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Abstract. Let k be a perfect field. Assume that the characteristic of k satisfies certain tameness
assumptions. Let O, := k[[zy,...,2,]| and set K,, := Fract(O,,). Let G be an almost simple, simply
connected affine Chevalley group scheme with a maximal torus T and a Borel subgroup B. Given a
n-tuple f = (f1,..., f;) of concave functions on the root system of G as defined by Bruhat-Tits, we
define n-bounded subgroups P¢ C G(K,,) as a direct generalization of Bruhat-Tits groups for the case
n = 1. We show that these groups are schematic; i.e. they are valued points of smooth quasi-affine
(resp. affine) group schemes with connected fibres and adapted to the divisor with normal crossing
Z1-+-2, = 0 in the sense that the restriction to the generic point of the divisor z; = 0 is given by
fi (resp. sums of concave functions given by points of the apartment). This provides a higher-
dimensional analogue of the Bruhat-Tits group schemes with natural specialization properties.
Under suitable assumptions on k, we extend all these results for an (1 + 1)-tuple f = (fy,..., f,,) of
concave functions on the root system of G, replacing O, by O[[xy,...,x,]l, where O is a complete
discrete valuation ring with a perfect residue field k of characteristic p. In particular, if x is the
uniformizer of O, then the group scheme is adapted to the divisor xg---x,, = 0. In the last part of
the paper, we give applications in characteristic zero to constructing certain natural group schemes
on wonderful embeddings of groups and also certain families of 2-parahoric group schemes on
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1. Introduction

Let G be an almost simple, simply connected affine Chevalley group scheme. Let O be a complete discrete
valuation ring (DVR) with a perfect residue field k. Let O,, := k[ z1,...,2,] and let K, := Fract O,;; more
generally, we consider O[[xy,...,x,]| when the residue characteristic p satisfies some tameness assumptions;
see Section 1.1. The object of this paper is to define and study an optimal class of subgroups P C G(K},)
which we call n-bounded subgroups. These are natural generalizations of the classical bounded groups and
parahoric groups due to F. Bruhat and J. Tits, who dealt with the case n =1 (¢f [BT84a, BT72]).

We show that these n-bounded groups are schematic in the sense of Bruhat and Tits; i.e. there exist
smooth, finite-type group schemes over Spec(O,,) with connected fibres, such that the group of sections
gives back the n-bounded groups. We will call these group schemes nBT-group schemes; see Definition 1.4.
The nBT-group schemes we construct are always quasi-affine, with a large, and perhaps most significant,
class being affine; see Theorem 1.3. This provides natural analogues of the Bruhat-Tits group schemes over
O,, with good specialization properties.

In [BT84a, Section 3.9.4| one finds general remarks on how one could possibly generalize [BT84a, Theorem
3.8.]] to a base of dimension 2. Somewhat later in the mid-nineties, there was an approach to Bruhat-Tits
buildings over higher-dimensional local fields made by A. Parshin [Par94] with possible motivation from
questions in arithmetic. Our approach has its origins in geometry stemming from the study of degenerations
of the stack Bung of G-bundles over smooth projective curves; see [Bal22]. Unlike Parshin, our aim is not
towards a generalization of the notion of a Bruhat-Tits building. Rather, we follow the general spirit of the
Bruhat-Tits approach, ¢f [BT84a], namely, to define subgroups of G(K;,) characterizable by group schemes
over Spec(O,,).

Recall that a parabolic vector bundle in the sense of C.S. Seshadri is a vector bundle with additional data
defined on pairs (X, D), where X is a smooth quasi-projective scheme and D a simple normal crossing divisor
(see the appendix). Hitherto, these have been objects of study primarily occurring as points in certain moduli
spaces. In the present paper, the notion of a parabolic bundle helps us get a technical tool to address the
issue of extending affine group schemes across subsets of codimension bigger than 1. These connections
first came up in the paper [BS15], where under the assumptions of characteristic zero and for group schemes
which are generically split (see Definition 1.1), it was shown, ¢f [BS15, Theorem 5.2.7], that any parahoric
Bruhat-Tits group scheme over a complete discrete valuation ring O can be realized through “invariant direct
images”, i.e. obtained by taking Galois invariants of Weil restriction of scalars of a reductive group scheme, on a
ramified cover of O (see Section A.2). It is easily checked (see Section 9) that this can be made to work under some
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mild tameness assumptions on residue field characteristics for arbitrary complete DVRs (see Section 1.1). This result
and its underlying philosophy form the cornerstone of some of the basic results of this paper.

Our first step is to define n-parahoric subgroups of G(K,,). Let T be a maximal torus contained in a
Borel B of G over k. Let X(T) = Hom(T, G,,) be the group of characters of T and Y(T) = Hom(G,,, T)
be the group of all one-parameter subgroups of T. Let g denote the Lie algebra. We denote by ®*,d~ c ®
the sets of positive and negative roots with respect to B. Let S = {ay,..., a,} denote the set of simple roots of
G, where ¢ is the rank of G. Let & denote the coroot corresponding to & € S. We also choose an épinglage
or a pinning of G; i.e. in addition to S, we also choose for every r € S, a k-isomorphism #, from the additive
group G, to the unipotent group U, of G associated to the root r. Let {u,},cqp be their canonical extensions
satisfying the Chevalley relations.

Let $:= S U{ag} denote the set of affine simple roots. Let A denote the affine apartment corresponding
to T. It can be identified with the affine space [E := Y(T) ®7 R together with its origin 0.

For a point 6 € At and a root r € D, let #(0) := (r,0). Set

(1Y) m,(0):=—r(0)].
Let O be a complete discrete valuation ring with residue field k, with uniformizer z and field of fractions K.
Classically (see [BT72]), in terms of generators a parahoric subgroup Py of G(K) is defined as

(1.2) Po :=(T(0), U, (z"90),r e @).

More generally, for an enclosed bounded subset () in the affine apartment Ar (¢f. [BT72, Section 2.4.6] or
[Coull, Section 3]), set

(1.3) m,(Q):=— bg{f) r(Q)J = !'21618 —r(Q)W

Note that there is a notion of a closure of a bounded subset, and the function #1,(()) does not change by
taking closures. So unless otherwise mentioned, in this article we always work with enclosed bounded subsets.
A bounded subgroup P of G(K) associated to a bounded subset () of A7 is defined as follows:

(14) P :=(T(0), U, (2"10),r e ).
Following [BT72, BT84a], we define a larger class of bounded groups as follows.

Definition 1.1. A subgroup Q C G(K) will be called schematic if there exists a smooth O-group scheme &
with connected fibres and of finite type with Gg ~ G x K such that Q = &(O).

Throughout this paper we work under the assumption that all of the n-Bruhat-Tits group schemes we study are
connected and the generic fibre Gy is a product G Xspec(z) Spec(K); we call this the “generically split case”. As
we have mentioned above, parahoric subgroups are all schematic. However, Bruhat and Tits study a larger
class of schematic subgroups of G(K) which are defined by concave functions (in fact, they work with the class
of quasi-concave functions).

Let @ := ® U {0}. Recall, see [BT72, Section 6.4.3, p. 133], that a function f: ® — IR is said to be concave
if whenever r; € ® are such that Y.l € ®, then

(1.5) f[Zn) <) fln)
1 1

In this paper we generalize the theory for all concave functions over higher-dimensional bases. We hasten
to add that Bruhat-Tits theory works for general connected reductive groups, while we make the rather
simplifying assumptions on G in the spirit of [BT84a, Section 3.2, p. 52] that it is almost simple, simply
connected and generically split. Even under these assumptions, the problem seems sufficiently complex.

A natural class of 2-parahoric group schemes (see Definition 1.4) came up naturally in the work of the
senior author while constructing flat degenerations of the stack of G-torsors on smooth projective curves,
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when we allow the curve to degenerate to stable curves (cf- [Bal22]). A special 2-parahoric group scheme
comes up in the paper [PZ13] (see Section 9.4 below and also [Lou23]). We note that BT-group schemes on
discrete valuations rings arising from general concave functions have appeared in the papers of J.-K. Yu
[YuOl, Yul5] and Reeder-Yu [RY14]. Further, a very special class has found applications in the papers of
Moy-Prasad (see [MP94, Section 2.6]) and Schneider-Stuhler [SS97].

Even in the most geometric contexts, i.e. without the complications of rationality questions, the larger class
of concave functions are needed to express [Bal22] or the present paper (see Theorem 11.1 and Remark 11.2).
Indeed, the description of the closed fibres of the n-parahoric group schemes (see Definition 1.4) over O,,,
at points of depth bigger than 1, needs perforce the Bruhat-Tits theory of bounded groups associated to
concave functions; see Theorem 1.5. The interesting feature is that the concave functions which appear in
this situation do not in general arise from bounded subsets of the apartment but are from the most general class
considered by Bruhat and Tits (see Examples 3.10, 3.12 and 3.11, Equation (3.50) and Remark 11.2).

In view of [BT84a, Section 3.2, p. 52, second paragraph and Section 3.2.15], we believe that Bruhat and
Tits may have already envisioned the theory over higher-dimensional bases (¢f [BT84a, Section 3.9.4]) as
well. We revisit this in Section 5.9

L1. Assumptions on the residue field k

In this introduction we assume that k is algebraically closed. We however note that if we assume only
perfectness of k together with a few assumptions on the existence of roots of unity (see Section 2.2), the
results of the present paper continue to hold.

We will assume throughout that the characteristic p of k is coprime to the order of the centre of G and
the coefficients of the highest root.

e This assumption suffices when the concave function is of type I, with no further restrictions on the
type of the group G, except when G is of type A,, where p does not divide n+ 1.

e For groups of type A,, Gy, F4, Eg, this suffices for concave functions of type II as well.

e Let /i be the Coxeter number of G. Let m(G) be the dimension of the minimal faithful representation
of G. When the concave function is strictly of type III, we further need p to be greater than hg as
well as be coprime to m(G). The second condition more precisely means the following: p is coprime
to 7 for G,, coprime to 13 for F4, coprime to 3 for E4, coprime to 14 for E;, coprime to 31 for Eg
and finally coprime to 21+ 1 for other classical groups of rank 7.

e For the schematization of n-Moy-Prasad groups, we refer to Section 8.1.

1.2. Higher dimensions and statement of main results

We begin with a few key definitions in terms of which the present paper is organized.

Types of Concave functions.—

Definition 1.2.

(1) For j=1,...,n, let points 0; in the apartment At be given. Let fg = {fgj}?:1 be the set of concave
functions associated to them by the function 7 > m,(0) (see (L1)). These will be called n-concave
functions of type I.

(2) For j =1,...,n, let bounded subsets (); C Ar be given. Let fq = {fQ], };-1:1 be the set of concave
functions associated to them by r + m,(Q) (see (1.3)). These will be called n-concave functions of
type II.

(3) Let f:=(..., fj,...): @ > R" be an n-concave function on @ defined by concave functions {f;} (see
(1.5)). These will be called n-concave functions of type III.



On Bruhat-Tits theory over a higher-dimensional base 7

As mentioned earlier, there are examples of concave functions of type III which are not of type II
(this is stated in [BT72, Section 6.4.4]; however, see the claim in Example 3.10 below for explicit examples)
and similarly of type II not of type I.

Bounded groups in higher dimensions.— We begin by stating our results in the equicharacteristic case.
Recall that O,, := k[ zy,...,2,], and let K, := Fract(O,,). For each set of n rational points 6 = (64,...,0,) €
A" in terms of generators we define an n-parahoric subgroup of G(K,,) as

]_[ z;n*(ei)On 1€ CD>.

1<i<n
More generally, for Q = (Q4,...,Q),), where the Q; C E are enclosed bounded subsets (¢f. [BT72,
Section 2.4.6]), we can analogously define n-bounded subgroups of G(K,,):

[10,|rco).

1<i<n
Even more generally, let f;: ® — R be concave functions, see (1.5), and let f:= (..., f;,...): ® — R" be

(L6) Pgi= <T((’)n), U,

(17) P = <T (0,),U,

the n-concave function defined by them. To the n-concave function f we can associate an n-bounded

,r€®>.

Similarly, one may define the n-bounded Lie subalgebra Lie(P¢) of g(K,,).

subgroup of G(K,,) as follows:

l_[ zf(r)(”)n

1<i<n

(1.8) Pg := <T(On), U,

As in Definition 1.1, we can call a subgroup Q C G(K},) a schematic subgroup if there exists a connected,
smooth O,-group scheme (& of finite type with G ~ G Xgpec(z) Ky such that Q = &(O,,).

We remark that an important aspect of Bruhat-Tits group schemes over discrete valuation rings is
the structure of a big cell which extends the big cell of the generic fibre (¢f. [BT84a, Section 3.1.3] and
Theorem 1.3(5) below). This aspect also generalizes to the n-Bruhat-Tits group schemes.

We now state our main theorems in the equicharacteristic case. This corresponds to the layout of the

paper.

Theorem 1.3. Let p satisfy the hypothesis of Section 1.7(or more generally those of Section 2.2). For an n-concave
function £ of each type in Definition 1.2, there exists a smooth group scheme &g of finite type on A} with connected
fibres, whose restriction to Spec(O,,) comes with an isomorphism hy = of the generic fibre &y = with G and such
that the following hold:

(1) The group scheme B¢ is affine when f is of type I, and in general it is quasi-affine in types II
and III.

(2) The n-bounded subgroup P¢ is schematic. More precisely, we have an identification &g(O,,) = Py.

(3) We have a natural isomorphism of Lie(Bg)(O,,) with Lie(Ps).

(4) Let us denote the canonical images under hy of the maximal torus Ty and the root groups {U, g },cq in
the generic fibre G by the same notation.

There exist closed subgroup schemes {Ul, ¢ C Gg},eqp (resp. Ts € &) on Spec(O,,), with generic fibre

isomorphic to the root groups (U, x }rea (resp. Tk,)-

(5) There exists a big cell By, of Gy such that for any choice of total ordering on O (resp. ™), the morphism
induced by multiplication

(L9) [ [ ]

red®*

x Tg X

]—[ ur,f] — &

re®-
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is an open immersion with image Dg. Moreover, Dqy restricts to the big cell By of the generic fibre Gy
over Spec(K,,).

(6) More generally, on a base which is a smooth quasi-projective variety with a divisor with simple normal
crossings, given a data of type I concave functions at the height 1 primes associated to the components of the
divisor, in Theorem 5.4, it is shown that there exist a smooth affine group scheme with connected fibres on X
together with a big cell structure which interpolates this datum on the divisors.

(7) Let £ be a special n-concave function of type III such that each term f; is a sum of concave functions of
type I. Then the associated group scheme &g is in fact affine; see Corollary 5.9.

The pair (&g, hy, ) is uniquely determined up to a unique isomorphism, by properties (4) and (5).

Definition 1.4. The group scheme (s is called the nBT-group scheme associated to an n-concave function f.
An n-parahoric group scheme is an nBT-group scheme associated to an n-concave function of type I.

Theorem 1.5. The group scheme &g associated to the n-concave function f has the following structure at points
of depth bigger than 1:

(a) Let I C{1,...,n} be a non-empty subset. For a general point & € N;c1H;, where the H; are the coordinate
hyperplanes in Spec(O,,), the fibre &g ¢ is isomorphic to the closed fibre of the Bruhat-Tits group scheme
&y, on Spec(O) associated to the 1-concave function £1: © — IR given by r+— ) ;1 fi.

(b) More precisely, let Ay C A" be the “subdiagonal” obtained by setting the coordinates x; =t fori € 1. Let
Spec(Ar) be the local ring at the generic point of the divisor t = 0 in Ay. Then the restriction of &g to
Spec(Ay) is isomorphic to the Bruhat-Tits group scheme B associated to the concave function f7.

Let O be a complete DVR in mixed characteristics. Extending the methods for group schemes over A} to
the case Ay, in Section 9 we prove the following.

Theorem 1.6. For an (n+ 1)-concave function f = (fy,..., f,), where fy is prescribed at the uniformizer of O,
the main theorems, Theorems 1.3 and 1.5, hold over Ap = I\, under the tameness assumption of Section 1.1 (in fact
under the assumptions in Section 2.2).

1.3. An outline of the strategy of proof

We now outline briefly the strategy of the proof in this paper. The general strategy is an induction on the
order of complexity of concave functions on root systems. The simplest one is a function fy, see (L.1), which
is a concave function of type I; the next in the order is the concave function f (see (1.3)), associated to
a bounded subset () in the apartment, i.e. of type II. The third in the order of complexity is the general
concave function f of type III which need not arise as an fq.

In other words, we build the family of nBT-group schemes {$¢} on Spec(O,,) associated to an n-concave
function f: ® — R” in three tiers. This is carried out by a bootstrapping process. The first step, in Section 5,
is to build the n-parahoric group scheme (see Definition 1.4) associated to a collection of n points in the
affine apartment, i.e. an n-concave function f = {fg],} of type I. This case falls into a general method of
proof where the ideas arising from the notion of parabolic vector bundles play a key role. It has its origins in
the paper [BS15], and the end result is somewhat surprising in that, unlike what Bruhat-Tits expect, namely
only a quasi-affine group scheme (see [BT84a, Section 3.9.4] and Section 5.9 below), one in fact gets an affine
n-parahoric group scheme on Spec(O,,) along with its cell structure. The pair of the n-parahoric group
scheme and its cell structure become the base for the subsequent constructions. We then naturally move on
to the case when instead of points in the apartment, we are given a collection of n bounded subsets in the
affine apartment and so work with an n-tuple of concave functions arising from these bounded subsets. The
construction (in Section 6) of the corresponding nBT-group scheme on Spec(O,,) builds on the construction
of an n-parahoric group scheme. We assume in Section 6 that G is one of A, Gy, F4 or Eg, where results
from [BT84b] and [GY03, GY05] play the important role of reducing schematic constructions over DVRs
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for enclosed bounded subsets to their extremal vertices. The proof here is somewhat involved, especially in
extending the cell structure and the schematic group law across subsets of codimension 2. The end result
is that, much as expected, we get a quasi-affine nBT-group scheme associated to the n-concave functions
of type II. Finally, in Section 7 we turn our attention to the case of G with no constraints and also a
general n-concave function. This case is then reduced to the previous case, i.e. of n-concave functions of
type II. This reduction follows from the not so obvious observation, see Proposition 3.21, that an optimal
concave function on groups of type A, always arises as one coming from a bounded subset of the apartment.
This remark together with the power of the main results of [BT84a] help us to realize the nBT-group scheme
associated to an n-tuple of concave functions; these group schemes are a fortiori quasi-affine as expected.
A surprise, and a possible opening, is offered by a special class of concave functions of type III, which
occur as sums of concave functions of type I. Here, our methods yield the affineness of the group scheme;
see Corollary 5.9. This leads us to a natural question, namely “Characterise n-tuples of optimal concave
functions for which the associated nBT-group schemes are affine.”

Recall that in the equicharacteristic case when the residue field characteristic satisfies mild tameness
assumptions, by [BS15, Theorem 5.2.7], all parahoric subgroup schemes are recovered by the invariant direct
image functor (i.e. obtained by taking Galois invariants of Weil restriction of scalars). Following [BS15]
closely, in Section 8 we show that Moy-Prasad group schemes over DVRs which generalize parahorics
can be obtained by the invariant direct image together with the simplest types of dilatations. Over higher
dimensions, this generalizes suitably using dilations results of [MRR20]. We use results of Bruhat-Tits
[BT84a] to show in Section 9 that the generalization of [BS15, Theorem 5.2.7] to mixed characteristics reduces
to a verification on the big cell which was done in Section 8, following [BS15] closely.

1.4. Other related results and proof strategies

In [Lan96] Bruhat-Tits group schemes are constructed by using extension of birational group laws and the
theorem of Artin-Weil; see [SGA3, Exposé XVIII]. The possibility of such an approach is briefly mentioned
in [BT84a, Section 3.1.7]. In the very recent paper [Lou23], smooth and separated group schemes over
arbitrary Noetherian bases has been constructed; see [Lou23, Theorem 3.2.5]. This last result assumes that
the schematic root datum extends to the base ring A. However, in general proving the key properties such as
quasi-affineness of the group schemes does not seem immediate by these approaches. In the present paper,
for k[[zy,...,2,] or O[zy,...,2,]l, where O is a discrete valuation ring, in the course of our proofs for each
of the three types of concave functions, we actually show that the schematic root datum extends.

In the context of the present paper on higher-dimensional bases, the first construction goes back to
[BT84a, Section 3.9.4], where for A = k[x,y] or A = A;[[z]] for A; a Dedekind ring, a 2BT-group scheme is
constructed by generalising [BT84a, Theorem 3.8.1].

In the special setting of a 2-concave function f = (0, f) over A = A;[[z]], for A; a Dedekind ring, we refer
to [PZ13] and Section 9.4 below. The very recent paper [Lou23] also gives a completely different proof of the
key affineness result of these group schemes over A = A;[[z]]; further, it goes on to construct and study affine
Grassmannians for these group schemes.

1.5. Other directions

In a slightly different direction, recall that Moy-Prasad groups (see [MP94, Section 2.6]) can be realized as
schematic subgroups arising from BT-group schemes arising from a small variant of the concave functions
in [BT72]. As a natural extension of our approach, in Section 8 we define n-Moy-Prasad groups and
the corresponding schematization. Their schematization over discrete valuation rings was derived as a
consequence of a general approach by Yu in [Yul5]. To adapt these groups to our theory, we need to realize
the Moy-Prasad groups as invariant direct images, see Notation 5.2, of certain group schemes from ramified
covers (see [BS15]); see Section 8. This involves generalising the notion of a unit group to one corresponding



10 V. Balaji and Y. Pandey

to the variant of concave function mentioned above. As a consequence, we show that n-Moy-Prasad group
schemes are affine just like the group scheme ¢ when f is of type I.

As further applications of this approach, we construct higher BT group schemes on certain basic spaces.
More precisely, we construct and describe

e an {BT-group scheme on the De Concini-Procesi wonderful compactification X (see [DCP83]) of the
adjoint group G,q4, where ¢ = rank(G);

e an (€ + 1)BT-group scheme on the loop “wonderful embedding” X2 of the adjoint affine Kac-Moody
group G:g, constructed by P. Solis; see [Soll7] - the novelty is that the base here is an ind-scheme;

e a family of 2BT-group schemes on the minimal resolution of singularities of normal surface singularities
in the context of [Bal22].

Frequently occurring notation and conventions

Throughout this paper we follow the classical notation and conventions as in the foundational papers
[BT84a, BT72] of Bruhat-Tits and as in the treatise Néron Models [BLRIO] by S. Bosch, W. Lutkebohmert
and M. Raynaud.

O Root system relative to T

A The affine apartment of T

f=(fi,---, fn) n-concave-function on ®@ U {0}, see Definition 1.2
Q=(Qy4,...,Q,) n-tuple of bounded subsets of A

®=(04,...,0,) n-tuple of points in the affine apartment

A The affine space A} up to Section 8 or Ay, as in Section 9.2
A The complement of the coordinate hyperplanes in A

(X,D) Smooth scheme with a simple normal crossing divisor

X, U Open subschemes of X whose codimension is at least 2, also

Ps (see (1.8))

Pq (see (1.7)

P?iag (see Definition 3.5 and (3.11))

&y (resp. GBq, Gg)

called big open subsets

n-bounded groups associated to an n-concave function f, see
Definition 1.2

n-bounded groups associated to an n-bounded subset Q
The specialization to the diagonal

n-Bruhat-Tits group scheme associated to an n-concave func-
tion f (resp. n-bounded subset Q, n-points 6)

r Galois group of a Kawamata cover
p! (see Notation 5.2) The invariant direct image, i.e. Weil restriction and I'-invariants
R Lie algebra bundle
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On Bruhat-Tits theory over a higher-dimensional base 1

Part 1. The bounded groups

2. Towards the n-parahoric Lie algebra bundle

2]

The first two subsections are in vigour throughout this article. The remaining ones recall a “loop’
approach to parahoric groups for application in Sections 4 and 10.

