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Stability conditions on free abelian quotients

Hannah Dell

Abstract. We study slope-stable vector bundles and Bridgeland stability conditions on varieties
which are a quotient of a smooth projective variety by a finite abelian group G acting freely. We
show there is an analytic isomorphism between G-invariant geometric stability conditions on the
cover and geometric stability conditions on the quotient that are invariant under the residual
action of the group G of irreducible representations of G. We apply our results to describe a
connected component inside the stability manifolds of free abelian quotients when the cover has
finite Albanese morphism. This applies to varieties with non-finite Albanese morphism which
are free abelian quotients of varieties with finite Albanese morphism, such as Beauville-type and
bielliptic surfaces. This gives a partial answer to a question raised by Lie Fu, Chunyi Li, and Xiaolei
Zhao: if a variety X has non-finite Albanese morphism, does there always exist a non-geometric
stability condition on X? We also give counterexamples to a conjecture of Fu-Li-Zhao concerning
the Le Potier function, which characterises Chern classes of slope-semistable sheaves. As a result
of independent interest, we give a description of the set of geometric stability conditions on an
arbitrary surface in terms of a refinement of the Le Potier function. This generalises a result of
Fu-Li-Zhao from Picard rank 1 to arbitrary Picard rank.
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1. Introduction

Stability conditions on triangulated categories were introduced in [Bri07] by Bridgeland, who was motivated
by the study of Dirichlet branes in string theory. In the same paper, Bridgeland showed that the space
Stab(D) of stability conditions on a given triangulated category D has the structure of a complex manifold.
When X is a smooth projective variety over C, this leads to the fundamental question: how does the geometry
of X relate to the geometry of Stab(X) := Stab(DP(X))?

In this article, we investigate this question in the case of varieties that are free quotients by finite abelian
groups, especially quotients of varieties with finite Albanese morphism such as bielliptic and Beauville-type
surfaces.

One approach is via group actions on triangulated categories. We sharpen the correspondence between
G-invariant stability conditions on D and stability conditions on the G-equivariant category D introduced
by Macri, Mehrotra, and Stellari in [MMS09, Theorem 1.1]. This is used to control the set of geometric
stability conditions on any free quotient by a finite abelian group.

We also study the Le Potier function introduced by Fu, Li, and Zhao in [FLZ22, Section 3.1]. We give
counterexamples to the conjecture stated in [FLZ22, Section 4] and explain how a refinement of the Le Potier
function controls the set of geometric Bridgeland stability conditions on any surface.

1.1. Geometric stability conditions and group actions

Let k be an algebraically closed field, and let G be a finite abelian group such that (char(k),|G|) = 1.
Let D be a k-linear idempotent complete triangulated category with an action of G in the sense of [Del97].
This induces an action on Stab(D), the space of all numerical Bridgeland stability conditions on D. Let D¢
denote the corresponding category of G-equivariant objects. There is a residual action by G= Hom(G, k%)
on Dg (see Proposition 2.6), and (Dg)g =D by [Elalb, Theorem 4.2]. Theorem 2.26 describes an analytic
isomorphism between G-invariant stability conditions on D and G-invariant stability conditions on Dg.
This builds on [Pol07, Proposition 2.2.3] and [MMS09, Theorem 1.1].

In this paper, we focus on the case where D = DP(X) for X a smooth projective connected variety
over C with a G-action. This induces an action on Coh(X) (and hence DP(X)) by pullback. In this setting,
(DP(X))g = DE(X) := DP(Cohg(X)), the bounded derived category of G-equivariant coherent sheaves on X.
If G acts freely on X, we call Y a free abelian quotient and have DP(Y) = DE(X ). Furthermore, let 7: X — Y
denote the quotient map. Then 71,0x decomposes into a direct sum of numerically trivial line bundles £,
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according to the irreducible representations x € G. The residual action of G on DP(Y) is given by -®L,.
The functors 7* and 7, give rise to the isomorphisms in Theorem 2.26. More precisely, given a G-invariant
stability condition o € Stab(X), there is a stability condition called (77*)~!¢ € Stab(Y) with the property
that E € DP(Y) is semistable if and only if 77*E is o-semistable. The construction with (7,)~! is analogous.

A stability condition ¢ € Stab(X) := Stab(D®(X)) is called geometric if all skyscraper sheaves of points Oy
are o-stable and of the same phase. In all known examples, the stability manifold contains an open
set of geometric stability conditions. We prove that geometric stability conditions are preserved under
Theorem 2.26.

