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Abstract. The Witt group of skew-hermitian forms over a division algebra D with symplectic
involution is shown to be canonically isomorphic to the Witt group of symmetric bilinear forms
over the Severi-Brauer variety of D with values in a suitable invertible sheaf. In the special case
where D is a quaternion algebra, we extend previous work by Pfister and by Parimala on the Witt
group of conics to set up two five-terms exact sequences relating the Witt groups of hermitian
or skew-hermitian forms over D with the Witt groups of the center, of the function field of the
Severi-Brauer conic of D, and of the residue fields at each closed point of the conic.

Keywords. Locally free sheaves, Azumaya algebras, Morita equivalence, quaternionic hermitian
form

2020 Mathematics Subject Classification. 19G12 (primary); 11E81, 14H05 (secondary)

Received by the Editors on April 10, 2023, and in revised form on March 20, 2024.
Accepted on August 7, 2024.

Anne Quéguiner-Mathieu

Université Paris 13, Sorbonne Paris Nord, LAGA - CNRS (UMR 7539), F-93430 Villetaneuse, France
e-mail: queguin@math.univ-parisl3.fr

Jean-Pierre Tignol

ICTEAM Institute, Box L4.05.01. UCLouvain, B-1348 Louvain-la-Neuve, Belgium

e-mail: jean-pierre.tignol@uclouvain.be

The second author acknowledges support from the Fonds de la Recherche Scientifique-FNRS under grants No. ]J.0149.17 and
J-0159.19. Both authors acknowledge support from Wallonie-Bruxelles International and the French government in the framework of
“Partenariats Hubert Curien” (Project Groupes algébriques, anisotropie et invariants cohomologiques.)

© by the author(s) This work is licensed under http://creativecommons.org/licenses/by-sa/4.0/


https://epiga.episciences.org/
http://creativecommons.org/licenses/by-sa/4.0/

2 A. Quéguiner-Mathieu and J.-P. Tignol

Contents

1. Imtroduction. . . . . . . . . . . . . L. oL L0 L2
2. Locally free sheaves on Severi-Brauer varieties. . . . . . . . . . . . . . . . . . 4
3. Symmetric spaces over Severi-Brauer varieties. . . . . . . . . . . . . . . . .. 8
4. Anoctagonof Witt groups . . . . . . . . . . . . . . ... .. ... ... 11
5. Residues and transfers. . . . . . . . . . . . . . . .. ... oo oo .. 13
6. Exactness of thesequences. . . . . . . . . . . . . . . ... .. ... ... 18
References. . . . . . . . . . . . . . . . . . . .00 oo .26

1. Introduction

This paper consists of two parts. In the first part, comprising Sections 2 and 3, we consider a central
division algebra D with a symplectic involution ¢ over an arbitrary field k of characteristic different from 2.
We make no restriction on the degree of D, which may be an arbitrary even power of 2. To the involution o,
we associate an invertible sheaf £, on the Severi-Brauer variety X of D, whose class generates Pic(X).
We relate skew-hermitian spaces over (D, 0) and symmetric bilinear spaces over X with values in £, by a
canonical isomorphism of Witt groups

M: W™ (D,o) = W(X,L,);

see Theorem 3.3. The map M is defined as the composition of the scalar extension map exty: W= (D,o) —
W™(D,0) from D to the Azumaya algebra D = D ®; Ox over X, and a Morita isomorphism
Mor: W=(D,0) — W(X,L,). The injectivity of M is obtained as a consequence of a theorem of
Karpenko [Karl0], and the surjectivity is derived from Pumpliin’s description of W(X, L) in [Pum99].

In the second part of the paper, we specialize our discussion to the case where D is a quaternion algebra.
The involution o is then the canonical involution, and X is a smooth projective conic without rational
points. The Witt groups W(X) and W(X, L) satisfy the purity property (see [BW02, Definition 8.2 and
Corollary 10.3]): They embed in the Witt group W (F) of the function field of X, and their images are the
kernels of suitable residue maps. We thus have exact sequences involving the residue fields k(p) at closed
points p € x:

(L) 00— W(X)— W(F) -5 PWikip) and 0— W(X,L,) — W(F) LN P wkip).
p p

We compute the cokernels of 6 and ¢’ in terms of the Witt groups W*(D, o) and W~ (D, o) of hermitian
and skew-hermitian forms over (D, 0):

cokerd~ W™ (D,o) and cokerd’ ~ker(W(k)— W¥(D,0)).

These isomorphisms can be interpreted in terms of Witt groups of triangulated categories. Indeed, by [Bal05,
Corollary 92] (see also [BW02, Section 8]), we have

cokerd ~ WH(X) and cokerd’ =~ WYX, L,).
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Hence, we get isomorphisms
WHX)~W™(D,6) and WYX, L,)=~ker(W(k)— W'(D,o)).
Since W!(k) = W2(k) = 0 and W=(D, o) = W2(D, o), the first isomorphism also follows from Xie’s exact
sequence, see [Xiel9, Theorem 1.2],
e — WHk) — WH(X) — W3(D,0) — W2(k) — ---.

As W(X) can be described as the cokernel of an injective transfer map W (D, o) — W(k) (see Proposi-
tion 6.3), the description of coker 6 and coker &', together with the isomorphism M: W™(D,o) ~ W(X, L),
leads to two strikingly similar exact sequences

(12) 0 — W*(D, o) — W(k) — W(F) -5 P wik(p) — W(D,0) — 0
p
and
(L3) 0 — W(D,0) — W(F) - P Wk(p) — W(k) — WH(D,0) — 0.
p

In substance, sequences (1.2) and (1.3) are due to Pfister [Pfi93, Section 7|, although Pfister does not
consider forms over D: He substitutes for W*(D, o) and W™(D, ¢) in (1.2) and (1.3) groups that he defines
specifically for this purpose.

The exactness of (1.2) and (1.3) is proved in Section 6. (The exactness of (1.3) at the middle term has been
established by Parimala [Par88, Theorem 5.1}, who also has an ad hoc description of the kernel of 6’ in
[Par88, Theorem 5.3].) A delicate part of the argument is to coherently choose uniformizers and transfer
maps k(p) — k at each closed point p. This issue is addressed in Section 5. In Section 4, we set up an exact
octagon relating the Witt groups W*(D, o) and W™ (D, 0) to the Witt groups of quadratic or hermitian
forms over a maximal subfield of D. This exact octagon, due to Lewis [Lew82], is a key technical tool to
show that (1.2) is exact at the next-to-last term.

For a suitable identification of £, with an ideal sheaf, it turns out that the residue maps 0 and 6’ only
differ in one point of degree 2, which we designate by co. As a result, quadratic forms over k that are
split by k(co) map in W(F) to forms that lie in the kernel of ¢’; hence these forms can be used to describe
skew-hermitian forms over D. This idea is a key ingredient in Becher’s proof of the Pfister factor conjecture;
see [Bec08]. It was also used in [QMT18, Proposition 3.4] to give examples of non-similar skew-hermitian
forms over a quaternion algebra that become similar over the function field of its Severi-Brauer variety.
Berhuy uses it in [Ber07] to define higher cohomological invariants of quaternionic skew-hermitian forms.
Note that Berhuy’s discussion at the top of p. 442 is flawed: The correspondence between skew-hermitian
forms after scalar extension to the function field and quadratic forms does depend on the choice of splitting.
However, Garrel [Garl8, Section 3.1.3] has shown how the exact sequences (1.2) and (1.3) can be used to
amend Berhuy’s arguments and expand his result, providing a general method that produces cohomological
invariants of skew-hermitian forms that depend only on their similarity class.

Notation

Throughout the paper, we let D denote a central division algebra of 2-power degree 1 = 24 > 2 over an
arbitrary field k of characteristic different from 2. We assume D has exponent 2 and fix some symplectic
involution o of D. Let X be the Severi-Brauer variety of n-dimensional left ideals in D. Write F = k(X) for
its function field and Ox for its structure sheaf. For each point p on X, we write O, for the local ring at p
and k(p) for its residue field. We let D = D ®; Ox denote the Azumaya algebra over X obtained by scalar
extension to Oy. Its stalk and fiber at a point p are

D,=D®; O, and D(p)=D ®k(p).
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From Section 4 onward, D is assumed to be a quaternion algebra. The involution ¢ is therefore the canonical

conjugation involution —; we often omit it from the notation and write simply W(D), W—(D) for W*(D, o),
W=(D, o).

Acknowledgments

The authors are grateful to A. Merkurjev for the proof of Proposition 2.1 and to the referee for suggestions
that allowed them to streamline the arguments in Section 3.

2. Locally free sheaves on Severi-Brauer varieties

In this section, we define on the Severi-Brauer variety X a locally free sheaf 7 of rank 7, which is the
main tool for the Morita equivalence developed in the next section. We use it to associate to the symplectic
involution ¢ the generator £, of Pic(X) in which the symmetric bilinear spaces over X we consider take
their values.

Let T be the generic point of X, which is an n-dimensional left ideal in the split algebra D obtained
from D by scalar extension to the function field F of X. The sheaf of Ox-modules 7 is defined as the
intersection of D with T in Dy (viewing T and Dr as constant sheaves):

2.0) T =TNDcDy.

