, which converge very rapidly. We recall that
the period matrix of J is Z = ©B, where B is given by (2.4) and 7 = 3+;\ﬁ, and we set g = 277 = —e~mV7,
we also adopt the convention that q" = 2" for any r € Q.

Lemma 5.2. Let the vectors &; (i = 0,...,3) of Z° be defined by

1
c0=0 & =-(001), &= (110) &3 = (211)

the first three being equal to the vectors p; in (7.1) in Section 7, with the basis (b;) of M used to identify M with
Z3, and &3 = Zps. Define four G-invariant theta functions on J by

2 2 4 8
Po=ROs,2), 01=RIO0: ), @2=RD(Oc,4), ¢3=RE(Oe,5),
(k)

where the operators R ;" are defined in (5.1). Associate to the @; the A-invariant functions ¢; on Cx 'V, as in
(5.2), and denote by ] the Jacobian ] (¢;). Set (tg,vq) = (1 (é, 11 )) Then J(to,vo) = 0.

Proof. Let us choose P, = {% |velo,1,...,.k— 1}3} for a set of representatives of %23/23. We have

Z gFBl kv 0123 (k) = (2,2,4,8).

ueZ3+¢&;

We compute the G-averages of these four theta functions, using formula (5.1). By Proposition 4.1 and
Theorem 3.4, the elements uff,"];;) (m’,m € P,) of the matrices U( belong to the cyclotomic field Q( )

We introduce the matrices of the Reynolds operators on the theta functions of degree k;:

(k) (k)
R- = ( , ) , = , k=2,4,8.
G T ,m ' mep, rm ,m 336geZG' m’,m

The exact values of the elements of the matrices U k) , belonging to Q(e 8 ) and the resulting Reynolds
matrices were computed with Macaulay2; see [MacZ]. We have

k; e
Pi = Z r((fi,r)nem;ki — Z (ki )qu[u] 2k;mtiv u’

mep, ueLz3
1
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(k

where Is 1)4 is defined to be r(ki)

. _ 3 . .
&.m for the unique m € P, such that u = mmod Z°. Replacing further u with

i
ir

%u with # running over Z3 and differentiating, we obtain

~ _ n1.4ki—1 %B[“] (ki) 2mivTu
dp;/dt = 2k;t Z q° e ,
uez3
~ L - k; %B[“] (ki) 2mivTu .
dp;/dvj = 2t Z q* Te L, je , j=1,2,3.

uez3

As B is positive definite, these infinite sums of powers of g contain only a finite number of summands
4
3VdetB

converge uniformly on compact subsets of C x V. The convergence is in fact very rapid. For example,

(Zkic)%, and, since |g| < 1, the sums

N;(c) with exponent at most ¢ for any given constant ¢, N;(c)

in the case of the slowest convergence, when i = 3,k; = 8, if we stop summation at the terms of order
q7/2 ~-2.3211i-10713, then N3(3.5) = 3527, and all the vectors u € Z3 occurring in the truncated sum
are in the block |u1]| < 10,|u,| < 10, |u3| < 14. Computing the determinant of the thus obtained approximate
Jacobian matrix at the point (¢, vg), we obtain J(ty,vg) =~ 0.000064967853 + 0.0000750285801, all the
shown decimal digits being exact. U

6. Degree 8 hypersurfaces in P(1,1,2,4,7) with correct singularities

The goal of this section is to show that a hypersurface in P(1, 1, 2,4,7) defined by a degree 8 homogeneous
polynomial whose singularities are those of P(1,2,4,7) is actually isomorphic to P(1,2,4,7). To achieve
this, we classify the degree 8 hypersurfaces in P(1,1,2,4,7) whose singularities are those of P(1,2,4,7).

Recall that P(1,2,4,7) embeds in P(1,1,2,4,7) as the degree 8 hypersurface given by the equation

F§ =93~ Yova.