2.1. Lie data of G/k

In this subsection we assume the group-theoretical notions of G already introduced in the introduction
and give only those that we need further in this article. Let ag be the unique Weyl alcove of G whose closure
contains 0 and which is contained in the dominant Weyl chamber corresponding to B. Under the natural
pairing between Y(T)®7 Q and X(T)®y Q, the integral basis elements dual to S are called the fundamental
co-weights {w | @ € S}. Let ¢, be the coefficient of « in the highest root. The vertices of the Weyl alcove ag
are exactly 0 and

(2.0 0,:=—, «ae€Ss.

We will call the lattice generated by the 0, the Tits lattice.
Let SL(m(G)) be the minimal faithful representation of G. We fix a maximal split torus Tg of SL(m(G)).
Let Arp, denote its apartment. We fix an alcove a in AT .

Definition 2.1. For any 6 € Y(T)® Q, let dy be the least positive integer such that dg - O lies in Y(T). For
0 € Y(Ts ) ®Q, let dg be defined similarly.

Thus, if e, is the order of @] in the quotient of the co-weight lattice by Y(T), it follows that for 0,, the
number d, :=dg_ is

(2.2) dy=¢e,-Cq.

An affine simple root @ € S may be viewed as an affine functional on A7. Any non-empty subset [C &
defines the facet X C ay where exactly the & not lying in the subset I vanish. So the set S corresponds
to the interior of the alcove, and the vertex 0, of the alcove corresponds to a € 5. Conversely, any facet
Y Ca defines a non-empty subset Iy CS. For @ = I C S, the barycenter of ¥ is given by

1
(2.3) Or:= g Zea.

2.2. Assumptions on the residue field k and points in the apartments compatible with k

The following assumptions will be in vigour throughout the article. We assume k is perfect to be able to
apply [BT84a]. Let p := char(k).

Characteristic Assumptions. These are needed for the existence of a Kawamata cover (see Section A.l).
We will assume that p is coprime to d,; see Equation (2.2). Notice that since G is simply connected,
this assumption is implied by Section 1.1. Indeed, since Y(T') equals the coroot lattice, Z; identifies with
the quotient of the co-weight lattice by Y(T). Further, whenever we work with a finite set of rational
points {01,...,0,} of Ar or Ag, , we assume that for 1 < i < n, p is coprime to the integers dg; see
Definition 2.1. Let hg denote the Coxeter number of G. Let m(G) denote the dimension of the minimal
faithful representation of G. When the concave function is strictly of type III, we further need p > hg as well
as p to be coprime to m(G).
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Assumptions on the existence of primitive roots of unity. These are needed to make Section A.2 work. The
residue field k is such that for every facet ¥ of a; (see Section 2.1), there exists a rational point 6 € ¥ such
that dy (see Definition 2.1) is coprime to char(k) and k contains the primitive déh roots of unity.

e For a general G, this suffices when the concave function is of type L.

e For A,, G, Fy, Eg, this suffices for type II as well.

e When the concave function is strictly of type IIl, in addition to the condition for ajy, we need to
assume the analogous condition for a (see Section 2.1).

Whenever we work with a finite set of rational points {0y,...,0,} of Ar or Ar, , we assume that for
1 <i<mn, k contains the primitive dg]l roots of unity.

We observe that any facet ¥ C A7 contains a rational one-parameter subgroup 6 of T which is a
convex combination of the vertices of ¥ in a way that for d € IN coprime to p, the multiple 46 becomes
a one-parameter subgroup of T. We see this as follows. Since the alcove ag is a fundamental domain for
the action of the affine Weyl group, we may suppose that ¥ is a facet Xy of ag. Say I = {0y, ...,0;} are the
vertices of X and 6 = 60,,. Then since the d, defined in (2.2) are always strictly greater than 1, it follows
that we may take

o 0ot Yo (di-dit)e;
da
We remark that if L denotes the LCM of the coefficients of the highest root and ¢ is the rank of T, then

(2.4)

14
for type I, it suffices that k has (|ZG|L) primitive roots of unity. For type III, k must further have primitive
(m(G)™S))th roots of unity.

2.3. Loop groups and their parahoric subgroups

We have included this section, where we introduce the language of loop groups to describe parahoric groups. We
however add that this terminology is restricted to Sections 4 and 10 of this paper.

The loop group LG is the group functor which associates to a k-algebra R the group G(R((z))); this is
representable by an ind-scheme over k. Similarly, the loop Lie algebra functor Lg is given by Lg(R) = g(R((2))).
We can similarly define the positive loops (also called jet groups in the literature) L*(G) to be the subfunctor
of LG defined by L*(G)(R) := G(R[z]]). The positive-loop construction extends more generally to any group
scheme G — Spec(A) and any vector bundle P — Spec(A) whose sheaf of sections carries a Lie bracket.

Let LG = G,, < LG, where the rotational torus G,, acts on LG by acting on the uniformizer via the
loop rotation action as follows: u € G,,(R) acts on y(z) € LG(R) = G(R((t))) by uy(z)u™! = y(uz). A
maximal torus of L*G is T = G,, x T. An yy € Hom(G,,;, T*) ®7 Q over R(s) can be viewed as a rational
one-parameter subgroup (1-PS), i.e. a 1-PS G,,, = T™ over R(w), where w" = s for some n > 1. In this case,
for y(z) € L*G(R), we will view 7(s)y(z)1(s)™!

(2.5) li_r)réﬁ(s)y(z)n(s)_l exists in L*G(R)

as an element in L*G(R(w)). Hence, by the condition

on Y(z) € L*G(R), we mean that there exists an n > 1 such that for w" =s, we have

(2:6) n(s)y(2)n(s)™" € L“G(R[w]).

This is the underlying principle in [BS15] in a more global setting. Let 11 = (a,0) for a a strictly positive
rational number and 6 a rational 1-PS of T. Then, we have

(2.7) n(s)y(2m(s)™ = 0(s)y (s°2)0(s) ™.
We note further that for any 0 <d € N, setting 1 = (7, g) we have

1

2.8) n(s)y(2)n(s) " = 9(53)7(552)9(5%)_1-



On Bruhat-Tits theory over a higher-dimensional base 13

1

So for n = %(1,9), observe that the statement “lim;_,o#(s)y(z)1(s)”" exists” is a condition which is

equivalent to
(2.9) 0(s)y(s)0(s) ' € L*G(R[w]).

In other words, the condition of the existence of limits is independent of d, and we may further set z = s in
7(2z). More generally, if a > 0, the conditions for (a,0) and (1, %) are equivalent. We may write this condition
on y(z) € L*G(R) or LG(R) as
(2.10) “lirrée(s))/(s)e(s)f1 exists in L G(R) or LG(R) if y(z) € LG(R)”.
s—

For r € @, let u,: G, —» G denote the root subgroup. If for some b € Z and t(z) € R[z], we take
y(z) := u(z%t(z)) € Lu,(R) and 1 := (1,0), then
(2.11) 1(s)ur(2H(2)(s) " = O(s)u,((52) £(52))0(s) " = 1, (s (s2)" t(52)).
So for 7 = (1,0), the condition that the limit exists is equivalent to
(2.12) r0)+b>0 < [r(0)+b]=r(0)]+b>0 < b>—|r(0)].
We note the independence of the above implications of the number d occurring in the equation # := %(1,9).

Let 7y : T™ — G,, be the first projection. For any rational 1-PS #: G,, — T™, we say 1 is positive if
111 o 1] > 0, negative if 77 o 17 <0 and non-zero if 77; o 77 is either positive or negative. In this paper, we will
only need to work with # which are positive.

Any non-zero 1 = (a,0) defines the following positive-loop functors from the category of k-algebras to
the category of groups and Lie algebras:

(2.13) Pr(R) = {7/ € L*G(R)| Timn(s)y (z)(s) " exists in L"G(R)},
(214 P5(R) = {1 Lo(R) | lim Ad(y(s))(h(2) exists in L"g(R)},
(2.15) P, (R):= {y ELG(R)| Timy(s)y (z)(s) " exists in LG(R)},
(216) P (R) = {1 € La(R) | lim Ad((5)(h(z) exists in La(R)},
2.17) Thus, P, :=P5N(1xLG) and P, :=P; N (0@Lg).

A parahoric subgroup of L*G (resp. LG) is a subgroup that is conjugate to P} (resp. P,) for some 7. In
this paper we will mostly be using only the case when # = %(1, 0). In this case, letting Lg(R) = g(R((s))) as
in (2.10), we may reformulate (2.17) as

(2.18) D, (R) = {h € Lg(R)

Let t denote the Cartan subalgebra associated to T, and let g, C g be the root subspace associated to U,.

lim Ad(0(5))(h(s)) exists in Lg(R)}.

Then in terms of generators, the Lie algebra functor associated to the group functor Py (see (1.2)) is given by
(2.19) Lie(Po)(R) = (t(R[z]), 5, (2" VR[] ), r € ®).

By the conditions (2.13) and (2.17), using (2.12), we may express P, in terms of generators as in (1.2) and its Lie
algebra functor Lie(P,) as in (2.19). Thus, for any 7 of the type (1,0), we get the equality of Lie algebra
functors

(2.20) Lie(P,) = P,

This can be seen by using (2.14) and (2.17) and then replacing the conjugation in (2.7) by Ad(7(s)).
For a rational 1-PS 6 of T with 11 = (1, 0), we will have the notation

(2.21) Po =D,
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2.4. Pro-groups and pro-Lie algebras

Recall that to each facet ¥ C ag, Bruhat-Tits theory associates a parahoric group scheme Gy on Spec(O),
which is smooth and affine with connected fibres and whose generic fibre is G Xspec(x) Spec(K). Let L™ (Gy)
be the group functor

(2.22) L*(Gy)(R) := Gy(R[2]).

This is represented by a pro-algebraic group over k which is a subgroup of the loop group LG. For 11 = (1, 0),
where O is any rational 1-PS lying in Xy, we therefore have the following identifications:

(2.23) L*(Gp)(k) =P, and Lie(L*(Gy)(k) = P,-

2.5. n-parahoric loop groups in higher dimensions

In this subsection we give a loop-theoretic reformulation of the definitions in Section 2.3 to the higher-
dimensional base. As always, let O,, := k[[z1,...,2,] and let R denote an arbitrary k-algebra. We denote the
field of Laurent polynomials by K,, = k((z1,...,2,)) = k[[zl,...,Zn]][...,zi_l,...]. The n-loop group L,,G on a
k-algebra R is given by L,G(R) := G(R((zl,...,zn))). Similarly, the n-loop Lie algebra L,q is given by
L,a(R) :=9(R((z1,...,2,)))

Let LG := G};,< L, G, where the rotational torus G}, acts on L,G by acting on the uniformizer via the loop
rotation action. This goes as follows: an element u := (..., u;,...) € G};,(R) acts on y(zy,...,2,) € L,G(R) =

G(R((z1,---,2n)) by
(2.24) uy/(z)u_1 =y, Uz,

A maximal torus of L};G is T = G}, x T. An 1 € Hom(G,,, T™) ®2z Q over R(s) can be viewed as a
rational 1-PS. For example, if 77; = ((0,...,ai,...,0), 61‘) for (0,...,a;,...,0) € Q" and 60; a rational 1-PS of
T, then as before, we have

(2.25) ()Y (210 2)i(8) ™! = 0i(5)p (21, 05% 2, 2,)05(5) 7

For #1,...,1, as before, we can make sense of the condition on y(z) € L}, G(R)

“hmsi—>0 l_[ ’7:’(51‘)7/(21; ceey Zn) l—[ 171'(51')_1 exists in LZG(R)”-

Similarly, if 6 = (01,0;,...,0,) € (Y(T)® Q)" denotes an n-tuple of rational 1-PSs of T and if m,(0) =
—|r(0)] as in (L.1), then in terms of generators, we have an n-parahoric group Pg(R) associated to 0 as in
(1.6).

Defining 77; := ((O,..., 1,...,0), 9,') as before, we can describe the n-parahoric groups as follows:

(2.26) Py, (R) 1= {y(z) eL;,G V(2150005 2p). I_[11Z - exists}
(2.27) and in fact Pg(R) =P, . (R)N(1xL,G)(R).

Thus facets correspond to n-tuple of usual facets. Further, let A € Ap. Then

(2.28) Azi)PoA(zi) " =Pg,,..0.41...0,)-

So conjugacy classes of parahorics correspond to n-tuples of non-empty subsets of 5.
We can similarly describe the n-parahoric Lie algebras. In particular,

(2.29) P (R) = {h e L,g(R) | lim Ad(]—lni(si)) (h(z)) exists in L:g(R)},

(2.30) Thus, Po(R):= P;(R) N (0@ L,g)(R).
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2.6. Standard parahoric subgroups

The standard parahoric subgroups of G(K) are parahoric subgroups of the distinguished hyperspecial
parahoric subgroup G(O). These are realized as inverse images under the evaluation map ev: G(O) — G(k)
of standard parabolic subgroups of G. In particular, the standard fwahori subgroup 1 is the group I = ev™!(B).

3. Examples and Remarks

The first example is illustrative of the fact that the operations of imposing regularity conditions and
setting variables to be equal do not commute.

Example 3.1. Let G =SL,, O =0, and K := K;. Let ® = (6;,0,) € Q. Then

(3.) 5?1522 0 X11(5121,5222)  X12(5121,$222) 5;925191 0
. 0 51_615562 X21(8121,8222)  X22(5121,5222) 0 5325?1
20, 20
X11(5121,5227) X12(5121,8222) 57 'S5 °
(3.2) :( 20, 20, b 72 | CSLy(K(sy,52)).
X51(5121,5222) 517 'S, X22(5121,5227)

If we put the regularity condition “lim;,_,( exists”, we get

o) OZIL291JZ;|_292J
3.3 Po = . . .
(3.3) ® [OZIL 2011720 o) )

Now setting t :=z =z, B:= k[[t]] and ® € (0, %)2, we get

Pdiag_ B B
© 2B B)

On the other hand, setting f := z; =z, and s:=51 =5, in (3.2), we get

(3.4) Xi1(st) X1,(st) 5261+292]'

(le (st) s~2017262 Xao(st)

B Bt—L291+262J

Now putting the regularity condition “lim;_,(exists”, we get ( ] Notice for

Bt~1=261-26,] B

t‘B B

either case, for ® € (0, %)2, we see that the operations of imposing regularity conditions and setting variables

B B B t!B
® € (0, %)2 that when 0 < 87 + 0, < %, we get [tB B} while when % <0;1+6,<1, we get ( ) ] In

to be equal do not commute.

Example 3.2. This example shows that the multiplication law in higher-dimensional parahorics is more

involved than in the case of discrete valuation rings.

\ wV

Let G:=SL3, O:=0; and K := K. In this example we study © := (—5*, —>). The co-weights are given
by the points (2,31, 3), (1,1, 2) € Ar CR%; ice. ), (1) = diag(t3,¢3,¢3 ) and wy, (1) = diag(t3,3,17).
We have

21 o1 a2
(3.5) O(sy,s,) = diag (519529,519 55,51 Sy )
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Conjugating the 3 x 3 matrix (Eij(slzl,szzz)) by O(sy,5;), we get

1 1 1

Eq1(s121,5222) Eiy(s121,5222)s]  Eq3(s121,5222)87 55
=L 1
(3-6) Ey (s121,5222)8, Ey(s121,5222) E)3(s121,5222)s,
a1 -1
E31(5121,5222)s,° s, E3(5121,522)5) E33(s121,5222)

Imposing regularity conditions forces E,, E13 and E;,3 to be regular and E;(z1,2;) (resp. E»3(2z1,27)) to
have a zero of order at least 1 with respect to z; (resp. z) and E3;(21,2;) to have a zero of order at least 1
with respect to both z; and z,. So we get

Fi1(z1,22) Fiy(z1,22)  Fi3(z1,22)
(3.7) Po =1| z1Fa1(z1,22)  Fpalz1,22)  Fas(z1,22) | | Fij(z1,22) € Oy
2122F31(21,22)  22F32(21,22) F33(21,22)
We notice that
(3.8) z122F31 = 2122(g31h11 + g32h01 + g33h31)  but
(3.9) z1F21 = z1(g21h11 + §22h21 + §23h3122).

In other words, the multiplication law for the entry (3,1) is like that of SL3(O,), but that of (2,1) has an
extra z,. Similarly, the law for the entries (2,2) and (1,1) are unlike the 1-dimensional case.

3.1. Some remarks on specializations of n-parahoric groups and examples

The purpose of this subsection is to show that specialization of n-parahoric groups leads to a strictly
larger scope than that of parahoric groups.

Example 3.3. This example shows the simplest case of relating higher-dimensional parahorics to lower-
dimensional ones. We place ourselves in the context of the previous example. If we set s5,z, := 1 or
51,21 := 1, we get the two standard maximal parabolics. If we set s1,21,5,,2, := ¢, all variables as ¢, then

conjugation is by diag(t%, 1, t%) This gives the standard Iwahori; see Section 2.6.

Proposition 3.4. Let 0 € Ar and let m,(0) := —|r(0)] as in (11). Then the function mg: ® — R defined by
mg(r) := m,(0) is concave.

Proof. Let r; € ® be such that Y ;7; € ® as well. We need to check that

Zri] =My r(0) < Zmri(‘?)-
i

i

(3.10) g

This follows by setting a; := r;(0) and observing |a; +---+a, | > |a; ]+ lay ]+ -+ |4a,]. 0

Definition 3.5. For an n-concave function f := (fi,..., f,), by the specialization of P¢ C G(k((zy,...,z,)) to
the diagonal

(3.11) P{8 C G(k((t),
we mean the bounded subgroup obtained by setting z; =z, =--- =z, :=t.

In particular, we have the specializations Pgag (of Pq) and Pgag (of Pg) associated to Q = (€Qq,...,Q,)
and @ :=(04,...,0,), respectively.

Since sums of concave functions are concave, in terms of the concave function ® — Z given by
r— ) im,(0;), we get

(3.12) Po = (T[N, U, ({Z ™ Ok]]), r € D).
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We set
(3.13) Pt = Lie(Pg8).

Remark 3.6. We now make some remarks comparing the bounded subgroup Pd@lag with the parahoric subgroup
Py .g,> both subgroups of G(K). Recall that m,(6) = —|r(0)]. So let us compare m,(}_; 0;) with }_; m,(6;).
For simplicity, we assume that all O; lie in the dominant Weyl chamber so that for all positive roots r, we
have 7(6;) > 0.

Consider the case when for all € R*, we have m,(}_;0;) = )}_; m,(6;). This occurs for instance when all
6; lie in the alcove aj and their sum lies in ag \ far wall or when the 6; lie in the lattice defined by the 6, ;
see (2.1). For alcove vertices 0., an example of such a @ = (6y,...,0,) is given by assigning

Oa,
(¢+1)
In this case, for any r € ®*, although 7(6;) > 0, we nonetheless have m,(} ;0;) = 0 and m,(6;) = 0 and,
further, m_,(6;) =1 and m_,()_; 0;) = 1. Then the orders of poles that the group entries of Pd®lag and Py ¢,

(3.14) 0; :=

di .
can allow at r are the same. However, the order of zeros of elements of P®lag at —r is the number S, of
distinct simple roots @ € S occurring with strictly positive coefficient in the expression of r. Thus,

(3.15) Po = (T(KID), U (RIED), U, (£5°K[1]), r € ®*).

Further, the bounded subgroup Py g, is not a G(K)-conjugate of a subgroup of Pgag in this case unless
|S|=1.

Now consider the case wherein, for r € R, we have m,(}_; 0;) <} ; m,(0;). This occurs for instance when
G=SL,,n=2and r(601)=r(6;) =a; =ay = % In this case, m,(6;) = 0 but m,(}_;0;) = —1. Then the
orders of poles which the elements of Py g, can allow are strictly greater than those of the elements of Pg)lag
at . On the other hand, m_,(0;) =1 and m_,(}_; 0;) = 1 as well. So the order of zeros of Py o, at —r is at

di
least 1 but that of P®lag at —r is at least 2. So reasoning on the orders of the poles and zeros, it follows that

Py ., is not a G(K)-conjugate of a subgroup of Pgag.

3.2. Constructing concave functions of type III from type I

The purpose of this subsection is to illustrate the phenomenon that one may begin with a group scheme
datum of type I at the generic points of the divisors, but the type of the BT-group scheme at points of
depth bigger than 1 could strictly be even of type III. The computations should be seen in the setting of
Theorem 1.5.

To illustrate the issue, we work with (3.14), which are the simplest non-trivial cases; these also highlight
the role of the root system. We make explicit constructions for A,, B, and G, cases with © given by (3.14).
The contrast between the B, and G, cases highlights the critical role that the root system of the group plays
in the analysis.

Recall that for a simple root a, we denote by 6,, see (2.1), the vertices of the alcove.

Example 3.7 (A;). The set of positive roots is ®* = {a, ay, a; + ay}. We work with 6, :=0,,/3 = w,/3 and
0,:=6,,/3 = w;//3. Recall that m,(0) := —|r(0)]. We have

‘ 1/3,0,1/3 if r e @,
(3.16) r(6,) = _ )
~1/3,0,-1/3  ifred,
0,0,0 ifred
3.17 m,.(04) =
(3.7 (01 {1,0,1 ifred,
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and similarly for 6,. We get

1/3,1/3,2/3 if r € DY,
(3.18) O, +0,) = |13 132 nr

~1/3,-1/3,-2/3  ifred-,
0,0,0 ifred,

3.19 m (0 +0,) =
(319) r(01+62) {LlJ ifred

The function m: r + ) m,(6;) is given by

0,0,0 ifred
(3.20) mqm—{ nr

11,1,2 ifred;

it computes Pdgiag. Let QO C A7 be the bounded subset Q) = {b,b’}, where b =601 +60, and b’ =2-61 +2-0,.
Recall that m,(Q) = —|Infycqy r(0)]. For the subset ), define the concave function fq(r) := m,(Q); see (L.3).
We have

1/3,1/3,2/3 if r € D,
(3.21) Hby=1 /23 nr
~1/3,-1/3,-2/3  ifred-,
2/3,2/3,4/3 if r € D,
(3.22) by = 132 nr
2/3,-2/3,-4/3  ifred,
0,0,0 ifred*
(3.23) m,(QQ) = fr _
1,1,2 ifred.

Hence, m(r) = fo(r) for every r € ®; i.e. it is of type II.In particular, the group scheme &, associated to
the concave function on Spec(A) is realized by a bounded subset of the affine apartment.

Before we discuss the next set of examples, we prove a lemma regarding the concave function f defined
above. Observe that

(3.24) fa(r)=a <= a-1<-infr(0)<a & 1-a> inf r(0) > —-a.
6eQ) 0eQ

The last statement can be interpreted as saying that

(1) for all 8 € Q), we have r(0) > —a;
(2) there exists a 0’ € Q) such that 1 —a > r(0’).