Since T is a left ideal in Dy, it is clear that 7 is a sheaf of left D-modules. The main properties of the
sheaf 7" are given in the next proposition, using the following notation: For ¢ an arbitrary field extension
of k, let Xy = X x Spec({) be the {-variety obtained from X by base change, and let p: X, — X be the
projection map. For any Ox-module M, we let M, = p*(M) be the inverse image of M; if £ is a finite
extension of k and N is an Ox,-module, we let trz (N) = p,(N) be the direct image of .

Proposition 2.1.

(@) The sheaf T is a locally free Ox -module of rank n.
(b) If € is a splitting field of D, every €-algebra isomorphism Dy ~ End, V with V an n-dimensional € -vector
space induces an isomorphism of sheaves

(2.2) Tp ~ V& Ox,(-1) = Ox, (-1)°".

(c) The canonical homomorphism D — End 7T arising from the left D-module structure on T yields an
identification D = End 7 ; hence T is an indecomposable locally free sheaf-
(d) For every maximal subfield € of D, there is an isomorphism of sheaves

T = trg (O, (-1)).

Proof. We first provel! (b), as (a) follows by base change. Let € be a splitting field of D, and fix an (-algebra
isomorphism to identify Dy = End/(V) = V ®, V" for some n-dimensional {-vector space V. Then X,
is identified with the projective space IP(V*), viewing each line d C V* as the n-dimensional left ideal
V ®¢ d. Pick an {-base vy, ..., v, of V, so X, = Proj({[vy,...,v,]), and let U C X, be the open subscheme
defined by v,, # 0, so U = Spec(£[v,v;,...,v,_1v,;']). The field £(X;) = £(U) is the rational function field
L(vyv,t,...,v,_1v;!), and the module of sections of Dy over U is

Dy(U) =V & V' ® Ox,(U)=V & V& llviv,',...,v,-1v;,' | C V& V* ® £(X¢) = Dy(x,)-

(We are indebted to A. Merkurjev for suggesting this proof to us.
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On the other hand, the ¢(X/)-rational point induced by base change from the generic point of X is the line
S=x-UXe) CV*®l(Xy), where
n
X = Zvj ®viv; e Vi e, 0(X,).
i=1
Viewed as a left ideal in Dy(x,), this point is T, = V ®; S. Since S N (V*®; Ox,(U)) is the Ox,(U)-span of
X, it follows that

(2.3) 7,(U) =T, nDe(U) = V& x - Ox,(U).

Now, there is a canonical embedding Oy, (~1) — V* ®, Ox, which on U maps v, to x. Tensoring with V
yields an embedding V ®, Oy, (-1) —» V ®; V*®; Ox, = D¢. The module of sections over U of the image of
this embedding is exactly 7,(U). The same holds for every open subscheme in the standard affine cover
of X¢; hence we may identify 7, = V ®; Ox,(~1), proving (2.2).

(c) Continuing with the same notation, consider 72;\/ = H{(7,,Ox,), the dual sheaf of 7;. From (2.2) it
follows that 7—€v ~ V*®¢ Ox,(1), hence

EVT; =Tr®T," = End(V)®; Ox,(0).

This shows that dim,(End 7;) = n?, hence dimy(End7") = n?. The canonical map D — End 7 is injective
since D is a division algebra; hence it is an isomorphism by dimension count.

(d) Now, let £ be a maximal subfield of D. Since D = End7, the locally free Ox-module 7 has an
{-structure, and T =~ trg(N) for some irreducible locally free Ox,-module N by [AEJ92, Theorem 1.8].
Lemma 1.4 of [AEJ92] shows that the Ox,-module N is a direct summand of 7;. By (2.2) it follows that
N =Ox,(-1). O

Remark. For € a Galois extension of k that splits D, it follows from Proposition 2.1 that 7" can be obtained by
Galois descent from V ® Ox,(—1) by using the cocycle with values in PGL(V) that twists End(V) into D.
Therefore, 7 can be identified with the sheaf | defined by Quillen [Qui73, Section 8.4] in his computation of
the K-theory of Severi-Brauer varieties.

In order to define the invertible Ox-module £, attached to the involution o, we start with some
observations on split central simple algebras, which will be applied to the scalar extension of D to the
residue fields at points of X.

Let A be a split central simple algebra of even degree n = 2m over an arbitrary field E, and let o4 be a
symplectic involution on A. We let

Skew(o4)={x€A|0a(x) = —x}

and write Trd: A — E for the reduced trace map. Recall that the bilinear form Trd(xy) is nonsingular;
hence for every nonzero x € A, there exists a y € A such that Trd(xy) = 1.

Lemma 2.2. Let [ C A be an n-dimensional left ideal, let 64(1) ={04(&) | & € I} be its conjugate n-dimensional
right ideal, and denote by | the intersection ] =1 Noa(I). Then dimg ] =1 and ] = I N Skew(oy4); moreover, for
Ae] and pe A, we have

(2.4) oa(A)==A, A*=0, and Apd=Trd(Ap)A.
Multiplication in A defines an isomorphism of E -vector spaces

mult: o4(I)®4 1 — ], 0a(&)®1 > 04(E)1.
Moreover, there is a canonical isomorphism of A-bimodules

can: IQcou(l) = JQ®c A
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defined as follows: Pick A € | and y € A such that Trd(Ap) =1, and let
can(c ®ou(n)) =A®@&poaln) for,nel.

Proof. Fix some representation A = Endg V for some n-dimensional E-vector space V. The involution o4
is then adjoint to some alternating bilinear form b on V, and the ideal I is the set of linear operators
that vanish on some hyperplane H; its conjugate o4(I) is the set of operators that map V into H1, the
orthogonal of H for the form b. Therefore, an operator lies in ] if and only if its kernel contains H and its
image is in the 1-dimensional subspace H*. It follows that dim ] = 1. Moreover, the image of each A € |
lies in H+, hence in H since b is alternating, and therefore 12 = 0.

To complete the proof of (2.4), pick v € V'\ H. Every vector x € V has the form x = va+u for some a € E
and u € H. For A € ], we have A(1#) =0 and A(v) € H+; hence for x’ = va’ + u’ with @’ € E and u’ € H,

b(AMx),x") =b(A(v)a,va’) and b(x,A(x)) = bva, A(v)a’).

Since b is alternating, b(v, A(v)) = —=b(A(v),v), and it follows that b(A(x),x’) = =b(x, A(x’)) for all x, x" € V,
hence g4(A) = —A.

Now, take y € A. As pA vanishes on H, it follows that yA(v) = vTrd(puA) + u for some u € H, hence
ApA(v) = A(v) Trd(puA). Moreover, AuA(u) = A(u) =0 for all u € H; hence Apd = Trd(Au)A since V is
spanned by v and H.

It follows from (2.4) that | C Skew(o,), hence | C I N Skew(o,). For the reverse inclusion, it suffices to
observe that if A € INSkew(o,), then A = —g4(A) € 04(I), hence A € INoA(I). Therefore, ] = INSkew(ay).

Because [ is a left ideal and 04(I) is a right ideal, we have o4 (I)-I C I N o4(I); hence multiplication
defines an E-linear map mult: 04(I) ®4 I — J. To show that this map is onto, note that for any nonzero
A €], there exists a y € A such that Trd(Apu) = 1. By (2.4), it follows that

2.5) A=Trd(Ap)A = Ap.

Since A € I No4(I), this equation shows that A € 04(I)-I; hence mult is surjective. To see that it is injective,
pick A € ] and py € A as above. Since A is nonzero and lies in I, we have I = AA; hence every element in
04(I)®4 I can be written in the form £ ® A for some & € g4(I). If £A = 0, then using (2.5), we get

ERA=EQAuA=EAu® A =0.
Therefore, mult is injective.

We next consider the map can, which is clearly a homomorphism of A-bimodules. We first show that it
is canonical, i.e., that it does not depend on the choice of A and y. Suppose A, A’ € ] and p, p’ € A are
such that Trd(Au) = Trd(A'y’) = 1. Because dim] = 1, there exists an @ € E* such that A’ = @A, hence
Trd(Ap') = a7, so (2.4) and (2.5) yield
(2.6) AA=a A =atAp
Since I = AA, for all &, 1 € I, we may find &, 77; € A such that

(5251/\ and 1’]:171/\.
Then, by (2.5),
g oa(n) =& AW Aoa(m) = —a~ & Aproa(m) = a Epoa(n).
Therefore,
N@&Ep oa(n)=A®Epoa(n).
It follows that can is canonical, and it remains to prove that it is bijective. Since A is a simple algebra, we
have AAA = A; hence to prove surjectivity, it suffices to show that A ® £A# lies in the image of can for all
&, n € A. By (2.5), we have
AREAN =A@ EAuAN = can(EA® An);

hence can is surjective. It is therefore also injective by dimension count. 0
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Our first application of Lemma 2.2 is to A = Dp, the split algebra obtained from D by scalar extension to
the function field of X. Taking for I the generic point T of X, we let

L, =TnNa(T)=TnNSkew(o).
Lemma 2.2 shows that L is an F-vector space of dimension 1 and yields canonical isomorphisms
(2.7) mult: o(T)®p, T — L, and can: T®po(T)— L, ® D.

