arXiv:2212.07227v7 [math.AG] 8 Mar 2025

Epijournal de Géométrie Algébrique ) ‘ :
epiga.episciences.org

Special volume in honour of C. Voisin, Article No. 21 (2025) EPIG A

Hyperelliptic Curves and Ulrich sheaves on the complete
intersection of two quadrics

David Eisenbud and Frank-Olaf Schreyer

For Claire Voisin on the occasion of her Birthday

Abstract. Using the connection between hyperelliptic curves, Clifford algebras, and smooth
complete intersections X of two quadrics, we describe Ulrich bundles on X and construct some of
minimal possible rank.

Keywords. Free resolutions, complete intersections, quadrics, Ulrich bundles, Ulrich modules,
Clifford algebras

2020 Mathematics Subject Classification. 14J45,13D02, 13C14, 15A66, 11E88, 16D90

Received by the Editors on December 15, 2022, and in final form on May 21, 2024.
Accepted on January 3, 2025.

David Eisenbud

Department of Mathematics, University of California at Berkeley and the Mathematical Sciences Research Institute, Berkeley, CA
94720, USA

¢-mail: de@msri.org

Frank-Olaf Schreyer

Fachbereich Mathematik, Universitit des Saarlandes, Campus E2 4, D-66123 Saarbriicken, Germany

e-mail: schreyer@math.uni-sb.de

The first author was partially supported by NSF grant 2001649. This work is also a contribution to Project-ID 286237555 - TRR
195 - by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) of the second author. Part of the work was
done while the authors were supported by the Simons Laufer Mathematical Sciences Institute.

© by the author(s) This work is licensed under http://creativecommons.org/licenses/by-sa/4.0/


https://epiga.episciences.org/
http://creativecommons.org/licenses/by-sa/4.0/

2 D. Eisenbud and F.-O. Schreyer

Contents

1. Introduction. . . . . . . . . . . . L. L0 L0 L0 Lo e e 2
2. Vector Bundles over a hyperelliptic curve via matrix factorizations. . . . . . . . . . 4
3. BGG for complete intersections of quadrics . . . . . . . . . . . . . . .. ... 6
4. Pencils of quadrics and hyperellipticcurves . . . . . . . . . . . . . . .. ... 9
5. Tate resolutions of Py-modules from Clifford modules . . . . . . . . . . . . . . . 13
6. Ulrichbundles ofrank 2871, . . . . . . . . . . . . . . . ... ... .... 20
References. . . . . . . . . . . . . . . . . .. ... 0.0 .. 23

1. Introduction

Let k be an algebraically closed field of characteristic not 2. The periodicity theorem of Knérrer [Kn587)
shows that the indecomposable Ulrich bundles on a smooth quadric hypersurface in IP26*! over k have
rank 267!, In this paper we construct Ulrich bundles of the same rank 287! on every smooth complete
intersection X of 2 quadrics in IP26*!, and we show that every Ulrich bundle has rank of the form 72872
where r > 2 and rg is even. To prove this we use an equivalence of categories that extends Reid’s famous
description of the Jacobian of a hyperelliptic curve [Rei72].

Let X c P" be a projective scheme with homogenous coordinate ring Px. Recall that a sheaf £ on X
is called Ulrich if the graded module of twisted global sections H?(€) is a maximal Cohen-Macaulay
Px-module generated in degree 0 and having linear free resolution over the coordinate ring of P", or
equivalently if H'(€(m)) =0 for all m with —1 >m > -dim X and all i. See [ES03] for further information
and examples.

Let X be the smooth complete intersection defined by two quadratic forms g1,4> on IP?6*! over an
algebraically closed field k of characteristic not 2.

The pencil of quadrics sq; +tgs,(s,t) € P! becomes singular at 2g + 2 points of IP!. Let E be the
hyperelliptic curve with homogeneous coordinate ring k[s,t,3]/(? - f) branched over these points, and let
C be the Z-graded Clifford algebra of the form sq; + tg, over k[s, t].

We give two approaches to the construction of Ulrich sheaves on X. The first makes use of three categories:

(i) the category of coherent sheaves on E,
(ii) the category of graded C-modules, and
(iii) the category of coherent sheaves on X.

Categories (i) and (ii) are related by Morita equivalence, while categories (ii) and (iii) are related by a version
of the Bernstein-Gel’fand-Gel’fand correspondence.

Composing these correspondences to go from (i) to (iii), we show that every Ulrich module on X has rank
2872 for some integer 7 > 2.

Following [FL10] we say that a bundle B on E has the Raynaud property it H*(C,B) = H'(C,B) = 0. We
use the fact that the center of the even Clifford algebra is the homogeneous coordinate ring of E, and that
the category of coherent sheaves of modules over the sheafified even Clifford algebra C®V = Endg(Fy) is
Morita equivalent to the category of coherent sheaves on E via an O —C®" bundle Fy; defined in Section 4.
With this notation, our first main theorem is the following.
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Theorem 1.1. There is a 1-1 correspondence between Ulrich bundles on the smooth complete intersection of two
quadrics X c P?6™L and bundles of the form G ® Fy; with the Raynaud property on the corresponding hyperelliptic
curve E . The Ulrich bundle corresponding to a rank r vector bundle G has rank r282.

If L is a line bundle on E then L ® Fyy does not have the Raynaud property, so the minimal possible rank of an
Ulrich sheaf on X is 2571, and Ulrich bundles of rank 287" exist.

The set of bundles G such that G ® Fp; has the Raynaud property forms a (possibly empty) open subset in
any flat family of rank r vector bundles on E. Our second main theorem, the existence statement for r = 2 is
proven using a previously undiscovered property of Knorrer’s matrix factorizations to give a construction of
an Ulrich sheaf of the minimal possible rank, 2671 on any smooth complete intersection of two quadrics in
P?¢*! and in P?8*2,

Based on computed examples using our package [EKS22] with Yeongrak Kim, we conjecture the following.

Conjecture 1.2. There exist indecomposable Ulrich bundles of rank r2872 on every smooth complete intersection of
two quadrics in P>8* forg>1 and r>2 if and only ifrg=0 mod 2.

By Proposition 5.11 the condition is necessary.

In Section 2 we explain the description of vector bundles on E in terms of matrix factorizations. In the
case of line bundles, this theory can be traced through Mumford’s [Mum84| to work of Jacobi [Jac46].

In Section 3 we explain the relation of categories (ii) and (iii), a form of the Bernstein-Gel’fand-
Gel'fand (BGG) correspondence that holds for all complete intersections of quadrics. As far as we know
this correspondence was first introduced in [BEH87|, and greatly extended in [Kap89]. For the reader’s
convenience we review the results that we will use.

In Section 4 we establish the Morita equivalence between categories (i) and (ii). In fact every maximal
(simultaneous) isotropic plane U for q; and g; gives rise to a Morita bundle Fp; and any two differ by the
tensor product with a line bundle on E. This explains the well-known result of Miles Reid’s thesis that the
space of maximal (simultaneous) isotropic planes for q; and g; can be identified with the Jacobian of E.

In Section 5 we put these tools together with the theory of Tate resolutions and maximal Cohen-Macaulay
approximations to establish the equivalence between Ulrich modules of rank 72872 on X and vector bundles
of rank r on E that satisfy certain cohomological conditions. We show that no line bundles on E satisfy the
conditions, establishing the lower bound for the rank of Ulrich modules announced above. This section was
inspired by Buchweitz’s famously unpublished manuscript on Koszul duality from 1986, now available at
[Buc21] and by the theory of Cohen-Macaulay approximations by Auslander and Buchweitz [AB89)].

It is natural to look for Ulrich bundles on X using the shape of their Tate resolutions over Px. Theorem
5.5 is analogous to the main result on Tate resolution of coherent sheaves on IP” in [EFS03]: the Betti table
of the Tate resolution over the exterior algebra coincides with cohomology tables of the corresponding sheaf.
In Theorem 5.5 the resolution over the exterior algebra is replaced by the Tate resolution over Px.