Its singular locus is the union of two irreducible components, P! = ¢ and an isolated point p. The singularity
at p is of analytic type %(1,2,4). Here, for a cyclic group p, of order d, we denote by %(vl,vb%) the
(analytic equivalence class of the) cyclic quotient singularity C3/ # 4> where the generator ¢; of p, acts by
cq: (21,20,23) > (€V121,€"225,€V323), € = exp(zT"i). At all but one point of ¢, the singularity of X is of
type %(1,0, 1), that is, C x A;, the Cartesian product of C with a surface singularity C?/(—1) of type A;.
The type of the singularity at g, the unique point of £ where the type of singularity changes, is %(1, 2,3).

Let us describe in affine charts the hypersurface {FO =0} in P(1,1,2,4,7). Write vg,...,v4 for the
coordinates in P(1,1,2,4,7) with weights

ng=1, ny=1, ny,=2, nzy=4, ng=7.

Set y; = 1, and quotient C* with coordinates (yy,...,9;,...,4) by the action of the cyclic group p, with
weights (ng,...,1;,...,14) to obtain the affine chart U; of P(1,1,2,4,7). Note that Uy and U; are smooth
charts isomorphic to C* since 1y =n; = 1.

The restriction of F§ to Uy is {2 —y4 = 0}. The hypersurface Fg|U0 = 0 is a smooth hypersurface
parameterized by (v1,v5,73), isomorphic to C>.

The restriction of Pg to Uj is y§ —voV4. The singular locus of FglU1 = 0 is the line yy = y3 = y4 with type
CxA;.

The restriction of Fg to U, is {y32 —YoV4 = 0}/%(1, 1,0,1). Let us consider the quotient C3/%(1,0,1),
where the coordinates of C3 are denoted by (#,v,w). One can identify this quotient with the quadric
VoV4 —y; =0 in C* through the mapping (u,v,w) > (v = u%, v, = v,v3 = uw,v4 = w?). From this we
observe that {pgy, — y32 = O}/%(l, 1,0,1) is the same as C3/%(1,2,3). As a result, the restriction of Fg to
U, is isomorphic to C3/i(1, 2,3). Note that this is the affine chart x, =1 in P(1,2,4,7) with coordinates
(xOI X1, %2, X3).
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The restriction of Fg to Us is {yoys = 1}/%(1, 1,2,3). This chart is contained in Uy U Uy.

The restriction of Fg to Uy is {y§ -y = 0}/%(1, 1,2,4), which is isomorphic to C3/%(1, 2,4), that is, the
affine chart x3 =1 in P(1,2,4,7).

Let us now consider a hypersurface X in P(1,1,2,4,7) defined by any degree 8 homogeneous equation
Fg = 0 such that the singularities of X are those of P(1,2,4,7).

Lemma 6.1. Write

Fy = pa1(90, 91) + Co¥3 + 19393 + €205 + 20302(V0, 91) + ¥3¥2(v0, 1)
+9304(30,91) + 9394(30,91) + 9296(V0, 91) + P5(¥0, 91,
with c; € C and @;, ; homogeneous polynomials of degree i. Then both cy and ¢y are non-zero.

Proof. First assume that ¢y = 0. Then Q3 = (0,0,0,1,0) is in X. It is the origin of the chart U; =

C4/ (1,1,2,3) of P(1,1,2,4,7). Denote by X5 C C* the hypersurface defined by {Fg|,,—; = 0}, and let

Q3 € X3 be such that the image of Q3 in the quotient c#/ p4 is Q3. The germ of the canonical sheaf w3, o,

is generated by

dyo Ndy; Adys Ady,
F8|y3:1

0 =resy, ,
of weight —1 for the p -action. So the Gorenstein index of )?3/i(1, 1,2,3) = X[y, in Q3 is 4. But X has no
singularity of index 4. We conclude that ¢ is non-zero.