The sheaf of Ox-modules £, is defined as the intersection of D with L; in D, viewing L, and D as
constant sheaves:
L, =L,NDCDr.

Proposition 2.3. The sheaf L is an invertible Ox -module such that (L ;)¢ ~ Ox,(=2) for every splitting field €
of D; hence L, generates the Picard group Pic(X). Moreover, there exist isomorphisms of Ox -modules

multy: o(7)®p 7T — L, and canyx: T ®p, 0(T)— L;®0, D
that restrict on the generic fiber to the isomorphisms of (2.7).

Proof. Let € be a splitting field of D. As in the proof of Proposition 2.1, we identify D, =End,V =V ®, V"
for some n-dimensional {-vector space V, hence also X, = IP(V*). Writing again o for the scalar extension of
o to Dy, we know from [KMR*98, Equation (4.2)] that ¢ is the adjoint involution of a nonsingular alternating
bilinear form b on V. Let m = 5 and fix a symplectic base (u;, w;);”, of V; thus, for i, j=1,..., m,

b(ui,wi): 1 :—b(wi,u,-), b(u,-,u]-):b(w,-,wj)zo,
and
b(u,-,w]-) =0= b(w], lei) if i ¢j.
It follows that for 7, j =1, ..., m,
o(u;@ul)=w;@w:, o(u; W) =-u; W,
(2.8) A ] I
o(w; ®u]*.) =-w;®u;, o(w; ®w;) =u;®u;.
Let U C X, be the open subscheme defined by w,,, # 0; hence
Ox,(U) = €[u1w,_nl,...,umw;11, wlw,;l,...,wm_lw;f].
As in the proof of Proposition 2.1, consider
m
x = (uj@uiw,‘,} +w§®wiw,‘,})e V* & Ox,(U),
i=1
which has the property that x - £(X/) is the €(X/)-rational point induced by base change from the generic
point of X. We saw in the proof of Proposition 2.1 (see (2.3)) that

To(U)=Verx-Ox,(U)C Ve Ve Ox,(U)

hence every element t € 7,(U) can be written in the form

m
t= Z(w@xﬁ +w; ® Xgi)

i=1
m
= Z (ui ®u;®ujw;11ﬁ +U; ®w;®ij;11ﬂ
ij=1

+w; ®u]*~®u]~w,_n1gi +w; ®w]*-®ij:n1gi)
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for some fi, ..., fu, &1 ---» &u € Ox,(U). A straightforward computation using (2.8) shows that o(t) = —t
holds if and only if for all i, j =1, ..., m,

fi=wiwy' fu and & = —uw, f.
Therefore, (L) (U) = 7,(U) N Skew(o) is the Ox,(U)-span of the following element:

m
C= Z (ui ® u; ® ujwiw;f +1; QW; ®wiij;12
ij=1
-w; ® u; ® ul-u]-w,_,,2 —w; ®w]*- ® u,-ij,_f) €V ® V'® Ox,(U).

Under the identification (V ®; Ox,(U)) ®oy, (U) (V*®¢Ox,(U)) =V & V*® Ox,(U), this element C is the
tensor product L = O ® x, where 6 = ) " (u; Quww,,! —w;®uwy,) €V &y Ox,(U) is the element such that
b(0,p) = x(p) for all p € V ®; Oy, (U).

Now, there is a canonical embedding Oy, (-2) — V ® V*®; Oy, that on U maps w,? to C, and
the computation above shows that the module of sections over U of the image of this embedding is
exactly (£;)¢(U). The same holds for every open subscheme in the standard affine cover of X,; hence
(L4)e = Ox,(=2). By base change, it follows that £ is an invertible Ox-module.

We next define the morphism cany. Let U C X be an affine open subscheme on which £, (U) is
a free Ox(U)-module, and let A € L;(U) be a base of L;(U). For each point p of U, the germ A, is
an O,-base of the stalk (L,),, and its image Xp in D(p) is a k(p)-base of the fiber of £, at p. Since
the bilinear form Trd(xy) on D(p) is nonsingular, the linear form Trd(xp _): D(p) — k(p) is surjective.
From Nakayama’s lemma, it follows that the linear form Trd(A,_): D, — O, is surjective. This holds
for every point p of U; hence the linear form Trd(A_): D(U) — Ox(U) is surjective. It follows that
there exists a g € D(U) such that Trd(Ay) = 1. We may then define the Ox(U)-module homomorphism
cany: 7 (U)®o, ) o(T)(U) — L;(U)®o, () D(U) by mapping t ® o(t’) to A@tuc(t’) for t, t' € T (U).

If M e L,(U) is another Ox(U)-base of L,(U) and p’ € D(U) is such that Trd(A'y’) = 1, then
A = a) for some a € Ox(U)*, and the same arguments as in the proof of Lemma 2.2 show that
A®tuo(t’)= A @tyu'o(t’) for t, t’ € T (U). Therefore, the map cany does not depend on the choice of A,
p. Gluing the maps cany; for the subschemes U in an open cover of X yields a morphism of Ox-modules
cany: 7 ®o, 0(7) — L, ®, D.

On the other hand, it is clear that for every affine open subscheme U C X, the multiplication in D(U)
yields a map o(7)(U) ®p(y) 7 (U) — L,(U) since L, = mult(o(T)®p, T). Therefore, there is a morphism
of Ox-modules multy: 0(7)®p 7 — L,.

The morphisms cany and multy are injective since their restrictions to the generic fiber are injective by
Lemma 2.2. Therefore, it only remains to prove that the maps induced by cany and multy are surjective
on the stalks at each point, or (by Nakayama’s lemma) on the fibers at each point. For each point p of X, the
fiber T(p) of 7 at p is a left ideal of dimension # in D(p) since 7 is a locally free Ox-module of rank #, and
the fiber L;(p) of £, is T(p) N o (T (p)). Lemma 2.2 with A = D(p) and I = T(p) shows that the maps mult
and can yield isomorphisms

a(T(p))®p(p) T(p) — Ls(p) and  T(p) ®k(p) o(T(p)) — Ls(p) ®xk(p) D(p)-
The proof is thus complete. U
3. Symmetric spaces over Severi-Brauer varieties

We use the same notation as in the preceding section: X is the Severi-Brauer variety of the division
algebra D with symplectic involution ¢, and £, =7 No(7) is the invertible Ox-module obtained by
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intersecting the sheaf 7 defined in (2.1) and its conjugate o (7). Throughout this section, unadorned tensor
products and H{} of Ox-modules are over Oy.

Our goal in this section is to define a canonical isomorphism between the Witt groups W™ (D, o) and
W(X,L;); see Theorem 3.3. The construction involves the Witt group W~(D, o), which is shown in
Proposition 3.2 to be canonically isomorphic to W (X, L).

The Witt groups W(X, L) and W~ (D, o) are obtained by Knebusch’s construction (see [Bal05, Defini-
tion 27]) from categories with duality: Let Mody be the category of locally free Ox-modules of finite rank
and Modp the category of locally free Ox-modules with an action of D on the right, in other words, right
D-modules that are locally free of finite rank as Ox-modules. Tensoring with 7 (resp. 0(7")) yields functors

O: Modp — Mody, V—VepT,
V: Mody — Modp, M+— M®a(7).

Since 7 ® 0(7') is an invertible D-bimodule and 0(7)®p 7 is an invertible Ox-module (see Proposition 2.3),
Wo® and O oW are naturally equivalent to the identity on Modp and Mody, respectively; hence © and W
are equivalences of categories.

By definition, W(X,£,) = W(Mody,* @), where (*, @) is the duality defined on Mody by M"* =
HQ(M, L) for every locally free Ox-module of finite rank M, with @ : M = M™ the usual identi-
fication.

On the other hand, a duality (#, 77) is defined on Modp by
Vi = HQp(V,D) for every object V in Modp

(where the left D-module structure on H}p(V, D) is twisted by o into a right D-module structure), and
1ty: V 5 V¥ s the usual identification. By definition,

W(D,o) = W(Modp,§,t) and W (D,o)=W(Modp,H,—n).

In order to obtain a canonical isomorphism W~ (D,0) — W(X, L), we first define a natural transforma-
tion 0: @ off — *o O and then deduce a morphism of categories with duality

(©,0): (Modp, H#,—1t) — (Mody, *, @).
Lemma 3.1. For every object V in Modp, there is a canonical isomorphism of Ox -modules
0y ViepT = (VepT).
It is determined on the stalks at any point p by

<9Vp (xIi ® t), V® t’>£ = multp(a(t)<xﬁ,y>p® t’) for xhe Vﬁ, VeV, andt, t' €1,

where {_,, )p: Vg xVy,—=>Dand{_,_ ) ,: Vy®pT,)" x(V,®p7,) — L, are the canonical bilinear maps.

Proof. The switch map is an isomorphism V¥ ®p T = o(7) ®p Hi}p(V, D). We first prove that the latter
tensor product is isomorphic to Hp (V,0(7)).