In Section 6, which is independent of the rest of the paper, we give a direct construction of Ulrich modules
of rank 287! on any smooth complete intersection of quadrics in IP26*! and P?€*2 with the minimal possible
rank, 2871, In the case g = 2 the existence and minimality was established by [CKL21] with a different
method.

Historical remarks

The study of complete intersections of quadrics has a long history. The connection to vector bundles was
discovered by Newstead [New68], Reid [Rei72] and Desale-Ramanan [DR76] in the 1970’s. The connection
with Clifford algebras and Koszul pairs was used in [BEH87] and more generally by Kapranov [Kap89] in
the 1980’s.

The first three sections of the paper, which take the point of view of matrix factorizations, have their
roots in an unpublished manuscript by our dear friend Ragnar Buchweitz (1952-2017) and the second author
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in 90’s, now lost. The referee kindly pointed out to us that parts of Theorem 5.10 can be deduced from
Kuznetsov’s work [Kuz08], which, like the work of Kapranov [Kap89] instead takes the point of view of
derived categories.

The theory of quadratic complete intersections has many guises, and appears in descriptions of certain
completely integrable systems, for example in the recent paper of Claire Voisin and her coauthors [BEH"24].

Acknowledgements

We are grateful to the referees for their many constructive comments. This paper would have been
impossible without the program Macaulay2 [GS]. We thank Yeongrak Kim for working with us on the
associated Macaulay2 package, distributed with the Macaulay2 program.

2. Vector Bundles over a hyperelliptic curve via matrix factorizations

Let E be a hyperelliptic curve of genus g and let 7::E — P! its double cover of P!, Let # = w*Op: (1)
and let f(s,t) be the homogeneous polynomial of degree 2¢ + 2 such that

Re =k[s,1,9]/(y* - f) = DH"(E,H®"),

so that the roots of f are the ramification points of 7t and y € H(E, H®8*1).
For a coherent sheaf G on E we denote by

H.(9)=@H (E,GoH®").
n
Thus H?(Of) = Rg and 71, corresponds to forgetting the y-action on H?(G).

Proposition 2.1. If L is a vector bundle on E, then B = H? (L) is a graded free module over the homogeneous
coordinate ring k[s,t] of P!, and v:L — L(g+ 1) induces a map ¢ = HYy:B — B(g + 1) such that ¢? is
multiplication by f; that is, a matrix factorization of f .
Furthermore, given a graded free module B corresponding to the vector bundle B on P!, and a map
¢:B— B(g+1) with $p* = f -1dp, the sheaf
L =coker (y—¢p:t*B(-g-1) — 1" B)
is a vector bundle on E whose pushforward is B, and on which vy induces the matrix factorization ¢. We have

x(B)=x(L), rkB=2rkL, and degB=degl-(rkL)(1+g).

The proof could be extended to show that the category of vector bundles on E is equivalent to the category
of matrix factorizations of f over k[s,t], ¢f. [Eis80].

Proof of Proposition 2.1. The equation ¢ = f follows from functoriality. Conversely, if a matrix factorization
¢? = f -1dp is given, then (v -,y +¢) is a matrix factorization of > — f over k[s,t,]. Thus the module
coker (y — ¢) is a maximal Cohen-Macaulay Rg-module, and it follows that the sheaf associated to its
cokernel is a vector bundle on E. n

The next Theorem reduces the computation of the tensor product of vector bundles on E to a syzygy
computation, and will be used this way in the sequel.

Theorem 2.2. If L1, L, are vector bundles on E with matrix factorizations ¢; on the graded free ks, t]-modules
B; = HY(L;), then

H)(L1®Ly) =ker(p1®1-1®¢2: B ®By(g+1) — B1 ® By(2g+2))

and 10,y acts on 0. (L1 ® L) with the common action of p1 ® 1 and 1 ® ¢p».
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Proof. The following sequence of maps is a complex because y? = f:

() Bi®By(-g-1) hel-lep o 5 P181+18¢; Prel-18¢; By ® By(2g +2)

Since the k[s, t]-module

1®B B1®B2(g+1)

¢P1®1-10¢>
_

ker(31 ®By(g+1) Bl®B2(2g+2))

is a 2nd syzygy, it is free. Thus, to prove the theorem, it suffices to show that the complex (*) is locally exact
and that the sheaf cokernel

01®91-1®¢,
—_—

coker (B]@BQ(—g—l) Bl®Bz)

is Tc*(ﬁl RF ,Cz).
For simplicity of notation we ignore the twists by powers of #. Note that B; := 1. (L;) is the sheafification
of B;. Since L; is the cokernel of y — ¢; we see that £1 ®¢ L, is the cokernel of

Y®1-¢1®1,10y-1”¢,)

(71*31 ®F TZ*BQ)@(TZ*Bz ®F TZ*Bl) ( TZ*Bl ®F TZ*Bz.

Since the tensor products are over E, the maps y®1 and 1 ® y are equal, and are simply multiplication by v,
so this says that £1 ® £ is the universal quotient of 77* 31 ® 7* B, on which the maps y,¢; ®1,1® ¢, all
agree. Furthermore,

TZ*(T(*Bl ®F T(*Bz) = T(*TZ*(Bl ®p1 Bz) = TZ*(OE) Qp1 By Qp1 B;.
where the action of y is on the first factor only. Thus 70, (£; ® £;) is the cokernel of
P1®1-10¢2:B1 @B, — B ®B>.

To complete the proof we must show that the sequence (*) is locally exact. Choose a point x € IP! and
denote the local ring Op:1 , by A and the A-module B; x by Fi +yF; where the F; are free A-modules.
The endomorphism ¢; takes F; to yF; by multiplying with y, and yF; to F; by sending v to f € A. In this
notation, the maps ¢1 ® 1 + 1 ® ¢ may be written as block matrices of the form

Fi®F, F; ®yP2 yPl ®F; yPl ®yF2

Fi1®F, 0 :i:f f 0
Fi1®yF; +1 0 0 f
yFl ®F, 1 0 0 :I:f
yFl ®yF2 0 1 +1 0

Modulo the maximal ideal of A both these maps have rank equal to twice the rank of F; ® F», so the
sequence above is locally split exact, as required. g

Definition 2.3. Let f(s,t) = leff 2 i be a factorization of f into (necessarily distinct) linear factors, and,

for I c{1,...,2¢ +2}, write f7:=[];cs fi. We write ¢ for the matrix

(g %C)‘OJPI (I-111/21) @ Op1 ([-[I]/21) — O ([I°]/2]) @ O ([111/2])

on P! where I¢ denotes the complement of I. Note that (¢;, ¢;c) is a matrix factorization of f. Let L] be
the corresponding line bundle on E, as defined in Proposition 2.1. Note that £; = £;c and Lg = Of. Write
IA] =(I~J)u(J~I) for the symmetric difference of I and J.

Theorem 2.4. Forl,Jc{l,...,2¢g+2}

Li®L Liay if|I|-]]|=0 mod 2,
= Lianj(H)  else.
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Thus the line bundles L1 with |I| even are the 2°¢ two-torsion line bundles on E. The line bundles L1 with |1| odd
are the 2%8 square roots of Op (H).

Proof. In this case the matrix ¢; ® 1 — 1 ® ¢; has the form

0 fi ~fr 0
i 00 —f
=00 fie |
0O ~fi fi 0

By Theorem 2.2, its kernel is the free module H? (L] ® L). Because J°\NI°=1~] and I \J¢ =] \I° this
kernel contains the free submodule B generated by the column vectors

0 f]f\l
fiy 0
f]\I 0

0 ﬁ\}c

These columns generate the kernel because the 2 x 2 minors of B have no common factor (see [BE73,
Corollary 1IJ).
To show that £; ® L; = L] it now suffices to show that the matrix representing the action of ¢1 ® 1

(0 f(IAI)C)
fiay 0 )

This, in turn, follows at once from the identities

IFu(IN])=(IA)U(NT), Tu(~I)=(IA))U(I~]O)

restricted to the columns of B is

and similarly
Tu(JNI)=(IAD) u(IN]), IFu(IN])=IA) u(NI).
To show that £; ¢ L; for ] ¢ {I,I°} are non-isomorphic, we consider the ideals generated by the entries of

0 fre 0 fi
(ﬁ O)and(fI 0)'

By looking at the elements of smallest degree, we see that these ideals could not be equal unless |I| =|]| = g+1.
Also, in case |I|=|]J| = g+ 1, the intersection I N] is non-empty since | # I and for i € I N ] we recover f as
the smallest degree generator of (f;) N (ff, f1<).