Lemma 3.8. Let Q) be a non-empty bounded region in the affine apartment. Suppose that there is a root r
such that fo(-r) = —fo(r). Set n:= fq(r). Let H,(n) be the hyperplane in the affine apartment defined by
H,(n):=1{0|r(0) = —n}. Then,

(3.25) Q c H,(n).
Proof. This is immediate from property (1) above. U

Example 3.9 (B,, first example). The set of positive roots is ®* = {B,a,f + @, + 2 - a}. We work with
01 :=0p/3 = wy/3 and 0, := 0,/3 = w) /6. We have

i +
(326) r(el) — {1/31 01 1/3; 1/3 ifred ,

-1/3,0,-1/3,-1/3 ifred,
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627) 0y~ 0000 if red
. m =
UTV0,1,1 0 ifred
0,1/6,1/6,1/3 if r € D
(3.28) Oy = | /6161 nr
0,-1/6,-1/6,~1/3  ifre®",
6.29) (0, |0/0:00 if red
. m =
701,11 ifred
We get
1/3,1/3,2/3,2/3 if r e @,
(3.30) (6, +6,) = '
~1/3,-1/3,-2/3,-2/3  ifred",
0,0,0,0 ifre®dt,
3.31 m. (0 +6,) =
(830 r(61+62) {1,1,1,1 if red .

The function m: r +— ) m,(6;) is given by

0,0,0,0 if re @7,
(3.32) )=

1,1,2,2 ifred;

it computes Pgag. Let Q) C At be the bounded subset () = {b,b’}, where b =60+ 60, and b’ = (2—e¢)-0; +
(2+¢€’)- 0, with 0 < e, e’ < 1. Recall that m,(Q) = —|Infgcy7(0)]. For the subset Q, define the concave
function fq(r) := m,(Q)). We have

1/3,1/6,1/2,2/3 if r € @Y,
(3.33) wp) = | /316122 nr
-1/3,-1/3,-1/2,-2/3 ifred”,
(3.34) ) 2/3—¢/3,1/3+¢'/6,1+ (e’ —2¢e)/6,4/3+ (¢’ —¢)/3 if r e 7,
. r(b’) =
-2/3+e/3,-1/3-¢'/6,-1 —(2e—¢’)/6,-4/3 —(e—¢’)/3 ifred,
0,0,0,0 if r € ®*,
(3.35) m,(Q) = nr
1,1,2,2 ifred.

Hence, m(r) = fq(r) for every r € ®; i.e. it is again of type II.

Example 3.10 (B,, second example). The second example here has special significance for Section 11. This
time we work with 6, :=6,/2 = w\2//4 and 6,:=60, = a)\z//Z. Then we get

550 o) 0,0,0,0 ifred",
. m =
U N0,1,1,1 0 ifredn
and
0,0,0,-1  ifred*
3.37 m,(0,) =
(8.37) r(62) {0,1,1,1 ifred
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The function m: r — }_m,(6;) is given by

0,0,0,-1  ifre®d*,
(3.38) m(r) =

0,222 ifred.
Claim. The concave function m in (3.38) is not of type 11, i.e. there does not exist any bounded region Q) C A
such that m = fq.

If the claim is not true, then there is an () such that fo(f) = —fq(—p) = 0 and hence (3 € H(0). Again,
since fo(a) =0, fo(—a) = 2, see (3.38), it follows that for all 6 € (), by (1) before Lemma 3.8, we get the
condition

(3.39) 0<a(@)<2 YOeQ.
Similarly, fo(a + B) =0, fo(—(a + B)) = 2, see (3.38), forces

(3.40) 0<(a+p)O)<2 VOeQ,

and fo(2-a+B) = -1, fo(—(2- a + p)) = 2 forces

(3.41) (2-a+p)O)<2 VOeQ.

On the other hand, since fo(—a) = 2, property (2) says that there exists a 8" € () such that
(3.42) 1<a(@).

Notice that since $(0’) = 0, the two inequalities (3.41) and (3.42) are not compatible.

Example 3.11 (G,, first example). The set of positive roots is @ ={a,f,a+p,2-a+p,3-a+B,3-a+2-p}.
We work with 6, := 6,/3 = {/9 and 6, := 0p/3 = wy /6. We have

1/9,0,1/9,2/9,1/3,1/3 if r € D,
(3.43) 6,) = . )
~1/9,0,-1/9,-2/9,-1/3,-1/3  ifred",
0,1/6,1/6,1/6,1/6,1/3 if r € D+,
(3.44) r(0,) = '
0,-1/6,-1/6,~1/6,-1/6,-1/3  if re®",
( 0,0,0,0,0,0  ifre®*,
(3.45) my(0) = e
1,0,1,1,1,1  ifred-.
0,0,0,0,0,0  if re®*,
(3.46) 1y (0) = e
0,1,1,1,1,1  ifred-,
We get
1/9,1/6,5/18,7/18,1/2,2/3 if r € O,
(3.47) r(0, +0,) = '
~1/9,-1/6,-5/18,-7/18,-1/2,-2/3  ifre®",
0,0,0,0,0,0  ifre®*,
(348) mr(Ql + 62) =
1,1,1,1,1,1  ifred-.

The function m: r +— ) m,(6;) is given by

0,0,0,0,0,0 if r e O,

(3.49) m(r) =
1,1,2,2,2,2  ifred;

. diag
it computes Pg °.
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Claim. In contrast, the concave function m in (3.49) is not of type II; i.e. there does not exist any bounded
region () C A such that m = fq. This is explicit here, but see also [BT72, Section 6.4.4].

To prove this claim, let us suppose to the contrary that there exists such a bounded subset () C Ap. Let
0 € Q) be given by

0:= (xa)i/,yw;/).

Then we have

(3.50) r(e):{x,y,x+y,2x+y,3x+y,3x+2y if r € O+,

-X,-Y,—X—-9,-2x-9,-3x-7,-3x -2y ifred.

For r € ®*, we have —|infgcq(7,0)] = 0, so infgey(7,0) € [0,1). Thus for r = a and g, for all points 0
in (), we have

x,y€[0,1).

Now let us assume that infgc (7, 0) is realized at (x1,y;) for r = —(a+p) and at (x,,y;) for r = —(3a+2p).
In particular, X1,X2,91,Y2 € [0,1)
We have —|—(x; +v1)] = 2. So -2 < —x7 —y; <-1. Thus

(351) 1< X1+¥ <2,
(3.52) x> 0.

By the condition for —3a — 23, we have —3x, — 2y, < -3x; — 2y;. Thus
(3.53) 3x1 + 2y < 3x5 + 29;.

By —|-3x, — 2y, | = 2, we have —1 > -3x, — 2y, < 2. Thus
(3.54) 1<3xy+2y,<2.

We get the following contradiction:

(3.51) (3.52) (3.53) (3.54)
2 < 2x1+2y1 < 3X1+2y1 < 3X2+2y2 < 2.

This completes the proof of the claim.

Example 3.12 (G,, second example). The second example here has special significance for Section 11. We
now work with 6 := 0, = w}/3 and 0, := 2.0, = 2.w /3. Then we get

0,0,0,0,-1,-1  if r e D,
(3.55) m,(01) = , .
1,0,1,1,1,1 ifred,
0,0,0,-1,-2,—-2  if r e d*,
(3.56) m,(6) = , .
1,0,1,2,2,2 ifred

The function m: r ) m,(6;) is given by

0,0,0,-1,-3,-3 if r € ©F,

(3.57) m(r) =
2,0,2,3,3,3 ifred

Claim. The concave function m in (3.57) is not of type IIL.
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If the claim is not true, then there is an () such that f(f) = —fo(—p) = 0, and hence by Lemma 3.8, we
have () C Hg(0). Thus

(3.58) B(O)=0, VOeQ.
Similarly, fo(3a +28) =3, fo(~(3a +2B)) = =3 (3.57) forces
(3.59) (Ba+2p)(0)=3 YOeQ,
and (3.58) and (3.59) give us

(3.60) a@)=1 VoeQ.

Now since fo(—a) = 2, by (2) before Lemma 3.8, we know that there exists a 8" € Q) such that a(0’) > 1,
which is incompatible with (3.60).

Example 3.13. (The case of a constant concave function). Let 2 > 0 and f(r) = a for all r € ®. In this case,
when G is of type A, B,, or C,, there exist regions Q) such that f = f. For G, when a > 3, there does not
exist such a region.

3.3. Various cones of concave functions

We consider the question of how to construct general concave functions from points in the apartment. It
turns out that this can always be done in the case A, (see Proposition 3.21 and the remarks before it). Let ©
be an irreducible root system. Let

(3.61) O* :={(a,p) € D |a + p € D}.

For (a, B) € ¥, we get functionals P(a,p) and P, defined on {f: & > R} - Rby f > f(a)+f(B)-f(a+p)
and f — f(a)+ f(—a), respectively.
Let C denote the space of concave functions {f : @ — R}. It can be expressed as

(3.62) C =0{P(ap) = 0} N {1, > 0}.

Being an intersection of half-spaces, it is a polyhedral cone, further since the intersection of the open
half-spaces is non-empty, we see that C is of dimension |D|.
Let Cry denote the cone of concave functions defined by bounded regions () C Ar7.

Proposition 3.14. Let @ be an irreducible root system. The dimension of Coy equals |D|.

Proof. Recall that a bounded subset QO C A defines the concave function

(3.63) fo:®—TR, ri—o— Bg(f)r(e)J.

For r € @, let H, be the hyperplane in A7 where r vanishes. Consider the unit sphere S in Ap. We fix an
isomorphism of T with a product of G,,. This gives a basis of Y(T) and X(T). Now we may identify Ap
with its dual space so that for a root r € ® and 6 € Ar, the evaluation r(6) equals the inner product of 6
with the image of r. Thus, after this identification, every root r € @ defines a canonical unit vector normal to
H, meeting S in p,. Since @ is irreducible, H, = H, implies r = £s. Further, —p, = p_,. So r +— p, defines a
bijection. To prove the proposition, we now consider the bounded subset

(3.64) Q:={p,|red).

So |Q)| = |®|. For any r € D, infgcy 7(0) is attained at p_,. We now let points vary in radial directions
determined by {p,}. In small open neighbourhoods of p,, if Q" := {p;} denotes a neighbouring set of points,
we again see that infgey, () is attained at p’,. This completes the proof. g
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3.4. Recovering the bounded group Pgover a DVR in terms of n-parahoric groups

Let Q) C A be a bounded subset of the apartment. Without loss of generality, we may suppose that it is
compact.

We make a small modification in the notation just for this lemma. Let A; = L[¢] be a polynomial ring over
a field L that is not necessarily algebraically closed. Let Ky = Fract(A;). Similarly, let Ay = L[zy,...,2xN]
and Ky = Fract(Ay). Let

(3.65) P = (T(L[t]), U, (£ VL[t]),r € D)

and for @ = (64,...,0y),
, re®>.

The next lemma shows the natural relationship between n-bounded groups associated to bounded subsets

—|(r,0;
]—[ Z]_L(r ,)JAN

(3.66) Po = <T(AN]), U,
1<j<N

Q) in the affine apartment and N-parahoric groups. We give it here for its general interest.

Lemma 3.15. Let N = |®| and let the inclusion G(K{) C G(Ky) be obtained by mapping the uniformizer t
20 [ ,cqp 2. Given a bounded domain C), there exist an N -tuple ® = (...,0,,...),cq of points such that taking
intersection in G(Ky ), we have the equality

(367) PQ = G(Kl)ﬂP@).
Proof- For every root r € @, we may choose a 6, € Q) such that we have
(3.68) (r,0,)<(r,0) VOeQ.
Set L[®] := L[z,,r € D] and consider the N-parahoric given by
0= (,6],)]6@
Thus by definition, we have

(3.69) Po = <T(L[CD]), U, e q>>.

jed
— ’9_

For r € @, consider the group Ur( njeq) z L(r,6;)]

(3.70) (r,0,)<(r,0;) Vjed.

Thus —|(r,6,)] > —[(r,0;)] for all j € . In other words, we have

L[CD]). By (3.68), we see that

(3.71) L(r,0,)] =~ inf (r,0)| = ().

Now K; = L(t) and Ay = L[t], so letting t = [[,cq 2, for every root r € @, we get the desired order
of zeros and poles. Further, T(L[®]) N T(K;) = T(A;). Since the group law is inherited from G(K), the
intersection is the parahoric subgroup Pg. O

For 1 <i<mn,let f;: ® — IR be concave functions. Let F:= (..., f;,...): ® — R". In (1.8), we have defined
the n-concave subgroup P¢ of G(K},) in terms of generators.

Lemma 3.16. Let G(K;) C G(K,,) by mapping the uniformizer t to |, <;<, z;. Taking intersection in G(K,,), we
have the equality

(3‘72) Psupif,- = G(Kl) NPg,

Proof. The proof is almost identical to that of Lemma 3.15. 0
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Let Cg‘t denote the cone defined by (1) taking sums of concave functions of the form } i, fq , where we
let m > 1 and the bounded regions QQ; C Ar vary, (2) changing the uniformizers by the substitution t = z"
or t" = z and (3) taking supremums.

We have the obvious inclusions

(3.73) CoccCylcc.
Example 3.17. The first inclusion is strict for the concave function (3.49) by the claim in Example 3.10.

For irreducible reduced root systems, the notions of quasi-concave and concave functions coincide. Let f
be any concave function defined more generally on ®. Let E be the set of points in A7 fixed by Gy. For a

root a € O, let
_ a}
1<i<r

denote all possible ways of writing @ in the rational positive cone of some subset of roots in @. Let f’ be
the function on @ defined by

(3.75) = inf [ ) Aif(a ‘

1<i<r

(374) S(a) = {(ai,/\ ){1<l<7’} S Ut’>1 CD X Q+

By [Coull, Proposition 3.3], we have f’ = fr for some subset E of the apartment.

Example 3.18. For the case G = SL,, the three cones coincide because any concave function is of the form
fao (see Proposition 3.21). Indeed, by [Coull, Proposition 3.3], for G = SL,, we have S(a) = {(«,1)} and
S(—a) ={(-a,1)}. Thus for G = SL,, the subset E determines f in return.

Proposition 3.19. We now return to the case G = G,. For the concave function m in (3.49), m’ equals m except
at —ay — ap, where it is 1. The region is the dilation of the alcove ay by a factor of 2, i.e. enclosed by the origin,
20,, and 26,

Proof- We give an indirect proof. Since m does not come from a region, we have the inequality m” < m.
Now we can check that the concave function coming from the dilation of aj by a factor of 2 is as stated
above. Since there cannot be any other concave function between them, this must be m’. O

Remark 3.20. It would be interesting to understand the inclusion C&)' C C better. Given bounded regions
{Q4,...,Q,}, consider the concave function f taking r to } m,(Q;). It would be interesting to understand
the region corresponding to f” as a function of {Q;}.

Recall from (1.8) that if f : @ — IR is a concave function, then we can associate to it the bounded subgroup
Ps:=(T(0), U,(z/(N0),r € D) of G(K). Note that G(O) = Py.

Following [BT84a, Section 4.5.2] and [Coull, Section 2, p. 540]) we say that a concave function f is optimal
if for any concave function f’: @ — R such that f’ > f, we have a strict inclusion Ps CP¢. However, in
the context of the present paper, it is easy to see that if f is a concave function, then so is [ f], which is in
fact optimal. Moreover, the bounded groups & (O) coincides with & 71(O). So we may as well work with
optimal concave functions.

In [BT84b, Remarques 3.9.3] it is remarked that on root systems of type A,,, any optimal concave function
is of the form fq for an enclosed bounded subset () of the apartment (see [BT72, Section 2.4.6] for the
definition of “enclosed” subsets). For the sake of completeness, we give below a proof of this statement.

Proposition 3.21. Let G be of type A,,. Any optimal concave function f is of type II, i.e. of the form fq for a
enclosed bounded subset Q) of the apartment. Thus we have Cq = C; see Remark 3.20.
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Proof. For the convenience of the reader, we recast the notions of [Coull], which were developed for connected
reductive groups over local fields, into the setting of this paper. Recall that the residue fields of our local
rings are perfect (see Section 2.2). For a root @ € @, the c(a) and v(a) may be assumed to be 0 and 1,
respectively, and further an optimal concave function takes only integral values. By [Coull, Proposition 2.3],
concavity is equivalent to pseudo-concavity since our group is split over K. A function is of the form fq if
and only if it is strongly concave according to [Coull, Proposition 3.3 |.

For a root @ € @, let S’(a) C S(a) (see (3.74)) be the restricted set such that

e the a; are linearly independent;
e for every i # j, we have (@;,a;) > 0; we can assume that a; + @; is not a root;
o for every i, A; < 1.

In [Coull, Lemma 5.1] F. Courtés gives an equivalent reformulation of strong concavity in terms of a
technical numerical inequality which should be checked for each element in S’(«), where « varies in ©.
We claim that when G = A,,, this numerical condition is vacuously true because S’(a) = 0. We see this as
follows.

Let a = €/—€,, bearoot of A,. Sincea =)/, Aja; = €/—€,, and 0 < A; < 1, we see that r > 2 and there
exist at least two indices 1 <i; <ip < such that a; =¢€;—¢€; and «;, = ) —€;,. We suppose firstly that
j1 is different from m. In this case, there must exist another index 1 <i3 <r such that a;; =€; —¢€;,. But
then either a; +a;, =€ —¢j,
for {(A;, @), (Ai,,a;,)} to be a subset of an element in S’(a). Now suppose that j; equals m. Then a;,

is a root of A, or a; = —a;,. Both these possibilities violate the conditions

equals a. So we have } ;_; Aja;—Aj a; = (1-A; )a = (1-A; )(e;—€,,) # 0. Repeating the above argument,
we find that a;, equals a as well. But then a; and a;, are the same. This violates the conditions for
{(Ai, ai)), (A, a;,)} to be a subset of an element in S’(a). 0

Remark 3.22. Let f : ® — Z be a concave function. We have f(r) = f(0+7) < f(0)+f(r). Thus, 0 < £(0). Let
us fix a value f(0) of 0 € . For each simple root a € S, by the condition f(0) = f(a +—a) < f(a)+ f(-a),
we have

(fla) f(-a) e{(xy) € Z* |x+y > £(0)}.

On the other hand, the condition f(r;) = f(r; + 1, —1) < f(r1 +13) + f(—r,) implies

f(r)=f(r2) < f(r1 +12). < fr) + f(r2).
Thus, for an integral concave function f, we have infinitely many choices for values on S* U {0} but only
finitely many choices for non-simple roots.

Part 2. Schematization

4. The n-parahoric Lie algebra bundle R on an affine space

The aim of this section is to present an ab initio construction of the n-parahoric Lie algebra bundle on
the affine n-space together with a full description of the fibres at points of higher depth. This played the
initially important role for us to guess the definition of the n-parahoric group. The reader who is interested
only in the group scheme constructions may skip this section.

For 1 <i<mn,let H; C A:= A} denote the coordinate hyperplanes. Let Ay C A be the open subscheme
which is the complement of the union of hyperplanes. Let ® := (64,...,0,) € A" be a point of the n-
apartment satisfying the conditions of Section 2.2. The aim of this section is to construct an n-parahoric Lie
algebra bundle R on A := A} such that its restrictions to the generic points of the hyperplane H; are the
parahoric Lie algebra bundles associated to the weight 0; and to describe it on the whole of A.
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4.1. Elementary remarks on reflexive sheaves

We begin with three elementary lemmas which should be well known.

Lemma 4.1. Let E be a locally free sheaf on an irreducible smooth scheme X. Let & € X be the generic point,
and let W C E¢ be an Og -submodule. Then there exists a unique coherent subsheaf F C E such that Fc = W and
Q :=Coker(F < E) is torsion-free. Moreover, F is a reflexive sheaf:

Proof. Define a sheaf F by the following condition: its sections on an affine open U C X are given by
F(U):= E(U)NW. Then it is easily seen that F defines a coherent subsheaf F C E and that it is the
maximal coherent subsheaf of E whose fibre over £ is W. To check that Q is torsion-free, let T be the
torsion submodule of Q. Let K := Ker(E — Q/T). Then since & € Supp(T), K = W, and hence, by the
maximality of F, we have K = F. Since E is locally free, we have FVV/F < EVY/F = E/F. But since FVV/F
is only torsion and E/F = Q is torsion-free, it follows that F is automatically a reflexive sheaf. ]

Lemma 4.2. Let X be as above and i: U — X an open subset such that X \ U has codimension at least 2 in X.
Let Fy; be a reflexive sheaf on U. Then i,(Fyy) is a reflexive sheaf on X which extends Fy;.

Proof. By [EGAI, Corollaire 9.4.8], there exists a coherent Ox-module F; such that F;|y; = Fy;. Set F := F}*
to be the double dual. Then F is reflexive, and also since Fy is reflexive, F|; ~ F;. Hence, we have
i.(Fy) = F; see [Har80, Proposition 1.6]. O
Lemma 4.3. Let X be integral and factorial. Then any reflexive sheaf of rank 1 is locally free.

Proof. (¢f [Har80, Proposition 1.9]) Let F be a reflexive sheaf of rank 1. Then since X is normal, there
is an open U C X such that codimy(U) > 2 and Fy is locally free. Since X is locally factorial, we have

Pic(X) — Pic(U) is bijective. Hence, there is a locally free sheaf £ of rank 1 on X such that Ly = Fyy. It is
clear that £ ~ F on X. O

4.2. The construction of R

Theorem 4.4. Associated to ©, there exists a canonical Lie algebra bundle R on A which extends the trivial
bundle with fibre g on Ay C A; furthermore, in a formal neighbourhood V := Spec(QO,,) of the origin in the affine
n-space A, we have the identification of functors from the category of k -algebras to k-Lie algebras

(1) Ly(Rlv)=L,(Pe)-

Proof. Let b;, € Q be defined by the relations

(4.9) 0, = mewg for i < 1.
a€s

Let d € IN be such that db;, € Z forall 1 <i<nand a €S.
Consider an inclusion of k-algebras By C B, where

(4.3) B:= k[y;—'l]lggn, By:=k [x;—'l]

1<i<n

and {yld = X;}1<i<n- Let YO := Spec(B) and Ay = Spec(By), and let p: Y® — A be the natural morphism.
We define the “roots” map

(4.4) r:Y'— A as

(4.5) " () == (93)-

Note that as a map between tori, I is an isomorphism. Let T,q = Spec(k[z:!]). We define the action map
(4.6) 3: Y — Ty as

(*7) (EN) :=[ [ yf”’"“]-

1<i<n
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We consider the map
(4.8) Adoa: YOxg—Y%xg
(4.9) (t,x) — (t,Ad (a(t))(x)).
We define the embedding of modules

. I'(Adoa)
(4.10) j: 9(Bo) = 9(B) ——— g(B),
where the second map is the one induced by (4.8) on sections. The T-weight space decomposition of g
induces a T-weight space decomposition on g(By) by viewing the latter as sections of the trivial bundle on
A with fibres g.
Let B* = k[v;]1<i<n and B := k[x;];<i<,. Taking intersection as Lie submodules of g(B), we define the
following B{-submodule of g(By):

(4.17) R(Bg):=j" (j(a(Bo)) Ng(B")).