Now assume that ¢; = 0. Set Xy = X|;,. We have X = X4/%(1, 1,2,4), where X4 c C*is the hypersurface
defined by the equation {Fg|,,—1 = 0}. Under our assumption, Fg does not contain 94, so Fg|,,—; = Fg defines
the affine cone of an octic surface in P(1, 1, 2,4) with coordinates v, v1,7,,v3. The cone has to be smooth
outside of its vertex O, the origin of the affine space C* with the same coordinates. Indeed, assume the
contrary. Then O is a non-isolated singularity, so the image Q4 of O in Xy also is a non-isolated singularity.
Hence the unique isolated cyclic quotient singularity p € X of type %(1, 2,4) is different from Q4. Moreover,
p € X is not a hypersurface singularity, but all the singularities of X \ Q4 are hypersurface, so p cannot be
located in the chart Uy. Then, looking at the singularities of X in the other charts, we see that all of them
are hypersurface ones, except possibly points on the axis (y,,73). By proving that ¢y # 0, we have excluded
the possibility that Q3 belongs to X, so the only non-hypersurface singularity that may occur in a chart U;
with 7 # 4 is of the type (hypersurface in C4)/ (1,1,0,1). The embedding dimension of such a singularity
is at most that of C4/2(1, 1,0,1), which is equal to 7, but the embedding dimension of p is 12. Hence no
point of a chart U; for i # 4 can fit the role of p, so this case is impossible, and the singularity of X4 at O is
an isolated quasi-homogeneous singularity.

It remains to see that under this assumption, the quotients {Fg = 0}/%(1, 1,2,4) and C3/%(1, 2,4) cannot
be isomorphic. This follows from the fact that the first one is non-canonical, while the second one is
canonical. Indeed, X4 = {Fg = 0} is non-canonical by Reid’s criterion of canonicity ( cf [Rei80, Theorem 4.1))

(é, 515, }1, ;) this implies that X, = X4/],t7 is non-canonical

with monomial valuation « defined by (a(y;)) =
(cf- |[Rei80, Proposition 1.7]). The canonicity of the second singularity follows from [Rei80, Theorem 3.1 and

Remark 3.2]. We conclude that ¢, is non-zero. O
By Lemma 6.1, one can assume that ¢y # 1 and use the change of coordinates

3 +— doys + d193 + 20, v1) + fa(¥o, v1),

with d; € C, dy € C* and the f; homogeneous polynomials of degree 7, to normalize the value of ¢y and to
kill the terms containing 3 to the power of 1. We obtain for Fg an expression as in the lemma, but with the
constraints

C0:—1, C1:0, (PZZO, (P4:0
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Next, again by the lemma, ¢; # 0, and we can change the variables 1,7, in such a way that in new
variables, we have ¢ = v, so that there is no monomial y;y, in the expression for Fg. Then, we use the
change of coordinates

V4 — V4958120, 1) + 1385(%0, V1) + 12850, V1) + 87 (30, V1),

with g; homogeneous of degree i, to kill all the monomials divisible by yy. As a result, we obtain an
expression of the form

(6.1) Fg = yoya =93 +a195 + 429397 + 3939 +aayoyy +asy;,  a; €C.
Set v = min{i: a; # 0}. Finally, using changes of coordinates of the form y; — kv, v, = Ay, + uy?,
x, A € C*, u € C, we can reduce Fg to one of the following normal forms:

v=co:  Fg=ppa—v3,
v=5:  Fg=poys—9;+9},
(62) v=di o Fy=yops-yitegd,
v=3:  Fg=y0y4—9;5+ (3 +a597)y;,
v=2:  Fg=pgy4—13+(v5 +aspovi +asy)yi,
v=1:  Fg=909s—V3+V5 +(asy] + 19297 +agy})yy-

Proposition 6.2. Except for the case v = oo, the degree 8 hypersurface X defined by Fg =0 in P(1,1,2,4,7),
with Fg one of the above normal forms, has a singularity of a type different from the types of singularities of
P(1,2,4,7).

Proof. Let v = 5. Then X passes through the origin of the chart U,. We have U, = C4/%(1, 1,0,1), and
X, := XN U, is the quotient )’22/%(1, 1,0,1), where X, = {yov4 —y?+y¥ =0} c C% Since yoyy —v3 +7 is
M,-invariant and the differential dyy A dy; A dys A dy, is not, the generator
_(dyo Ady: Adys Ady,
X5 2 8

Yo¥a—¥Y3+t ¥

of w3, 0 where O is the origin of C#4, is anti-invariant under H,. So Qy, the image of O in Uy, is a singular

res

point of Gorenstein index 2. But in P(1, 2,4, 7), the only point of Gorenstein index 2 is the origin of the chart
x, = 1, with singularity %(1, 2,3). The latter singularity is non-isolated: the whole image of the coordinate
axis with weight 2 consists of singular points of the quotient. Hence it cannot be equivalent to the isolated
singularity {yoy4 — y32 + yf = 0}/%(1, 1,0,1). Thus the case v =5 is impossible.