Let R be an arbitrary commutative k-algebra. Let D = D ®; R, and let M be a right Dz-module. Write
M, for the right R-module obtained from M by forgetting the D-action. By [MT16, Proposition 2.1, M is
a direct summand of the right Dr-module My ®; D. We recall the argument for the convenience of the
reader: The Goldman element g =) 4, ®b; € D ®; D is defined by the condition that } a;xb; = Trdp(x)
for all x € D; see [KMR*98, Equation (3.5)]. It satisfies the property that (a ® b)g = g(b ® a) for every a,
b € D; see [KMR*98, Equation (3.6)]. If u € D is such that Trdp(u) = 1, then } aq;u®b; =) a;u®b;a
for all a € D, and the map M — M, ®; D which carries m € M to } (ma;u)®Db; is an injective Dgr-module
homomorphism split by the multiplication map My ®; D — M.
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If My is a projective R-module, then My ®; D is a projective Dr-module, so M also is a projective
Dg-module. For every Dg-module N, the canonical homomorphism

N ®p, Homp, (M, Dg) — Homp, (M, N)

is then an isomorphism; see [Bou70, Section 11.4.2, p. IL.75]. This applies in particular with M and N the
modules of sections of V and o(7") over any affine open subscheme of X, or the stalks of V and ¢(7) at any
point of X, and yields an isomorphism

v Viep T =5 My (V,0(T)),
which is given on the stalk at any point p by
v (o) yr o) y)p forxf €V, eV, and e,
The isomorphism 0y, is obtained by composing 7), with the isomorphisms
Hep(V,0(T)) = HEV@pT,0(T)9pT) — HE(VRpT,Ly)
that arise from the equivalence of categories ©® and the isomorphism multy of Proposition 2.3. O

The isomorphisms 6), of Lemma 3.1 define a natural transformation 6: © o #f = * o ©. We next show
that the pair (©,0) is a morphism of categories with duality as in [Bal05, Definition 5] (a “duality-preserving
functor” in the terminology of [Knu91, Section II(2.6)]).

Proposition 3.2. The pair (O, 0) induces an isomorphism of Witt groups
Mor: W™ (D,0) — W(X,L,)

by mapping the Witt class of every skew-hermitian space (V, @) over (D, o) to the Witt class of the symmetric
bilinear space (V @p 71,0y o (p®1d7)).

Proof- To see that (©,0) is a morphism of categories with duality, it remains to prove that the following
diagram commutes for every object V in Modp:

—ﬂv@IdT

VepT Ve, T
(3. @vepT l leyﬁ
0;
VepT)" —— ViepT)".

#

We compute on the stalks at any point p: For x € V), yﬂ eV/],and t, t' € 7;,

p

<6vﬁ omy(x®1), ' ® t'>£ = mult, (a(t)(nv(x),yﬁ>p ®t') = multy(o(t)o (<yﬁ,x>D) ®t).
On the other hand,
<9§z 0 Dyg,T(X® 1,9 ® t/>£a = <CDV®DT(X ®1),6y (?ﬂ ® t/)>zg

=(6v(v¥er),xet), =mult,(o(t)(vhx), t).
Since £, C Skew(0), it follows that mult,(o(t) ® ;) = —mult,(o(¢,) ® t;) for all ¢, ¢, € 7;;; hence the
computation above yields

0y 0 dyg, T(X®t) = —9V§ omy(x®t) forallxeV, teT,.

Therefore, the diagram (3.1) commutes, and (0, 0) is a morphism of categories with duality. The induced
homomorphism of Witt groups Mor: W=(D, o) - W(X, L) is an isomorphism because © is an equivalence
of categories. U



Witt groups of Severi-Brauer varieties 1

The main theorem of this section follows.

Theorem 3.3. The composition of the scalar extension map exty: W=(D,0) — W™(D, o) with the map
Mor: W=(D, o) = W(X, L) is an isomorphism

M: W (D,o) = W(X,L,).
Proof. We first show that exty is injective. By a theorem of Karpenko [Karl0], the scalar extension map

extp: W(D,0) - W™ (Dg,0) is injective. The injectivity of exty then follows from the commutativity of
the following diagram, where res is the restriction to the generic fiber:

extgp

W~(D,0) W™ (Dg,0)

k‘%

W=(D, o).

As Mor is bijective, to complete the proof, it suffices to show M is onto. For this, we use Pumpliin’s results
in [Pum99] (keeping in mind that Pumpliin chooses as a generator for Pic(X) an invertible Ox-module
isomorphic to H{(L,,Ox) instead of L).

According to [Pum99, Theorem 4.3], W(X, L) is generated by the Witt classes of symmetric bilinear
spaces with underlying Ox-module tr/ ('), where ¢ is a maximal separable subfield of D and N is a self-
dual invertible Ox,-module. Since by Proposition 2.3, (L), =~ Ox,(-2), self-dual invertible Ox,-modules N
for the duality * are isomorphic to Oy, (~1); hence tr/(N) =~ T by Proposition 2.1. We can compare every
isomorphism ¢: 7 — 7 to the canonical isomorphism 6p o ©(0): 7 — 77, viewing ¢ as an isomorphism
D — DF. Since End7 =D by Proposition 2.1, for every ¢, there exists a d € D* such that the following

diagram commutes:
T
L X
d-

T 7.
0100 (c)

On each stalk 7, the canonical isomorphism 6po® (o) maps t € 7, to the linear map 7, — (L), that carries
t' to o(t)t’; hence @(t) maps t’ to o(dt)t’. The element d satisfies 0(d) = —d since ¢ is skew-hermitian;
hence the Witt class of (7, ¢) is the image under M of the Witt class of the skew-hermitian form (—d) over
(D, o). Therefore, the map M is onto. 0

4. An octagon of Witt groups

Henceforth, we assume D is a quaternion division algebra; hence ¢ is the canonical conjugation
involution —. We write simply W*(D) (resp. W™ (D)) for the Witt group of hermitian (resp. skew-hermitian)
forms over D.

Let i, j € D be nonzero anticommuting quaternions, and let K = k(i) C D. We have D = K @ jK; hence
for every e-hermitian form h: V xV — D (with € = +1) on a right D-vector space V, we may define an
e-hermitian form f: V x V — K (for the nontrivial automorphism ~ on K) and a (—¢)-symmetric bilinear
form g: V xV — K by the equation

h(v,v')= f(v,v')+jg(v,v") forv,v' e V.
We thus obtain Witt group homomorphisms

: WD) — WEK,7), h+—f and my: WH(D)— W K), hr—g;
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see [Sch85, Lemma 10.3.1.) Computation yields an explicit description of 77,: W~(D) — W(K) (= W*(K)):
For h =(q), with q = iq¢ + jq1, 90 € k, and ¢q; € K, we have

(q11,-q%) if g %0,

(41 m((0)) = { . ty o

Indeed, for all A € K and y € K, we have g(A+ ju) = ;A2 = 2igoAp — bg, u>. Hence this quadratic form
represents q; and has discriminant g°.

We may also define maps in the opposite direction using scaled base change. More precisely, for every
e-hermitian form f: U x U — K on a K-vector space U, there is a unique (—¢)-hermitian form

h: (U®KD)X(U®KD)—>D

such that h(u,u’) = f(u,u’)i for u, u” € U. Similarly, for every e-symmetric bilinear form g: Ux U — K
on a K-vector space U, there is a unique (—¢)-hermitian form

h:(U®g D)x(U®gD)— D
such that h’(u,u’) =ijg(u,u’) for u, u’ € U. Thus, for € = £1, we obtain Witt group homomorphisms
o: WYK,T)—> WD), fr—>h and o0,: WS(K)— W (D), g+—oh.
(Of course, W7(K) =0.)
Theorem 4.1. The following octagon is exact:

s 03

W*(D) —— W~ (K) —— W*(D)

W=(K,7) WH(K,™)

02 T

W~(D) ~—— WH(K) =—— W~(D).

Proof- The exactness of the five-term sequence from W~ (K) to W*(K) is proved in [Sch85, Theorem 10.3.2].
The same arguments can be used to prove the exactness of the other half; see also [Lew82, Proposition 2] or
[GBMO05, Section 6]. g

From here on, we omit the superscripts +. To define the first map in (1.2) and the last map in (1.3), note
that every hermitian form on D has a diagonalization with coefficients in k; hence scalar extension yields a
surjective group homomorphism

extp: W(k)— W(D).

On the other hand, for every hermitian form h on D, the map g;: v +— h(v,v) is a quadratic form on k, and
mapping h to gy, yields a group homomorphism

sp: W(D) — W(k).

The following result is proved in [Sch85, Theorem 10.1.7].

(ZThere are several typos on p. 359 of [Sch85].
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Lemma 4.2. The following diagram, where np denotes multiplication by the norm form of D, commutes and has
exact row and column:

W (k)
0 W(D) W (k)

5. Residues and transfers

Recall that D is now assumed to be a quaternion division algebra; hence its Severi-Brauer variety X
is a smooth projective conic. The maps in the exact sequences (1.2) and (1.3) depend on the choice of
uniformizers 71, and linear functionals s, at each closed point p € XM, In order to make suitable choices,
we first introduce coordinates, which will allow us to write an equation for X and to identify the invertible
Ox-module £, with the ideal sheaf of a point co € X(1), Since there is a unique symplectic involution o
on D, namely, the conjugation involution —, we simplify the notation by writing £ for L.