In words, it is the set of elements in g(B() which lie in g(B*) under j. Taking E as the bundle defined by
the free B{-module g(B*) and the submodule W := j(g(By)) in Lemma 4.1, we observe that R is a reflexive
sheaf on the affine embedding Ay <> A := Spec(B{)(~ A"). Further, this is a sheaf of Lie algebras with its
Lie bracket induced from g(B).

We now check that R is locally free on A. Observe that the intersection (4.11) also respects T,4-weight
space decomposition on the sections. More precisely, for any root r € @, since by definition we have
R(B§), = j_l(j(g,(BO)) N gr(B+)), we get the following equalities:

(4.12) i G @ (Bo) Ngr(BY)) =7 (j (5r (Bo)) Ng(B)) = R(By),.

Since R is reflexive, there is an open subset U C A with complement of codimension at least 2 such that
the restriction R’ := R|y is locally free. Clearly, U contains Ay and the generic points C, of the divisors
H,. This gives a decomposition on R’ obtained by restriction from R. The locally free sheaf R’ is a direct
sum of the trivial bundle Lie(T,q) x U (coming from the 0-weight space) and the invertible sheaves coming
from the root decomposition. Now since invertible sheaves extend as invertible sheaves across codimension
at least 2, see Lemma 4.3, the reflexivity of R implies that this direct sum decomposition of R’ extends to A.
Hence R is locally free.

We introduce some convenient notation to check the main assertion of the theorem. Recall that
A;: G,, — Ay is the ih axis of Ay. For example, A; may be expressed in #n coordinates as follows:

(4.13) Ai(x)=(1,...,x,...1)

with x at the coordinate corresponding to 1 <i < n. The map r: Y? — A, is abstractly an isomorphism
of tori, and we can therefore consider the 1-PS A;: G,, — Y° defined by A; := 17! 0 A;. We observe the
following:

(4.14) pold;=2A,
(4.15) a0(Ag,.Ay) = (64,...,0,) = 0.

Recall that V = Spec(O,,) denotes a formal neighbourhood of the origin. Let us check the isomorphism
L} (Rly) = L} (Pe) by first evaluating at k-valued points. Since d - ® is an n-tuple of 1-PSs of Ay, we see
that O(...,x;,...) = @(...,y?,...) =(dO)(...,y;,...) has become integral in {y;}.

By (4.11), a section 5 of R over V is first of all given by a local section s over the generic point Spec(K,,)
of Spec(O,,). More precisely, this is firstly an element in j(g(K)). Hence this element may be written as

ﬂ@w%m

1<i<n

Dr =Ad

dﬁM”WPM

1<i<n
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Therefore, the membership of » in g(B"), see (4.11), gets interpreted as follows:

(4.16) Ad

[ ei<xi>]<xK>eLg<B+>.

1<i<n

But this is exactly the Lie algebra version of the conditions “lim;_,( exists” for 7 = (1, 0) in the observation
(2.9) and Section 2.5, for each individual x;. In our situation we have assumed R = k, and so by (4.15), the
above is equivalent to the membership

(4.17) »€Peo.

This proves the assertion for k-valued points. The above proof goes through for all k-algebras because the
underlying module structure is already defined on k, and so is Lie bracket. This completes the proof of the
theorem. O

Corollary 4.5. Let the notation be as in Theorem 4.4. Then A=) ;_, A; is a 1-PS of Ay defining the diagonal
curve D whose limit point is the origin. Let D be a formal neighbourhood of the origin in D. We get the
identification (see (3.13) for the notation)

(18) L' (RIp) =L (7g")

of the specialized objects.

Let A =) kA, where k; > 0 but not all are zero. Let D be the formal neighbourhood of the origin associated to
the curve defined by A. Let f : © — Z be the concave function defined by the assignment r — ) k;m,(0;). Then
for any k-algebra R, we have

(4.19) L*(R Ip)(R) = (t(R[t]), 1, (' "'R[¢] ), r € ).

Proof- Note that restriction to D followed by taking global sections of R sets all variables z; to ¢ in the
sections of R on U. Now the first assertion follows by the definition (3.13). The restriction of R to D in the
second case followed by taking global sections corresponds to setting z; := t% in the sections of R on U. [J

Remark 4.6. In the setting of Theorem 4.4, we may view p: Spec(B*) — Spec(B{) as a ramified covering
space of affine toric varieties induced by an inclusion of lattices. The Galois group for this covering is
the dual of the quotient of lattices. The computation in Theorem 4.4 can be seen as a higher-dimensional
analogue of [BS15].

5. Schematization of n-parahoric groups

In this section and the next couple of sections, we will freely use the theorems from [SGA3], the paper of
Bruhat-Tits [BT84a] and M. Raynaud’s book [Ray70]. We begin by recalling a few essential facts about Weil
restrictions of scalars and related things.

5.1. Weil restrictions and Lie algebras

Let X be an arbitrary k-scheme. For an affine (or possibly ind-affine) group scheme H — X, we denote by
Lie(H) the sheaf of Lie algebras on X whose sections on U — X are given by

(5.) Lie(H)(U) = ker(H(U x k[e]) — H(U)).

Lemma 5.1. Let p: X — X be a finite flat map of Noetherian schemes. Let Resy x denote the “Weil restriction
of scalars” functor. Let H — X be an affine group scheme. Then we have a natural isomorphism

(5.2) Lie(Resy/x H) =~ Resg/x Lie(H).
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When p is also Galois with Galois group I', under tameness assumptions (see Section 1.1), we have a natural
isomorphism

r
(5.3) Lie ((Resg/x M) ) = (Resg,x Lie(H)) .
Proof. See [CGP15, Section A.7, p. 533] and [Edi92, Proposition 3.1], respectively. O

Notation 5.2. Following [BLR90], we will denote the Weil restriction of scalars as p,. The functor which
composes with taking group invariants will be denoted by p!. This is often called the “invariant direct image”
functor following [BS15]. The conclusion of Lemma 5.1 can be expressed as

(5.4) Lie(p! (H)) = p! (Lie(H)).

5.2. Some constructions from SGA

We recall briefly some facts about vector group schemes from [SGA3]. For a coherent S-module F, we
recall, see [SGA3, Exposé I, Section 4.6.3 and Proposition 4.6.5] (see also [BT84a, Section 1.4.1]), the functor
from the category of S-schemes to Abelian groups given by

(5.5) W: S —T(S", F ®0, Os).

When F is locally free, this is represented by a smooth group scheme W(F) defined by the affine scheme
Sym(F"V). Its Lie algebra is canonically isomorphic to F. In fact, there is a canonical isomorphism

(5.6) W(F)=~ W(Lie(W(F))).
Following [SGA3|, we will call W(F) a vector group scheme, noting that
(5.7) Fr— W(F)

gives a functor from the category of locally free Og-modules of finite rank to the category of vector S-groups.
Observe that over a field, a vector group is simply G for some n. We now state a few important properties
satisfied by the functor W:

(a) If 7’ is a locally free S-submodule of F, then W(F’) is a closed subgroup scheme of W(F) if and
only if 7’ is a direct summand of F (see [DG70, Section 2.1, p. 148] and [BT84a, Section 1.4.1]).

(b) In particular, if S = Spec(A) with fractional field F, a projective Og-module £ of rank 1 corresponds
to an S-group scheme W (L) whose generic fibre is isomorphic to the additive group G, .

(c) It is easy to check that Weil restriction and taking invariants commute with the functor W.

5.3. Restriction of R to formal neighbourhoods of generic points of coordinate
hyperplanes H;

Let C; be the coordinate curve defined by the vanishing of A; (see Section 4.2) for j #i. Let U; be the
formal neighbourhood of the origin in C;. For 1 <i <, let 0; be the point in the apartment corresponding
to the hyperplane H;.

For each 6, let d; € IN be such that d6; € Y(T). We first suppose that 0; lies in the fundamental domain
of Y(T) in Ar. Recall (see Section A.2) that by [BS15, Proposition 5.1.2], there exists a ramified cover
q: U/ — Uj of ramification index d; and Galois group T, together with a I'-equivariant G-torsor E; such
that the adjoint group scheme H; = E;(G) has simply connected fibres isomorphic to G and we have the
canonical identification of U-group schemes

(5.8) qr (M) = G,

For the general case, move the points 6; into the fundamental domain for the action of Y(T) on At by
elements h; € Y(T). These h; € Y(T) are uniquely determined. By an abuse of notation, we may view them
as h; € T(K) as well. We now consider the modified embedding of G in the generic fibre of &y, . given by
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conjugation by h;. Then the schematic closure via this embedding in &y, g. gives the group scheme Gy . Now
(5.8) generalises without any restriction on 0;. Henceforth in this paper, we fix the identification of U-group
schemes thus obtained:

(5.9) P(hy): qr (H;) = Gy,
We therefore get the following useful corollary to Theorem 4.4.

Corollary 5.3. As sheaves of Lie algebras, we have an isomorphism
(5.10) Lie(¢p(h;)): g5 (Ei(g) = Ry,

Proof. This is an immediate consequence of Theorem 4.4 and Lemma 5.1. O

5.4. Group schemes on smooth varieties with normal crossing divisors

We now prove a result on constructing group schemes on varieties with normal crossing divisors under
some general hypotheses. This plays a role in this paper as a useful substitute for the Artin-Weil theorem on
the existence of group scheme structures stemming from birational group laws. Let @ := (04,...,0,) be an
n-tuple of rational points in the affine apartment Arp satisfying the conditions of Section 2.2. Let k be a
perfect field with characteristic assumptions as in Section 2.2.

Theorem 5.4. Let X be a smooth quasi-projective scheme overk, and let D = )}, D; be a reduced normal crossing
divisor. Let {C;}?_, be the set of generic points of the components {D;}}_,, and let A; = Ox ¢, X; := Spec(Ai) and
X, :=X—=D. Let &g, be the parahoric group scheme on X; for each i associated to the point O; of the affine
apartment. Let R denote a Lie algebra bundle on X which is such that R|x ~ gx X, and R|x, =~ Lie(G&g,) for
each i. Then there is a smooth, affine group scheme & on X with connected fibres, unique up to isomorphism, such
that

(1) (BlXO ~G XXO,
(2) &lx, = &g, for each i,
(3) Lie(®) ~ R.

Proof Let L; := Fract(A;) (resp. L; := Fract(Ai)) for each i. By (5.9), for each i, there exists a I}-equivariant
G-torsor E; on a ramified cover g;: X; — X; such that the adjoint group scheme H; = E;(G) has simply
connected fibres isomorphic to G and we have the identification of A;-group schemes

(5.1 Phi): 1, (Hi) = Go,.
Furthermore, by Corollary 5.3, we also get the identifications
(512) Lie(¢(h;)): aL..(Ei(g)) = Lie(Gg,).

Let &, := G x X,,. Let X" C X be an open subset containing X, whose complement in X has codimension
at least 2. We restrict the Lie algebra bundle R = Ry further to X’. By assumption, over the open subset
X, C X’, we have R ~ X, x g. Observe that Aut(g) = Aut(G) since G is simply connected. Further, since the
local parahoric group schemes (g, are assumed to be generically split, it follows that for each i, the transition
functions of R give an isomorphism

T (BO XX, L~ (591, XX; L;.

We can now apply [BLRI0, Section 6.2, Proposition D.4(b)] to each 7;: &, xx_ L;Xp, L~ Gg, xx, L; to obtain
by “descent” an affine, finite-type group scheme &, over Spec(A;) for each i, such that &, x4, Aj =~ G,
and (B’Qi xa, Li =&, xx L;. By an abuse of notation, we will denote the group scheme (B’Gi simply by Gg ..

Since the group schemes By, on Spec(A;) are of finite type, they can be extended (by clearing denomina-
tors) to open subschemes X of X. By a further shrinking of this neighbourhood Xy, of C;, one can glue it to



On Bruhat-Tits theory over a higher-dimensional base 31

&, along the intersection. Since the group schemes are smooth and affine, we obtain the connected, smooth,
affine group scheme

(5.13) & — X'

Transporting structures by Corollary 5.3 (see also the appendix), the Lie algebra bundle R gets canonical
parabolic structures at the generic points C; of the components {D;};. By Definition A.l, for a (generic)
parabolic vector bundle with prescribed rational weights such as R, we firstly get a global Kawamata cover
(see Section A.l) p: Z — X ramified over D with ramification prescribed by the weights {d;}, see (2.2), with
Galois group I' which “realizes the local ramified covers g; at the points (;”; i.e. the isotropy subgroup of I
at C; is I;.

We claim that we in fact get an I'-equivariant vector bundle V' on Z such that

(5.14) pL(V)=R.

Let Z":= p~}(X’). As the first step, following the reasoning in the appendix, it follows by the dimension
1 strategy that there exists a [-equivariant vector bundle V' on Z’ such that p! (V') 2R |y

Furthermore, in formal neighbourhoods over the generic points C; of the components D;, we may identify
V’ with E;(g) and T with I}. Also, over Z, := p~'(X,) we can identify V’ with gx Z,. The transition
functions of R|xs can be lifted to give transition functions for V’, and we get a canonical I'-equivariant Lie
algebra bundle structure on V’ over Z’ (with fibre type g) such that pf (V') ~ R |y as Lie algebra bundles.

Since the weights 6; are all chosen to lie in the same affine apartment A7, the local representations for the
stabilizers I; CI' in G take values in the maximal torus T. This determines a uniform Cartan decomposition
on the fibres of the Lie algebra bundle V' on Z’ (compare with the proof of Theorem 4.4, where one has
similar arguments to check that R is locally free on A). This gives a decomposition of the underlying vector
bundle V’ as a direct sum of line bundles.

Now since invertible sheaves extend as invertible sheaves across codimension at least 2, see Lemma 4.3,
and since codim(Z \ Z’) > 2, the reflexivity of the double dual V of V’ implies that this direct sum
decomposition of V' extends term by term to Z. Hence the double dual V is locally free. The equivariant
structure on V’ canonically gives an equivariant structure on V, and it is easy to check that (5.14) holds.
This completes the proof of the claim.

The structure of Lie algebra bundle on V’ is such that the Killing form is non-degenerate everywhere
on Z’ by virtue of our assumptions; see Section 2.2 (¢f. [Jan98, Section 6.4, p. 199]). By a Hartogs-type
argument (see for example [EGAIV, Theorem 5.10.5] or [Har67, Theorem 3.8]), the Lie bracket [,] on V’
extends to a Lie bracket on the locally free sheaf V' with the Killing form being non-degenerate on the whole
of Z. In other words, V is now a locally free sheaf of Lie algebras on the whole of Z with semisimple fibres; these
fibres are isomorphic to the Lie algebra g by the rigidity of semisimple Lie algebras. We denote this bundle of Lie
algebras by V.

By construction, V” has the structure of an equivariant Lie algebra bundle. The [, ] on Vj is a section of
Vy® Vy®Vy. For each g €T, the sections ¢ -[,] and [, ] agree on Z’. Hence they agree everywhere on Z;
i.e. the underlying equivariant structure on V; gives V; the structure of an equivariant Lie algebra bundle.
The transition functions of this equivariant Lie algebra bundle lie in Aut(g) = Aut(G). Hence we obtain an
equivariant Aut(G)-torsor £ on Z. Note that £ is only étale locally trivial. Also observe that the associated
Lie algebra bundle £(g) := £ xAu(%) g is isomorphic to Vy as a Lie algebra bundle.

Let H := & xAuG) G denote the associated fibre space for the canonical action of Aut(G) on G. Since the
group Aut(G) acts on G as group automorphisms, it preserves the group structure, and hence H is a group
scheme. Further, since & is étale locally trivial, by étale descent, it follows that H is an affine smooth group
scheme on Z. Since £ is an equivariant Aut(G)-torsor, the group scheme H is furthermore an equivariant
group scheme on Z for the action of the Galois group I', and so we define

(5.15) Gy = pl(H).
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By the properties of Weil restriction of scalars and taking invariants, it follows that Gy is a smooth, affine
group scheme. Also, Gyx|x = &',

Note that we have the identification Lie(H) ~ V; as Lie algebra bundles on Z. Since by Lemma 5.1, the
“invariant direct image” functor commutes with taking Lie algebras, we moreover get isomorphisms of locally
free sheaves of Lie algebras

(5.16) Lie(®y) ~ Lie(pl (H)) ~ p! (Lie(H)) = pf (V) = R.

This proves the third claim in the theorem. O

5.5. The “big cell” structure on &

Recall that the choice of the set of positive roots ©@* determines a big cell of G over k.

By (5.13), the group scheme (& is obtained by gluing the parahoric group schemes &y, with G x X, using
the identity map idg. Therefore, the parahoric group schemes (g, come with a canonical big cell which glues
with the standard big cell of the split group scheme G x X,. This gives a big cell By = U3 x Tx x U5, € Gy.
This also gives the decomposition

(5.17) Lie (Gx) = Lie (1} ) ® Lie (Tx) ® Lie ().

In the next proposition, we show the existence of an open subscheme B¢ of & obtained in Theorem 5.4.
This open subscheme is analogous to the big cell in a split reductive group scheme; see [SGA3, Exposé XXII,
Section 4.1]. Following [BT84a], we will call this open subscheme a “big cell” of . The big cell in particular
provides a neighbourhood of the identity section of the group scheme &.

Proposition 5.5. We work in the setting of Theorem 5.4 and choose the transition function for the gluing to be
idg € Aut(G). Let DT be a system of positive roots in ©. Let By denote the big cell of H. Let

B = ph (Byy)

denote the invariant direct image of Dyy.
Then B restricts to the standard big cell of G over the open subset X,. In fact, there exist unipotent subgroup
schemes \|* and a toral subgroup scheme T of & such that the morphism

(5.18) U xTxUW —G
to & induced by multiplication is an open immersion with image B .

Proof- The notation is as in the proof of Theorem 5.4. Since the Galois action of I is via the fixed maximal
torus T, we observe that the Cartan decomposition of the Lie algebra bundle is preserved under the functor
that takes I'-invariants. Notice that the functor W of Section 5.2 commutes with Weil restriction and taking
invariants. Hence the root group schemes and the toral subgroup scheme of the reductive group scheme H
can be pushed down by p! to give the corresponding root group schemes and toral group scheme below.
The group structure on H induces one on the product of the root groups for the positive and negative roots
(with a fixed and prescribed order) to give closed unipotent subgroup schemes on H. These again carry the
action of the Galois group I'.

Hence these unipotent subgroup schemes get pushed down by p! to give closed subgroup schemes 11*
of &. Further, Weil restriction and taking invariants preserve the product structure, and this shows that the
big cell structure on the reductive group scheme H goes down by Weil restriction and invariants to give the
required big cell structure on (. O
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5.6. Bruhat-Tits group scheme associated to concave functions

Let @ := ® U {0}. Recall that a function f: ® — IR is a concave function such that f(0) = 0; see (1.5). We
recall a few salient features of the main results from [BT84a, Section 4.6.2] and [Yul5, Theorem 0.1] in our
special setting, where Gy is a generically split, simple, simply connected group over K, i.e. Gx ~ GxSpec(K).

Bruhat-Tits [BT84a, Section 4.6.2]: Let Pr be the subgroup of G(K) generated by U, () and the subgroup
T(A).

There exists a canonical affine smooth group scheme G on Spec(O) with generic fibre Gk such that

(1) & (A) =Py,

(2) the multiplication morphism

(5.19) ( I_[ Unf(r)] xTf,0 % [ I_[ unf(r)) — &y

re®- re®@+

is an open immersion. The group scheme 7 ¢ is the schematic closure of Ty in (B, and since Ty is a split
torus, 7¢ ¢ is a connected multiplicative group scheme; see [BLR90, Section 10.1, Example 5]. By computing
the tangent space at the identity section which lies in the image of the immersion, i.e, in the big cell B¢
of &y, we see that

(5.20) Lie(&f) = P Lie (U, () @ Lie(T10).

re®

5.7. On the Lie algebra bundle R in Theorem 5.4

We now prove a small but significant variant of Theorem 5.4. In the hypothesis in Theorem 5.4, we
have assumed the existence of an n-parahoric Lie algebra bundle R on X. We will give sufficient general
conditions for the existence of a Lie algebra bundle alone.

Proposition 5.6. Let the notation be as in Theorem 5.4. Let f = {f]}7:1 be a collection of n-concave functions. Let

A; be the completion of A; at the maximal ideal. Suppose that we are given an assignment of BT -group schemes
(Bf]. on X := Spec(A]-) for each j. Then there exists a Lie algebra bundle R on (X, D) such that R|x ~ gx X,,
the Cartan decomposition on g extends to R and R|X]. ~ Lie((Bf],) for each j.

Proof. The notation is as in Theorem 5.4 and its proof. But unlike in Theorem 5.4, we do not begin with a
Lie algebra bundle. So we are free to choose the initial gluing data according to our requirements. Since
the BT-group schemes for us are always connected, smooth and generically split, we can choose (as in
Proposition 5.5) idg as the map for gluing the product group scheme &, = G x X, with the &y.

Exactly as in the proof of Theorem 5.4, by a descent argument, we get smooth, affine group schemes G,
now on Spec(A;) for each 7, and hence we get a smooth, affine group scheme &’ on X’. We now define

(5.21) R’ :=Lie(&),

which is a Lie algebra bundle on X’ C X.

Since the gluing functions are idg, exactly as in the proof of Proposition 5.5, we also have an extended big
cell structure on the group scheme &’ over the whole of X’. As in (5.17), we see that the Cartan decomposition
extends to give one for R’. In particular, this gives a direct sum decomposition of R’ in terms of line
bundles.

Now define R to be the reflexive closure of R’; see Lemma 4.2. Since we are on an irreducible smooth
scheme X, by Lemma 4.3, reflexive closures of invertible sheaves remain invertible sheaves. Thus R is also a
locally free sheaf on X. The Lie bracket on R’ now extends by a Hartogs-type argument, and we get a Lie
algebra bundle structure on R with the desired properties. g
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5.8. Construction of the n-parahoric group scheme

The notation in this section is as in the previous one; namely, A ~ A™ and Ay C A is the complement of
the coordinate hyperplanes. Recall that O,, = k[zy,...,2,] and K,, = Fract(O,).
Let {H;} be the hyperplanes of A. For each i, let {; denote the generic point of the divisor H;. Let

(5.2 A;=0np,

be the DVR obtained by localizing at the height 1 primes given by C;, and let X; := Spec(A;). Base changing

by the local morphism X; — A, we have a Lie algebra bundle R|x, for each i. Moreover, the Lie algebra

bundle R on A, see Theorem 4.4, gives canonical gluing data to glue R|x, with the trivial bundle g x Ay.
The following first case is the key to proving the main result, Theorem 1.3.

Theorem 5.7. The main theorem, Theorem 1.3, holds when the n-tuple of concave functions is of type I (see
Definition 1.2).

Proof. We begin by making constructions on A. The existence of the Lie algebra bundle R on A follows by
applying Proposition 5.6 to the n-concave function of type I defined by the point ® = (04,...,0,,). Since
we are in the type I case, we could have obtained the Lie algebra bundle directly from Theorem 4.4 as well.
Again since we are in type I, the existence of the smooth ajffine group scheme Gg with connected fibres
is a consequence of Theorem 5.4; its cell structure and properties (4) and (5) of Theorem 1.3 follow from
Proposition 5.5.