There are 22672 /4 unordered pairs {I,1°} of even subsets of {1,...,2¢ +2}. Thus we get all 2°€ different
two-torsion line bundles £; for even I. A similar argument applies to roots of H. O

3. BGG for complete intersections of quadrics

This section provides what we need of the theory of [BEH87] and [Kap89]. Let Px :=k[V*]/(q1,...,9.) be
the homogeneous coordinate ring of the complete intersection X = Q;n---nQ. c IP(V*) =IP"~! of ¢ quadrics
Q; =V (q;) and choose a basis x1,...,x, of V*. Write B, for the symmetric matrix with 7, entry

1
beij= E(%(xi +x;) = q¢(xi) = qe(x;)).
Let T =k[t1,...,t.] denote a polynomial ring in ¢ variables each of degree 2 and let

[ Tev — T
| o1ev — tg1(v)++tege(v)
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denote the corresponding family of quadratic forms over SpecT. Let

Ci= (T®(EPV®H))/(v®v—q(v)\veV)

denote the Z-graded Clifford algebra of g, so that C is the quadratic dual of Px in the sense of [PP05]. The
algebra C is free as a T-module with basis

er = e, €j,"*€j,

where e1,..., e, is a basis of V dual to x1,...,x, and I = {i; <ip <--<ix}c{l,...,r} an ordered subset. See
for example [Jac80, Section 4.8].

Theorem 3.1. Let Px be the homogeneous coordinate ring of a complete intersection of ¢ quadrics, and let C
denote the corresponding Z-graded Clifford algebra. Then Px and C are a pair of Koszul dual graded algebras. In
particular

Extp, (k, k) = C and Extc(k, k) = Px.
Proof. See [Sj676], [Kap89, Section 1] and [PP05]. ]
Corollary 3.2. For any graded Px -module M the module Extp, (M, k) is a graded C = Extp, (k, k)-module.

The main result of this section is that for a graded Px-modules M with a linear resolution one can recover
M from the graded C-module Extp, (M, k).

If M is a (left) Py-module and N is a right C-module then we define an endomorphism of left
Px ® C-modules

d :Homy(N,M) — Homy (N, M)
taking ¢ € Homy (N, M) to ¢, where (n) = ¥; x;¢p(ne;).

Note that
d*(§)(n) = X xixjp(neie;) = 3 xixjp(n(eiej +eje;)) = 3 xixjp(n ;(feb&i,j))
1,] 1<) 1<)
= ;Zbg,i,]-x,-xjcj)(ntg) = Ze:qg(x)d)(ntg) =0.
i<j

Thus, when N is Z-graded, Homy (N, M) may be regarded as a complex of Px-modules
Homy(N,M):--- — Homy(N;,M) — Homy (N;_;,M) — ---.

When M is Z-graded and N is a C — C-bimodule, then Hom (N, M) may also be regarded as a complex
of right C-modules

Homy(N,M): - — Homy (N, M;) — Homy (N, M;;1) — -
Similar statements hold for Homy (M, N).

Theorem 3.3. If the graded Px -module M has a linear free resolution, then the resolution may be written in the

form
Homk(Exth (M,k),Px)

where we view Extp, (M, k) as a graded C = Extp, (k, k) module, and apply the construction above.

Example 3.4. The complex Homy(C, Px),

0 ~— C6®kPX D Cf@kpx D C;@kPX -

is isomorphic to the Px-free resolution of k.
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Note that this statement may be deduced from [PP05, Corollary 3.2(iiM)]. Since this result plays a crucial
role in the proof of Proposition 5.6, we give a proof below. For our proof we need an explicit description of
the action of ExtIIJX (k,k) on Extp, (M, k).

To avoid keeping track of grading shifts we formulate this in case of a finitely generated module M over
a Noetherian local ring R with maximal ideal m. Let (x,...,x,) denote minimal generators of m, and let
e; € Exth(k, k) be the extension

¢j: 0—k —= E; — k—>0,
where E; = R/(xl,...,xi_l,xl-z,xiﬂ,...xr). Let

d d d

F: - F;

Fy

be the minimal free resolution of a finitely generated R-module M. Since the resolution F is minimal the
differential d(f) of an element f € Fj,; can be written in the form d(f)=X_, x;f; for f; € F;.

Lemma 3.5. Let o € Exté (M, k) be a class represented by a map o' : F; — k. The element ace; € Ex‘[{;rl (M, k) is

then represented by the map p; with p;(f)=a'(f;) for f € Fjy1 with differential d(f)=%!_, xi f;.

Proof. We compute the image of @ under the connecting homomorphism 6
, , 5 , .
Exth (M, E;) — Extl (M, k) —— Ext}' (M, k) — Ext,; (M, E;)

associated to the sequence e; above. Consider the diagram

Fjn F;
ﬁi all Cad
k a— -} k

where @ is a lift of @' to E;. The composition a’od is zero since a’(mF;) = 0. Thus a” od factors over
the map

Lf o— d(f)
This map is well-defined, i.e. independent of the choice of f;. Indeed, if d(f) =X!_, x;f; is a different choice
for the presentation of d(f) then x;(f; - f) € (x1,...,Xi_1,Xi+1,... X, ) F; which maps to zero in E;. O

ﬁ~{ Fiqn — k

Proof of Theorem 3.3. Let

d d d
E: - F; Fo

be the minimal graded free resolution of M as a Px-module. Then
F]' = ﬁ] ®r Px
where ?j ~ Fj/ij. If M has a linear resolution then we claim that the isomorphisms
F] Z_ﬁ] ® Px — Homk(Home (F],k),Px)
fep —> {p:ama(f)ep}

induce an isomorphism of complexes, i.e. we have to show that these maps commute with differentials
of the two complexes. Let by,...,b, be a k-basis of 1_3]' with dual basis bf,...,bz of F; = Homy, (Fj,k) =
Homp, (F;j, k).
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Consider an element f = f®1 ¢ Fj;1. Then

r ¢
d(f) = Z Z civby ® x; with ¢;, €k

i=1v=1

and we can take f; = Z€=1 ciyby for the coefficient of x; as in Lemma 3.5. The map

{(p:a g a(f)} € Homk (HOIl’lpX (P]'+1,k),Px)
maps to
r
{a' Z;xi(p(a'ei)} € Hom,, (Home (F]-,k),PX)
i=
by the definition of the differential of Homy (Extp, (M, k), Px). We have

> xip(a'e) =) xia'(fi) (by Lemma 3.5)
i=1 i=1

r 14
= ina,( Z Civbv)
] v=1

i=1

In particular, for a’ = b; we obtain b; = Yi_1 CiuXi. These values coincide with the values of the image of

d(f)= Zr: Z€: Civby ® x;

i=1v=1
in Homk (Home (F]',k),Px), since b;(z€:1 Civby) = Ci#. O

Corollary 3.6. Let N be a graded left C-module. The complex Homy (N, Px) is a resolution if and only if
N 2 Extp, (M, k) up to shift where M is a Px -module with a linear resolution.

Proof. If N 2 Extp, (M, k) up to shift where M is a Px-module with a linear resolution then by Theorem 2.4
the resolution of M is Homy (N, Px). Conversely, if the complex Homy (N, Px) is a resolution, then since it
is linear we may take the module it resolves to be M. O

4. Pencils of quadrics and hyperelliptic curves

We now specialize to the case of a smooth intersection of two quadrics in IP?6*! with coordinate ring
Px = k[x1,...,x2¢+2]/(q1,92). To simplify notation we write s,t instead of t1,t;. Let g = q(s,t) = sq +tq>
and let C = Cliff(q) denote the Z-graded Clifford algebra of g, so that T =k[s,t] c C.