Theorem 3.3. Suppose G is a finite abelian group acting freely on X. Let m: X — Y := X/G denote the
quotient map. Consider the residual action of G on DP(Y). Then the functors 7* and 7, induce an analytic
isomorphism between G-invariant stability conditions on DP(X) and G-invariant stability conditions on
DP(Y) which preserve geometric stability conditions,

(1°)": (Stab(X))® < (Stab(Y))C : (rc,) .

Very little is known about how the geometry of a variety X relates to the geometry of Stab(X). Recall
that every variety X has an algebraic map alby, the Albanese morphism, to the Albanese variety Alb(X) :=
Pic%(Pic®(X)). Every morphism f: X — A to another abelian variety A factors via alby. In [FLZ22,
Theorem 1.1], the authors showed that if X has finite Albanese morphism, then all stability conditions on
DP(X) are geometric. In this set-up, we obtain a union of connected components of geometric stability
conditions on any free abelian quotient of X.

Theorem 3.9. Let X be a variety with finite Albanese morphism. Let G be a finite abelian group acting freely

on X, and let Y = X/G. Then Stabi(Y) := (Stab(Y))® = Stab(X)C is a union of connected components in
Stab(Y) consisting only of geometric stability conditions.

Let Stab®®®(X) denote the set of all geometric stability conditions. When X is a surface, we have the
following stronger result.

Theorem 3.70. Let X be a surface with finite Albanese morphism. Let G be a finite abelian group acting freely
on X. Let S = X/G. Then Stab}($) = Stab®®°(S) = (Stab(X))C. In particular, Stab¥(S) is a connected
component of Stab(S).

We explain in Section 1.3 how to describe Stab®e°(S) explicitly for any surface S. Moreover, Theorem 3.10
applies to the following two classes of minimal surfaces.

Example 1.1 (Beauville-type surfaces, g = 0). Let X = C; x C;, where the C; are smooth projective curves
of genus g(C;) > 2. Each curve has finite Albanese morphism, and hence so does X. Suppose there is a
free action of a finite (not necessarily abelian) group G on X such that S = X/G has ¢(S) := h!(S,05) = 0
and p,(S) = h*(S,0g) = 0. Then albyg is trivial. This generalises a construction due to Beauville in [Bea96,
Exercise X.4], and we call S a Beauville-type surface. These are classified in [BCG08, Theorem 0.1]. There
are 17 families, 5 of which involve an abelian group. In the abelian cases, G is one of the following groups:

(Z/2Z)3, (Z/2Z)*, (Z/3Z)?, (Z/5Z)>.

Example 1.2 (Bielliptic surfaces, g = 1). Let S = (E x F)/G, where E, F are elliptic curves and G is a finite
group of translations of E acting on F such that F/G = P!. Then ¢(S) = 1 and Alb(S) = E/G, so albg is an
elliptic fibration. Such surfaces are called bielliptic and were first classified in [BDFO7]. There are 7 families;
see [Bea96, List VI.20].

Let S be a Beauville-type or bielliptic surface. As discussed above, S has non-finite Albanese morphism.
By Theorem 3.10, StabGeO(S) C Stab(S) is a connected component. In particular, if Stab(S) were connected,
then the following question would have a negative answer.
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Question 1.3 (¢f- [FLZ22, Question 4.11]). Let X be a variety whose Albanese morphism is not finite. Are there
always non-geometric stability conditions on DP(X)?

This is the converse of [FLZ22, Theorem 1.1]. In all other known examples, the answer to Question 1.3 is
positive (see Section 1.4).

1.2. The Le Potier function

A fundamental problem in the study of stable sheaves on a smooth projective connected variety X over C
is to understand the set of Chern characters of stable sheaves. This can be used to describe StabGeO(X )
for surfaces (see Theorem 5.10) and to control wall-crossing and hence indirectly control Brill-Noether
phenomena as in [Bayl8, Theorem 1.1] and [Fey20].

For X = P2, Drézet and Le Potier completely characterised the Chern characters of slope-stable sheaves
in terms of a function of the slope, 0: R — R; see [DLP85, Theorem B]. In [FLZ22, Section 3.1], the authors
define a Le Potier function ®x ;; which gives a generalisation of Drézet and Le Potier’s function to any
polarised surface (X, H). They use this to control geometric Bridgeland stability conditions with respect to a
sublattice of the numerical K-group of X, Ky, (X), coming from the polarisation.