We now restrict the group scheme Gg to Spec(O,)) C A and continue to denote the restricted group
scheme by Gg. Since the base is smooth and the group scheme is also smooth, by a theorem of Weil, see
[BLRIO0, Section 4.4, Theorem 1], it follows that the global sections are determined on any open subset U
whose complement is of codimension at least 2. Let us call such an open subset a big open subset. Sections
over U are obtained by intersecting the sections of the parahoric groups defined at the height 1 primes in
G(K,,). It follows immediately that the sections over the big open subset U coincide with the n-parahoric
group Pg, proving assertion (2) of Theorem 1.3.

We now discuss the uniqueness of the group scheme; we note that although we do this here in the setting
of type I, the arguments are identical and will imply the same for the most general type III case, once the
construction along with properties (4) and (5) of Theorem 1.3 is carried out in Section 7.

If  is a connected, affine smooth group scheme over O,, which is generically split and such that it has
closed toral and root subgroup schemes as in (4) and a big cell as in (5) of Theorem 1.3, then by [BT84a,
Sections 1.2.13 and 1.2.14], we get the desired isomorphism of Gg and §), showing the uniqueness.

A subtler feature regarding the uniqueness can be extracted from these arguments. Once the smooth
connected group scheme Gg is constructed abstractly, the big cell structure over the big open subset U
(which contains all points of height 1) can be obtained at each of the height 1 primes as in [BT84a]. So
the cell structure coincides with the big cell of the parahoric group schemes (ng for each j, and hence by
the uniqueness of the group schemes over discrete valuation rings, see [BT84a, Section 3.8.3], we get the
identification of the group schemes Gg and /) over U. Now, we can appeal to the deeper results in [Ray70,
Corollaire IX.1.5] to extend the isomorphism of group schemes from U to Spec(O,,). O

Remark 5.8. In continuation of Proposition 5.6, the description of the diagonal restriction of Gg can be
obtained directly from the facts that it is affine by Theorem 5.7 and the group &g (O,,) of O, -valued points
is the n-parahoric group Pg. Let the notation be as in Theorem 1.5. Let A := Ay for I ={1,...,n} be the
diagonal curve in the affine space and O be the ring of functions on A at the origin. Hence the restriction
(g |a is such that the space of its sections Bg | (O) is identified with Bg(O,,), in which we set all variables

as equal. Thus we get the subgroup Pgag C G(k((t))); see (3.11). By the étoffé property of BT-group schemes,
this forces that Gg |5 is the BT-group scheme given by the concave function mg, where mg(r) := ) ; m,(6;).
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We remark that the above discussion still holds if we work with subdiagonal curves A as Theorem 1.5(b),
which are defined by any subcollection of the hyperplanes indexed by a non-empty I C {1,...,n}.

Corollary 5.9. Consider an n-tuple f of concave functions, each of which is a sum of such functions of type I.
Then the group scheme &y is affine.

Proof. Let f =(fi,..., f,,), where f; = Zj fgi]_. Set ® = (0;;). Then B is affine by Theorem 5.7. Note that
this group scheme constructed out of N-parahoric group schemes is over an affine space of dimension N,
for N > 0, and obtained from the data of the {6;;}.

Observe that the group scheme (¢ can be seen as a restriction to a subdiagonal in the larger affine space
of Gg. Now the assertion of affineness follows by Remark 5.8. n

5.9. Revisiting two «contre-exemples » in Bruhat-Tits [BT84a]

In this subsection we take a closer look at a couple of counter-examples in Bruhat-Tits [BT84a, Sec-
tion 3.2.15]. The examples highlight how the procedure developed in Section 3 of [BT84a] of taking schematic
closures in certain linear groups could give schemes which are neither flat nor group schemes. This phenome-
non happens when the base scheme is A2. By discarding certain bad components in the fibre over 0 € A2,
they extract a 2BT-group scheme whose affineness is left in doubt.

The base ring is O = k[&, 17], the group is G = SL,, the concave function f is defined by f(a) =& -O and
f(=a) = 1-O, and the representation is p = id x Ad on the module K?xg. The O-module M is a free module

0 0)(1/2 0
generated by the basis of K2 and the elements n-e_g,h & -e,. We view them as ( O)’( (/) 1/2] and
_1/] —
0 &
0 0
—n-zt En7l.z?

(5.23) p[x }t)]: (x }t))' =2n-yt xt+yz -2&-xz
z z
17.571})2 —E'Xy xZ

. Thus we have

t2

The schematic closure of p(G) in GL(M) is &. The fibre over 0 € A? is
(5.24) G, =Bl UG,

where (! has dimension 4 and &2 dimension 3. Hence & is not flat over O, while f:= &\ &} is a flat group
scheme, albeit in the words of [BT84a, Section 3.2.15, p. 60] «mais probablement pas affine », i.e. but probably
not affine.

The fibre of £ at 0 is obtained from [BT84a, Section 3.2.14, Equation (2)], which is obtained by a diagonal
restriction.

We now reinterpret this example as the simplest case of Theorem 5.7, for G = SL,. The surprising
picture which emerges from our approach is that we even get the affineness of their group scheme ) as a
consequence.

In our setting of Section 3.2, we have @ = {4}, and in terms of the alcove vertices (2.1), we have

01:=0,/2=w"/2 and 0, := -0,/2 = —w" /2. With m,(0) := —|r(0)], we get

(5.25) a(61) =

1/2 ifae®T,
-1/2 ifae®,

0 if ae @7,
(5.26) my(01) = _ -
1 ifae 7,
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and similarly for 6,. We get

-1/2 if ae ®F,
(5.27) a(6;) = ] ~
1/2 ifaed7,
(5.98) (6) 1 if a e @7,
N m =
Y70 ifaco

By Theorem 5.7, if @ = (01, 0;), the group scheme (g is precisely ) and also a smooth, affine group scheme
over O. Furthermore, the diagonal restriction is the affine group scheme (&, given by the concave function
meg: t > Zmr(ej) with

(5.29) mg(a)=1 Vaed,

which computes Pgiag and recovers the concave function considered in [BT84a, Section 3.2.14].

6. Schematization of n-bounded groups Pg

The notation in this section is as in the previous one; namely, A ~ A™ and Ay C A is the complement of
the coordinate hyperplanes. In this entire section, we work with G being one of A,,, G,, Fy or Eg.

We begin by remarking that in the foundational paper [BT72], Bruhat and Tits study bounded groups
associated to concave functions on the @ U {0}. In the sequel [BT84a], the main result is to prove that these
groups are schematic.

A class of concave functions, which play a basic role even in the general study, are the ones which come
associated to bounded subsets () of the affine apartment. In this section, we extend the above theory
of n-parahoric groups (with their schematic properties) to the bounded groups associated to products of
bounded regions Q :=(Q,...,Q,,) in the apartment.

In the following key remark, we recall a few basic facts from [BT84b)].

Remark 6.1. Let G = SL(n) for some n. Let () be a non-empty enclosed bounded subset of the apartment
A. It is the convex hull of a finite subset {€1,...,0} of points in A. In terms of the points 6;, the BT -group
scheme By on Spec(O) is precisely the schematic closure of the image of G in ]—[;-;:1 &g, under the diagonal
map. This is a consequence of the discussion in [BT84b, Remarques 3.9], together with [BT84b, Section 5.3],
where it is shown that the group scheme & over Spec(O) can be realized as the closed image in ]_[]S‘:1 (Bg].
of the diagonal morphism of G in the generic fibre G® of ]_[]S-:1 (BQ]..

We further remark that the stated result for SL(#) also works by the results [GY03, Theorem 10.1] for G,
and [GY05, Theorem 9.1] for F4 and Eg.

Remark 6.2. An important aspect of the remark made above which will be used in what follows is to view the
group scheme ]_[]S-:1 (59], as an invariant direct image from a suitable ramified cover (see Section A.2). Now
the group scheme (59], arises from an invariant direct image if 0; belongs to the alcove a (see Section 2.1)
by [BS15]. This generalizes to the case when 6; belongs to the fundamental domain of Y(T) by Remark 8.1
and Section 9.1. For the general case, we may have to move the points {0,...,0,} in apartment A into the
fundamental domain for the action of Y(T). Let h; € T(K) be elements such that the point {h;-65,..., hs-0s}
now lies in the s-fold product of the fundamental domain of Y(T). We now consider the modified diagonal
embedding of G in the generic fibre of ]_[]S-:1 (Bh]..ej which is given by a simultaneous conjugation by the ;,
ie. g (h-g- h[l,..., h-g-hg'). Then the schematic closure via this embedding in ]_[]S-:1 (Bh]..g]. gives the
group scheme (¢, up to an isomorphism. Moreover, the new ambient group scheme ]_[]S‘:1 CBh]..Q]. comes as
an invariant direct image from a single cover.
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6.1. The schematic hull S 5 of an n-bounded set () and its big cell structure

For simplicity of notation, let A stand for the polynomial ring k[z1,...,z,] and F stand for Fract(A) throughout
this proof.

Let Q = (Qy,...,Q),), where we may assume that the (); are enclosed bounded subsets of the affine
apartment A. Let (Q; be the convex hull of points {0;,...,0;s} of A7. Note that a priori the number s of
points also varies with i. By Remarks 6.1 and 6.2, we may suppose

(1) that these points lie in a single fundamental domain of Y(T) in At and

(2) that over a DVR Spec(O), we realize each (g, as the schematic closure of G in ]_[?:1 (59”.
By choosing s to be the maximal number of terms for varying i = 1,...,7n, and by repeating the 6;; when
the number is less than s, we may assume that all the group schemes (B¢, are schematic closures of products
of s parahoric group schemes on Spec(O).

Fix a j € {1,...,s}. For each hyperplane H; (i = 1,...,n), we attach the point 0, ;. For this configuration
of points in the apartment, we have by Theorem 5.7 an n-parahoric group scheme 6911’--”@:1‘ on A. We set

(6.1) So.A = I_[ Go,,....0,,
1<j<s

to be the s-fold product of n-parahoric group schemes on A. Thus Sq 4 is a smooth, affine group scheme on
Spec(A) = A with generic fibre being the split group scheme G® x Spec(F). Since each n-parahoric group

......

so is the group scheme S$q .

Definition 6.3. We call the product group scheme Sq 5, see (6.1), the schematic hull of the n-bounded
set () and will denote it simply as S4.

This group scheme S, will play a central role in all that follows.

.....

cell by Theorem 5.7 (see Section 5.5). Taking their product, we define the big cell of the group scheme S 4.
Let us write it as the image of the product morphism

(6.2) B xT x B —> Sp.
(6.3) B, = H W, ;.
1<j<s

Then under the induced group law from S, each B, is Abelian.

6.2. The diagonal embedding

Let U be an open subset of Spec(A) which contains all primes of height at most 1. At the completion of
the local rings at the height 1 prime ideal associated to the generic point of each H; indexed by i = 1,...,n,
we assign the Bruhat-Tits group scheme (B¢ . By definition, these group schemes are also generically split.

We let &g ¢ denote the image of the diagonal embedding of GxSpec(F) in G®xSpec(F). As in Proposition 5.6
and in the proof of Theorem 5.4, by gluing (using the map idg) with the CBQ]_, the group scheme Gq ¢
extends to each of the generic points of the coordinate hyperplanes. Let &g ; denote this smooth, affine
group scheme on U. We begin with the closed embedding G r C Sf, where Sf = SAlSpeC(F) . Let

(64) Dp :=Car
denote the schematic closure of G in Sp.

Lemma 6.4. The group scheme &gy is in fact the schematic closure Uiy of Gqor in Sy.
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Proof- Since U contains all primes of height at most 1, we see that the schematic closure Dy of Gg r in Sy
is in fact a flat group scheme on U, and since S, is affine, it is in fact affine as well.

Since (g r is smooth and hence reduced, 1)y is in fact the closure of G r in S5 with its reduced scheme
structure. Since the base is of dimension at least 2, this schematic closure, however, need not be a group
scheme (see [BT84a, Section 3.2.15]).

To prove the contention of the lemma, we need to verify that the restriction of U)j; to the completion of
the local rings of each height 1 prime associated to H; is in fact isomorphic to the BT-group scheme G, .
This follows from Remarks 6.1 and 6.2. U

6.3. n-bounded-groups and schematization

The schematization of the n-bounded analogue is now carried out in two steps. As in the construction of
the n-parahoric, we construct the Lie algebra bundle Rq first (see Theorem 4.4). This will be eventually
turn out to be Lie(GBg).

Proposition 6.5. Let the notation be as in Theorem 4.4 and Proposition 5.6. The trivial bundle with fibre g on
A extends to A, preserving the Cartan decomposition as a canonical Lie algebra bundle Rqy. Further, for each C;,
the restriction Rq|x, is isomorphic to Rqy..

Proof. This is special case of Proposition 5.6. O

We will denote the Cartan decomposition of R as follows:
(6.5) Ra =Lie(T) @07 &,co R,

The group scheme construction on the higher-dimensional base has two obstructions. Firstly, schematic
closures need not be flat when the base is not a Dedekind domain (see Section 5.9), and secondly, there is no
immediate analogue of Theorem 5.4. This is because the bounded subsets (); need not be singletons, and so
the local BT-group schemes at the height 1 primes do not necessarily come from ramified covers.

Towards this end, we begin with a useful lemma.

Lemma 6.6 (¢f. [BT84a, Section 1.2, pp. 17-18]). Let K be an infinite field and A C K be a subring such that
K is the quotient field of A. Let f: X — Y be a morphism of schemes over A, and let i: Z — Y be a closed
subscheme. Suppose that X is A-flat and that fi: Xy — Yg factorises through Zy. Then f factorises through Z.

Proof- By going to an affine cover of Y, we may assume that X and Y are A-affine with coordinate rings
O[X] and O[Y]. Since X is A-flat, the map jx: O[X] = K®p O[X] is injective. Let a € [(Z) be an element
in the ideal defining Z in Y. Then jx o f*(a) = fg o jy(a) = 0 since fx has a factorization. By the injectivity
of jx, we get f*(a) = 0. O

6.4. Continuation of proof of Theorem 1.3

Theorem 6.7. The main theorem, Theorem 1.3, holds when the n-tuple of concave functions is of type II (see
Definition 12) and when G is of type A,,, G,, Fy or E¢ (see Remark 6.7).

Proof- We will break up the rather long and technical proof into two parts. Part (I) constructs the candidate
for big cell in the type II case. Part (II) then constructs the group scheme by using this cell structure. In this
sense, the key issue is the extension of the schematic root datum.

Part (I) of the proof. We begin with the closed subgroup scheme &g of Sp (obtained by the diagonal
embedding of G in G°).

The closed subgroup scheme Gg r < Sy over Spec(F) is such that each factor of the product Ug X
Taor X H;f” embeds factor by factor in the corresponding term in the cell of Sy. The full cell Cqf :=
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Im(U.E2 FxTapx U — (BQ,F) therefore sits as a flat closed subscheme of the open subscheme
(6.6) Im (Bf x 7r x Bf — ).

As before, let U be an open subset of Spec(A) which contains all primes of height at most 1. By
Proposition 6.5, we have a locally free Lie algebra bundle R on Spec(A) = A. This gives an extension of
Lie(&bgq ) as a Lie subalgebra bundle R of Lie(S, ). Under the Cartan decomposition, we get the following
refinement of subbundles:

(6.7) R,q < Lie(B,).

In the proof, as a preliminary step we will construct a big cell Cq A as a subscheme of the group scheme
SA. This is achieved in (6.14) below. This scheme Cq A will be such that when restricted to the open subset
U of Spec(A), we have an open immersion

(6.8) Cy — &g u.

We recall that by (6.4) and the proof of Lemma 6.4, the scheme U, is in fact the schematic closure of Gg 1y
in $5. The main aim of this first part of the proof is not only to show the existence of a big cell Cq 5 in
(6.14), but to show in fact that Proposition 6.9 may be applied to it because it satisfies the following key

property.
Claim 6.8. There is an open immersion from the scheme Cq A into D).

We begin with the big cell Cq r :=Im (115 X TarxUgr — CBQ’F). This gives the decomposition

Lie(GBq ) = Lie(1lg, r )@ Lie(To,r) ®Lie (g ).

The goal now is to extend Cq r to a big cell Cq A, as an open subscheme of 1)5. We prove this in several
steps.

Step 1: Toral extension to A and closed embedding in 1 5. Since we work with the generically split case, the
maximal torus T C &g is split. We now work with a U which contains all primes of height at most 1.
The torus T r canonically extends to a smooth closed multiplicative subgroup scheme 7q ; of &g 1y over
U. This can be explicitly constructed as in [BT84a, Section 4.4.18 and 4.6.2] (or by using the identity
component of the Néron-1ft model from [BLR90, Section 10.1, Proposition 6], as in [Lan96, Proposition 3.2]).

By [Ray70, Proposition IX.2.4], it follows that the inclusion 7g ; = &g y < Sy extends uniquely to
a smooth group scheme 7 A together with a closed immersion 7 A <> S, as a subtorus of the group
scheme $,. Since Tq A is flat and hence torsion-free, it follows that 7q A is the schematic closure of 7q ¢y
in S. Again, since D) is the schematic closure of &g ; in S, we conclude that the embedding 7 A < S
factors via a closed embedding 7 A <> .

Step 2: Unipotent and big cell extension to U. Next, we need to extend the unipotent group schemes U.;—'Z’F,
firstly as closed subschemes of B (7. This is easy since these are precisely the schematic closures of the root
groups Hf'F, for r € @, and hence of HE’F in GBq 17; we obviously rely on Bruhat-Tits theory over discrete
valuation rings. Call these extended group schemes HE’U and observe that since we work over height 1
primes, these are flat over U.

Thus we have the big cell
(6.9) Cy = Im(u(_u] xTo,u x U, =_><BQ,U)

in G ; which has the property that at each of the height 1 primes, it restricts to the big cell in the usual
Bruhat-Tits group schemes G, .
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Step 3: Unipotent extension to Spec(A) as closed subschemes of 5. We next ensure that the group schemes
ufw extend as subschemes of the schematic closure U to ensure that a big cell Cqn A can be openly
embedded in U ,.

We do this in three substeps.

Step 3.1. We first extend the unipotent group schemes abstractly from U to the whole of Spec(A). For
each r € @, consider the fractional invertible ideal of A, i.e. a finitely generated projective sub A-module of F
given by

(6.10) F(r) =2

By [BT84a, Section 3.2.6], this ideal defines smooth A-group schemes 1l, o o extending the root groups U, r

A CF,

as well as the root groups 1, g iy over U.

Step 3.2. We now prove that the group schemes 1l, g A are closed subgroup schemes of the Abelian
subgroup schemes 1, (see (6.3)) of S5 and therefore closed subschemes of 5. We do so by showing in
fact that they are schematic closures of the root groups U, o iy in B,. Our method is to reduce verifications
by Section 5.2 to an inclusion of Lie algebra bundles on A. This check further reduces to U.

Step 3.2.1. By Section 5.2, the following group schemes arise from the W-construction of their Lie algebra
bundles:

(6.11) Uou=W(Lie(l,ou)),  Br=W(Lie(D,)).

Note that the root groups 1, o 1y are closed subgroup schemes (over U) of the restrictions B, ; to U.
Moreover, the 13, are themselves closed Abelian subgroup schemes of S (see (6.3)). Thus, by [SGA3, Exposé
I, Proposition 4.6.6] (recalled in Section 5.2), we conclude that the corresponding rank 1 Lie algebra bundle
Lie(ll, o ) is a direct summand of the Lie algebra bundle Lie(B,|y).

Step 3.2.2. We claim that Lie(1l, o 7) extends to Spec(A) as the line bundle R, of (6.5). Indeed, since
each R, restricts to Lie(ll, o ) on U, it follows that by taking their reflexive closures inside Rq (see
Proposition 6.5), each Lie(ll, g ) extends to Spec(A) as the line bundle R,. This extension R, is a
summand of Lie(1,) because its restriction to U has this property.

Moreover, these are extensions as Lie algebra subbundles of R because by the Hartogs lemma, the Lie
bracket extends across codimension bigger than 2.

Step 3.2.3. By Step 3.1, the root group schemes 11, o iy already have the extensions as unipotent group
schemes given by 1l, o A. Again, since the Lie algebra bundles R, and Lie(ll, o ) agree on U, we have an
isomorphism of Lie algebra bundles

(6.12) R, ~Lie(U,q)-
This therefore identifies Lie(1l, o o) as a Lie subalgebra bundle of Rq as well as a direct summand of
Lie(1,).

Step 3.2.4. We observe that 1|, o A arises from the functor W construction of Section 5.2. More precisely,
we have scheme-theoretic isomorphisms of vector group schemes

(6.13) U0 =W (Lie(U,q,A))-

Since the Lie(l, o A) are direct summands of Lie(2,), by Section 5.2 it follows that the 1l, o A are closed
subgroup schemes of 13, and therefore of $,. It follows in particular that the inclusions 1, o A C U are
closed embeddings, as claimed.

Step 3.3. We have arrived at the setting of [BT84a, Section 2.2.2]. For r € ®*, we denote the scheme-
theoretic product of group schemes 1, o as the A-scheme U‘;_rl,A' Since each 1l, g A is the schematic
closure of 1, o iy in Sy, it follows that the lla A are the schematic closures of HEIU in 55. The UE’U are
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smooth unipotent subgroup schemes of $, over U, and since the g , are flat, by [BT84a, Section 1.2.7],
it follows that the lla A are closed subgroup schemes of 5. Hence we get the smooth unipotent group
scheme structure on the 115 A as well as realize them as closed subschemes of L),.

This completes the proofs of Steps 3.3, 3.2 and 3.1 and, as a consequence, of Step 3.

Step 4: Closed embedding of the big cell in Up. We finally need to ensure that the open immersion
jui Ug yxTau % u;),U — B y extends as an open immersion j : Ha’A xTa,n *xUg A = Da.

More precisely, we show that the schematic closure of the image of the multiplication map of g , X
To,A X 115’ A in 54 is actually D and then derive the open immersion property as a consequence. ’

By using the discussion preceding (6.6) and taking closures term by term, we see that 116' AXTgA X 115’ A
is a flat closed subscheme of 1~ x 7 x 1", which is itself an open subscheme of $4. In other words, the
product defines an isomorphism of schemes of 1, , X 7g A X U.al A onto a flat closed subscheme

(6.14) CaoaCIm(B xT xBY)

and, moreover, Im(E_ xT x B+) is an open subscheme of S,.

Let € be the schematic closure of Ca,a in Sp. We claim that € =D A. By what we have checked above, it
is clear that C is contained in D4.

Conversely, the big cell Cqr is an open dense subscheme of Ggq r, hence € D Gg f, implying that C
contains U,. Hence, by applying [BT84a, Section 1.2.6], we conclude that Cq A is an open dense subscheme of
its schematic closure which has been identified with 1), .

This completes the proof of Claim 6.8 and hence of Part (I) of the argument.

Part (I) of the proof. We now state and give the proof of Bruhat and Tits [BT84a, Proposition 2.2.10],
minimally tweaked and tailored for our purposes. The result is referred to in a couple of places in their work
(see [BT84a, Section 3.9.4]), where they talk of the possibility of an extension of their theory to 2BT-group
schemes; but for us it is indispensable. In [BT84a, Proposition 2.2.10], the role of the group scheme GL(M)
is played by the group scheme S A (see Definition 6.3) in our situation. Hence we almost “reproduce” their
rather long and technical proof in its entirety, with suitable changes.