5.1. Coordinatization

Let D° be the 3-dimensional k-vector space of pure quaternions in D. We have d? € k for every d € DY,
hence the map g: D — k defined by q(d) = d? is a quadratic form. Since every 2-dimensional left ideal
of D over a splitting field intersects D in a line (see Lemma 2.2), we may identify X with the conic in the
projective plane IP(D?) given by the equation g = 0. Under this identification, every line in D° corresponds
to the left ideal of D that it generates.

Let i, j € D be two nonzero anticommuting pure quaternions, and let i =g, j 2 = b, so that

D= (a, b)k

The elements aj, ij, bi form a k-base of DY If &, 1, C denotes the dual base, the conic X is given by the
equation

(ajE +ijn+bi0)> =0, ie, a&’>—n*>+bC*=0.
Let co € X1 be the closed point given by the equation { = 0; the residue field k(co) at oo is canonically
isomorphic to k(i) by a map that carries the value %’(oo) of the function %’ at oo to i; see [EKMOS,
Proposition 45.12]. Let also X,¢ C X be the open subscheme defined by C # 0, which is an affine conic, and

let O,¢ be the affine ring of X,¢; then, writing x = % and y = g, we have

O =k[x,v] Ck(x,y) =F with yz =ax?+b.

The point with coordinates (x,7) on the affine conic X,¢(F) is ajx +1jy + bi; under the identification of
the conic with the Severi-Brauer variety of D, it is the F-rational point obtained by base change from the
generic point T of X. Therefore, the generic fiber of the sheaf 7 defined in (2.1) is

T = Dre, where e =0bi+axj+7pij€ Dg.

Clearly, e € TN T since ¢ = —e; hence the generic fiber TNT of £ is L = eF. We next describe the module
of affine sections and the stalk at co of 7 and L, for which we use the notation 75, 7, L, L. We write
D,s = D ® O, for the module of sections of D over X, and D, = D ® O, for the stalk of D at co.

Proposition 5.1. We have T = eF + jeF = jeF +ijeF and
Tt =Dare, Too=Deex!, Ly=eOy, Lo=ex"'O.
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Proof. Because e = 0, we have
6.1) bie+axje+yije=0.
Multiplying on the left by i~!, we obtain
be+xije+yje=0.
Since T = Dpe =eF +ieF + jeF +ijeF, the first assertion follows from these equations.
By definition,
Ta=TNDu=(Dre)NDyy and Ly =LNDy=(eF) N Dy

Since e € Dy, the inclusions Dype C T, and eO,¢ C Ly are clear. If A € F is such that el € Dy, then
by looking at the coefficient of i in e, we see that A € O,¢. Therefore, L, = eO,¢. Now, the first part
of the proof shows that every element in T can be written as jed +ijeu for some A, p € F. If A, p are
such that jed +ijeu € Dy, then inspection of the coefficients of j and ij shows that A, y € O,¢. Therefore,
jeA+ijeu € Dyge, and it follows that T¢ = D,ge.

Next, we consider the stalks at co. By definition,

T..,=TNDy =(Dre)NDy and Lo =LNDy =(eF)NDy,.

Since ex~! € D, we have ex™! € 7, and ex™! € £, so the inclusions Dex"! c 7, and ex 'O, C L,
are clear. If A € F is such that e € D, then the coefficient of j shows that xA € O, hence el € ex 1O,
To complete the description of 7,, we use the equation T = eF + jeF proven above. If ed + jey € D,
for some A, y € F, then by looking at the coefficients of 1 and j, we see that xA, xu € O,. Therefore,
eA+jeu € Doex™ . So we get Lo, = ex 'O and T, = Dex L. O

From the descriptions of £, and £, above, it follows that mapping e € L to 1 € F defines an isomorphism
of invertible Ox-modules

(5.2) e1 L5 T(c0),

where Z(c0) is the ideal sheaf of oo, i.e., the subsheaf of Ox whose module of affine sections is O, and
whose stalk at co is the maximal ideal m., = x 1O, of O..

5.2. Coherent choices
For each point p e X(1), let 7, be a uniformizer of the local ring O,. Two residue maps
dy, 952 W(F) — W(k(p))

are defined as follows: Select in every symmetric bilinear space (W,b) over F an O,-lattice of the form
W, L W,, such that the restrictions by of b to W; and b, of (Tcal)b to W, are nonsingular (as O,-bilinear
forms). Then a; maps (W, b) to the Witt class of (W; ®o, k(p), (b;)k(p))- Thus, 8; does not depend on the
choice of 7t,, but 93 does. If the bilinear space (W, b) is the generic fiber of a symmetric bilinear space
(W, b) over X with values in O, then by definition®)

Ip(W,b) = (W, &0, k(p), b)) and J5(W,b)=0 forallpe X,
In contrast, if (W, b) is the generic fiber of a symmetric bilinear space (W, ) with values in Z(c0), then

1 WV, ®0, k(p), by if p = o0,
ap(w'b)_{O p P p

if p= oo,

(®)We abuse notation by not distinguishing between a space and its Witt class.
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and there exists an a € k(c0)* depending on the choice of 7., such that

0 if )
ag(w’ b) = 1 p# 00
Weo ®0_, k(00),{@)b (o)) if p= 0.
It follows that the maps
& =@,0%: W(F) — @ W(k(p) and & =(@p.ud))®Ik: W(F) — @ W (k(p))
pex® pex®

vanish on the images of W(X) and W(X,Z(c0)), respectively. These maps fit in the exact sequences (L.1).
To extend these exact sequences further, we use transfer maps W (k(p)) — W (k). Since 6 and ¢’ depend
on the choice of 77;, we need to make a coherent choice for these transfers. With this in mind, we consider

the Weil differential w = ‘;—;‘, which is uniquely determined up to a factor in k* by the condition that its

divisor is —co (see [Che5l, Section IL5]). Thus, for p € X(1), the p-component w, is a linear map F — k that
vanishes on O, if p # co and on my, if p = co. Abusing notation, we again write w,, for the following k-linear
maps induced by the local components of w:
(O mal/(’)IJ —>k forp#oo, and wg: Oy/My =k(c0) — k.
dx

For w = 2 the computation in [Chebl, Section VL.3] shows that w,, is defined by

(5.3) We(l)=0 and a)oo(%(oo)):—l,

where %(oo) is the image of x 'y € O, in k(o). In the following description of the maps w, for p# oo, we

write vy for the (normalized) g-adic valuation on F, for every g € X (1),

Proposition 5.2. For p # co, every element in mal/Op can be represented in the form f + O, for some f € mal
such that vy(f) > 0 for all g # p. For such f,

Wp(f) = —weo (f(00)).
Proof. As in [Che5l, Section ILI], let™®
L(=p) ={f € Fv,(f) > —1 and v4(f) > 0 for g = p}.

Since F is an algebraic function field of genus zero, it follows from the Riemann-Roch theorem that G(—p) is
a k-vector space of dimension 1 + deg p; see [Chebl, Corollary, p. 32]. Consider the k-linear map

@: L(-p) — mal/op given by ¢(f) = f +Op,

Its kernel consists of elements f € F such that vy(f) > 0 forall g € XU, ie., ker ¢ = k. Since dim(m;l/(f)p) =
degp, dimension count shows that ¢ is onto, which proves the first statement. For f € L(—p), we have f € O,
for all g # p, hence wy(f) = 0 for all g = p, co. Since Weil differentials vanish on F, it follows that

wp(f) + weo(f) =0,

which completes the proof. U

If t, € O, is a uniformizer at p, then mal =7, '0,, and multiplication by 7, defines an isomorphism of
k(p)-vector spaces

i, M /Oy = Op/m, = k(p).

(“We use Chevalley’s notation from [Che5l1]. Most references use the notation L(p) for Chevalley’s G(—p).
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Definition 5.3. A choice of uniformizer 7, and of k-linear functional s,: k(p) — k is said to be coherent at

(1)

pe Xa; if the following diagram commutes:

_ Wy

m; /0, k

N
k(p).