Let NSg(X) := NS(X) ® R, where NS(X) is the Néron-Severi group of X, and let Ampg(X) denote the
ample cone inside NSg(X). In Section 4, we introduce a generalisation of the Le Potier function. We state
the version for surfaces below to ease notation.

Definition 5.8. Let X be a surface. Let (H, B) € Ampg(X) x NSg(X). We define the Le Potier function twisted
b_y B, q)X,H,B: R—-RU {—OO}, by

chy(F)-B.ch;(F) F € Coh(X) is H-semistable with}

Dx,1,5(x) r=1imsup{ H2cho(F)  "pu(F)=p

H—Xx

The Bogomolov-Gieseker inequality gives an upper bound for @ 5 (see Lemma 4.7). If B = 0, this is
the same as [FLZ22, Definition 3.1], i.e. ®x o = Px p, and the upper bound is %xz. The function O  p
naturally generalises to higher dimensions; see Definition 4.5.

The Le Potier function partially determines the non-emptiness of moduli spaces of H-semistable sheaves
of a fixed Chern character, which in turn controls wall-crossing, along with the birational geometry of these
moduli spaces, for example for P? (see [LZ19, Theorems 0.2 and 0.4]), K3 surfaces (see [BMI4, Theorem
5.7]), and abelian surfaces (see [MYY12, Theorem 4.4.1]).

The Le Potier function is known for abelian surfaces (see [Muk84, Corollary 0.2] and [Yos01]), K3
surfaces (see [Huyl6, Chapter 10, Theorem 2.7]), del Pezzo surfaces of degrees 9 —m for m < 6 (see
[LZ23, Theorem 7.15]), Hirzebruch surfaces (see [CH21, Theorem 9.7]), and for surfaces with finite Albanese
morphism (see [LR23, Example 2.12(2)]).

In this paper, we relate the Le Potier function of X to the Le Potier function of any free (not necessarily
abelian) quotient of X by a finite group. We state the version of these results for arbitrary surfaces in the
case B = 0 below.

Proposition 4.71. Let X be a surface, and let G be a finite group acting freely on X. Set S := X/G, and let
7t: X — S denote the quotient map, and let Hg € Ampg(S). Then @g p, = Oy r-py -

Proposition 4.11 gives us a way to compute the Le Potier function for varieties that are finite free quotients
of varieties with finite Albanese morphism.

Theorem 4.18. Let X be a surface with alby finite. Let G be a finite group acting freely on X. Set S := X/G,
and let 77: X — S denote the quotient map. Let Hy = alby H = t"Hg € Ampg(X) be an ample class pulled
back from Alb(X) and S. Then ®g p (x) = %xz.
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In Example 4.19, we explain how to choose appropriate ample classes such that Theorem 4.18 applies to
bielliptic and Beauville-type surfaces. In particular, Beauville-type surfaces provide counterexamples to the
following conjecture.

Conjecture 1.4 (¢f [FLZ22, Section 4.4]). Let (S,H) be a polarised surface with q = 0; then the Le Potier
Sfunction Dg p is not continuous at 0.

This conjecture was motivated by Question 1.3 and the expectation that discontinuities of ®g j; could
be used to show the existence of a wall of the geometric chamber for regular surfaces, as in the cases of
rational and K3 surfaces.

1.3. The Le Potier function and geometric stability conditions

Let X be a surface, and fix H € Ampg(X). In [FLZ22, Theorem 3.4, Proposition 3.6], the authors
showed that ®@x p; gives precise control over Stabgeo(X ), the set of geometric numerical Bridgeland stability
conditions with respect to a sublattice Ay C Ky, (X) (see Theorem 3.13). When X has Picard rank 1,
Stab%e°(X) = Stab®®°(X).

We generalise this to the set of all geometric numerical Bridgeland stability conditions.

Theorem 5.70. Let X be a surface. There is a homeomorphism of topological spaces

Stab®e°(X) = C x {(H, B,a, p) € Ampg(X) x NSg(X)xR?: o > cDX,H,B(/s)}.

In particular, Stab®®°(X) is connected. We discuss in Remark 5.37 how Theorem 5.10 could be used to
describe the boundary of Stab“®®(X). This emphasises how Dy g is a crucial tool for understanding the
existence of non-geometric stability conditions on surfaces. In particular, if one can compute the Le Potier
function, one should be able to tell whether the boundary of the set of geometric stability conditions has a wall.