Proposition 6.9 (¢f [BT84a, Proposition 2.2.10]). Let § be the image of Cq a x Cq p in S by the product
morphism 10 of Sp. Then § is open in Dp and is a subgroup scheme of S, with fibre &g 17 over U, flat, of finite
type, containing Ug A, ToA and ufw as closed subgroup schemes and containing Cq A as an open subscheme (a
big cell). Furthermore, the group scheme 5 is a quasi-affine smooth group scheme over A.

Proof. For simplicity of notation, we will do away with all multiple Greek letters in subscripts.

As a preliminary step so as to follow the rest of the argument in [BT84a], we need to check that 11, x 7y
and 7, x U} are group schemes.

For this we consider the morphism

(6.15) Wy x Ty — Sy

given by (u,t) > t-u-t~1. By [BT84a, Section 4.4.19], this gives an action of Ty; on 11}, and hence over U, the
image lands in l7;. Since 1l is a closed subscheme of $ and since U contains all points of height at most 1,
it follows that the morphism given by conjugation has its image in 1l . In other words, U, x7p = Tp x U
in $; i.e. it is a subgroup scheme; see [DG70, Section 3.10, p. 166]. Similarly, 75 x 11} is also a group scheme.

As CxC is flat and 1(Cy xCyy) € Gy, by Lemma 6.6 (where U plays the role of Z), we have the inclusion
Hcb.

By what we have seen in part (I) above, € is an open subset of ). So the inverse image I' of C by
n: CxC — 1 is therefore an open subset of € x €. Since U, x 75 and T x UL} are groups, we get the
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inclusion
(6.16) T ((Ux x Ta x (1)) x (Ux x Ta x (1)) U ({1} x T < AR ) x ({1} x Ta x 23 ).

Let p € Spec(A) be a closed point, and let k be the residue field of the local ring A,. The fibre I},
of I' is an open subset of €, x C,, dense in €, x Cp: in fact, if u,u’ € HI; and z,z’ € 7,, the set V of
(v,v’) € U x 1 such that ((u z,v), (u’,z',v’)) €I, is an open subset of 11 x 1L} and is non-empty since
(1,1)eV by (6. 16) therefore dense in 1l x 11; since 1l; is connected.

Let H,, be the closure of €, in $,. As €, is open in U,, a fortiori, €, is open in H,. Moreover, I}, is
dense in H x Hp, and t(H, x H p) C H,, since by definition 7t(I};) CU,. In other words, H), is a subgroup
scheme of S As ¢, is open dense in H,, we have H, = €, x C;, hence

(6.17) H,=HNS,.
We also have H, = @;1 xCp = 11;;7;7111; X u;%u; = U,;;(Ep, and hence
(6.18) Hy= | ) axc,

a1l (k)

We now show that § is open in U and is flat. Firstly, § is a constructible subset of ). To show that it is open,
(since A is Noetherian), it suffices to show that if x € ) and y € l) are such that x € {y_}, then y € H (see
[DG70, Corollaire 3.4, p. 76]).

Let p be the projection of x in Spec(A). Since the smooth group scheme $, is obtained by a Weil
restriction of scalars (see the paragraph just before Definition 6.3), it behaves well under base change. Let
j: Spec(A,) — Spec(A) be the induced morphism. As the local ring A, is flat over A, the schematic
closures of &y and € xp A, in j($) coincide with j*(1) (see [BLR9O, Sectlon 2.5, Proposition 2], [DG70,
Section 4.14, p. 56]). Hence we may reduce to the case when A is a local ring with maximal ideal p.

Let B, be the local ring at x in S, and let B be the strict henselization of B,. Let x” € Spec(B) be the
closed point, and let a: Spec(B) — Spec(By) be the canonical morphism: we have a(x’) = x. For us the
residue field at x is algebraically closed and hence by (6.18), there exists an a € 1l; (k) such that x € a- C,,.
Since UA is smooth, by Hensel’s lemma, there exists a section 4 € U.A( B) of HA above Spec(B) such that
a(x’) = a.

We now do a base change by A — B. Let X (resp. X) be a A-scheme (resp. a U-scheme, where U
has been base changed to the local ring at p), set ¥ := ¥ Xspec(A) Spec(B B) (resp. X := X xyy U, with
U=U Xspec(A) Spec(B)). If f: X — 3 is a morphism of A- schemes set f = f xid: ¥ — 3. Finally, let
B: S — S, be the first projection. As B is flat over B, and B, is flat over A (as S is flat), B is flat over
A, and we see as above that ) is the schematic closure of both € and &, in $. On the other hand, the
left-translation by the section 4 is an automorphism of the scheme S, and the restriction dyy of 4 to U
belongs to U (U) C &y (U); thus we have 4-Gy = dy -Gy =Gy and 4-D =D. As € is an open in D, it
follows that 4 - is open in D).

As B is faithfully flat over By, the morphism a is surjective. We have x € {y}, thus y € Spec(B,) and there

exists a y’ € Spec(B) such that a(y’) = y. Moreover, x’ € {y’} since the closed point of Spec(B) belongs to
the closure of any other point of Spec(A). Set x” := (a xid)(x") = (x,x) and y” := (a xid)(y’) = (v,¥');
then x” € 4-C, y” €D and x” € {p”}. As d-C is open in D, it follows that

(6.19) v €d-C=ro(axid)(Spec(BxzC))c(TxzE).
We then deduce that
(6.20) y:/y’(y”)eﬁoﬁ(@ g@) no(ﬁxﬁ)( )Cn(@x@) H

and hence that £ is open in L.
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Moreover, d- € is flat over Spec(B). As it is a neighbourhood of x in §j, it follows that the local ring at x
in fjz is flat over Spec(B), and by faithfully flat descent, the local ring of x in § is flat over A. Hence f is
flat.

It follows that f), being an open subscheme of U, is a subscheme of $5 (which is no reason for it to
be affine!). It is a subgroup scheme of $5. In fact, the restriction to § of the product 7w of $5 sends
Py x Hy into Gy, and hence, since § is flat, it factorises by a morphism f x ) — U); see Lemma 6.6. But
set-theoretically, we have 1t(H x H) C § since the fibres of /) are subgroups; see (6.18). Since £ is an open
in U, it implies that the morphism 7t: Hx fj — U factorises through . A similar argument for the inverse
morphism shows that § is a subgroup scheme.

Now §) is an open subscheme of 1) which is closed in the schematic hull $,. Further, by (6.1), S, is
affine and hence §) is guasi-affine. That it has the remaining stated properties is easy to check. U

Remark 6.10. The quasi-affineness can also be deduced as follows. Since the fibre of § over U is &y, which
is affine, and since ), being the image of € x €, has connected fibres, by [Ray70, Corollary VIL2.2], we
conclude that ) is quasi-affine.

Remark 6.11. When the characteristic of the residue field is zero, the group scheme £ is flat and hence
smooth. Over residue fields of positive characteristics, the smoothness of £ is ensured by the smoothness of
the torus 7q A since the unipotent groups Lla A are smooth. By the argument in the paragraph following
(6.17), the torus on the big open subset extends as a torus 7 A and is therefore smooth even in the general
case.

To complete the proof of Theorem 6.7, we now set
(6.21) &g = 5H.

This group scheme clearly satisfies the properties in the statement of Theorem 1.3. Indeed, in general it is
quasi-affine, its sections can be computed by restriction to U, (4) and (5) follow from part (I) of the proof, and
the proof of the characterization and uniqueness of the group scheme follows exactly as in Theorem 5.7. [J

6.5. Proof of Theorem 1.5

Proof. Since (B is quasi-affine by Theorem 6.7, as in Remark 5.8 we can identify the restriction of kg to a
subdiagonal (see Theorem 1.5(b)) with the group scheme (Bf(l,lwim), where f; = fQiZ. The description of the
closed fibre follows from [BT84a, Proposition 4.6.5 and Corollaire 4.6.12] applied to the concave function

firrein) = Lo fi: O

7. Schematization of n-bounded groups P;

The notation in this section is as in the previous one; namely, A ~ A™ and Ay C A is the complement
of the coordinate hyperplanes. In this section we return to the general case of an almost simple group G.
We complete the picture by proving Theorem 1.3 for n-concave functions of type III. More precisely, we
construct the group scheme over A, given the data of n-concave functions f = {f;} on the root system @ of G,
along with an assignment of the BT-group schemes {(ij }}7:1 at the generic points of each of the coordinate
hyperplanes H; C A.

Although the strategy of the proof is broadly a reduction to the proof in the SL(#n)q case, in the present
case of (G, f), there are two crucial differences. First, unlike in the case of the concave function fg, we do
not have any way of assigning points in the affine apartment (see Example 3.11 for an example) to get a
product n-parahoric group scheme S, (see Section 6.1) for G which gave us an ambient group scheme to
carry out the strategy. And second, as it will become clearer by the discussion below, the condition on the
characteristic of the residue field needs to be weakened to p > hg.
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As a first step, we recall some of the main results of [BT84a]. These will play the key role in this section.
In the setting of [BT84a, Section 3], K is an infinite field containing a subring A having K as its field of
fractions. The aim of that section (see [BT84a, Section 3.1.3]) is to show that if G has a donnée radicielle
schématique D = (Z,(U,),c0) (see [BT84a, Définition 3.11]) or a schematic root datum, then there exists an
A-group scheme & extending G x Spec(K) with big cell given by D. This is done by showing that for any
faithful representation G <> GL(V), there is an A-lattice M C Vi such that the BT-group scheme & is the
schematic closure of Gg in GL(M). In [BT84a, Section 4.5.4], when K is equipped with a valuation, it is
shown that given any concave function f on @, one can construct a schematic root datum for G. We apply
these results to our context as follows. Since G is almost simple, we may assume that we have a factorization
G < SL(V). Hence, Gy is the schematic closure of Gk in the schematic closure of SL(V)g in GL(M). By
choosing an O-basis for M, it is easy to see that we get a concave function h on the root system @y of
SL(V) such that the schematic closure of SL(V)g in GL(M) is precisely the BT-group scheme SL(V);,.

By Proposition 3.21 and the remarks preceding it, we may assume that & is an optimal concave function on
@y, and hence it is of the form hq for a bounded subset () in the affine apartment of SL(V).

Thus, we are reduced to the following situation: the BT-group scheme G is the schematic closure of Gg
in SL(V)q. This can be carried out for each of the {f;} and we get bounded subsets Q = (Q4,...,Q,,) in
the affine apartment of SL(V).

By Theorem 6.7, taking Q = (Q,...,Q,,) and the group SL(V), we obtain an nBT-group scheme S(q
on A. Although only quasi-affine, this group scheme will play the role of the schematic hull S5 (see (6.1)) of

n
=1

Section 6. Further, on U whose complement in A has codimension at least 2, we have an inclusion of group
schemes

(71) CBf,U C SEQ,U~

The proof strategy for proving Theorem 6.7 now almost applies. Let us explain the difference. In that
proof, it was shown in Step 3.2 that the root groups 1l, o A are the schematic closures of 1, 7 in Sy
by the intermediary of vector subgroup 1, of S,. This vector group exists because of the specific diagonal
embedding into the ambient group scheme $,. In the present setting, however, our chosen representation,
namely G C SL(V), is arbitrary and cannot be expected to have the desirable property that for every root
r € @, we have a vector subgroup scheme of SL(7)q whose restriction to U contains 1l, ¢ ;. Consequently,
to replace the arguments of Step 3.2, we recover the group law of unipotent group schemes by the Baker-
Campbell-Hausdorff formula. We do this as follows. If {c,} denote the coefficients of the higher root, recall
that the Coxeter number hg of G is defined as 1 + ) c,. Let 12 be a nilpotent Lie algebra bundle on A. By
[Ser96, Section 2.1] (see also [BDP17, Section 2.2] and other references there), when the characteristic satisfies
p > hg, the Baker-Campbell-Hausdorff group law equips the scheme W(1Q) with the structure of a smooth,
affine, unipotent group scheme with connected fibres together with an isomorphism exp: )2 — Lie(W(12)) of
nilpotent Lie algebra bundles. Conversely, if 1l is an affine, smooth, unipotent group scheme with connected
fibres, we have a unique isomorphism of unipotent group schemes exp: W(Lie(1l)) — 1l. Note that the
Baker-Campbell-Hausdorff formula realizes the possible non-Abelian unipotent group scheme structures
on 1l. In the absence of vector group schemes 1,, this is the key substitute. Let us now go over arguments
that replace Step 3.2.

As in Step 3.2, we need to prove that the extended root group schemes 1, ¢ o are closed subgroup schemes
of SGp on A. We begin by noting that over the open subset U C A, the root group schemes 1, ¢y are
closed subgroup schemes of the restriction to U of one of the big cells, say " of $Lq. By Theorem 6.7, 1B*
of SLq is affine. We set 0* := Lie(13*). This is a nilpotent Lie algebra bundle on A. When p > hg, we have
the natural isomorphism

(7.2) exp: W (Di) ~ B*
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of affine, smooth, connected unipotent group schemes. Since 1L, ¢y C B} is a closed subgroup scheme, we
may view this inclusion in terms of the “W”-functor as follows:

(7.3) W (Lie (U,gu)) C W (Lie(B})).

By this closed embedding of affine U-schemes, we get the Lie algebra subbundle Lie(ll, ¢y) C Lie(B]))
structure. This is in fact a direct summand of locally free sheaves on U. Now taking the reflexive closure
Lie(ll,¢y) of the rank 1 Lie algebra bundle Lie(1l,fy), we see that Lie(ll,¢y) is a locally free direct
summand of Nt over A.

As in Step 3.2, the reflexive closure Lie(1l, ¢ ) gets identified with the Lie algebra line bundle R,. It is
therefore a direct summand of 0+ over A. This implies that as affine schemes, we have a closed embedding

(7.4) W(R,)C W (D) =B

Setting 1, ¢ o := W(R,), it follows that the scheme underlying L, ¢ A is a closed subscheme of 13*. By the
Baker-Campbell-Hausdorff formula, this inclusion is in fact one of closed subgroup schemes over A and
hence of SLq on A. This completes the proof of the key difference we mentioned above. In particular, at
this stage the big cell g can also easily be seen to exist with the standard properties exactly as in the proof
of Theorem 6.7.

With these changes in place, the second part of the proof of Theorem 6.7 may be applied. We get the
required nBT-group scheme (¢ 5 associated to f on A. It is open inside a closed subscheme, say Z, of SLq.
Recall that SGq is open inside a closed subscheme, say C, of $,. Let Z denote the closure of Z in C. The
intersection of Z with SLq in C is Z. It follows that Z is open in Z. Therefore, (¢  is open inside Z. Now
Z is affine because S is affine. We conclude that &y A is quasi-affine (this can also be checked using [Ray70,
Corollary VIL2.2]). In conclusion, when char(k) is at least h; and satisfies the hypothesis of Section 2.2, we
have constructed &g o as a smooth, quasi-affine group scheme with all the properties stated in Theorem 1.3
for n-concave functions of type III.

8. Schematization of n-Moy-Prasad groups

In this section we discuss Moy-Prasad groups over complete discrete valuation rings in the equal-
characteristic case. The aim is to recover these anew in the spirit of [BS15]. This then gives the generalization
to the higher-dimensional bases.

8.1. Tameness Assumptions

In this section the given data (©,e’) := ((91,61 )seeer (O e,;)) will consist of an n-tuple of rational one-
parameter subgroups 6; and positive rational numbers e;. We suppose that there exists a positive number d
coprime to the characteristic of the residue field such that d6; is a one-parameter subgroups and the de; are
positive numbers.

8.2. The unit group

Let O := k[[z] and K be its quotient field. Let B := k[[w] and L be its quotient field, where w? = z.
We view N := Spec(B) as a Galois cover over D := Spec(O) with Gal(N/D) = pq4. Let p: N — D be the
quotient morphism. Let p: gy — G be a representation. Consider the twisted pgy-action on N X G defined by
(8.1) y(u,8)=(yu,p(y)g) forueN,y € pq.

This defines a (g, G)-bundle on N. We will denote it by E.
Define the unit group of E as an automorphisms of the (yq4, G)-torsor E:

(8.2) Ug := Aut(yd,G)(E).
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Let e > 0 be a non-negative integer. Consider the thickened fibre j,: ElSpec(B/cu"B) < E. Define Ug) to be
(8.3) U := ker (Aut,,, 6)(E) — Aut(,,, 6 (j3(E)),

i.e. the subgroup of (uy, G)-automorphisms of E over N inducing identity on the restriction of E to
Spec(B/w®B). For e = 0, this is just the unit group Ug of E.
Consider the adjoint group scheme of E

(8.4) G ~GxN,

which is the constant group scheme together with a I'-action.
It is well known (cf. [Yulb, Section 2.4, p. 234]) that for each e > 0, by a dilatation of &, there exists a

smooth group scheme (Bg) such that
(8.5) &Y (B) =T (o, Gp),
where T'(w® &) is the et congruence subgroup defined by
I'(w® &g) = ker (Bg(B) — &g (B/w’B)).
8.3. The representation p: I' > T and rational one-parameter subgroups 6 of T

Following [BS15, Lemma 2.2.8], make the identification

Y(T) 1
8.6 H JT) = =5 Y(T d (Y(T)).
(8.6) om(pa T) = g7 = g¥(T) mod (¥(T)
We will interpret this identification explicitly to suit our specific needs. Given a one-parameter subgroup
(8.7) A:G,—T,

by projecting it onto ;/Y(_(TT)) and using (8.6), we obtain from this 1-PS A a rational one-parameter subgroup

O € %Y(T) mod (Y(T)). By (8.6) again, this gives a homomorphism
(8.8) pa: pa— T.
In the reverse construction, given a homomorphism p € Hom(pq, T), we choose a rational one-parameter

subgroup 0, determined by the class of p (we will need to make a choice here). Then 6, defines a
one-parameter subgroup

(8.9) A=d6,: G, — T.

Remark 8.1. The point 0, determined above by the choice of A firstly gives a point of the Weyl alcove a, (see
Section 2.1). This point gives a precise weight as obtained by the process of invariant push-forward in [BS15].
More precisely, the point to be noted is that this construction p - 6,, gives a point of the fundamental
domain for the action of Y(T) and not just the affine Weyl group. Further, the proofs in Section 8.5 and
that of Theorem 9.1 show that [BS15, Theorem 2.3.1 and Proposition 5.1.2] hold more generally for 6, in the
fundamental domain of Y(T) and not just the affine Weyl group.

8.4. Brief background on Moy-Prasad groups

Moy-Prasad groups have been defined in [MP94, Section 2.6]. Using a Chevalley basis of G, below we give
an equivalent reformulation which is suitable for our setup. Let A = Hom(G,,, T) ® R denote the apartment
corresponding to T. For a point 6 € A, recall that the parahoric group Py C G(K) is defined as

(8.10) Po =(T(0), U, (z"D0),r e D),
and for a non-negative integer ¢’ > 0, the Moy-Prasad group is defined as

(8.11) Go,e :=(T(1+210), U(z"O~10),r € D).
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While considering parahoric or Moy-Prasad groups, it suffices to assume that 6 € A7 is a rational
point and e’ € Q. This follows because for any (7, 1) € ® x Z, the functional Ay xR5y — R defined by
(x,e’) > r(x) +n—e’ is defined over rationals.

8.5. Invariant direct image of dilatations of reductive group schemes

The proof of the following theorem follows the proofs of [BS15, Theorem 2.3.1 and Proposition 5.1.2]
closely.

Theorem 8.2. Let &g . be the Bruhat-Tits group scheme satisfying Gg . (O) = Gg o (see (8.11)). Then (see (8.5))
we have a natural isomorphism of group schemes

(8.12) pl (@f)) ST

Proof- Note that the O-valued points are enough to determine the group scheme since Gy . is étoffé in the
sense of [BT84a, Définition 1.7.1].
We begin with a few observations. Now an element ¢ € Ug corresponds to a pi4-equivariant automorphism

of the (p4, G)-bundle, i.e. ¢g: N xG — N x G together with the equivariance. In other words, ¢ € Ug)

corresponds to a regular morphism ¢: N — G (i.e. ¢ € G(B)), given by
(8.13) Po(u,g) = (1, p(u)g),

which satisfies the following conditions:

(1) pq-equivariance, i.e.

(8.14) ¢(yu)=p()pwp(y)", uweN,y€pa
(2) when e > 1, the map ¢ restricted to Spec(B/w®B) is the identity, i.e.
(8.15) ¢ € ker (G(B) — G(B/w°B)).

Thus, as in [BS15, Equation (2.3.1.5)], we can identify Ug with ¢ satisfying (8.14); let Ug) C Ug be the subgroup

of Ug given by the above two conditions.
From here onward, we follow closely the proof of [BS15, Theorem 2.3.1].
For each ¢ € Ug, define

(8.16) P(w)=A"P-A.

Then ¢(y - u) = (u) for all y € pg,u € N. It therefore descends to a rational function 1: Spec(K) — G
such that

(8.17) $(2) = (o)

Now for e > 1, by (8.15), we have ¢(0) = 1, which lies in G°, where G° C G is the big cell in G. Since N is
a formal neighbourhood of the origin o, it follows that ¢(N) C G°.

For e = 0, in the following we will assume that we work with a ¢ such that ¢(N) C G°. The set of such ¢
may be called the big cell of Ug; we will denote it by the symbol 1.

The condition ¢(N) C G° allows us to describe ¢: N — G° uniquely as a tuple of the following
morphisms:

{{d)r: N — Ur}reqb (Pt: N — T},

where U, C G is the root subgroup corresponding to r € ®@. Let us view ¢, and ¢; as elements of
G(B) c G(L).

We may write

(8.18) Pr(@) = Pp(@)w ™ =, (2)0" ™),
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Since ¢,(w) has a zero of order at least e in w,

¢;ﬁg’) _ ll;r(z)wrm)—e’

and the right side defines a regular function in w; i.e. it extends to a regular function on N. So 1,(z) can
have a pole in w of order at most r(A) —e. Thus in z it can have a pole of order at most

r(A)—e|
P ;

ie. [r(%) — 7] ="[r(6,) —¢’], where ¢’ = 5. This forces the containment

(8.19) ,(2) € U, (1 )10),

and hence 1, belongs to Gep,e’- On the other hand, since ¢,(u) € T for u € N, it follows that ¢,(y.u) =
p()pi(u)p(y)™! = ¢;(u). Hence ¢;: N — T is pg-invariant. Also, by (8.16), it follows that ¢; = ;. So it

descends to a regular function on D, and this function is 1);: D — T. Now ¢;(u) — 1 has a zero of order at
least e in w. So by the definition of ¢’, we see that 1), — 1 has a zero in z of order at least

[2-‘ =[e].
Hence 1); also belongs to Go, e
Since ¢ and ¢ are related by a conjugation in G(L) by A(w), 1 like ¢ can also be described by 1, and
1, uniquely. So the same holds for 1. Hence since 1, and 1), belong to G@F”e/, therefore so does 1) € Gewe/.

For e > 1,1) we get the following isomorphism of groups in the spirit of [BS15, Theorem 2.3.1]:
(8.21) U = Go o
Combining these with (8.14) and (8.15), we deduce that for e > 1,

P (6)(4) = 6By = U = Gy, o = G (A). O

Remark 8.3. Note that the existence and defining properties for BT-group schemes which realize Moy-
Prasad groups were constructed in [Yul5]. They arise by enlarging the definition of concave functions and
constructing BT group schemes associated to them. We observe that the above realization of these group
schemes as invariant direct images can be interpreted as giving a different construction of these group
schemes, namely as invariant direct images of congruence subgroup schemes from ramified covers. We have
done this in the simple case field of characteristic zero, and this can be extended to “good” characteristics
for the group G.