The cases 2 < v <5 are all treated in the same way: in all of them, we find an isolated singularity of
Gorenstein index 2 at the origin of the chart U,, which is impossible.

Let us now look at the case v = 1. In the chart U,, we have
XNU,=X,/4(1,1,0,1),
where Yz C C* is defined by the equation F=0with F = VoVa — y32 +1+ 613yiL + a4y16 + a5yf. The singular
locus of X, is given by vp = y3 =14 =0, y12 =y, where y is a double root of a5t* +ast3 +azt?> + 1 = 0. But

this polynomial cannot have double roots. Indeed, otherwise X would have singular points in the chart Uy,
which are of the type of isolated hypersurface singularities:

XNU; ={yopa— V3 +¥5 +a33 +asy, +as = 0} C C*.

This contradicts the fact that the only isolated Gorenstein singularity of P(1,2,4,7) is of type %(1, 2,4), and
this is not a hypersurface singularity.

Therefore, )?2 is smooth, and the singularities of )72/ #, = XN U, can only occur in a subset of the fixed
locus of p,. Thus Sing(X) N U, is the image of the set

Wo=91=v4=0INXo={yo=y1 =pa=-y5+1 =0}
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Hence X has two isolated singular points of type %(1, 1,1), which are (0,0,+1,0). But this is impossible. [J
This brings us to the main result of the paper.

Theorem 6.3. The quotient X = J/G of the Jacobian J of the Klein quartic C by its full automorphism group
G is isomorphic to the weighted projective space P(1,2,4,7).

Proof. This is an obvious consequence of Theorem 5.1, Lemma 6.1, Proposition 6.2 and [MM23, Theorem
4.3]. O

Remark 6.4. By arguments similar to those used in the reduction of Fg to normal forms (6.2), one can easily
verify that in the 45-dimensional group of coordinate changes in P(1,1,2,4,7), the stabilizer of the octic
form Fg =90Yq — y32 is 13-dimensional and the connected component of the identity in it is generated by
the changes of the form

Yo > AoVor Y Ao Va1 o pvo + Ay, v2 o Aya + ha(vo,v1)s

Y3 = Y3+ Yoy2h1 (o, v1) + Voh3(vo, v1),

Y4+ 94+ 2(h1 (90, 91)92 + h3(90,91))93 + o (1 (v0,91)y2 + 330, 91))%,

where A; € C*, y € C and the h; are homogeneous of degree i in vy, y;. Thus the dimension of the orbit of
Fy is 45—13 = 32. As the vector space of octic forms is of dimension 37, the orbit of Fy is of codimension 5.
A transversal slice to the orbit can be given by (6.1). This family of hypersurfaces in P(1,1,2,4,7) represents
a versal deformation of the weighted projective space P(1,2,4,7) inside the space of octics in P(1,1,2,4,7).
The computation of the infinitesimal deformation space Extl(Q%(,(’)X) shows that dim T)% =5, and this
implies that (6.1) is a complete versal deformation of X. It is interesting to note that this family contains
partial smoothings of X with only three singular points, of which two are of type %(1, 1,1) (the singular
points found in the proof of the case v =1 of Lemma 6.2) and the third one is %(1,2,4). These three
singular points are non-smoothable, and even infinitesimally rigid by the result of Schlessinger [Sch71].