1.4. Survey: Geometric stability conditions

It is still an open question whether geometric stability conditions exist on any smooth projective variety X
over C. If the answer to Theorem 1.3 is negative, then the question also remains as to which geometric
properties characterise the existence of non-geometric stability conditions. To give context for these questions
and for the results in this paper, we now survey all of the examples where geometric and non-geometric
stability conditions are known to exist.

There are the following general results:

e Varieties with alby finite: Stab(X) = Stab®®°(X); see [FLZ22, Theorem L1].

e Quotients of varieties with alby finite: Let Y = X/G be a free abelian quotient of X, and assume
alby is finite. If G-invariant stability conditions exist on X, then Stabi(Y) is a union of connected
components of Stab(Y) consisting only of geometric stability conditions; see Theorem 3.9.

Curves.— The universal cover Gi;r(R) of GL}(R) acts on Stab(X) (see [MS17, Remark 5.14]). Up to this
action, a geometric stability condition on a curve C corresponds to slope-stability for Coh(C). Hence
Stab®¢°(C) = GL, (R) = C x H; see [Mac07b, Theorem 2.7].
e We have Stab(P!) = C?; see [Oka06, Theorem 1.1]. Okada’s construction uses DP(P!) = DP(Rep(K)),
where K, is the Kroneker quiver. In particular, Stab(P!) 2 StabGeo(Pl).
e Let C be a curve of genus g(C) > 1; then Stab(C) = Stab®®°(C) = (’}‘I:;(R), see [Bri07, Theorem 9.1]
and [Mac07b, Theorem 2.7].

Surfaces.— There is a construction called tilting which gives an open set of geometric stability conditions
on any surface; see for example [AB13, MS17].
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A connected component of Stab(X) is known in the following cases. This component always contains
Stab®®°(X), but in some cases non-geometric stability conditions exist.

e Surfaces with finite Albanese morphism: This connected component is precisely the set of geometric
stability conditions which come from tilting. This follows from [FLZ22, Theorem 1.1] together with
Theorem 5.10.

e K3 surfaces: There is a distinguished connected component Stab+(X ) described by taking the closure
and translates under autoequivalences of the open set of geometric stability conditions; see [Bri08,
Theorem 1.1]. Moreover, Stab' contains non-geometric stability conditions. By [Bri08, Theorem 12.1],
at general points of the boundary of Stab®®°(X), either

- all skyscraper sheaves have a spherical vector bundle as a stable factor, or
- O, is strictly semistable if and only if x € C for C a smooth rational curve in X.

e P2: Stab(P2) has a simply connected component, Stab'(P2), which is a union of geometric and
algebraic stability conditions. The construction of the latter uses D°(P?) = DP(Rep(Q, R)) for the
associated Beilinson quiver Q with relations R; see [Lil7, Theorem 0.1].

e Enriques surfaces: Suppose Y is an Enriques surface with K3 cover X, and let Stab+(X) be the
connected component of Stab(X) described above. Then there exists a connected component
Stab+(Y) = Stabi(Y) which embeds into Stab+(X) as a closed submanifold. Moreover, when Y
is very general, Stab'(Y) = Stab(X); see [MMS09, Theorem 1.2]. The component Stab™(X) has
non-geometric stability conditions; hence by Theorem 3.3, so does Stab'(Y).

e Beauville-type and bielliptic surfaces: Let S = X/G. By Theorem 3.10, there is a connected component
Stab¥(S) = Stab®%°(X) = (Stab(X))C.

Non-geometric stability conditions are also known to exist in the following cases:

e Rational surfaces: The boundary of Stab®®°(X) contains points where skyscrapers sheaves are
destabilised by exceptional bundles. This follows from the same arguments as in [BMI11, Section 5],
where the authors use pushforwards of exceptional bundles on P? to destabilise skyscraper sheaves
on Tot(Op2(-3)).

e Surfaces which contain a smooth rational curve C with negative self intersection: These have a wall
of the geometric chamber such that O, is stable if x ¢ C and strictly semistable if x € C; see [TX22,
Lemma 7.2] and [LR22, Proposition 5.3].

Threefolds.— Fix H € Ampg(X). Denote by Staby(X) the space of stability conditions such that the
central charge factors via the sublattice Ay C Kjym(X) (see Theorem 3.13). If p(X) = 1, then Ay = Kjym (X)
so Staby(X) = Stab(X). A strategy for constructing stability conditions in Staby (X) for threefolds was first
introduced in [BMT14, Sections 3 and 4]. This uses so-called tilt stability conditions to construct geometric
stability conditions whenever a conjectural Bogomolov-Gieseker type inequality is satisfied, i.e. a bound on
the Chern characters of stable objects.