As in Reid’s thesis [Rei72] we note that none of the quadrics in the pencil can have corank 2: for, if one of
the quadrics had singular locus L of dimension at least 2, then X would be singular at L n X. Further, by
Bertini’s Theorem the general linear combination of the two quadrics is non-singular outside the intersection.
But if it were singular at a point of the intersection, then the intersection would be singular there too.
Thus we may assume that one of the quadrics has full rank, and it follows that the two quadrics can be
simultaneously diagonalized (see [Ganb9, XII, Paragraph 6, Theorem 7]). Thus we may assume that the
bilinear form q(s,t) = sq; + tq, is given by a diagonal matrix

h 0

0 fag+2

with entries that are pairwise coprime linear polynomials f; € k[s,f]. As in Section 2 we denote by f =] f;,
and use the notation fy = [T;¢ fi.
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We write
C - CEV @ COdd
for the decomposition of the Clifford algebra into its even and odd parts. As a T = k[s, t]-module, C is free
with basis e; and

(4.1) erej = €(L]) firy e1n)-

with the sign e(I,]) = (=1)Ziet {ili<i},
Since
2lie{L. . 2g+2} j<i}|=>(i-1)
iel iel
and
o Hielli<ji|=>(2g+2-i)=)(i-1) mod2
je{1,...,2g+2} iel iel
for even I, we see that e(; 5..2) lies in the center of the even Clifford algebra. Because

2g+2

> (i—1)=(2g2+2)5g+1 mod 2,
i=1

the element e;; 5.0y satisfies the equation
2 _ g+1
ey, 2g42y = (CDF S

.....

algebra over k[s,t] so that p? = f. Note that the formula above for the central element y is only correct in
the case of diagonal quadrics; for the general case see [Haa9l, Satz 1].
Furthermore, for any I,

.....

Note that the signs in the two formulas differ by (~1)*!. Thus with R = k[s,t,v]/(v% - f) the coordinate
ring of the corresponding hyperelliptic curve, the Rg-submodule of C generated by e; and ey coincides with
HY(L;) from Definition 2.3.

Notice however, that here, differently than in section 1, Rg is 2Z-graded as a subring of C®¥. Thus, since
the elements of C°4¢ have odd degree, we have to twist by an odd number to obtain a non-trivial sheaf of
Og-modules. o

We define C¢¥ = C®¥ and €°%9 = C0dd(1). Hence multiplication in C gives a map

COdd(l)XCOdd(l)—>Cev(2)

which sheafifies to a map
C gy, O — CV @ Opi (1) =C @ 1.

In summary, we get the following statement.

Proposition 4.1. Let y = (/-1 )g+1e{1’...,2g+2}. The element y is in the center of C*V and satisfies the equation

v% = f, where f = Hl.zzgfz .. If we write Rp = k[s,t,9]/(v> — f) then the even Clifford algebra decomposes as an

R -module as
C¥= @ H)L).
{LI}
|I| even

The odd part of the Clifford algebra decomposes as a right Rg -module as

codd(1)= @ H)(Ln).
{II°}
|I| odd
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Moreover,
o= Op(p)oC®
where p is any ramification point of 7:E — P,

Proof. This follows from Theorem 2.4. Note that since p is a ramification point we have Op(2p) 2 ‘H and
the multiplication map C°44 ® C°dd - C*V @ # is compatible with the map

Or(p) @ Op(p) — Op(2p) 20" Opi (1) =H. O

Remark 4.2. Notice that y and the elements of C°4d anti-commute by equation (4.1) applied to the case when
I is a singleton and ] = {1,...,2¢+2}.

The following result was proven in [Rei72].

Lemma 4.3. Let q1,q2 be two quadratic forms on a 2g + 2-dimensional vector space V over k. The set of
g-dimensional common isotropic subspaces of q1,q> is non-empty and has dimension > g locally at every point.

Proof. Let U be the universal sub-bundle on the Grassmannian G := G(g, V). The forms ¢; define homomor-
phisms Sym? V* ®, Og — Og, and thus, by restriction, sections of Sym?(U*). The set of g-dimensional
common isotropic subspaces is the common zero locus of these two sections. Computing the Chern class we
see that the locus is non empty and, since

1
dimG(g, V) -2rk Sym*(U*) = g(g+2) - Z(g;L ) =g,

the inequality on dimensions follows. O
We return to the situation at the beginning of Section 3, with
P=k[x1,...,X2¢42] = Sym(V").

Let U c V be a g-dimensional isotropic linear subspace and denote by Py = Sym(U*) = P/(U*") its
coordinate ring, where U c V* is the space of linear equations of the isotropic space U.

Proposition 4.4. Let G = ks @ kt = k? be the space of parameters for the family of quadratic forms sqy + tq;.
Considered as a Px -module, Py has a linear free resolution. Moreover

(4.2) Extyf (Py,k) =@ (A U* @ (Sym, G)*)*
1

and

(4.3) Exty ™ (Py,k) =D (Az”l U* @ (Sym,_; G)*) .
1

Proof- The ideal (U") contains the 2-dimensional vector space G :=(g1,42). This ideal is generated by a
regular sequence of linear forms, and the P-free resolution of Py = P/(U*) is thus a Koszul complex with
underlying free module P® AU*. Let ¥ : G — P, ® U* be a map of vector spaces such that the composition
of y with the multiplication map
G— P (2% Ut — b,
is the inclusion of G in P;.
By [Tat57, Theorem 4], the minimal Px-free resolution of Py is the differential graded R-algebra

Px ®kAUl®(SymG*)*.

Here U* has internal degree 1 and homological degree 1, while G* has internal degree 2 and homological
degree 2, and the component of the differential G = (Sym1 G*)* — Px ®; U* is induced by .
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This resolution is linear, and has degree j term

Pxer| @ (A"U*) ek (Sym,G)*|. O
j=a+2b

Let T =SymG 2 k[s,t] and write
Fu = Ext§y (Pu, k) = ((A”Ul)* & T(—i))
1

regarded as a module over Extyy (k,k) = C*V via the Yoneda pairing.

Proposition 4.5. The sheafification Fy; of Fiy as an Of -module is a vector bundle of tk Fiy = 28 and degree
deg Fyy = g2871 on E. Moreover,
H(Fy) = Ext® (Py, k),
and
HY(Fu(p)) = Ext** (Py, k).

Proof. 1t follows from the formulas above that the sheafification Fy of Fy as an Op-module is a vector
bundle of rank equal to dimy (AVU*)/2 = 28. Moreover

degm.Fy =~ Ei(g;,z) =—(g+2)2871.
i

i>0

By Proposition 2.1, i has degree
deg Fy=(g+1)rk Fy +degm, Fy=(g+1)28 - (g+2)28 1 = g2871,

The first displayed formula is immediate from the definition of Fi;, while the second follows from the
equality C°44 = C%V(p). O

Theorem 4.6. The endomorphism bundle of Fyy is isomorphic as an O -algebra to the sheafified even Clifford
algebra C*; that is,
Sndg(]:U) = C%,

Proof. Let (a,b) € P! be a point that is not a branch point of 7. The algebra 70,C® is a sheaf of algebras
whose fiber at (a,b) is isomorphic to the product of the fibers of C®V at the two preimages of (a,0) in E. On
the other hand, the fiber of 77.C® is the even Clifford algebra of the nonsingular quadratic form aq; + bq,.
Thus it is a semisimple algebra with 2-dimensional center generated over k by y. Since we have assumed
that k is algebraically closed, this center is k x k. The corresponding decomposition of the push forward of
C*® as a direct product is the unique decomposition as the product of two algebras. Thus the fibers of C*V at
points of E other than the ramification points are simple algebras by [Jac80, Theorem 4.13].
Since Fyy is an Rg — C®" bimodule we have an Op-algebra homomorphism

(f) :Cev — 511615(.7:[]).