7. Relation to quotients by the Weyl group for the root systems B; and C;

As we already noticed, G contains the Weyl group W = W(B3) = W(C3) of order 48. We are going to
look at the invariants under the action of W. For any ¢ € W, the symplectic matrix y, = (‘CZ 3) is block
diagonal; that is, b =c =0, and a = (dT)1is nothing but the matrix of g~! in the basis given by the columns
of w, = aC (we keep the notation from previous sections). It easily follows from the definitions that g-6,, ;
is just 04, . This implies that the space of W-invariant theta functions of degree k consists of the functions
Rw 0y, k, m running over (CT)"Y(F)N P, where F is a fundamental domain for the action of the (real) affine
crystallographic group M < W on the space Mg = M ®R containing the weight lattice M and Ry is the
Reynolds operator of taking the average over the action of W. When we say that F is a fundamental domain,
we mean that F is the disjoint union of an open convex polyhedron in Mg with finitely many polyhedra of
smaller dimensions contained in its boundary such that every W-orbit in Mg has exactly one representative
in F. We are now going to fix the choice of a particular fundamental domain F.

There is a tower of degree 2 extensions

Q=0(C3)cQ"=0Q(B3)cM=Q",

the three lattices being invariant under W, so taking the semi-direct product with W, we obtain a tower of
degree 2 extensions of the corresponding real affine crystallographic groups:

W=0Q~xWCW'=Q'«xWcCW'=MxW.

Both W and W" are affine Weyl groups and are generated by affine reflections. By [Bou68, Section VI.2.2],
they have fundamental domains which are closed tetrahedra, called alcoves. For W, the vertices of the
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standard alcove C = Cy are fo =0, fi =(1,0,0), f, = %(1,1,0), fz = %(1,1,1). Denoting by x1,x;,x3
the coordinates in the Euclidean space R3, in which we place our lattices Q and M, we obtain an alcove
C'= Cyyv for W" as one half of C cut out by the mirror x; = % of a reflection contained in W" but not in
W. Thus C" is the tetrahedron with vertices O = fo, A= %fl, E = f;, N = f3. The subgroup of w* leaving
invariant the tetrahedron OAEN is of order 2; besides the identity, it contains an element R of order 2, the
axial symmetry, or rotation by the angle 7= with axis KL, where K and L are the middles of AE and ON,
respectively (see the figure below).

Now we can get a fundamental domain F of W* as follows: first choose a plane P containing KL, and
pick up one of the two halves in which P dissects CY, say C;. The intersection D = PN C" is a face of Cy,
and it is dissected by KL in two halves D; and D, symmetric to each other by the action of R. Then we
obtain the following set of representatives of the orbits of R acting on C": the polyhedron Cy, in which
we include all of its faces, except for the face D, from which only the closed part D; is included. The
representatives of the orbits of R in C" are at the same time the representatives of the orbits of W* in VR, 0
the constructible set we have described is a fundamental domain for W*.

3
N
R
T3
L~
L
FE
________ K
----------- Z .
19) A

To obtain a particular fundamental domain F, we choose in the above construction the plane OKN for P,
the tetrahedron OAKN for Cy, then the triangle KON for the face D, and we keep only one half of it in F,
the triangle D; = OKL. On the picture, F is shaded; the triangle OKL is shaded in a darker gray color as it
is included in F and the remaining part of the face OKN is not included. The sides of the three closed
triangles of the boundary of F contained in F, as well as the edge AN contained in F, are drawn as thick
lines. Only the part OL of the edge ON drawn as a thick line is contained in F, and the edge KN, not
contained in F, is drawn as a thin line. The black points O, A, K, L are contained in F, while the vertex N
is not in F and is represented by a white point.

Looijenga in [Loo76] provides a recipe for the choice of generators of the algebra of W-invariant theta
functions for the lattice of the form 7Q + Q; his generators are the averages of the theta functions 0 ki with
characteristics f;, the vertices of the alcove, the degrees k; being the smallest positive integers such that

kifi e M.