Geometric stability conditions in Staby(X) exist for some threefolds; see [BMS16, Theorem 1.4], [BMSZ17,
Theorem 1.1}, [Piyl7, Theorem 1.3], [Kos18, Theorem 1.2], [Lil9, Theorem 1.3], [Kos20, Theorem 1.2], [Kos22,
Theorem 1.3], [Liu22, Theorem 1.2].

Below we describe the only threefolds where Stab(X) is known to be non-empty. These are also the only
cases where a connected component of Staby(X) was previously known.

e Abelian threefolds: There is a distinguished connected component StabL(X ) of Staby (X) which is
completely described in [BMS16, Theorem 1.4]. Stability conditions in StabL(X) have been shown to
satisfy the support property with respect to K, (X); in particular, they lie in a connected component
Stab'(X) c Stab(X); see [OPT22, Theorem 3.21]. Abelian threefolds are also a case of [FLZ22,
Theorem L.1].
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e Calabi-Yau threefolds of abelian type: Let Y be a Calabi-Yau threefold admitting an abelian
threefold X as a finite étale cover. Then Y = X/G, where G is (Z/2)®? or Dy (the dihedral
group of order 8); see [OS01, Theorem 0.1]. There is a distinguished connected component P of
Staby(Y) induced from StabL(X ) which contains only geometric stability conditions; see [BMSI6,
Corollary 10.3]. By the previous paragraph together with Theorem 3.3, when G = (Z/2)®2, P lies in a
connected component of Stab¥(Y).

The only examples where non-geometric stability conditions are known to exist on threefolds are those
with complete exceptional collections. We explain this in greater generality below.

Exceptional collections

There are stability conditions on any triangulated category, with a complete exceptional collection called
algebraic stability conditions; see [Mac07b, Section 3]. On P”, this has been used to show the existence
of geometric stability conditions; see [Mu2l, Proposition 3.5] and [Pet22, Section 3.3]. If X is a variety
with a complete exceptional collection, non-geometric stability conditions can be constructed from abelian
categories that do not contain skyscraper sheaves; see [Mac07a, Section 4.2].

We summarise this survey in the table below. Note that the examples in the rightmost column have
non-finite Albanese morphism. This gives a positive answer to Question 1.3 in those cases.

dim X | Stab%®°(X) Known examples with Stab(X) = Stab%®°(X)
1 | =GL,(R) p!
2 controlled by ®x 7 p P2, K3 surfaces, rational surfaces, X D C rational
curve s.t. C2<0
3 # () for some 3folds P3
>4 | #( for P" P"

1.5. Related works

Theorem 2.26 was independently obtained in [PPZ23, Lemma 4.11]. We generalise Theorem 2.26 and the
results of Section 3 to non-abelian groups in [DHL24]. Theorem 5.10 was used to prove that Stab®®°(X) is
contractible in [Rek23, Theorem A].

1.6. Notation

k an algebraically closed field
D a k-linear essentially small Ext-finite triangulated category with a Serre functor
G a finite group such that (char(k),|G|) =1
D¢ the category of G-equivariant objects

X a smooth connected projective variety over C

DP(X) the bounded derived category of coherent sheaves on X

Dlé(X ) the bounded derived category of G-equivariant coherent sheaves on X

K(D),K(X) the Grothendieck group of D, resp. DP(X)
Kpum (D), Knum(X)  the numerical Grothendieck group of D, resp. D°(X)
Stab(D),Stab(X) the space of numerical Bridgeland stability conditions on D, resp. DP(X)
Stab®®°(X) the space of geometric numerical stability conditions on DP(X)
ch(E) the Chern character of an object E € DP(X)
NS(X) Pic(X)/Pic®(X), the Néron-Severi group of X
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NSgr(X) NS(X)®R
Ampg(X) the ample cone inside NSg(X)
Effr(X) the effective cone inside NSg(X)
Chow(X) the Chow group of X
Chowpym(X) the numerical Chow group of X
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2. G- and G-invariant stability conditions

We review the notions of equivariant triangulated categories in Section 2.1 and Bridgeland stability
conditions in Section 2.2. In Section 2.3, we use [MMS09] to describe a correspondence between stability
conditions on a triangulated category with an action of a finite abelian group and stability conditions on the
corresponding equivariant category.