Proposition 5.4. Let 11, s, and 1, s, be coherent choices of uniformizer and linear functional at p € Xﬁ). The
corresponding residue maps 92, 8;2: W(F) — W(k(p)) and transfer maps (s,)., (sp).: W(k(p)) = W (k) make
the following diagram commute:

9%
W(F) —— W(k(p))

Proof. Let u = 7'(67151 € Oy, and let u(p) be the image of u in k(p)*. Then 93((](}) = (u(p))c%z((f)) for all
f € F*. On the other hand, pi;; = u(p)ynp; hence s,(g) = s,(u(p)g) for all g € k(p) because s, O iy, = §p0 P

as 7, s, and HI’J, s, are coherent choices. Therefore, the following diagrams commute:

p
%
W(F) —— Wi(k(p)) W(k(p))
apzl (u(p)) j )
(u(p)) (s3)
W (k(p)), W(k(p)) —— W(k)
The proposition follows. U

5.3. Transfer maps

Besides the transfer maps (s,).: W(k(p)) — W (k), which fit in the exact sequence (1.3), we also need
transfer maps W(k(p)) - W™(D) to complete the sequence (1.2). For any nonzero linear functional
sp: k(p) — k, the map sp(,) = Idp ®s,: D(p) — D is D-linear for the left and right D-vector space structures
on D(p), and commutes with quaternion conjugation. Moreover, if & € D(p) is such that SD(D)(EI”]) =0 for all
1 € D(p), then writing £ =1®&y+i®& +]® & +1ij® &3 with &g, ..., 3 € k(p), we get

sp() (& 1®C) =5,(E00) —isp(E1C) — jsp(E20) —ijsy(E3C) =0 for all T € k(p),

hence £y =--- = &3 = 0. It follows that sp;) is an involution trace in the sense of [Knu9l, Section 1.7.2, p. 40].
It induces a homomorphism of Witt groups (see [Knu9l, Section 1.10.3, p. 62])

(5D(p))+: W (D(p)) — W™(D).

On the other hand, restricting the canonical isomorphism Mor of Proposition 3.2 to the fiber at p, we obtain
an isomorphism

Morg: W™(D(p)) — W(k(p), L(p))-

Next, consider the restriction of the isomorphism ¢: £ — Z(o0) of (5.2) to the fiber at p. If p # oo, the fiber
of Z(c0) at p is k(p); hence ¢, yields an isomorphism

(€p)e: W(k(p), L(p)) — W(k(p)).
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We let t, denote the composition (which depends on the choice of the linear functional s;)

_ _ _ 1
ty = (sp(p))e Mors o ()1 : W(k(p) — W™(D) for pe X.¢.

a

The fiber of Z (o) at oo is my./m2,; hence the fiber of € at co yields an isomorphism
(o)t W(k(00),L(c0)) — W(k(oo),moo/mio).

Choosing a uniformizer 77, at co, we define a k(oco)-linear isomorphism

f

it Moo/mZ > k(o0) by i (f+md) = ~—(o0) for f €mg,

hence an isomorphism
(1), = W (K(e0), meo/m, ) = W (k(e0)).

(1)

Choosing s, = W, (defined in (5.3)), we mimic the definition of ¢, for p € Xa} and set

o = (30, ), oMorsd o () o (1)t Wi(k(c0) — W (D).

*

Note that the map t,, depends on the choice of uniformizer 77, via piy_.

We next give an explicit description of the transfer maps #,. Recall that for every p € X (M) we write

D(p) = D ® k(p) for the fiber of D at p. We also let T(p) =7, ®0, k(p) denote the fiber of 7 at p. If p # oo,
we write e, for the image of e = bi +axj+yij in T(p); similarly, we let e,, denote the image of ex™!in T(o0).

Thus, from Proposition 5.1 it follows that

T(p) = D(p)e,, hence T(p)=e,D(p) forallpe xWM,

Proposition 5.5. Let p € X\ and f € k(p)*. If p = oo, define to, by selecting x™' as a uniformizer. For all
pe XM, the Witt class of t,({f)) is represented by the transfer along sp(y) of the skew-hermitian form

he: T(p)x T(p) —> D(p) defined by hy(e,&,epn) = fgepq for &, € D(p).

Proof. First, suppose p # co. It suffices to show that the skew-hermitian form h satisfies (¢,). (Morp(hf)) =

(f). By definition,

Mor,(hs): (T(p) ®p(s) T(9))x (T (p) ®pe) T(p)) — T(p)- T(p) = L(p)

carries (e,&1 ® &rep, €511 ®12€,) to —fe &r&ieyninae, for &1, &y, 11, 112 € D(p). Note that T(p) ®py) T(p)

is a k(p)-vector space of dimension 1, isomorphic to k(p) under the composition

T(0) &) T(p) —> L(p) — k(p),

which maps €,&1 ® &,¢, to Trd(&1&ze,) (see (5.2)). If £ € D(p) is such that Trd(Ee,) = 1, then e, E ®e, is a

k(p)-base of T(p) ®py T(p), and
ey (Mory (1r ) (ep€ ® ey @y )) = —f Trd (Eepey).
Since e,&e, = e,(Ee, —e,&) = e, Trd(Ee,) = e, we have
—f Trd (Eepéey) = —f Trd (Ee,) = f Trd (g,€) = f.

The proposition is thus proved for p # co.
For p = oo, the map €.,: L(c0) — m,,/m2, carries eq, to X~
same arguments as in the case where p # oo yield the proof.

1

+m2,; hence HPx-1 O € MAps €y, to 1. The
d
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Proposition 5.6. Forp € X(f , let 1T, sp and 1}, s, be coherent choices of uniformizer and linear functional, and
let 82 9’2 W(F) —» W(k(p)) and t,, t;: W(k(p)) > W™(D) be the corresponding residue and transfer maps.
Szmzlarly, let i, 1 be uniformizers at co, and let 92,, 9., 2. W(F) > W(k(c0)) and to, t.,: W(k(co)) —>

W~(D) be the corresponding residue and transfer maps. For every q € XV, the following diagram commutes:

2
9

W(F) —— W(k(g))

t/

q

W(k(g)) — W=(D).

Proof. For g # oo, the same arguments as in the proof of Proposition 5.4 yield the proof. For g = oo, it is
readily verified that (p,_);' o 2, = (ﬂngo);l 0 d.,%. The proposition follows. O

6. Exactness of the sequences

In this section, we define the maps in the sequences (1.2) and (1.3), and prove their exactness. We start
with the sequence (1.3). The isomorphism ¢: £ = Z(o0) (see (5.2)) yields a Witt group isomorphism

W(X, L) = W(X,Z(c0)).

Recall the isomorphism M : W~ (D) — W(X, £) of Theorem 3.3. Let p: W~ (D) — W(F) be the composition

resg

W-(D) 25 W(X, £) 5 W (X, T(00)) =25 W(F).

(1)

Theorem 6.1. Let 11y, s, be a coherent choice of uniformizer and linear functional at each point p € X', and let

Seo = Weo- The following sequence is exact:

extp

/ Z sp)*
(6.) 0 — W(D) -5 w(F) -5 P wk) S Wik 22 WD) — 0.
pex(®

Proof- By the definition of p, the following diagram commutes:

\ Ag

The exactness of the following sequence is the purity property of W (X,Z(c0)) established in [BWO02,
Corollary 10.3]:

0— W (X, Z(c0)) =5 W(F) > - Wi
pex(®

Since M and ¢, are isomorphisms, it follows that the sequence (6.1) is exact at W~ (D) and W(F). The
exactness at EBp <x) W(k(p)) was proved by Parimala [Par88, Theorem 5.1]. (It is straightforward to check
that the particular choice of uniformizers and linear functionals in [Par88, Section 4] is coherent, and
Proposition 5.4 shows that the exactness of the sequence does not depend on this choice.) In [Pf93,
Theorem 6a], Pfister shows that the image of } (s,). is the kernel of np (multiplication by the norm form
of D). Therefore, the exactness at W (k) and W (D) follows from Lemma 4.2. O

For the rest of this section, we focus on the sequence (1.2). Our goal is to prove the following.
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Theorem 6.2. Let 70, be a uniformizer at co, and let 9%, and t., be the corresponding residue and transfer maps.

1
Forallg e X;f), let Tlg, Sq be a coherent choice of uniformizer and linear functional, and let 8% and ty be the
corresponding residue and transfer maps. The following sequence is exact:

(6.2) 0— W(D) % W(k) =5 W(E) - () Wik(p) =5 W (D) — 0.
pex(®
We break the proof into several steps.
6.1. Exactness at the first three terms
The exactness of the sequence
(6.3) 0— WX) =L W) 2 ) Wikip)
pex ()

is the purity property of W(X). It follows from Knebusch’s general result [Kne70, Satz 13.3.6]. The first
terms of the exact sequence (6.2) are obtained by pasting this sequence with the following.

Proposition 6.3. The following sequence is exact:

0 — W(D) -2 W(k) 225 W(X) — 0.
Proof. The scalar extension map exty: W(k) - W(X) is known to be surjective; see [Pum98, Section 5].
(Pumpliin’s general result holds for arbitrary Severi-Brauer varieties. The case of conics is simpler; see
[Pum98, Proposition 5.3] or [PSSO1, Proposition 2.1].) Since restriction to the generic point is an injective map
W(X) — W(F) (see (6.3)), the kernel of exty is also the kernel of the scalar extension map W (k) — W (F).
The latter is the ideal generated by the norm form of D, see [Lam05, Corollary X.4.28], which by Lemma 4.2
can also be described as the image of the injective map sp. The proposition follows. O

Note that the exactness of (6.2) at W (k) and W (F) has already been observed by Pfister [Pi93, Theorem 4].
The rest of this section deals with the last two terms of this sequence.