Remark 7.1. In the previous sections, we worked with theta functions 0,, ; defined in Section 2 for a different
lattice, TM + Q, so Looijenga’s recipe does not apply to 0,, x, but we can use it as a heuristic principle for
the choice of theta functions that would be candidates for generators of the G-invariant subalgebra. We can
try the G-averages of the theta functions whose characteristics are the vertices y; of a “pseudo-fundamental
domain” Fg C F for G, or a “pseudo-alcove” which is just a smaller tetrahedron with vertex O contained
in F, having the correct lattice volume with respect to M, equal to ﬁ, and the expected weights k;. Recall
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that by = f,b, = 2f,,b3 = f3 are the columns of the matrix (CT)~!; that is, they form a basis of M dual to
the standard basis of the root system Cj. This is the basis in which we write the characteristics of our theta
functions. From this we see, in particular, that the lattice volume of F with respect to M is % We can pick
up the following ad hoc candidate for the “pseudo-alcove”: take the tetrahedron Fs with vertices

71) po=0, pi=3bi, po=glbi+ba), ps=5(2by+by+bs).

The tetrahedron F; obviously has M-volume 31%, and the smallest k; such that k;u; € M coincide with
the weights of the expected weighted projective space: (kg,kq,k»,k3) =(1,2,4,7). We thus may expect that
the algebra S(£2)© is generated by the G-averages of the even-degree theta functions that are obtained as
products of theta functions whose characteristics are the vertices of Fg: 9;011, 04,2 010,45 0,40,10,,,,7, 9’4 7
To present four algebraically independent G-invariant theta functions of degrees 2,2,4, 8 in Lemma 5.2, we

chose another set, for which the computations are slightly easier: 6y0,2’ 6”1,2, 9#2,4’ 61”3

We now return to the quotient J/W. As we saw above, the theta functions {Rw 0, k}me(cT)1(F)np,
form a basis of the W-invariant theta functions of degree k on J. The fact that /W is not a complex
crystallographic reflection quotient manifests itself in that F is not a closed simplex but a constructible set,
which we can describe as follows:

(7.2) F=0AKNUOAKUOKLUOALUANKUANLUAN.

Here we denote by A;...A, the convex hull of points A;,..., A, in a real affine space, and by A;... 4, its
relative interior. From this we can deduce the Hilbert function of the invariant algebra S (L)W,

Proposition 7.2. The Hilbert function hg: k — dim H%(7, LYW of the algebra S = S(L)Y is the sum of a
polynomial E and a function : k — dok + dy, where dy, dy are 4-periodic functions of the integer variable k,
P 0ifk=0
k+1, doz{ Oifk=0or2 =, _ ~ifk=41 (mod4).
-3¢ if k==1 ko
1 =

E(k) = 45k® + k% +

W

The Hilbert series # <(t S(t) =212 (k)tk of S is given by

1-t+1?
(1-1)2(1-12)(1 —t4)
Proof. By Ehrhart’s theorem, the number of integer points hp(k) in the integer multiples kP of an open or

(7.3) A5t =

closed polytope P in R" with rational vertices is a quasi-polynomial in the integer variable k of degree equal
to the dimension of P. A quasi-polynomial is a polynomial function whose coefficients are periodic. The
common period of the coefficients of the Ehrhart quasi-polynomial of P is the smallest positive integer d
such that dP is a lattice polytope; that is, all the coordinates of its vertices are integers (see, for example,
[Sta86, Theorem 4.6.25]). By the above, hg coincides with the function if counting the number of points of
M in the multiples kF of F. By (7.2), hp(k) can be represented as a linear combination, with coefficients +1,
of the numbers h, (k) for 0 running through a finite set of open or closed simplices with rational vertices of
dimensions between 0 and 3:

hr = hoaxn +hgag + horr + haar + hatn + hank —hgz — hag — b + han + ho.
Each of the terms of this linear combination is a quasi-polynomial of degree at most 3 with period d = 4,
the least common denominator of the coordinates of the vertices of the simplices o;, so hp also is such a
quasi-polynomial. Moreover, the dominant coefficient of hr is constant and is equal to the inverse of the
lattice volume of F, that is, ﬁ, so it suffices to compute 12 consecutive values of hip in order to determine the

coefficients as solutions to a system of linear equations. Here is the result of the computation of hg(k) = hp(k)
for 0 < k <12 by Macaulay2 [Mac2]:

1, 1, 3, 4, 8, 10, 16, 20, 29, 35, 47, 56, 72,....
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These values completely determine /g, and we thus obtain the formulas from the statement of the proposition.

g

Proposition 7.3. Consider the quotient X' = P3/u, x p, of the projective space P> by a group of order 8, where
M, denotes a cyclic group of order n and the generators of u,, p, act by diagonal matrices diag(1,1,-1,1),
diag(i,1,1,—-1), respectively. Then X" and J/W have the same Hilbert functions.