2.1. Review: G-equivariant triangulated categories

Let C be a pre-additive category, linear over a ring k. Let G be a finite group with (char(k),|G|) = 1. The
definition of a group action on a category and the corresponding equivariant category are due to Deligne
[Del97]. We will follow the treatment by Elagin from [Elal5] in our presentation below.

Definition 2.1 (¢f. [Elal5, Definition 3.1]). A (right) action of G on C is defined by the following data:

e a functor ¢: C — C for every g € G;
e a natural isomorphism &g 5: P, — Pyg for every g, h € G, for which all diagrams

Brdedn — dsbng

lgf'g lff,gh
g »
berPn o, Phgf

are commutative.

Remark 2.2. Note that this definition of a G-action is more than a group homomorphism G — Aut(C)
as there is a fixed isomorphism ¢4, — g for all g,h € G. This finer notion is required to define the
category of G-equivariant objects in Theorem 2.4. See [BO23, Section 2.2] for details on obstructions to
lifting a group homomorphism G — Aut(C) to a G-action.

Example 2.3 (cf. |Elal5, Example 3.4]). Let G be a group acting on a scheme X. For each g € G, let
¢g = g": Coh(X) — Coh(X). Then for all g,h € G, there are canonical isomorphisms

bgPn =81 — (hg)" = Pug.
Together, these define an action of G on the category Coh(X).

Definition 2.4 (¢f. [Elalb, Definition 3.5]). Suppose G acts on a category C. A G-equivariant object in C is a
pair (F,(6¢)gci), where F € ObC and (0g)ecc is a family of isomorphisms

Og: F — ¢o(F)
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such that all diagrams

P—)ng

\L@hg l(/)g 0;)
Png(F) <—¢g(¢h F))

are commutative. We call the family of isomorphisms a G-linearisation. A morphism of G-equivariant objects
from (Fy, (le)) to (F,, (9g2)) is a morphism f: F| — F compatible with 6, i.e. such that the below diagram
commutes for all g € G:

91
Fy _g> (Pg(Fl)

lf ; [t

F, _g> ¢g(F2)-
The category of G-equivariant objects of C is denoted by Cg.
Example 2.5. Let G be a group acting on a scheme X with ¢, and ¢, defined as in Example 2.3. The
G-equivariant objects in Coh(X) are G-equivariant coherent sheaves. Let Cohg(X) := (Coh(X))s and
DE(X) := DP(Cohg(X)). Suppose k = k and G acts freely on a smooth projective variety X over k. Let
7: X — X/G be the quotient map. Then Coh(X/G) = Cohg(X) via € > (1*E, (6,)), where the linearisation
is given by 0,: '€ 5 (10 g)'€ = ¢'m*E. Thus D(X) = DP(X/G).

There are few examples of group actions on categories which do not arise from a group action on a
variety. The following result gives one such example. It will also be key in proving that C can be recovered
from C; when G is abelian; see Theorem 2.10.

Proposition 2.6 (cf. [Elal5, Section 4, p. 12]). Suppose G is an abelian group acting on C and k is algebraically
closed. Let G = Hom(G, k*) be the group of irreducible representations of G. Then there is an action of G onCg.
For every x € G, on objects, ¢, is given by

¢ ((F,(0n))) = (F,(6n) ® x = (F, (0} - x(h))),

and on morphisms, ¢ is the identity. For x i € G, the equivariant objects (¢ ((F), (64))) and ¢y, ((F,(6y)))
are the same; hence we set the isomorphisms €, , to be the identities.

There are two natural functors going between C and Cg.

Definition 2.7. Suppose G acts on a category C. Then we denote by Forg.: C; — C the forgetful functor
Forgg(F,(0¢)) = F. Also let Infg: C — Cg be the inflation functor which is defined by

Infe(F [@ ¢g(F ]

geG

&t D en(F) = D pedn(P)

heG heG

where

is the collection of isomorphisms
e Png(F)—> dgpi(F).
Lemma 2.8. The forgetful functor Forg is faithful, and it is left and right adjoint to Inf.

Proof. The faithfulness follows immediately from the definition of morphisms between G-equivariant objects.
For the fact that Forg is left and right adjoint to Inf, see [Elal5, Lemma 3.8] 0
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The following proposition builds on a result of Balmer in [Balll, Theorem 5.17]. We will need it later to
construct Bridgeland stability conditions on equivariant categories.