Since the general fiber of C*V is simple, the kernel of this homomorphism must be torsion, and thus 0.
The source and target of ¢ are vector bundles of the same rank. By Proposition 4.1 the sheaf C*V is a
sum of the degree 0 line bundles £;, and since the endomorphism bundle also has degree 0, the map is
an isomorphism. g

Corollary 4.7 (Morita equivalence, see [Bas68, Chapter 2|). The O —C®" bimodule F; defines an equivalence
of module categories
O -mod <+— mod—-C*
L — Lo, Fu
G ®cev Ff; <+ g
where F; = Homo, (Fu,OF).
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Corollary 4.8 (Reid, 1972 [Rei72]). Let X = Q1 n Q2 c P28+ be a smooth intersection of two quadrics and let E
be the corresponding hyperelliptic curve. Let Uy c 'V be a g-dimensional linear subspace such that P(Uj) c X.
Then the map
[ {UeG(gV)|P(U*)cX} — Pic%(E)
(P-{ U —  Fy ®cev F,
is a bijection. If the ground field k has characteristic O, it is an isomorphism.

Proof. By Lemma 4.3, a space U of dimension g such that IP(Uy) c X exists. We claim that Fy ®cev F).
is an element of Pic’(E). We know by Corollary 4.7 that Fyj, and Fy both define Morita equivalences.
Hence L := Fy Qcev .7-"{}0 must be an invertible object in O —mod, hence a line bundle. This line bundle
has degree 0 since Fi; = £ ® Fyy, and both vector bundles have the same degree.

The map ¢ is injective because we can recover U from Fp; = L ® Fyy, as follows: by Proposition 5.6 (3)
below, we can recover the C = Extp, (k, k)-module Extp, (P, k) from Fy;. The free resolution of P, hence
U*, can be obtained from Extp, (Py, k) by Theorem 3.3.

Since the source and target of ¢ are projective and the target is connected, smooth, and of the same
dimension as the source, the map is a surjective, hence a bijection. In case the ground field k has
characteristic 0 ¢ is thus an isomorphism. If k has positive characteristic it could be a purely inseperable
morphism. Miles Reid proved in [Rei72, Theorem 4.8] that {U € G(g, V) |IP(U*) c X} and Pic?(E) are
isomorphic for arbitrary characteristic. O

Remark 4.9. Our Macaulay?2 package [EKS22] computes the action of Pic?(E) on the space of maximal
isotropic subspaces

G(g,X)={UeG(g, V)[P(U")cX}.
For a different approach to the group law on Pic’(E) in terms of G(g,X) see [Don80].

5. Tate resolutions of Py-modules from Clifford modules

The constructions in this section are inspired by the theory of Cohen-Macaulay approximations of
Auslander and Buchweitz [AB89] and the construction of Tate resolutions as in [ES21]. Let R be a Noetherian
local or graded Gorenstein ring, and let M be a finitely generated R-module. Let F be the minimal R-free
resolution of M:

0 M FO F] F2

We will use the notation N* = Hompg(N, R) for the dual of an R-module N. If N is a maximal Cohen-
Macaulay (MCM) module, that is, an R-module of depth dim R, then we have (N*)* = N, because R is
Gorenstein.

The Tate resolution associated to M is a doubly infinite exact complex of free R-modules obtained
as follows: The i syzygy module M; = ker(F;_; - F;_;) is an MCM module when i > dimR, so
M; =ker (Fl* —-F’ ) is also an MCM module.

i+1
Choose an integer i >dimR, and let

w— G Gi-1 M; 0

1

be a minimal free resolution of M. The Tate resolution T(M) of M is obtained by splicing the dual
complex G* with the complex F; «<—— F;;; <— --- to a doubly infinite complex

T(M): - P i Fi Fin

of free graded R-modules. This is an exact complex because both M; = ker(F;_; - F;_,) and

M =ker (Fl* - Fi:l) are MCM modules. Up to isomorphism this complex is independent of the choice of

i and the choice of the minimal free resolutions. The dual complex T(M)* is exact as well.
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Example 5.1. In case of a hypersurface ring R = P/(f) the Tate resolutions are the double infinite periodic
complexes
T ot T B T

obtained from matrix factorizations (¢,) of f, ¢f. [Eis80].

Remark 5.2. Auslander and Buchweitz [AB89] used Tate resolutions to define the MCM approximation of M
for arbitrary Cohen-Macaulay rings. When R is Gorenstein, as in our case, we set M = coker (Gf - G(’;),
the essential MCM approximation, so that M is an MCM over R. By [AB89] there is an induced map
M® - M and the modules M and M® have free resolutions that differ in only finitely many terms: If
R" - M is a map from a graded free Px module such that

0+«—M-+— M®oR"

is a surjection, then the kernel of this homomorphism has a finite free resolution of length codepth M —1.
Auslander-Buchweitz define this homomorphism to be the MCM approximation of M if n is taken to
be minimal.

Proposition 5.3. Let Px =P/(q1,...,qc) be the homogeneous coordinate ring of a complete intersection of quadrics.
Let M be a Px-module which has a linear resolution as a P-module. Then Extp, (M, k) is a C = Extp, (k,k)-
module which is free as a k[t1,...,t.]-module. If moreover M is a Cohen-Macaulay Px -module of codimension €
then the Tate resolution of M has the form

PI2(3) ~— Py (2) «—— PY(1) PY(~£+2) «— 0
$o 1 on
0 ~ P;(‘O p§1(_1) p}‘gf(_g)

with by_; = a; with an overlap of length €. The bottom row, which is a quotient complex, is the Eisenbud-Shamash
resolution of M as a Px -module, and the top row, a subcomplex, is its Px dual.

Proof. As in the special case explained in the proof of Proposition 4.4, the Eisenbud-Shamash graded free
resolution of M as a Py module [Eis80, Theorem 7.2] can be constructed from a series of higher homotopies
on a graded P-free resolution F of M. Because the g; have degree 2, all the higher homotopies are linear
maps, so the construction yields a minimal linear resolution of M whose underlying graded free module is a
divided power algebra over Px on c generators tensored with the underlying module of F, and this implies
that Extp, (M, k) is a free module over the dual algebra, k[t1,...,t].

If M is Cohen-Macaulay of codimension € then the (£+ 1) syzygy of M is a maximal Cohen-Macaulay
module, and by [ES21] the Tate resolution of M has the given form. ]

In [ES21] there is an explicit description of all maps in the Tate resolution in case of a nested pair of
complete intersections such as the following.

Example 5.4. Consider the coordinate ring Py of a g-dimensional isotropic subspace U in the complete
intersection X of two quadrics as a Px-module. The Tate resolution T(Py) has an overlap of length
¢=codimxP(U*)=2g-1-(g-1)=g. In case g =3 it has Betti table

28 20 12 5 1
1 5 12 20 28 36

The vertical maps in the display of T(Py) are northwest diagonal maps in the Betti table, which are
represented by matrices of quadratic forms. For example the map ¢ as in Proposition 5.3 is given by a
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20 x 1 matrix of quadrics, represented in the Betti table by the northwest map from the left-most 1 on the
lower to the 20 in the upper row. For arbitrary g we obtain the formulas

p p
. g+ 2) . ( g+2 )
= -i+1 d = -i+1
azp Zg(:)(p i+ )( iy and  azp41 Z;)(p i+1) 2+ 1
for the ranks a; in the lower row of the diagram above from the equations (4.2) and (4.3) in Section 4.