8.6. The n-Moy-Prasad-group scheme

The proof of Theorem 5.7 does not quite apply as it is. Unlike the scenario of Theorem 5.7, on the
Kawamata cover we no longer have a constant group scheme with fibre G but have congruence subgroup
schemes.

Theorem 8.4. We have an n-Moy-Prasad-group scheme &g o) which is smooth and affine on Spec(O) which
is given by the data of (©,€’) := ((Ol,ei),..., (6., e;)). It satisfies the properties in Theorem 1.3.

(I)For e =0, we get an isomorphism
(8.20) jrU—D
of the big cell 1l of Ug with that of G@P, which we will denote by B.
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Proof. For the given data (@,e’) := ((91,61 )seeer (B, e;)), under the assumptions of Section 8.1, setting
® =(6y,...,0,), we have a Kawamata cover g: Z — A which recovers the n-parahoric group scheme Gg
on A as the invariant push-forward gl (%), where H is a group scheme on Z with fibres G. Recall that g is
ramified with varying ramification indices d;. In fact, by our tameness hypothesis, the ramification indices
d; are such that e; := d;e; are positive integers which are coprime to the residue characteristic. Without loss
of generality, we may suppose that the e; are increasing with i.

Set ey = 0. Now for j going from 1 to n, we use the main result in [MRR20] to construct an iterated
dilatation of H along each component ¢*(U;»;D;)req of the reduced divisor in Z thickened by e; —e;_1. We
get a new smooth, affine group scheme 7{ on Z. By the universal property of dilatation, it follows that g} (%)
is the required n-Moy-Prasad-group scheme on A. It is smooth and affine since H is so and because the
invariant direct image functor preserves these properties. g

9. Schematization in the mixed-characteristic case

Let (O, m) be a complete discrete valuation ring with residue field k of characteristic p and uniformizer z.
We want to extend all of the results of the previous sections to the mixed-characteristics case. This will be
possible under the assumptions of Section 2.2.

9.1. Extension of [BS15, Theorem 2.3.1 and Proposition 5.1.2]

Let 6 € At be a rational point satisfying the assumptions of Section 2.2. As in Section 2.2, we assume
that d is coprime to char(k) such that 46 € Y(T). Consider the Eisenstein polynomial f(x) = x? —z € A[x].
Let B:= O[x]/f (x). Thus z is totally ramified in B, and the residue field kg has d distinct roots of unity. Let
® be a uniformizer in B such that ®? = z. Let { be a primitive d'™ root of unity in B.

Let K be its quotient field of O and L the quotient field of B. We view N := Spec(B) as a Galois cover
over D := Spec(O) with Gal(N/D) = pq. Let p: N — D be the quotient morphism. Let E be the trivial
principal G-bundle N x G together with the twisted y;-action as in (8.1). This makes E into a (¢ , G)-bundle
on N. Let &g be its adjoint group scheme (see (8.4)). Let (ng be the Bruhat-Tits group scheme over O
associated to it as in Theorem 8.2. Analogously to (1.2), it will be convenient to write

(9.1) Py =(T(0), U, (z")0),r € D)

in both the equal- and mixed-characteristic cases. This abuse of notation in the mixed-characteristic case
should not cause any confusion because of the structure theorem for complete discrete valuation rings.

Following the discussion in Section 8 under the tameness assumptions, let us prove the required generali-
zation of [BS15, Theorem 2.3.1], which is Theorem 8.2 for ¢’ = 0.

Theorem 9.1. We have an isomorphism of group schemes
(9.2) P (Bg) =~ By .

Proof. Let us state at the outset that by [BT84a, Section 1, p. 13], the references we will cite are valid for an
infinite field K containing a subring A such that K is its quotient field.

The O-group scheme (B@p is connected and smooth because it is a parahoric group scheme. Weil
restriction of scalars followed by taking invariants preserves connectedness. Further, Weil restrictions of
smooth group schemes are smooth. Moreover, under the tameness assumptions, it is easily checked that the
fixed-point subscheme is also smooth. Thus, the O-group scheme pfd((BE) is connected and smooth. As
in (8.14), the restriction of pfd((BE) to Spec(K) consists of ¢p: Spec(L) — G satisfying the p4-equivariance;
ie.

(9.3) P(yu) =p(y)p(u)p(y)™', u €Spec(L),y € pq.
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Conjugate ¢ by A (see (8.9)), as is also done in (8.16); the conjugate A~'pA descends to a rational function
: Spec(K) — G as in (8.17). This defines on Spec(K) a morphism

(94) jx: P (Bp) Ik — Go Ik

By evaluating on sections, it may be verified that jg is an isomorphism.

Recall that in the proof of Theorem 8.2, we defined the big cell 1 of the unit group Ug (see (8.2)) to be
those ¢: Spec(B) — G whose image lies in the big cell G° of G. This defines the big cell of pfd((BE). We
will denote it as 1l as well. Taking 1l to be the open neighbourhood of the identity of pf ‘(G), we exhibited
in (8.20) the isomorphism j: 1l — 13 onto the big cell 15 of CBQP.

Now by [BT84a, Section 1.2.13], jx extends uniquely to an O-morphism

i Pl (®y) — G,

of group schemes. Since j restrict to an isomorphism from 1l to 15 between big cells, by [BT84a, Section 1.2.14],
it follows that j is an isomorphism of pf ‘(&) onto an open subgroup scheme of (ng. Thus j is an
isomorphism because CBQP is connected. g

Theorem 9.1 has two consequences. Firstly, [BS15, Proposition 5.1.2], recalled in (5.9), generalizes following
[BS15, Sections 4 and 5]. Secondly, Theorem 8.2 extends without any extra conditions imposed by e’. This is
so because in the proof of Theorem 8.2, we only need to have distinct roots of unity corresponding to the
point 0 in the apartment.

Remark 9.2. We observe that for the results of Sections 5, 6 and 7, the assumption of algebraic closedness of
the residue field k is not essential. The existence of a Kawamata cover (see Section A.l) is needed only for
affine spaces, and this can be achieved by hand under the assumptions of Section 2.2. We however always
assume that k is perfect so as to be able to apply [BT84a]. One needs to have extensions kg as above with
the desired roots of unity for the above extensions of [BS15, Theorem 2.3.1 and Proposition 5.1.2]. This is
possible under the assumptions of Section 2.2.

9.2. The extension of Theorem 5.7

In this subsection, we denote the uniformizer z of O by xj. Let Ap := A, = Spec(Olxy,...,x,]). For
0 <i < n, let H; be the coordinate hyperplanes defined by the vanishing of x;, and let C; be their generic
points.
(1) If we let (X, D) = (Ao, H), then the analogue of Proposition 5.6 holds without any change for an arbitrary
(n+1) -concave-function f. This statement holds for any characteristic of the residue field. In the following
we denote the Lie algebra bundle by R.
(2) Observe that since O is assumed to be complete, the formal power series ring O[xy,...,x,] is the
completion of O[xy,...,x,] at m[xy,...,x,]. We begin with a natural extension of the notion of an
(n+1)-bounded group associated to an (n+1)-concave function f on the root system @ of G by

,r€®>.

(3) Suppose we are given an ordered (n+ 1)-tuple (X,...,X,) of facets of the apartment .A7. Then by

defining

]_[ xf(r)Oﬂxl,...,xn]]

0<i<n

(9.5) P¢:= <T(O[[x1,...,xn]]), U,

Section 2.2, we may choose a point ® :=(6,...,0,) in (X,...,X,) such that if d; is the minimal integer
such that 4;0; lies in Y(T), then each d; is coprime to char(k) and k contains primitive d}h roots of
unity. More generall~y, suppose we are given a point @ := (0,...,0,) € A7 satisfying the assumptions
in Section 2.2. Let O be a complete discrete valuation ring containing O where x( ramifies to order a
multiple of dj; and that contains the primitive d}h roots of unity for 0 <i <n.



On Bruhat-Tits theory over a higher-dimensional base 51

(4) Let X’ C Ap denote the open subset of height 1 prime ideals as in the paragraph after (5.12). Taking f to
be the concave function determined by 0 in item (1), let R’ denote the restriction of R to X’.

(5) We are now in the setting of Theorem 5.4 with the only difference that Ay replaces AZ“.

(6) Let B := Spec(O[yy, ..., yn]), where yid" = x;. Let q: B5 — Ap be the natural projection map with
Galois group T'. This plays the role of an explicit Kawamata covering. We set Ay := Ap\H, B := g7 1(Ay),
7’ =g Y(X’) and X; := g7 1(X;). Let g;: X; — X; be the restriction of g. Let T; denote the Galois group
of g;. We are now in the setting of Section 5.3.

(7) By applying Section 9.1 to the uniformizer x; and the generalization of [BS15, Proposition 5.1.2] for the
rest of the height 1 primes given by the variables x;, we get a smooth, affine group scheme " on Z’
such that the Weil restrictions gives gl (H’) = &’ on X'.

(8) Let V' = Lie(H’) be the Lie algebra bundle on Z’ as in the discussion after (5.14). Then, V' is a
Lie algebra bundle with fibre type g. Furthermore, the Cartan decomposition on R’ lifts to give an
equivariant Cartan decomposition of the Lie algebra bundle V' on Z’. Hence its reflexive closure V also
gets an equivariant structure and is also locally free.

(9) As in the proof of Theorem 5.4, now that we have the Lie algebra bundle V with fibre g, we get a group
scheme H on B and, by taking invariant direct images, the group scheme & := L (H) extending &’ to
the whole of Ap. This proves the extension of Theorem 5.7 in the setting of mixed characteristics with
the tameness assumptions.

(10) We also note that as in Proposition 5.5, the big cell structure also descends to give one for & on the
whole of Ap.

(11) Finally, we note that the arguments in Theorem 5.7 for the uniqueness of the group scheme carry over to
the mixed-characteristic situation as well.

9.3. The main theorem for concave functions

By Section 9.2(1), we see that there is a Lie algebra bundle on (Ap, H) associated to an (n+1)-concave
function on @. The results in Section 6 now work under the tameness assumptions, see Section 1.1, or more
generally under the assumptions on char(k) of Section 2.2. We therefore get the extension of Theorem 1.3 to
(Ap,H) (see Remark 6.11). Note that this is for the groups G = SL(n), G,, F4, E¢.

For the rest of the groups, by the arguments in Section 7, we need a faithful representation G < GL(V)
to start with, and so if we choose a faithful representation of minimal dimension 7(G), then for these groups,
we need to choose p to be coprime to 7(G) and bigger than the Coxeter number hg of G (see Section 7).
The numbers m(G) are known and can be obtained from the dimension formulae of the fundamental
representations. They are as follows: m(Eg) = 27, m(E7) = 56 and for B, C, and D,,, m(G) is 2n+1, 2n
and 2n, respectively. In summary, we have completed the proof of Theorem 1.6.

9.4. The example of a 2BT-group scheme in the work of Pappas and Zhu [PZ13]

As we mentioned in the introduction, an example of a 2BT-group scheme comes up in [PZ13, Theorem 4.1].

There are broadly two parts to [PZ13, Theorem 4.1], the first being the existence of the 2BT-group scheme
on A(lg and second a proof that the resulting group scheme is affine. Although [PZ13, Theorem 4.1] states the
case of a parahoric group scheme along one axis, the proof considers the more general case of the 2-concave
function f = (0, f), where f is a concave function on the root system @. The proof of the affineness follows
ideas from [Yul5]. We are unable to comprehend it when f is given by a non-hyperspecial point of the
apartment and G is split.

We first briefly describe the setting in [PZ13, Section 4] so as to place their result in our context. We will
then indicate how this result can be derived as a special case of our results. We note however that the setting
in [PZ13] is for the general case of a quasi-split group G, while we consider only the split case.
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In the notation of Section 9.2 above, the setting in [PZ13] is for the case nn = 1, i.e. when x; = u. The axes
we consider correspond to setting xy and x; as zero (here by x; = 0 we mean going modulo the uniformizer),
but Pappas-Zhu consider the axes given by setting u as the uniformizer @ and by setting @ = 0. The result
[PZ13, Theorem 4.1] is stated for the case when the assignment along the x(-axis is the split group (see [PZ13,
Section 4.2.2(a)]), while the assignment in the diagonal (@ = u)-direction is given by a parahoric group
associated to a point O of the affine apartment. Thus, in our setting this case corresponds to the 2-concave
function which is f = (0, f), where f is a concave function fy on the root system @ along the u-direction
and the 0-concave function gives the split group scheme along the @-direction. Observe that this gives the
concave function f =0+ f in the (¢ = @)-direction.

The key point is that only a single concave function f is involved. By [BT84a, Section 4.5.4], one obtains
a schematic root datum coming from f. We now work in the setting of [BT84a, Section 3.9.4]. Once a
faithful representation G < GL(V) is fixed, the schematic root datum arising out of the choice of f entails
the choice of a lattice M C Vi. The arguments in [BT84a, Section 3.9.4] furnishes the group scheme Gg r
(see [PZ13, p. 175, second paragraph]). Thus, the 2BT-group scheme over Aé which comes up in [PZ13] is
obtained as a direct consequence of [BT84a, Section 3.9.4]. However, the method of construction of [BT84a,
Section 3.9.4 and Proposition 2.2.10] gives a priori only a quasi-affine group scheme. So the burden of [PZ13,
Section 4] lies in proving the affineness of the group scheme Gg ;. We emphasize that all this is for a single
concave function.

We now compare this with the results of the present paper. Firstly, [PZ13, Theorem 4.1] as stated is for the
2-concave function (0, fy), and this is a special case of Theorem 5.7 as described in Section 9.2. Thus we
derive directly both the existence and affineness of the required group scheme and in the more general context
of an (1 + 1)-concave function f over A}, which comes by prescribing 7+ 1 points in the affine apartment.
We note however that the methods in the present paper force certain mild tameness assumptions.

Part 3. Some applications in the char(k) = 0
equicharacteristic case

10. BT-group schemes on wonderful embeddings in char(k) = 0

10.1. The wonderful compactification X

Let X := G,q be the wonderful compactification of G,q. Let {D, | @ € S} denote the irreducible smooth
divisors of X. Let D := U,csD,,. Then X\ G,q = D. The pair (X, D) is the primary example of a (G,4 X G,4)-
homogenous pair; see [Bri07]. Let P; be the standard parabolic subgroup defined by subsets I C S, the
notation being such that the Levi subgroup L;,q containing T,4 has root system with basis S \ I. Recall that
the (G,q X G,q)-orbits in X are indexed by subsets I C S and have the following description:

Z; = (Gad X Gad) Xpxp; L1,ad-

Then by [Bri98, Proposition Al], each Z; contains a unique base point z; such that (Bx B~)-z; is dense
in Z; and there is a 1-PS A of T satisfying P; = P(A) and lim;_,g A(t) = z;. The closures of these A define
curves C; C X which meet the strata Z; transversally at z;. In particular, if I = {a} is a singleton, then the
divisor D,, is the orbit closure Z; and the 1-PS can be taken to be the fundamental co-weight w)/. The
closure of the 1-PS w): G,, — G,q defines the curve C, C X transversal to the divisor D, at the point z,.
For a non-empty I C S, the A defining C; can be taken to be ) ,c; wy.
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10.2. The (BT-group scheme &3 on X

Before stating the main result of this section, we make a few remarks which might help the reader. Let
Y, C Y the affine toric varieties associated to the Weyl chamber and the fan of Weyl chambers. The basic
underlying principle in these constructions is that the combinatorial data encoded in the triple consisting of
the Weyl chamber, the fan of Weyl chambers and the Tits building is geometrically replicated by the inclusion
Y, C Y C X. The “wonderful” Bruhat-Tits group scheme which arises on X has its local Weyl-chamber model
on the affine toric variety Y. Indeed, in this case, the Kawamata cover is even explicit; see Remark 4.6. In
particular, the theorem below can be executed for Y, but this will give the group scheme associated to the
data coming from the Weyl chamber alone.

We now state a consequence of our main theorem in the context of the wonderful compactification of G,q
which is a primary example of a smooth variety with normal crossing divisors.

Theorem 10.1. Let ® = (0, | a € S), where the 0, € A are arbitrary points in the apartment of T satisfying
conditions of Section 2.2. There exists an affine “wonderful” Bruhat-Tits group scheme &3 on X satisfying the
Jollowing classifying properties:

(1) At the height 1 primes associated to the canonical boundary divisors associated to the maximal parabolic
subgroups P, C G, a € S, the group scheme &Y is isomorphic to the parahoric group scheme Gy .

(2) For@=1CS, the restriction of &Y to the formal neighbourhood Uy of z; in the coordinate curves Cy, see
Section 10.7, is isomorphic to the Bruhat-Tits group scheme associated to the concave function mg, : © — Z
given by 1 ¥ ey m1,(0).

(3) Let Dy := {r € O|r(0) € Z}. The closed fibre of(Bm@I modulo its unipotent radical has root system
generated by the intersection of the Og_ for a € 1.

Proof. By Proposition 5.6, we have a Lie algebra bundle R on X prescribed by the first property. Thus by
Theorem 5.4, we get a group scheme &Y on X which by construction satisfies the first property. The context
of the second property is that of formal neighbourhoods, which is also that of Section 5.8. As remarked
before the theorem, the group scheme constructed on X has a local Weyl-chamber model on the affine toric
variety Y(. Thus we may restrict to Y. Hence the second property follows from Theorem 5.7. Recall, see
[BT84a, Corollaire 4.6.12], that the reductive quotient of the closed fibre of G has root system given by
{r e @ [[f1(=r) =—=[f1(r)}. For the case of the concave function m,(0), this set is Pg, and for mg, it will
be the intersection of the @y _for a € I. g

Corollary 10.2. Let 6, be the non-zero vertices of the Weyl alcove (2.1). Let L be the LCM of the coefficients
of the highest root and € the semisimple rank of G. Then setting ® as (0, |a €S), (0,/(€+1)|a€S) and
(LO, | @ € S) gives a group scheme whose restriction to every coordinate curve C; has closed fibre with root system
generated by the highest root ay and S\ 1, or simply generated by S\ I, or equal to that of G, respectively.

Proof- The structure of the set {r € @ |[f](-r) = —[f](r)} and the formula (2.1) show that the root system of
the reductive quotient of the closed fibre equals the set of roots whose simple root coefficients, coming from
the subset I of S, equal an integral multiple of the corresponding term of the highest root. In the first case,
this is the set of roots generated by the highest root &y and S \ I. In the second case, it is the set of roots
generated by S\ I. In the third case, all roots in @ satisfy this property. O

10.3. The wonderful embedding Xt

We continue to use the notation as in previous sections. Let G denote the Kac-Moody group associated
to the affine Dynkin diagram of G. Recall that G* is given by a central extension of L*G by G,,,. Analogously
to the wonderful compactification of G,q4, Solis in [Soll7] has constructed a wonderful embedding X2 for
Ggg .= G*/7(G) = G,, < LG/Z(G). It is an ind-scheme containing G:g as a dense open ind-scheme and
carrying an equivariant action of LG x L*G.
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Let T,q :=T/Z(G) and T3 := G,, x T,q C Ggff, where G,, is the rotational torus. In X2 the closure
yaff .= m gives a torus embedding. It is covered by the affine Weyl group Waf_translates of the affine torus

embedding Ygff =T~ A1 given by the negative Weyl alcove.

10.4. On the torus embedding Ygff

Recall that Z := Ygff\ T is a union UyegH, of £ +1 standard coordinate hyperplanes meeting at normal
crossings. For a € G, let C, denote the generic point of the divisor H,. Let
(10.1) Aa = OYgff’Ca
be the DVRs obtained by localizing at the height 1 primes given by the C,. Let K, be the quotient field of
Ag. Let Y, :=Spec(A,). Note that we can identify the open subset Spec(K,) with T3 N Y,. Let
(10.2) Y =T U, Y,.

The complement Y%ff\ Y’ can again be realized as a colimit of open subsets of Ygff whose codimension is at
least 2 in Y%H.

10.5. Construction of a finite-dimensional Lie algebra bundle | on Y?)ff together with

parabolic structures

This construction is exactly analogous to the construction of R on Y in Section 4. For ¢ € S, let 6, € A
be arbitrary points in the apartment satisfying the conditions of Section 2.2. We let T3, Ygff, (1,wy) and
play the roles of Ay, A, A; and {1,...,n}. More precisely, we set

(10.3) Ha=(00,...,1,...,0,0,), ac$

with the unique 1 in the a'? coordinate. Consider the loop rotation action given by (2.24) and (2.25). We
may prove the following theorem exactly like Theorem 4.4.

Theorem 10.3. Let © := (0, | a € S), where the 0, are arbitrary points in the apartment A of T satisfying
the conditions of Section 2.2. Let U be a formal neighbourhood of the origin in Y%ﬁ . There exists a canonical Lie
algebra bundle | on YSH which extends the trivial bundle with fibre g on T 3 C Y%ff, and with notation as in
(2.30), we have the identification of functors from the category of k-algebras to k-Lie algebras

(10.4) L"(Pe) =L" (R |u)-
We may prove the following corollary like Corollary 4.5.

Corollary 10.4. Let A =} ,csko(1,60,) be a non-zero dominant 1-PS of T 4 where not all k,, are zero. Let D
be the formal neighbourhood of origin in Ygﬁ associated to the curve defined by A. Let f : ® — Z be the concave
Sunction defined by the assignment v — ), .gkom,(0,). Then for any k-algebra R, we have

(10.5) L* (R Ip) (R) = (t(R[¢]), u, (¢ R#]), r € D).

Corollary 10.5. The Lie algebra bundle Jy.« gets canonical parabolic structures (see the appendix) at the generic
points &, of the W -translates of the divisors Hy, C Y3, a € S.

Proof. We prescribe a ramification index d, on the divisor H, such that 4,60, belongs to Y(T). (Thus in
the case when the d, are the alcove vertices, see (2.1), the d, are given by (2.2)). Then the identification
(5.10) of the Lie algebra structures of Jy.# and the parahoric Lie algebra structures on the localizations of the
generic points of H, allows us to endow parabolic structures at the generic points of the divisors. 0
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10.6. The parahoric group scheme on the torus embedding Yff

Theorem 10.6. Let ® = (0, | a € S), where the 0, € A are arbitrary points in the apartment of T satisfying
conditions of Section 2.2. There exist an affine and smooth “wonderful” Bruhat-Tits group scheme (B?aff on'Y
together with a canonical isomorphism Lie( ?aff) =~ J. It further satisfies the following classifying property:

For any point h € yaff\ T, lee 1 CS be a subset such that h € NyeyH,. Let Cp C Y e a smooth curve
with generic point in T 4 and closed point h. Let Uy, C Cy be a formal neighbourhood of h. Then, the restriction

CB?affth is isomorphic to the Bruhat-Tits group scheme associated to the concave function meg,: © — Z given by
1) qer r(6,).

Proof. Recall that Y2 is covered by affine spaces Y, ~ A"l parametrized by the affine Weyl group W2f,
Each Y, is a translate of Y?)H. The translates of the divisors HH, meet each Y, in the standard hyperplanes
on A%!, and thus, we can prescribe the same ramification data at the hyperplanes on each of the Y,,.
On the other hand, although we have simple normal crossing singularities, we do not have an analogue
of the Kawamata covering lemma for schemes such as Y?f. The lemma is known only in the setting of
quasi-projective schemes. So to construct the group scheme, we employ a different approach using the
naturality of the constructions for gluing.