Proposition 2.9 (¢f [Elal5, Corollary 6.10]). Suppose G acts on a triangulated category D which has a
DG-enhancement; then D¢ is triangulated in such a way that Forg is exact.

The proof of the following theorem will use comonads. The full definitions can be found in [Elal),
Section 2], but for the proof we will only need to know the following: given a comonad T on a category C, a
comodule over T is a pair (F, h), where F € ObC and h: F — TF is a morphism, called the comonad structure,
satisfying certain conditions (see [Elal5, Definition 2.5]). All comodules over a given comonad T on C form
a category, which is denoted by Cr. There is a forgetful functor Forg,: Cr — C which forgets the comonad
structure; i.e. (F,h) — F.

Theorem 2.10 (c¢f [Elalb, Theorem 4.2]). Suppose k is an algebraically closed field, and let C be a k-linear
idempotent complete category. Let G be a finite abelian group with (char(k),|Gl|) = 1. Suppose G acts on C. Then

(Co)g=C.

In particular, under this equivalence Forgs: (Cg)g — Cg is identified with Infg: C — Cg, and their adjoints
Infz: Cg — (Cg)g and Forgg: Cg — C are also identified.

Proof. Elagin’s proof that (Cg)z = C uses the following chain of equivalences:

1) (2) (3) (4)
(Cc)g = (Co)1(Forgginfz) = (Co)r = (CG)T(Infg Forgs) = C,
where T(Forg@ Infa), R, T(Infg, Forg) are comonads on the corresponding categories. The equivalences
in (1) and (4) are the comparison functors from [Elal5, Proposition 2.6]. In particular, under (1), Forgs =

ForgT( ) and under (4), ForgT( ) = Infs. Moreover, the equivalences (2) and (3) only change

Forgg,Infz Infg,Forg
the comonad structure; hence the images of the forgetful functors for each category of comodules are the
same. Therefore, under the equivalence (C;)g, we have Forgs = Inf. Finally, recall that Forgs and Infz

are left and right adjoint, as are Forg; and Infg. Hence Infz = Forg; follows immediately. O

2.2. Review: Bridgeland stability conditions

For the rest of this section, assume that D is a k-linear essentially small Ext-finite triangulated category
with a Serre functor.

Definition 2.11 (¢f [Bri07, Definition 3.3]). A slicing P on D is a collection of full additive subcategories
P(¢) € D for each ¢ € R such that
(1) P(P)[1]=P(P+1);
(2) if F; € P(¢1),F» € P(¢2), then ¢y > ¢, implies Homp(Fy, F,) = 0;
(3) every E € D has a Harder-Narasimhan (HN) filtration; i.e. there exist objects Eq,...,E,, € D, real
numbers ¢; > P, > -+ > ¢y, and a collection of distinguished triangles

0=E > Eq >E) — -+ —E, 1 —E,=E,

Ap
where A; € P(¢;) for 1 <i <m. We call the A; the HN factors of E.

Notation 2.12.

(1) If 0 = E € P(¢), we call ¢(E) = ¢ the phase of E.
(2) Given an interval I C R, we denote by P(I) the smallest additive subcategory of D containing all
objects E whose HN factors all have phases lying in I, i.e. ¢; € I.
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Definition 2.13 (c¢f. [Bri07, Definition 5.1)). A Bridgeland pre-stability condition on D is a pair 0 = (P, Z) such
that
(1) P is a slicing;
(2) Z: K(D) — C is a group homomorphism such that if 0 # E € P(¢) for some ¢ € R, then Z([E]) =
m(E)e'™®, where m(E) € Ryy.
We call Z the central charge.

Remark 2.14.
(1) To ease notation, we write Z(E) := Z([E]).
(2) The HN filtration in Theorem 2.11(3) is unique up to isomorphism. We set ¢ (E) := ¢p1, ¢ (E) = ¢y,
and my(E) = };|Z(A;)l.
(3) Each P(¢) is an abelian category; see [Bri07, Lemma 5.2]. Non-zero objects of P(¢) are called
o-semistable of phase ¢, and non-zero simple objects of P(¢) are called o-stable of phase ¢.