Theorem 5.5. Let C = Cliff(q1,q2) be the Clifford algebra over k[s,t] of a nonsingular complete intersection
of two quadrics in P>8*'. Let N be a graded C-module that is free as a k[s,t]-module, and such that the

corresponding vector bundles N = N& and N34 = Nodd (1) defined on the associated hyperelliptic curve E
satisfies
Nodd ~ A&V ®cev Codd

Let p € E be a ramification point. There is a doubly infinite exact complex

T(N): - — F; — Fiuy

of free modules F; = Py (i) @ P)?f(i +1) with Betti numbers a; = h* (N (ip)) and b; = i°(N¢V((i +1)p)). In
terms of this decomposition, the complex T(N) takes the form

> H'W™)exPx - H(N“(p)erPx(1) - H(N®(2p))erPx(2) -

N @ N @ N @ N

- HYN®(p))exPx(p) — HO(N(2p))@rPx(2) — HU(N®(3p))®xPx(3) —.
Proof: We will use the notations x;,e; as defined in Section 3. Consider the sequence of maps

d d d d
- — Nj_4 ®kP _ Ni®kp — Ni+1 ®kP_’

defined by d(n®; r) = Zfzgfz ne; ®y X;r.
Computations similar to that at the beginning of Section 3 show that
d*(ne;r) = Z(neie]-) ®y (x;xj1) = ns ® q1(x)r + nt ® q2(x)1 = n @[5 4] (5q1(x) +tq2(x))r,
ij
where the last step uses the identification N ®; P = N ®(, ) P[s, t].
Set A:=N® ®; P and B:= N°4d g, P. The map d induces a matrix factorization

(A—B(0,1), B(0,1) — A(1,2))

of sq1 +tq> over the bi-graded polynomial ring k[s,t,x1,...,X2¢4+2]. As in Example 5.1, this matrix factoriza-
tion induces a 2-periodic resolution

.. — B(-1,-1) — A — B(0,1) — A(1,2) — -

where A and B are restrictions of A and B to k[s, t,x1,...,X2g42]/(5q1 + tq2).
Sheafifying with respect to the variables (s,t) we get a doubly infinite exact complex

.. — B(-1,-1) — A — B(0,1) — A(1,2) — -

of direct sums of line bundles on the hypersurface V (sq; +tg;) c P! x A%8*2,

We define an exact complex of Op1 ® Px-modules by factoring out g; on the set ¢ # 0 and g, on the set
s # 0, identified on the set where neither s nor t is zero with k[s/t,t/s]® P/(q1,92)-

Since the central element y of the even Clifford algebra anti-commutes with the action of the e; on N by
Remark 4.2 we may regard this also as a complex of O ® Px-modules that are box products of locally free
Of-modules with graded free Px-modules,

T: .-+ — AE X Py — BE Px(l) — AE(l)Px(Z) _
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where use the fact that Op(1) 2 Og(2p). Here Ag = NV and Bg is isomorphic to
Nodd - N ®cev Codd - N (p)

by Proposition 4.1, where the action of y on Bg is induced by the action of -y on N °dd Thus these are the
vector bundles on E defined by the action of y or —y on the even and odd part of N respectively. In other
words, Br = 1* N°44, where 1:E — E denotes the covering involution of E — PL.

Let p:E x Spec Px — Spec Px denote the second projection. The desired Tate resolution T(N) associated
to the Clifford module N is essentially Rp.T. Since T is a complex, we get a spectral sequence, which we
analyze as follows: truncate T on the left to obtain a left bounded complex

Li — AE(i)Px(2i) —_— BE(i)Px(2i+1) —_— AE(i+1)Px(2i+2) —_— -,

and take a Cech resolution on E coming from a covering with two affine open subsets. We obtain a double

complex:
0 0 0
CH(Li) CH(Ag(i)) & Px(2i) — C!(Bg(i)) = Px (2i +1) —— -
(*i)
CO(Li) CO(Ag(i))®Px(2i) — CO(Bg(i))m Px(2i +1) — -
0 0 0

The vertical homology of this double complex is a box product with the cohomology of Ar and Bg and
their twists. The E,-differentials of the spectral sequence of the double complex can be lifted to maps of the
form H'(Ap) ® Px - H°(AEg(1)) ® Px(2) on the Ei-page of the sequence. To do this, we choose k-vector
space splittings 1 of the Cech sequence

(@) 0 — H%(Ap) — C%Ap) — C'(Ag) — H'(4g) -0

and the corresponding sequences («;) and (f;) for the sheaves Ag(i)’s and Bg(i)’s respectively. We define
the map

H'(Ap)®Px — H°(Ap(1)) ® Px(2)

as the composition

H'(Ap) ® Px
jh@id
C'(Ap)m Py — CY(Bg)=m Px(1)
jhid
CO(Bg)r Py (1) — C°(Ag(1))® Px(2)

lh@id

HO(Ag(1)) @ Px(2).
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Abusing notation we write /1 for all south arrows, d for all north arrows, and @ for all east arrows in the
corresponding diagram

(4) H'(Ap (i) ® Px(2i) — 2= H' (Bp(i)) ® Px(2i +1) — = H' (Ap(i +1)) ® Px(2i +2)
ilh ilh ilh

CH(Ap(i)) ® Py (2i) — > CY(Bp(i)) ® Py (2i +1) —> C1 (Ap(i +1)) ® Py (2i +2)
ilh ilh ilh
CO(AE (i) ® Py(2i) — > CO(Bg (i) ® Py(2i + 1) —> CO(Ap(i +1))® Px(2i +2)
3lh il 3lh

HO(Ap (i) ® Px(2i) — = H' (Bp(i)) ® Px(2i +1) — = HO(Agp(i +1)) ® Px(2i + 2)

with four rows.
For o € H' (Ag) ® Px we have

a = dha since dh =id
=  @a=dpha since [@,d] =0
= hea=-dhgha + pha since dh + hd = id
= (pfl(pa = —(péfz(pfza since (p2 =0
= ghpa =-dphpha since [@,d] =0
= hohpa = dhohpha - phpha since dh +hd =id o
=  @hphpa = dphephpha since ¢* =0 and [¢,d] =0
= hohphpa = phphpha since hd =id o

= (hphph)p = p(hphph).
Thus with the lifted maps we obtain a double complex, whose total complex is our desired complex T(N ):
-~ HY(Ap)®ePx - HY(Bp)ePx(1) - HY(Ap(1))®Px(2)
N @ N ® N @
- H'(Bg)®Px(1) - H°(Ap(1))®Px(2) - H(Be(1))®Px(3).
The right truncated complexes are exact except at the first two position since the spectral sequence of
(*;) converges to the cohomology of L;. Since we can take i arbitrarily large negative, the complex T(N)
is exact. g

Proposition 5.6. Let M be a Px -module with a linear resolution as an P-module. Then
(1) N =Extp, (M, k) is a C = Extp, (k, k)-module which is free as an k[s,t]-module.
(2) The sheafifications N and N34 = Nodd(1) satisfies

N3 2 N o 0%,

(3) N =HY(N®) @ HO(N°9)(-1) and the C-module N is determined by the C¢¥ -module N¢".
(4) The Px -dual complex T(N)* is the Tate resolution T (M) of M.

Proof- (1) Let 0 > F, —» -~ > F; - Fy = M — 0 be the linear P-resolution of M. Then by the Eisenbud-
Shamash construction [Eis80, Theorem 7.2], Extp, (M, k) = N = N® @ N°49 is a free k[s,t]-module.
(2) We have
rkk[s,t] N¢ = Z rkp F2i and rkk[s,t] NOdd = Z l‘kp F2i+1.

i>0 i>1
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Since Y.¢_,(~1)rkp F; = 0 the k[s,t]-modules N and N°d9 have equal rank. Theorem 3.3 shows that the
minimal free Px-resolution of M is isomorphic to Homy (Extp, (M, k), Px). From this construction we see
that if one of the maps

Extp, (M, k) x Extp_(k,k) — Extp! (M, k)
were not surjective, then there would be a generator of the module Homk(Extg1 (M, k),k) which maps to
zero in the complex. This is not possible because the complex is minimal. We conclude that the map

NeY ®cev Codd Nodd

is a surjective morphism of Og-vector bundles of the same rank and hence an isomorphism of C*¥ modules.
(3) It follows that
Nodd ®ce Codd ~ NV ®ce Codd ®ce Codd — v NYoH
is also an isomorphism.

The formula for N follows because N is a free k[s,t]-module. Since C® = H?(C®) and
Codd = g9(°dd)(~1) the maps above determine the maps N @, C°4d  Nodd apd Nodd g, codd _, Nev,
and thus the C-module structure on N.