Proof. We represent X’ as a toric variety, the equivariant compactification Xy \ of the 3-dimensional
algebraic torus T := (C*)3, defined by a fan ¥ in the 3-dimensional R-vector space N®R, where N ~ Z3
is the lattice of 1-parametric subgroups in T (see e.g. [Ful93] for definitions and basic properties of toric
varieties). Let yy,...,73 be the homogeneous coordinates of P3 and Ty = (C*)? the standard torus in the
affine chart C* of P3 with affine coordinates u1 = y1/90, Uz = ¥2/0, U3 = ¥3/¥o. The simplicial fan ¥
defining P3 is determined by its 1-dimensional cones, or rays, which are spanned by the four vectors
(1,0,0), (0,1,0), (0,0,1),(=1,-1,-1) of the lattice Ny = Z3. The dual to Ny is the lattice My = Z3 of
exponents of monomials in the coordinate algebra C[M,] = C[uy, 15, u3] of the affine chart of P3 that we
have chosen. To get the quotient by u, x u,, we replace My with the sublattice M = Mgzxy * of exponents of
(¢, X py)-invariant monomials, which is given by

M = {(my,my, m3) € Mg: m3 = 0mod 2, —m; —m, + m3 = 0mod 4};

m my 1

this is the lattice of exponents of the monomials u™ = u"'u; 2u, > which form a basis of the regular

functions on the quotient torus T :=To/p, x p;. The dual N = M* = (Mgzxm )* is the overlattice of Ny = Z3
generated by the vectors (1,0, 0), %(0, 1,0), i(—l, —1,1), and X’ = Xy  is the equivariant compactification of
T defined by the same fan ¥ as the original P3, but taken with respect to the lattice N. The primitive vectors
of N generating the rays of the fan are vy =(1,0,0), v; = %(0, 1,0), vy = —%(1,1,1), v3 =(0,0,1), and we
get four T-invariant divisors D; in X’, defined by D; = D,, where D, denotes the closure in X" of the kernel
of v; viewed as a 1-parametric subgroup of T. The Cartier indices of these divisors for i = 0,1,2,3 are,
respectively, 4,2,2,4. We omit the routine verification of the following assertion, which makes more precise
the statement we are proving. O

Proposition 7.3’. In the above notation, the Hilbert functions k — h°(X’,Ox,(kD;)) coincide with hs for both
divisors D; of Cartier index 4, that is, fori =0 and 3.

It is plausible that the two quotients are indeed isomorphic. We observe that X’ belongs to the class
of projective toric varieties of dimension # whose fan contains n + 1 rays. Such varieties are called weak
weighted projective spaces; some authors call them fake weighted projective space (see [Kas09]), but we
prefer the adjective weak because the class of weak weighted projective spaces contains all the weighted
projective spaces. A weak weighted projective space is a weighted projective space if and only if the primitive
vectors of N on the rays R} v; of its fan generate the whole of N. One easily sees that this is not the case for
X’. This brings us to the following generalization of the Bernstein-Schwarzman conjecture.

Conjecture 7.4. If T and I are commensurable complex crystallographic groups acting on C" such that dI7 = dI,
and if T is irreducible and generated by reflections, then the quotient C"/T is a weak weighted projective space. It
is a genuine weighted projective space if and only if 17 is also generated by reflections.

The cases when I is one of the complex crystallographic reflection groups (Q+7Q)=~W or (Q+7Q")~W
treated by Looijenga and Bernstein-Schwarzman and I} = A < W, where A = Q + TM, are particular cases
of this conjecture: while C3/T is known to be a weighted projective space, we expect that C3/I is the weak
weighted projective space X’.
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