6.2. Choice of uniformizers

Proposition 5.6 shows that for Theorem 6.2 the coherent choice of uniformizers and linear functionals

1

is irrelevant. We make a specific choice as follows. At co, we choose x™* as a uniformizer. To choose

uniformizers at the points p # oo, recall from [Pi93, Proposition 1] or [MT16, Lemma A.9] that the affine

ring Oy is a principal ideal domain. Therefore, for each p € Xﬁ), we may pick an irreducible element
71, € Oy¢ generating the prime ideal O,¢ Nm,. The divisor of 7, is thus p + v, (7,)00; hence

(6.4) degp = —2v.(7,)

because the degree of every principal divisor is 0. The element 7, is a uniformizer at p, and the linear
functional s;,: k(p) — k such that 77, s, is coherent is uniquely determined. Moreover, the inclusion O,¢ C O,
induces a canonical isomorphism O,¢/71,0,¢ = k(p).

6.3. Nullity

We next show that the sequence in Theorem 6.2 is a zero sequence. Since we already know that it is exact
at W(D), W(k), and W(F), it suffices to prove

th(ag(m)) =0 forall feF*
p
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We may assume f € Oy is square-free; hence f = ¢y --- 7, for some ¢ € k* and some pairwise distinct
irreducible elements 71y, ..., 71, of Oy selected in Section 6.2. Since t, and 83 are W(k)-linear, we may
moreover assume ¢ = 1. Thus, for the rest of this subsection we fix

f =11, € Oyt
(

We let py, ..., p, € X,
The primary decomposition of the O,¢-module f~10,¢/O,¢ is

1 . .
f) be the closed points corresponding to 7y, ..., 7,.

(65) f_loaf/oaf = (T(Iloaf/oaf) S (T(;lOaf/Oaf)'

Multiplication by f defines an isomorphism f~10,¢/O,¢ ~ O,¢/ f Oyy; likewise, multiplication by 7, defines
an isomorphism 7;'0,¢/Oy¢ ~ O,¢/7,Ou¢ = k(p,) for a =1, ..., n. Hence we have an isomorphism of
O,¢-modules @ which makes the following diagram commute:

f_loaf/oaf — (quoaf/oaf) e (T(r_lloaf/oaf)

f l L(m-)@-ﬂa(nn-)
Oaf/foaf

k(p1)@®--- ®k(py).

In contrast with the isomorphism provided by the Chinese remainder theorem, the map @ is not a ring
homomorphism; it is readily verified that for fi, ..., f, € O,f,

(6.6) O (f1(p1)s- o fulpn) = (fiTta - 70) oo+ (1 - Ty f) + f Ope
Recall that v, denotes the (normalized) valuation at co of F. We have v,,(g) < 0 for all g € O,.

Lemma 6.4. Every element in O,/ f O, can be represented in the form g+ fO,¢ with § € Oy such that
Voolg) = Voo f ). There is a well-defined k-linear map

S: Oaf/foaf —k
such that

S(g+fOa) = —woo(;gc(OO)) Jor g € Oy with veo(g) 2 Veo(f)-

The following diagram, where s, , ..., s, are the linear functionals coherently chosen with the uniformizers
Tl ..., Ty, cOMmules:

(6.7) Oat/ f Oat k(py)®--- @ k(p,)

x % Spu

k.

Proof- Proposition 5.2 shows that every element in 7' 0,¢/O,¢ can be represented in the form g, + O,¢
for some g, € 71, O,¢ such that v, (g,) = 0. Therefore, by (6.5), every element in O,¢/fO,¢ has the form
(Yo f8a)+ fOus, where fg, € Oy and v (fgo) = Voo (f) for all & = 1, ..., n. This proves the first statement.

Note that the representation as g+ fO,¢ with g € Oy such that v, (g) > v, (f) is not unique, but if

g1, 92 € Oyt are such that v,(g1), Veo(82) > Voo (f) and gy + fOu = g + fO,p, then g — f7lgr € Oy
and v (f1g1 — f1g2) > 0,50 flg, — f g, € k. Since w,, vanishes on k, it follows that a)oo(‘g}—l(oo)) =

a)oo(g}—Q(oo)); hence the map S is well defined.
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Since the choice of the functionals s, , ..., s, is coherent with the choice of uniformizers 7, ..., 7,
commutativity of (6.7) amounts to the commutativity of the following diagram:

f_loaf/oaf — @Z:l (naloaf/oaf)

l Za wﬂa

k.

Oaf / f Oaf

This readily follows from the description of the maps w,_in Proposition 5.2. g

Tensoring @ with the identity on the O,¢-module T,¢, we obtain an isomorphism of right D,¢-modules

Or: Toe/ fTog = T(p1) @+ @ T(py).

On the other hand, tensoring S with the identity on D, we obtain a map
Dyt/fDag — D.

Recall from Proposition 5.1 that ﬂ = eD,¢. Define a skew-hermitian form

H: (Tof/fTas) % (Tas/ f Tar) — Dag/f Dag
by

H(e& + fTopen+ fTo) = Een+ fDyp for &1 € Dyy.
Proposition 6.5. The map Oy is an isometry of skew-hermitian D -modules
(Sp)u(H) =t (102 u(p1))) L -+ Lt ({01 701 (P))).
Proof- This follows by a straightforward calculation, using (6.6) and Lemma 6.4. O
Next, we determine a base of T,¢/f T,¢ as a right D-vector space.

Lemma 6.6. If v, (f) = —n, then (ex +f7;f _O is a D-base Ofo/fo

Proof. For every pe X1, the fiber T(p) is a 2-dimensional right ideal of D(p); hence dimy ) T(p) = 2, and

therefore dimy T(p) = 2degp. By (6.4) it follows that dimy T (p) = ~4v,(r,) for all p e X7

isomorphism of k-vector spaces, we get
dimk (?af/f?af) = _4(1}00(7_(1) teeet voo(nn)) = _4voo(f)l

hence dlmD Tas/ f 7-af = n. Therefore, to prove the lemma, it suffices to show that the sequence (ex® +
fTo)i=t spans Toe/f Ty

From the description of O,¢ as k[x,y] with v? = ax? + b, we know that (x%, x%y)o_ is a k-base of Ops. As
Voo (XY) = Voo (x*71p) = —a, the elements g € O,¢ such that v.,(g) > —n are linear combinations of (x*)"_,
and (xﬁy)” L. Therefore, Lemma 6.4 shows that O,¢/f O, is k-spanned by the images of (x*)!_, and

. Since @7 is an

(x/gy)'1 L1t follows that Tf/fZlf is D-spanned by the images of (ex®)"_, and (exP y) By multiplying (5.1)
on the left by (ij)~!, we get je — xie + ye = 0; hence after conjugation
(6.8) ey =ej—eix in Ty

Therefore, the elements exﬁy for =0, ..., n—1 are in the D-span of (ex®)]_,. Thus, it only remains to
see that the image of ex” in 7,¢/f 7, lies in the D-span of the image of (ex“)g_:lo.

For this, note that since v, (f) = —n, we have

f=cax"+ czx”_ly + fo
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for some fy € O,¢ such that v, (fy) > —n+ 1 and some ¢y, ¢; € k not both 0, hence
ecix" +efy = —ec,x" 'y mod fT.
Comparing with (6.8), we obtain
n — : n—1 : n T
ec1x" +efg=—ejcyx" +eicyx mod f7,g,

hence
e(cy —icy)x" = —eje,x" —efy  mod [Ty

Note that since v, (fy) > —n + 1, the arguments above show that the image of ef; in Tos/ f T lies in the
D-span of (ex“)g_:b. Since the quaternion c¢; —ic; is invertible in D, the proof is complete. O

We may now prove that the sequence in Theorem 6.2 is a zero sequence.
Proposition 6.7. For f as above, } ,cxn t, (95((f>)) =0.
Proof- Let voo(f) =—n. For a, =0, ..., n—1, we have
H(ex“ + f T, exP +f@) =ex®*P 4+ fD,g;
hence, as e = bi + axj + yij,
(SD)*(H)(ex“ + f T, exP +fﬂ) =bS (x‘“’g +f(’)af)i+a8 (x”“ﬁ” +f0af])j +S (x‘”ﬁy +f(’)af)ij.

Now, for g € O,¢ such that v (g) > —n,
_ g _0
S(g+f0u) = —woo(j—f(OO)) =0;

hence ex® + fT,¢ and exf + f T are orthogonal for (Sp).(H) when a +  + 1 < n. In particular, the images
of ex® for a < % span a totally isotropic subspace of T;¢/f 7,¢. If n is even, this totally isotropic subspace
has D-dimension 5 = %dimp(ﬁ/fﬁ), so (Sp).(H) is hyperbolic. By Proposition 6.5, it follows that
ZpeX;}) ty (9§(<f>)) = 0. Since 9% ({f)) = 0, the proposition follows.