(4) By parts (1) and (2) we can apply Theorem 5.5. The dual of the H%-strand of T(N) coincides with
Homy (Extp, (M, k), Px) by construction. Since T(N)* and T(M) are exact minimal complexes which
coincide for large homological degree, they are isomorphic. U

Example 5.7. Thus in case g = 3 the Betti table

28 20 12 5 1
1 5 12 20 28 36

of the Tate resolution of M = T(H?(Fy ®ce C)) has a second interpretation. It is also the cohomology table
(W (Fu((j+1-1)p))i=o,
jeZ
of F as a vector bundle on the hyperelliptic curve E.

Theorem 5.8. Let N be a C-module which is free over k[ s, t] satisfying N°39 = N'& @cev C°4. Let T(N) be the
complex constructed in Theorem 5.5 whose terms are described by cohomology groups of Ap = NV and B = N34
and their twists. The cokernel Gx of the map

H'(Bp(-1))®Px(-1) — H'(Ag) ® Py,

which is a component of the differential F_y — Fy of T(N), is an Ulrich module if and only if H' (Bg) and
H°(Bg) vanish.

Proof. If Gx is an Ulrich Px-module, then it is its own MCM approximation. Hence the Tate resolution of
Gx has non-overlapping strands so H'(Bg) and H°(Bg) vanish.

Conversely, if these groups vanish then Gx is a MCM module over Px with a linear Px-resolution, and
from the form of the complex T(N) we see that H’(Ag) and all terms to the left of it in the lower row
must also vanish. To show that Gx is an Ulrich module we must prove that Gx has a linear resolution as
a P-module.

We first make the form of the P-resolution more explicit. The cohomological vanishing h°(Bg) = h! (Bg) =
implies that 7, Br = Opi1(~1)%", where r = tk Bg = rk Ap. Since B(-p) = A we have deg Ar = degBg — .
Thus H°(Ag) = 0 and, by the Riemann-Roch formula, h'(Ag) = r. The form of the Tate resolution implies
that the bundle 71, A splits into a direct sum of copies of Opi(-1) and Opi1(-2). Indeed, there cannot be
any summands of the form Op:(—d) with d < -3 because there are no nonzero maps to this sheaf from
7. Bg(~1) = Op1 (-2)?". Hence

7 Ap = Opi (-1)" @ Opi (-2)".
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Since 7. Bg(~1) = Opi (-2)2™ B¢ we see that Gy is defined by an r x 2r matrix of linear forms and the
Py -free resolution of Gy has the form

P1

o — PIDT (i) —s o — P (-1) P} Gx 0.

We can now show that Gx has linear resolution as a P-module. Since Gx is maximal Cohen-Macaulay
module over Py, this statement can be checked after factoring out a maximal Px-regular sequence z of
linear forms in P. Note that Px/zPx has Hilbert function 1,2,1. The sequence z is also a regular sequence
on Gx because Gy is a maximal Cohen-Macaulay module. From the resolution of Gx over Px we see
that the values of the Hilbert function of Gx/zGx are 7,0,0,...; that is, Gx/zGx 2 k. As a module over
P/zP this has a linear resolution, and thus Gx has a linear resolution as a P-module. Thus Gy is an Ulrich
Px-module. O

Remark 5.9. The proof shows in particular that, the matrix
P (-1) _, pr

obtained by regarding the linear Px-presentation of Gx as a matrix over P is a presentation matrix of Gx
as a P-module.

Using the Morita equivalence between the hyperelliptic curve E and the Clifford algebra C we can make
this more precise. Recall that a bundle B on E has the Raynaud property if H’(C,B) = H'(C,B) = 0.
We are now ready to prove parts of Theorem 1.1 from the introduction, which we repeat for the reader’s
convenience.

Theorem 5.10. Thereisa 1 -1 correspondence between Ulrich bundles on the smooth complete intersection of two
quadrics X c P?2*' and bundles with the Raynaud property on the corresponding hyperelliptic curve E of the form
G ® Fy. The Ulrich bundle corresponding to a rank r vector bundle G has rank r2872,

If L is a line bundle on E then L ® F1; does not have the Raynaud property, so the minimal possible rank of an
Ulrich sheaf on X is 2571, and Ulrich bundles of rank 287 exist.

Proof Let p € E be a ramification point. Consider B = G ® Fy, A = G(-p) ® Fy and the Clifford
module N = ®;H°(A(ip)). By Theorem 5.8 T(N) is the Tate resolution of the Ulrich module Gx =
coker (H'(Bp(-1)) ® Px(-1) > H'(Ag) ® Px) if and only if H*(B) = H'(B) = 0. If r = rkG and the
condition is satisfied then the corresponding Ulrich module Gx on X has rank Gy = r2¢72 since the number
of generators of Gy is rk(G ® Fyy) = r28.

Conversely, suppose that M is an Ulrich module on Px, and let N = Extp, (M, k). This is a C-module,
and thus an Rgp-module which is a free k[s,t]-module by the Eisenbud-Shamash construction [Eis80,
Theorem 7.2]. The odd part of its sheafification is thus of the form AN°4d = G ®¢, Fys for some a vector
bundle G by Corollary 4.7, the Morita theorem. By Theorem 5.8 G ® o, Fyy has the Raynaud property.

An Ulrich module of rank 2872 would correspond to a line bundle £ on E such that £® F{; has vanishing
cohomology. By Corollary 4.8, £L® Fi; = Fy/(mp) for some maximal isotropic plane U’ and some integer
m. Thus T(N)* would be the Tate resolution of Py up to shift. But T(Py-) has overlapping strands (in
fact Py is not a MCM Px-module).

The existence of Ulrich bundles of rank 28! is proven in Section 6. O

Proposition 5.11. Ulrich bundles of rank r28~2 on a smooth complete intersections of two quadrics in P*€* do
not exist if r-¢=1 mod 2.

Proof. 1f G is a vector bundle on E of rank r and degree d then
deg(G ® Fy) =degGrk Fy +rkGdeg Fy = d28 +rg28~!
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by Proposition 4.5 and
x(G®Fy)=deg(G® Fy)+rk(Go Fy)(1-¢)=d28 +rg28 1 +r28(1-g)
by Riemann-Roch. Thus x(G ® Fyy) =0 implies r-¢g=0 mod 2. O

For small g we constructed Ulrich bundles of rank 287! from sufficiently general rank 2 bundles G on E
with our Macaulay2 package [EKS22]. Consider the direct sum Gy = Lo ® L, of two general line bundle £;
of degree i. In case of g = 3 the cohomology table of the bundle Gy ® F7; is the sum of two tables, one of
which we displayed in Example 5.7 in case of g = 3. The other is a shifted version of that table.

So in case of g = 3 the cohomology table of Gy ® F; has shape

64 48 33 21 12 5 1
1 5 12 21 33 48 64

If for a general extension 0 - Lo - G — L3 — 0 the connecting homomorphisms are of maximal rank, then
the cohomology table of G ® F; has the form

64 48 32 16
16 32 48 064

and G gives rise to an Ulrich bundle of rank 2- 2872 In special cases, for small ¢ we verified that this does
occur with Macaulay2 [GS] using our package [EKS22]. With the same idea we constructed Ulrich bundles of
rank 32872 in special cases for g = 2.

However we were not able to control the cohomology of G ® F; theoretically well enough to prove the
existence of rank 28! Ulrich bundle for every X.

6. Ulrich bundles of rank 287!

In this section we prove that a smooth complete intersection of two quadrics in IP2*2, and therefore also
in IP?8*1, carries an Ulrich bundle of rank 287!, Our construction uses the construction of Ulrich bundles
on a single quadric by Knorrer, which we now review.

Theorem 6.1 (¢f [Kno87]). The quadric q, = Y.!"_,x;y; has the matrix factorization (@n,n) of size 2" defined
recursively by @o = (x0), 10 = (vo) and

| *n Pn-1 _ Vn Pn-1
o (4’71—1 _})n)’ ¥ (an—l _xn)

Let (A, B) = (¢, 1,) and consider the matrix factorizations
(A(x,9),B(x,p)) and (A(v,w),B(v,w))

of q(x,v) = X1y x;v; and q(v,w) = X1, v;w; respectively over the ring P := k[x|y,v|w], where x|y denotes
the catenation xo,...,X,,v0,...,¥, and similarly for v|w.