We observe firstly that the formalism of Kawamata coverings applies in the setting of the affine spaces
Y, c Y2 Let Pw: Zy — Yy, be the associated Kawamata cover (see Section A.1l) with Galois group [,. In
Corollary 10.5 we observed that the Lie algebra bundle ] has a canonical parabolic structure. Letting Y,
play the role of Yy and using all arguments in the proof of Theorem 10.1, we obtain H,, — Z,,, which is
a [},-group scheme with fibres isomorphic to G whose invariant direct image is a group scheme &,, such
that Lie(®,,) = Jly,. The induced parabolic structure on J|y, is the restriction of the one on J. Indeed, by
Corollary 10.5, these parabolic structures are essentially given at the local rings at the generic points &, of
the divisors H,, and hence these parabolic structures on ] agree on the intersections Y,, := Y, NY,.

Let Z,,, := p,' (Y,). Let Z,,, be the normalization of a component of Z,,, Xy,, Zyu- Then Z,y Serves as
Kawamata cover (see Section A.l) of Y, (see [Vie95, Corollary 2.6]). We consider the morphisms Z,,, — Z,
(resp. Z,, — Z,) and let H,, ; (resp. H,, ;) denote the pull-backs of H,, (resp. H,) to Z,,.

Let T denote the Galois group for Z,, — Y,,. Then by Lemma 5.1, the invariant direct images of the
equivariant Lie algebra bundles Lie(H, ;) and Lie(H, 7) coincide with the Lie algebra structure on |
restricted to the Y;,, and also as isomorphic parabolic bundles. Therefore, we have a natural isomorphism of
equivariant Lie algebra bundles

(10.6) Lie(H, 7) = Lie(H, 7).

As in the proof of Theorem 10.1, this gives a canonical identification of the equivariant group schemes
H, 7 and H, 7 on Z,,. Since the invariant direct image of both the group schemes H,, ; and H, ; are the
restrictions &, y and &,y , it follows that on Y,,,, = Y, NY, we get a canonical identification of group
schemes

(10.7) Gy, =Gy,

These identifications are canonically induced from the gluing data of the Lie algebra bundle ] for the cover
Y,,. Therefore, the cocycle conditions are clearly satisfied, and the identifications (10.7) glue to give the
group scheme &3, on Y*f, The verification of the classifying property follows exactly as in the proof of
Theorem 10.1. O

10.7. The (£ + 1)BT-group scheme on X?f

Let X2 be as in Section 10.3. The situation in this subsection is somewhat distinct from the previously
discussed cases. Unlike the scheme X, the space X2 is an ind-scheme, and so we give the details of the
construction of the group scheme.
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We begin with a generality. Let X be an ind-scheme. By an open subscheme i: U <= X, we mean an
ind-scheme such that for any f: Spec(A) — X, the natural morphism U xx Spec(A) — Spec(A) is an open
immersion. For a sheaf F on U, by i,(IF) we mean the sheaf associated to the pre-sheaf on the “big site” of
X, whose sections on f: Spec(A) — X are given by [F(U xx Spec(A)).

The ind-scheme X! has a certain open subset X, whose precise definition is somewhat technical; see
[Soll7, Section 5.1, p. 705]. Let us mention the properties relevant for us.

Recall that X?ff = (G:gf X G:g) X, and in fact X2ff = (Ggg X Ggg) Y2 Further, the torus embedding
Y2 is covered by Y?uff ~ A1 which are W translates of Ygff, where Y?)ff =Y X(. We remark that,
analogously to the case of Yy C Y C X, just as the toric variety Y, was associated to the negative Weyl
chamber, the toric variety Ygff is associated to the negative Weyl alcove.

So let us also denote by 0 the neutral element of Waff, Let U* c B* be the unipotent subgroups. Let
U* = ev 1 (U?), where ev: G(O) — G(k) is the evaluation map. Further, by [Soll7, Proposition 5.3],

(10.8) Xo=UxYxU~.
Let X, := U x Y2 x 1/~. These cover U x Y x1/~. For g € Ggg X Ggg, let
(10.9) Xg:=8Xo, Xguw:i=gXy Yo :=gYal

Note that we have the projection X, — Y;ffu, which is a (U x U™)-bundle.
By [Soll7, Theorem 5.1], the ind-scheme X has divisors D, for a € S such that the complement of their
union is X2 \ Ggg . The next proposition shows the existence of a finite-dimensional Lie algebra bundle on

X2ff which is analogous to the bundle R over X.

Proposition 10.7. There is a finite-dimensional Lie algebra bundle R on X% which extends the trivial Lie algebra
bundle Ggg X g on the open dense subset Ggg c X and whose restriction to Y* is J.

Proof. Since the projection X, — Ygffu is a (U xU™)-bundle, the transition functions of J and its restrictions
to tubular neighbourhoods of its divisors may be used to construct a locally free sheaf ]’ on an open subset
X’ containing the union of G*ff and the height 1 prime ideals of X2 using the transition functions of J. Let
R denote its push-forward to X2 To check that the push-forward is locally free, without loss of generality
we may consider its restriction to X(. But on X the push-forward of ] restricts to the pull-back of a Lie
algebra bundle J on Y* constructed in Theorem 10.3, which completes the argument. The rest of the
properties follow immediately. U

Theorem 10.8. Let ® = (0, | @ € S), where the 0, € A are arbitrary points in the apartment of T satisfying

the conditions of Section 2.2. There exist an affine and smooth “wonderful” Bruhat-Tits group scheme (Biaff on
XM together with a canonical isomorphism Lie( suit) = R. It further satisfies the following classifying property:

For any point h € X2\ Ggg, let 1 C'S be defined by the condition h € NyepD,. Let Cyp C X be a smooth curve
with generic point in Ggg with closed point h. Let Uy, C Cy be a formal neighbourhood of h. Then, the restriction

GLuilu, is isomorphic to the Bruhat-Tits group scheme associated to the concave function me, : © — Z given by
) qer m(6,).

Proof. We begin by observing that X, ,, and R — X2 play the roles of Ygffu and ] — Y*ff in the proof of
Theorem 10.6. Therefore, the group scheme &, , glue together, and we obtain the global group scheme

(Bgaﬂ. The verification of the classifying property follows exactly as in the proof of Theorem 10.1. O

11. 2BT-group schemes and degenerations of torsors

In this section we assume char(k) = 0. Our aim is to revisit certain smooth, affine group schemes on
the minimal resolution of normal surface singularities. We work with the complete local rings and in this
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discussion stick to the A, -type singularities alone and satisfy ourselves with a few remarks on the other
types in a brief remark. The senior author used these constructions in [Bal22], where 2BT-group schemes
first occur. The purpose was to construct degenerations of the moduli spaces of principal G-bundles on
smooth projective curves when the curve is made to degenerate to an irreducible nodal curve.

The picture and notation we use are as in [Bal22]. The novel feature is that the constructions were made
using the geometric McKay correspondence of G. Gonzalez-Sprinberg and J.-L. Verdier (see [GSV83]), the
role of which is intriguing.

Let N; = Spec( kgﬂ}]}[[jf )H ). We recall that N is a normal surface with an isolated singularity of type A;. By
the generality of A;-type singularities, one can realize N; as a quotient 0: D — Ny of D := Spec(%)
by the cyclic group pq = (), where x = u?, y = v4,  is a primitive d-root of unity and g acts on D as
follows:

(111) V'(U,V)Z(C‘u,cd_l .y)_
We consider the following basic diagram for all d > 0 (see [GSV83]):

(1.2) pidy I @
Ql Pd[
0eD—2> Ny>¢,

where p;: N@ — Ny is the minimal resolution of singularities of N obtained by successively blowing up the
singularity, with the exceptional divisor E(@) = p;l(c) having d — 1 rational components, and

(. (d)
(11.3) D= (Dxy,N@) .
The closed fibre F) of the canonical morphism N@) — Spec(k[[t]]) looks like
(11.4) F4 = EDUE1)UE(2),

where E(1) and E(2) are the inverse images of the branches corresponding to x = 0 and y = 0 in Ny.
Thus, F@) < N@ is a normal crossing divisor with d + 1 components. By [GSV83, Proposition 2.4], the
morphism

(11.5) f: D@ N@

is finite and flat, the minimal platificateur in the sense of Grothendieck; see [GSV83, Corollary 7, p. 448]. Since
N@) js smooth, this implies that f is ramified at the generic point of each of the d — 1 rational components
of the exceptional divisor E(?) = p;l(c) c F),

Let

(1L.6) Ip=~DxP G

be the trivial (pg, G)-torsor on D (see (11.2)) with a py-structure given by a homomorphism p: py — G. This
gives a homomorphism p: pq — T into the maximal torus T of G. We fix once and for all an isomorphism
T ~ GY,. Thus p determines an ordered pair of integers modulo d called the fype T = (a1, ay,...,a,). More
precisely, we have a p4-action on D x G, given by

(117) y-(,v,8)=(C-u,C"v,p(y)-g).

(@) above the origin 0 € D where the normalization of the curve

Let z; and z, be the two points in D
u -v = 0 meets the fibre g71(0). We observe that the action of pq is balanced at these two marked points;
i.e. the action of a generator C on the tangent spaces to each branch are inverses to each other. For the

corresponding dual action in the neighbourhood Dj (the component with local coordinate v), the action
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is by C~!. If we begin with a representation p: gy — G of local type T at a point in a branch, then the
corresponding local type for the dual action at the point in the second branch is denoted by 7.

Consider the adjoint group scheme 7p(G) := Ipx%A4G on D, where G acts on itself by inner conjugation.
We define the equivariant group scheme

(11.8) E(G,7):=q"(Ip(G))

on D@ of local type 7 in the sense that it comes with a Mq-action via a representation p: pq — G. Since
the morphism f: D@ — N@ is also finite and flat, we can take the Weil restriction of scalars

(11.9) f(E(G, T)pw) := Respwa N (E(G, T)pw),

and since E(G, 7)pw — D@ is a smooth (affine) group scheme, the basic properties of Weil restriction of
scalars (¢f [Edi92, Lemma 2.2]) show that f,(E(G, 7)) is a smooth group scheme on N@) together with a
Mq-action. By taking invariants under the action of y4 and noting that we are over characteristic zero, by
[Edi92, Proposition 3.4], we obtain the smooth (affine) group scheme on N(?) obtained by taking invariant
direct images:

(11.10) R\ = FE(G, 1)pw)

(see [BS15, Definition 4.1.3]). The 2BT-group scheme of type T with generic fibre G of singularity type Ay
associated to O, is defined to be the affine group scheme %SNW from (11.10) on the regular surface N4). This

process defines a distinguished collection of 2BT-group scheme {%fN(ﬂ”}T indexed by the type 7.

111. The McKay correspondence revisited

We recall the geometric interpretation of the McKay correspondence given by Gonzalez-Sprinberg and
Verdier (see [GSV83]). Let Irr°(pq) C Irr(py) be the non-trivial irreducible representations of ug, and
let Irr(E\@) denote the set of irreducible rational components of the exceptional divisor of the minimal
resolution py: N — N, from (11.2). Let 1 be a non-trivial character of ypiqy = (). Then ) corresponds to
C — C°, where C is the primitive dt root of unity chosen above and 1 <s<d—1. Let Ll‘[, be the equivariant
line bundle on D where piq acts on D xk as y-(u,v,a) = (C-u, gd-1 -v,C%-a), a€k. A py-invariant section px
of this line bundle is given by the relation {y -px}(u,v) = pu(y (u,v)) = Cspx(u,v), and hence the py-invariant
sections are generated by u° and v97%. Let Ly = ﬂ”d(q*(L¢)) be the induced line bundle on N(?. This is a
line bundle since f is finite and flat.

Mckay correspondence following Gonzdlez-Sprinberg and Verdier. There is a bijection Irr®(ug) — Irr(E(@),
P+ Ey, such that for any E; € Irr(E@), we have

(IL11) c1(Ly)-Ej = {(1) ff E{ iElP’

ifE; = Ey.
The above statement implies that the first Chern class ¢1(£y) can be represented by an effective divisor
oy C N@ which meets F(?) transversally at a unique point which lies in Ey.

We interpret this on the side of the surface D). Consider the reduced fibre E := 3 '(0);eq. The group
Hq-fixes the divisor g7'(0) and hence its reduced subscheme E. There is a smooth curve 6;) € D' which
meets the divisor q_l (0)c D@ ata unique component E:P of E. Locally at this point of EZ;,, the transversal
curve 6&} is given by the invariant section R of g*(Ly). The action of py on R shows that the group jiq acts

on the local uniformizer z; of the component E~¢ by y - zy > Czy.

Let us explain how to a representation p: uq — T of type 7, we associate a rational point 6, of A7 in the
fundamental domain of Y(T) as in [BS15], and not just in the alcove aj. Let p: uq — T map the generator y
of pq to (CZH...,C{?), where C; is a primitive ™ root of unity and the a; are integers uniquely determined
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modulo d. We say that p is of type T = (ay,4a,,...,a7). This determines a rational point in %Y(T) mod Y(T)
and therefore a rational point 6, in the fundamental domain of Y(T) in A7. Let F@) = E@) UE(1)UE(2)
be as in (11.4), and let the two nodal end points be z;, i = 1,2, and the nodes where the rational components
meet be y,,s=1,...,d -2 for d > 3.

Consider the canonical morphism N@) — Spec(k[[¢])). Let Ngd) c N be the open subset defined by
the non-vanishing of t. For s = 1,...,d — 2, let C; € N be a smooth curve with generic point in N(td) and

containing y; as a closed point. Let U, be the formal neighbourhood of y, in C,. Similarly, let C,, for
()

i = 1,2 denote smooth curves with generic point in N, and containing z; as a closed point. Let U, be the

formal neighbourhood of z; in C,,.

Theorem 11.1. The group scheme %fN(d) is affine. It has the following description at the generic points of the
rational curves, at U, and at Us:

(1) Let i denote the character which takes C to C°. We read the tuple (s-ay,s-ay,...,s-ap) modulo d. Let
Ts = (s-ay,8-as,...,s-ag). At the generic point of the rational component Ey,, the local type of the
restriction of%EN(d) is given by the point O _in the fundamental domain of Y (T).

(2) The restrictions of%f,N(d) to Uy, fori=1,2 are isomorphic to the parahoric group schemes &g _and &g,
corresponding to T and T, respectively.

(3) The restriction ofﬁ@EN(d) to Us is isomorphic to the Bruhat-Tits group scheme G, where f;: @ — R is the
concave function given by

(11.12) fulr)i=m, (0,) +m, (6-,).
Proof. This is an immediate consequence of Theorems 5.7 and 5.4. O

Remark 11.2. Let us assume that the residue field k contains primitive 8 (resp. 3") roots of unity. Let
{a, B} denote the short and long roots of B, (resp. G,). Let us fix an isomorphism of T with G2,. Since the
coroot lattice equals Y(T), let us take the coroot homomorphisms @Y, 8" : G,, — T as the first and second
coordinate maps. Let us take p of type 7; such that 0, equals 67“ for G of type B, (resp. 8, for G of type
G;). Then 7, gives 6, (resp. 260,). By Example 3.10 (resp. 3.12), we see that for s = 1, the function f; is of
type IIL. This shows that the limiting objects of [Bal22] could become torsors under BT-group schemes of the
most general type.

Appendix on parabolic and equivariant bundles

In this section we recall and summarize some results on parabolic bundles and equivariant bundles
on Kawamata covers. These play a central role in the constructions of the Bruhat-Tits group schemes
made above. Consider a pair (X, D), where X is a smooth quasi-projective variety and D = 2]6:0 D; is
a reduced normal crossing divisor with non-singular components D; intersecting each other transversely.
The basic examples we have in mind are discrete valuation rings with their closed points, the wonderful
compactification A with its boundary divisors or affine toric varieties.

Let E be a locally free sheaf on X. Let 1, j =0...,(, be positive integers attached to the components D;.
Let & be a generic point of D.

Let E¢ := E®p, Ox,¢ and Eg := Eg/mgEg, and let mg be the maximal ideal of Oy .

Definition A.1. A (generic) parabolic structure on E consists of the following data:

e aflag Eg =F'E; O--- D F'iE; at the generic point & of each of the components D;j of D;
e weights d,/nj, with 0 < d; <n;, attached to F*E¢ such that dy <--- < drj.
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By saturating the flag datum on each of the divisors, we get for each component D; a filtration
(A Ep, = p].l 5..D F;f
of subsheaves on D;. Define the coherent subsheaf .7-—]-5, where 0 <j<{and 1 <s<rj, of E by
(A.2) 0—>.7-}5—>EHED]./F]5- —0;

the last map is by restriction to the divisors.

We wish to emphasize that this definition, where the quasi-parabolic structure is given only at the generic
points of the divisors, is somewhat different from what is done in [Bis97].

In [MS80], working over curves, two essential things are shown:

(1) Given a parabolic bundle E as above, there exist a ramified covering of p: (Y,D) — (X, D) with
suitable ramification data and Galois group I' together with a I'-equivariant vector bundle V' on
Y such that the invariant direct image sheaf pI (V) equals E and furthermore V also recovers the
parabolic structure, namely the filtrations .7-;-5 and weights, on E.

(2) Conversely, if we begin with an equivariant bundle V on Y, then the invariant direct image pl (V)
gives a vector bundle E on X with parabolic structures at the generic points of the height 1 prime
ideals.

In this appendix we work with the higher-dimensional and generic variant we have defined above and
establish analogous results under suitable conditions. This is the key fact that is used in the present paper.

For the sake of completeness, we give a self-contained ad hoc argument for this construction which is more
in the spirit of the present note. The data given in Definition A.l is as in [MS80], which deals with points on
curves. Note that in our setting we have rational weights. Under these conditions, we have a natural functor

(A.3) pl: {[-equivariant bundles on Y} —> {parabolic bundles on X}.

Under suitable conditions relevant to this paper, this functor is in fact a surjection. See [Bis97] for other
conditions where we can obtain a surjection.

As the notation suggests, this is achieved by taking invariant direct images. Since p: Y — X is finite
and flat, if V is locally free on Y, then so is p*r(V). An equivariant bundle V on Y is defined in a formal
neighbourhood of a generic point  of a component by a representation of the isotropy group I and locally
(in the formal sense), the action of I is the product action. This is called the local type in [Ses70] or
[MS80]. By appealing to the 1-dimensional case, we obtain a canonical (generic) parabolic structure on E,
i.e. parabolic structures at the generic points & of the components D; in X.

Conversely, given a (generic) parabolic bundle E on (X, D), to get the I'-equivariant bundle V on Y such
that pl (V) = E, we heuristically proceed as follows. If we know the existence of such a V, then we can
consider the inclusion p*(E) C V. Taking its dual (and since V/p*(E) is torsion, taking duals is an inclusion),
we get

(A.4) Ve (p"(E))" =p"(E).
By the 1-dimensional case (obtained by restricting to the height 1 primes at the generic points), we see that
the quotient Tg := p*(E”)¢/V{ is a torsion Oy c-module and T is completely determined by the parabolic

structure on E.
The (generic) parabolic structure on E therefore determines canonical quotients

(A.5) p(E) — T¢
for each generic point C of components in Y above the components D; in X.

The discussion above suggest how one would construct such a V; we begin with these quotients (A.5).
Then we observe that there is a maximal coherent subsheaf V' C p*(E*) such that

(A.6) p*(E") /V, =Ty
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Away from p~!(D) in Y, the inclusion V’ < p*(E*) is an isomorphism. Dualizing again, we get an inclusion
p*(E) > (V’)* which is an isomorphism away from p~!(D). Set W = (V’)*. Since W is the dual of a
coherent shealf, it is reflexive.

In situations as in Theorem 5.4, we find examples of vector bundles with Lie algebra structures which
satisfy the surjectivity of (A.3).

A.l. Kawamata coverings

Suppose we are given positive integers ng,...,1n,. Let X be a smooth quasi-projective variety over a
perfect field k whose characteristic char(k) is coprime to ny,...,ny. Let D be a simple or reduced normal
crossing divisor with decomposition D = Zf:o D; into its smooth components intersecting transversally.

By a “Kawamata covering” of X, we mean the existence of a connected smooth quasi-projective variety Z
over k and a Galois covering morphism

(A7) K: Z—X

such that the reduced divisor «*D := (k*D),q is a normal crossing divisor on Z and, furthermore,
K*D; = 1;.(k*D;);eq- Let I denote the Galois group for «.

The “covering lemma” of Y. Kawamata (see [Vie95, Lemma 2.5, p. 56]) says that there is such a covering
under the assumption of k being algebraically closed.

We however note that if the base is reasonably simple, such as an affine space A}, then such a covering
will exist with just the assumption of k being perfect.

The isotropy group of any point z € Z, for the action of I' on Z, will be denoted by I,. It is easy to see
that the stabilizers at generic points of the irreducible components of (k*D;).q are cyclic of order n;.

Remark A.2. (In positive characteristics) The Kawamata covering lemma is seen to hold under tameness
assumptions; i.e. if the characteristic p is coprime to the n;, then it holds; see [Vie95, Lemma 2.5, p. 56].

A.2. The group scheme situation

Let (X, D) be as above. Let & be the generic point of a component D; of D, and let A := Ox ¢ and K be
the quotient field of A. We always assume that these group schemes are generically split. Let us begin by stating
some results from [BS15] in the simplest situation. Then we will state the more general case.

Let Bg be a Bruhat-Tits group scheme on Spec(A) associated to a vertex 0, of the Weyl alcove a (see
Section 2.1). Let B = Oy ¢, where C is the generic point of a component of Y above Dj, and let L be the
quotient field of B. We assume that the local ramification data for the Kawamata covering has numbers d;
see (2.2). Let I be the stabilizer of I' at C € Y. The results of [BS15, Proposition 5.1.2 and Remark 2.3.3]
show that there exists an equivariant group scheme Hp on Spec(B) with fibre isomorphic to the simply
connected group G and such that Resg/4(Hp)© ~ Gg.

Although in [BS15] the above is stated for points in the alcove a, the proofs reveal that actually they hold
more generally. Under assumptions on the residue field (see Sections 1.1 and 2.2), the proofs of these results
generalize in a straightforward way for an arbitrary complete DVR (see Section 9.1). We may further assume
(see Remark 8.1) that O is a rational point of A7 in the fundamental domain of Y(T) and not just a point in
the alcove ag (see Section 2.1).

Suppose that we have a group scheme Gx/ on an open X’ C X which includes all the height 1 primes
coming from the divisors Dj, with the following properties:

e Away from the divisor D C X, & is the constant group scheme with fibre G.
e The restrictions & [spec(4) at the generic points & are isomorphic to the Bruhat-Tits group scheme
&y for varying & and 6 varying in the fundamental domain of Y(T) in Ar.
In other words, By is obtained by a gluing of the constant group schemes with group schemes &y along
Spec(K) by an automorphism of the constant group scheme Gg.
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Now consider the inverse image of the constant group scheme p*(Gx_p) ~ G x p*(X — D). Then using the

gluing on X’, we can glue the constant group scheme p*(Gx_p) with the local group schemes Hp for each

generic point  to obtain a group scheme Hy: on Y’ = p~!(X’) such that

(AS) ReSYI/X/ (Hyi)r = CBX/.
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