Now suppose n = 2m + 1 for some integer m. Then the image of (ex® )Z:é spans a totally isotropic

subspace in the orthogonal complement of ex™ + f Tat, 50 (Sp)«(H) is Witt-equivalent to its restriction to the
span of ex™ + f7T,¢. Computation shows

n—1

(Sp).(H)(ex" + fTop ex™ + ) = —aww(%oo))j —wm(x o) i

hence by Proposition 6.5

n—1

(6.9) Y (1) = <—awm(x7"(oo))j _ww(x - y(oo))ij> in W (D).
(1)

peX;¢

On the other hand, since # is odd, we have
D))
hence 0% ((f)) = (’}—”(oo)) in W(k(co)). By Proposition 5.5, the Witt class ¢, (aé((f») is represented by the

transfer along sp_ of the skew-hermitian form /¢ on T(co) such that

i (0o o) = x7<oo)ew.
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As observed in the proof of Lemma 6.6, T(c0) is a D-vector space of dimension 1. Taking e, as a base of

T (c0), we obtain

(6.10) oo (B2((F)) = <st (’;—"<oo>em)>.

Recall that e, is the image in T(co) of ex™!, so e, = aj + %(oo)z] Therefore,
x x" , x"ly g
(6.11) sDw(—(oo)eoo) = awm(—(oo)) +a)oo( (oo))z .
f ey )Y

The proof follows by comparing (6.9), (6.10), and (6.11). O

n

6.4. Exactness at @pW(k(p))

We prove the exactness of the sequence in Theorem 6.2 by relating it to the following exact sequence due
to Pfister [Pi93, Theorem 5]:

(612 wE) L @B wike) =L wikyJ,

(1)
peXy;

where | = {p € W(k) | (1,-a)p = 0} is the subgroup annihilated by the norm form of k(co) and 0” is the
map whose p-component is 85 forall pe X;}), for a coherent choice of uniformizer and linear functional
at each p. For this, we use the canonical isomorphism k(co) ~ k(i) C D of [EKMO08, Proposition 45.12]. Let
K = k(i), and let y be the canonical isomorphism

y: k(c0) = K, (c0) > .

R

Theorem 4.1 yields an exact sequence
W=(D) 2> W(K) 2 W~ (D) 5 W(K, 7).

Lemma 6.8. Let V: W(k(co)) » W(K) be the isomorphism that maps every quadratic form (g) to (—y(g)), for
g € k(o0)*. The following diagram commutes:

(k(c0)) = W(K)
W-(D).

Proof. For g € k(c0)*, the definitions of 0, and W yield
o (W((g)) = (-ij¥(9)) = (~¥(2)ij),

W

whereas
tel(9)) = (50, (g2 = (0021 + o [ 200 ])
(see (6.10) and (6.11)). Computation yields

R

100(g) + oo ¢ 2 (00) )i = <y (g1,

hence

too((€)) = (—¥(8)ij) = 02 0 W({g)). O
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Lemma 6.9. The map that carries every symmetric bilinear form @: U x U — k to the skew-hermitian form
(bi)pi,—): (U K)x (U K)— K such that foru, u’ € U and a, a’ € K,

by~ (u@a,u’@a’)=bia p(u,u’)a’
induces a group isomorphism

©: W(k)/J => W (K,™).

This map makes the following diagram commaute for every p € X;}):

ty

W(k(p)) —— W~(D)

(Sp) L lnl

WK/ —2~ W (K,).

Proof. Multiplication by bi defines an isomorphism W~ (K, ™) =~ W(K,™); hence for every symmetric bilinear

form @: U x U — k, the skew-hermitian form (bi)¢@x —) is hyperbolic if and only if the hermitian form
@k, ) is hyperbolic. This occurs if and only if the quadratlc form sg(px,—)): U@ K — k defined by
sk(@x)(u®a)=a(u,u)a is hyperbolic; see [Sch85, Section 10.1, p. 348] Since sk (px,—)) = (1,-a)p,

it follows that the map O is well defined and injective. It is also surjective because every skew hermitian
form over (K, ™) has a diagonalization {(a11,...,a,i) with ay, ..., a, € k*.
Now, let f € k(p)*. We know from Proposition 5.5 that the Witt class of t,({f)) is represented by the

skew-hermitian form
h: T(p)x T(p) — D defined by  h(ey&, 1) =sp(p (fEeyn) for &€ D(p).
By multiplying (5.1) on the left by (ij)~! and by j~!, we obtain
je—xie+ye=0 and —ije+axe—yie=0;
hence, after conjugation,
ej=ey+eix and eij =—eax—eiy in Ty
Therefore, ¢,j and e,ij are in the k(p)-span of e, and e,i in T) hence (e, e,i) is a k(p)-base of W Let

(CO()Glegp be a k-base of k(p). Then (epca,epica)i glp is a k-base of T(p); hence (epca)de:glp is a K-base of T(p).
Since e, = bi +ax(p)j +y(p)ij, we have

D(p) (fcaepc/g) =5, (fcacﬁ)bi +5p (fcax(p)clg)aj +5, (fcay(p)cﬁ)ij;

de
hence the matrix of 771 (k) in the base (e,c,), glp is

(s (feacp)bi) e/§p1

The skew-hermitian form (bi)(s,). ((f ) —) has the same matrix. O

In the next lemma, we use the following notation: We write

@: @W(k @w

pex® X“
for the map that “forgets” the component at oco.

Lemma 6.10. We have ker @ Nker(})_t,) Cimage(o).
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Proof. Let (@y)pexm € ker@ Nker()_ty). Thus, @, = 0 for all p # co and t,(¢s) = 0. Lemma 6.8 yields
02 (W(@s)) = 0; hence by Theorem 4.1, we may find an h € W~ (D) such that 7,(h) = W(¢.,). From the
description of 7, in (4.1), it follows that ¢, is a sum of Witt classes represented by quadratic forms of
the type (u)(1,-a\? - bNi(co)/k (1)), for u € K* and A € k. To complete the proof, it suffices to show that

every element in (P W (k(p)) whose p-components are 0 for all p # co and whose co-component is

pex®
represented by a form of the type above is in the image of 6.
Fix Aekand u =u; + u2§(oo) € K* (with uy, u; € k), and consider

f=A+ux+uyy € Oy

Since 17 and u; are not both zero, we have v, (f) = —1; hence f is irreducible in O,. Let g € X;}) be the
point such that f € my; N Oy¢. Then

k(g) ~ k(\/a)\z +buf —abu3 );
hence (for any choice of uniformizer at g)

95 ()1, =21 = bNi(ooyi(u))) = 0 in W (k(q)).

)

Moreover, for every p € X;; with p =g,

95 ((F)(1,-aA% = bNy(oyi(1))) = 0 in W (k(p))
because v,(f) = 0. Furthermore, with x~! as uniformizer at co,
92, (¢ (1, A% = BNg(eoyi())) = (4)(1,-aA% = bNg(eayi(10)) i W(k(co)).

Thus, the element in (P pex(
represented by (u)(1,-a\? — bN(co)/k (1)) is the image of (f)(1, —al? - bN(co)/k (1)) under . d

1y W(k(p)) whose p-components are all 0 for p # co and whose co-component is

Proposition 6.11. The sequence (6.2) is exact at @p W(k(p)).

Proof. Consider the following diagram:

W=(D)

—_—
H (DL O lom

p L(s,).
W(E) —— ), g W(k(p) ——> W(k/].

The left square commutes by the definition of the maps, and the right square commutes by Lemma 6.9. The
upper sequence is a zero sequence by Proposition 6.7, and the lower sequence is exact by Pfister’s theorem
[Pi93, Theorem 5]. Therefore, a diagram chase yields for every u € ker(}_t,;) an element v € W(F) such
that 6”(v) = @(u). Then u - 6(v) € ker @, and u — 6(v) € ker(}_t,) because the upper sequence is a zero
sequence. Therefore, Lemma 6.10 shows that u — 6(v) € image(0), hence u € image(9). 0

6.5. Exactness at W~ (D)

To complete the proof of Theorem 6.2, we show that the map } f, is onto. It suffices to prove that
1-dimensional skew-hermitian forms over D are in the image of }_f,.

Proposition 6.12. For every nonzero q € D°, there exist a p € Xi}) of degree 2 and an f € k(p)* such that

ta((f)) = (9)-
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Proof. Let g = A1i+ Ayj+ Azij with Ay, Ay, A3 € k. We may find a4, a5, az € k with a;, a3 not both zero
such that

a A +ar A +azd;=0.
Let p e X1 be the intersection of the conic with the line a1bZ + ayaX + a3Y = 0 in the projective plane
(D). The point p has degree 2, and p # co since @, and @3 are not both zero. In k(p), the following
equation holds:

a1b+ azax(p) + asy(p) = 0.

Therefore, there is a linear functional r: k(p) — k such that
r(b) = A1, r(ax(p)) = Ay and r(y(p)) = As.

Every k-linear functional on k(p) has the form g + s,(f g) for some f € k(p); hence we may find an f € k(p)*

such that r(g) = s,(fg) for all g € k(p). The element e, = bi + ax(p)j +y(p)ij is a D-base of T(p), and
Proposition 5.5 shows that in this base

to((f ) = (D) (f €p)) = (5p(f D)i + 55(f ax(p))]j + 55(f ¥ (p))i]) = (q)- O

The proof of Theorem 6.2 is thus complete.
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