Jorn>1.

Proposition 6.2. Let
n
q(v,w,x,p) = 3 (xiw; +3ivi) = (vjw) - (yx).
i=0
There is an identity

B(v,w)) q(v,w,x,y)idon.

(A(x,p) A(v,w)) (B(x,y)



Hyperelliptic Curves and Ulrich sheaves on the complete intersection of two quadrics 21

Proof Since A(x,v) +A(v,w)=A(x+v,y+w) and B(x,v) + B(v,w) = B(x+ v,y +w) we have
A(x+v,9+w)B(x+v,y+v) =q(x+v,y+w)idon.
The mixed terms give

A(x,v)B(v,w)+A(v,w)B(x,v) =4(v, w,x,p)idon. O

Thus if we restrict the matrices in Proposition 6.2 to an isotropic subspace ¥ of § we get a complex and
we will see that, for a sufficiently general choice of the isotropic subspace, the restriction to ¥ is a minimal
free resolution of an Ulrich module over Ps.

To define the isotropic subspace, let A be a skew-symmetric 2(7+ 1) x 2(n+ 1) matrix of scalars, and set

0 idn+1
= A.
GA (idn+1 0
We have
(x[p)Ga - (¥lx) = (BI)A - (y]x) =0
and thus the equation (v|w) = (x|y)Gx defines an isotropic subspace of (v, w, x, ).
The matrices

A1=A(x,), B1=B(x,y) and A;=A((x[y)Ga), B2=B((x[y)Ga)
define matrix factorizations of q; = g(x,v) and g2 = g((x[y)Gp)). Let
Ap =A1]A2
be the concatenation, which is a 2" x 2"+l matrix in the 27 + 2 variables X0+ or Y-

Theorem 6.3. For a general choice of A the ring k[xo,...,v11/(q1,92) is a complete intersection with isolated
singularities and
My :=coker Ap

is an Ulrich module of rank 2"~2 over this ring.

Proof. Set P =k[xo,...,yn]. For each A we have maps

5]

P2 (1) «—= p?'(=2) «—— 0.

(A1 42)

By our choice of A and Bj this is a complex.

0 My p?

We claim that for a general choice of A the ideal (g1,92) is a prime ideal of codimension 2 with isolated
singularities. It suffices to prove this for a particular choice of A.
We will actually prove the result for matrices A of the form

0 D
A =
(9
where D is a diagonal matrix with entries d; such that
do,...,dn,_d(),...,_dn

are 2(n+ 1) different values. In this case

-D 0
GA=( 0 D): AA=(A(x0:~--;xn;yO;---lyn)|A(_de0;---_dlflxnld()yOl-“ldnyn);

and

n
Q2 = q1(—doXO,...,—dnxn,doyo,...,dnyn) = - Zdizxiyi-
i=0
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We will now show that V(g1,92) is singular precisely at the coordinate points. The jacobian matrix of

(q1,-92) is

( Y0 V1 Vn X0 Xn )
diyo diyy ... dly, dixo ... dix,

The squares dZ,...,d2 are pairwise distinct, since do,...,dp, -dy,...,~d, are 2(n+1) distinct values by
assumption. Thus the zero locus of the ideal of 2 x 2 minors of the jacobian matrix is the union of the
n+1 lines L; = V(U;4{x},y;}) defined by those linear combinations of the two rows that do not consist of
independent linear forms. These lines intersect V(q1,4>) in the 21+ 2 coordinate points. It follows that
(91,92) has codimension 2 and isolated singularities, and thus is prime.

Since each g; is prime and A; is part of a matrix factorization of g;, the determinant of A; is a power
of g;. Thus if A is general, the maximal minors of A, generate an ideal of codimension at least 2, and
similarly for Bp so the complex is exact by [BE73].

We conclude that

ann My = (q1,92)
since any element of ann My \ (q1,q2) would lead to a support of codimension at least 3. Thus My
is an Ulrich module over the ring P/(q1,42) and the degree of My is 2", so the rank of M, as an
P/(q1,q2)-module is 22, O

Theorem 6.4. Let k be an algebraically closed field of chark # 2, and X c IP*" be a smooth complete intersection
of two quadrics. Then X carries an Ulrich bundle of rank 2"~

Corollary 6.5. Let k be an algebraically closed field of chark # 2, and X c P?6™! be a smooth complete
intersection of two quadrics. Then X carries an Ulrich bundle of rank 2871,

Proof of Corollary 6.5. Any smooth complete intersection in IP?6*! is a hyperplane section of a smooth
complete intersection in P28+2, Taking n = g+ 1, the restriction of the Ulrich module constructed in
Theorem 6.4 is an Ulrich module of rank 2871, O

Proof of Theorem 6.4. We obtain an Ulrich module on some smooth complete intersection by restricting M
from above to a general hyperplane H = IP?" c IP?"*!. The intersection will be smooth because V(q1,4>)
has only isolated singularities. To prove that every smooth complete intersection carries an Ulrich module
we need additional arguments. The complete intersection V(q/,45) of two quadrics in IP>" is smooth if and
only if the discriminant
f =dethess(sq] +q5) €k[s]

of the pencil has 21+ 1 distinct roots, and in that case g{ and g5 can be simultaneously diagonalized by
the argument given at the beginning of Section 4. Thus it suffices to construct an Ulrich module M’ on a
the complete intersection V(g],45) whose discriminant has any given set of 21+ 1 distinct roots. In the
proof of Theorem 6.3 we constructed an Ulrich module for g1 = Y/ ) x;v; and g2 = =Y}, d?xiyi for distinct
values dg,. ..,d?2. Since k is algebraically closed there exists an Ulrich module for V(X oXivio 210 aiXiVi)
for every tuple of distinct values ay,...,a,. The corresponding Hessian is

0 DI S+ ap
H = (D' 0 ) with a diagonal matrix D’ =
S+ay

We restrict the quadrics to the subspace generated by the columns of the (21 +2) x (2n+ 1) matrix of
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Setting ¢; = s + a; the Hessian of the restricted pencil is

Cybo 4o
0 :
gnbn—l Lﬂn—l
B'HB=|Cyby ... Cuby1 2Cuby  Cubpsr ... Cuboy |
€O gnbn+1
- : 0
gn—l gnb2n

Direct computation shows that the determinant of this matrix is
n n
f=(C10"2n]]t=(-1)"2h][(s+a;)
i=0 i=0
with
n-1
h= Z (bibi+n+1 H(S"'aj)) ~by H(S"'aj)'
i=0 j# jEn

Since the coefficients of [];.;(s +4a;) are the elementary symmetric functions e; x on {ao,...,an} \ {a;}, we
obtain

(6.1) h = (bobpstr-.., bu_iban, by )E

where E = (e; x)i=0,.,n- We claim that
k=0,...,n

detE= [] (aj-aj).
0<i<j<n
Regarding the a;’s as variables, we see that detE € k[ay,...,a,] is not identically zero, because
the term H?:_Ol a?‘i occurs precisely once in the determinant as the product of the leading terms
1,a0,a0a1,...,4041 ...ay-1 of the diagonal entries. ~On the other hand (a; —a;) is a factor of
detE € k[ayg,...,a,] because if a; = aj then the matrix E has two equal rows. So these linear forms
are factors of detE € k[ay,...,a,], and their product coincides with detE for degree reasons and by
comparing the leading term.

Thus if the a; are distinct, then E is invertible, and every polynomial / of degree n in k[s] can be
represented in the form (6.1). In particular, we can choose by, ..., b2, € k such that the discriminant f is
equal to [T} (s +a;) [T}, (s +¢;) for any 2n+ 1 distinct non-zero values ay,...,a,,c1,...,c; € k. A smooth
complete intersection of 2 quadrics in IP?" is determined up to projective equivalence by the 2n + 1 distinct
roots of its discriminant, this concludes the proof. il
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