Definition 2.15. Let A be a finite-rank lattice with a surjective group homomorphism K(D) 4 A.
(1) A Bridgeland pre-stability condition o = (P,Z) on D satisfies the support property with respect to
(A Q) if
(a) Z factors via A, i.e. Z: K(D) 5A5 C, and
(b) there exists a quadratic form Q on A ®R such that
(i) Ker Z ®R is negative definite with respect to Q, and
(ii) every o-semistable object E € D satisfies Q(A(E)) > 0.
(2) A Bridgeland pre-stability condition o on D that satisfies the support property with respect to (A, 1)
is called a Bridgeland stability condition (with respect to (A, A)). If A also factors via K, (D), we call
o a numerical Bridgeland stability condition.

The set of stability conditions with respect to (A, 1) will be denoted by Stab (D). Unless stated otherwise,
we will assume that all Bridgeland stability conditions are numerical. The set of numerical stability conditions
on D will be denoted by Stab(D).

As described in [Bri07, Proposition 8.1], Stab, (D) has a natural topology induced by the generalised

mo'z (E)

el

Theorem 2.16 (¢f- [Bri07, Theorem 1.2]). The space of stability conditions Staba (D) has the natural structure of
a complex manifold of dimension rank(A). The forgetful map Z defines the local homeomorphism

Z: Stabp (D) — Homg(A, C)
o=(P,Z)— Z.

metric

|pt (E) - % (E)|,|log

s

d(oy,07) = sup {|¢02(E) — ¢, (E)
0#E€eD

In other words, the central charge gives a local system of coordinates for the stability manifold.

Remark 2.17. Theorem 2.16 was originally stated for locally finite stability conditions: suppose 0 = (P, Z) is
a pre-stability condition and there exists an € > 0 such that P(¢ — ¢, ¢ + ¢) is a quasi-abelian category of
finite length for all ¢ € R; then o is called locally finite; see |Bri07, Definition 5.7]. The support property
implies local finiteness; see [BMS16, Appendix A] for details. Denote by Staby¢(D) the space of all locally
finite stability conditions on D.

Remark 2.18 (cf [MS17, Remark 5.14]). There is a right action on Stab(D) by the universal cover a;(R) of
GLJ(R); see [MS17, Remark 5.14] for details. If we consider C* as a subgroup of GL}(R), then this induces
an action of C* = C on Stab(D).
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There is an equivalent characterisation of Bridgeland stability conditions, which uses the notion of
a t-structure on a triangulated category. The theory of t-structures was first introduced in [BBDG82,
Section 1.3]. We first need the following definitions.

Definition 2.19. A heart of a bounded t-structure in D is a full additive subcategory A such that
(1) if k; > k,, then Homp(A[k ], A[k;]) = 0;
(2) for any object E in D, there are integers k; >k, > --- > k,, and a sequence of exact triangles
OIEO >E1 >E2—>"'—>En_1—>En:E

Ay

such that A; € Alk;] for 1 <i <n.

Definition 2.20 (¢f [Bri07, Definitions 2.1 and 2.2]). Let A be an abelian category. A stability function for A
is a group homomorphism Z: K(A) — C such that for every non-zero object E of A,

Z([E]) eH = {m-e™ | me R, ¢ € (0,1]} c C.

For every non-zero object E, we define the phase by ¢(E) = L arg(Z([E])) € (0,1]. We say an object E is
Z-stable (resp. Z-semistable) if E # 0 and for every proper non-zero subobject A, we have ¢(A) < ¢(E) (resp.

P(A) < $(E)).

Definition 2.21 (¢f. [Bri07, Definition 2.3]). Let A be an abelian category, and let Z: K(A) — C be a
stability function on A. A Harder-Narasimhan (HN) filtration of a non-zero object E of A is a finite chain of
subobjects in A,

O=EycEyc---E,1CE,=E,
such that each factor F; = E;/E;_; (called a Harder-Narasimhan factor) is a Z-semistable object of A and
¢(Fyp) > P(Fp) > - > ¢(F,). Moreover, we say that Z has the Harder-Narasimhan property if every non-zero
object of A has a Harder-Narasimhan filtration.

Proposition 2.22 (¢f. [Bri07, Proposition 5.3]). 7o give a Bridgeland pre-stability condition (P,Z) on D is
equivalent to giving a pair (Z 4, A), where A is the heart of a bounded t-structure on D and Z 4 is a stability
Sfunction for A which has the Harder-Narasimhan property.

Moreover, (P,Z) is a numerical Bridgeland stability condition if and only if Z 4 factors via K,y (D) and
satisfies the support property (Definition 2.15(1)) for Z 4 -semistable objects.

2.3. Inducing stability conditions

Suppose a finite group G with (char(k),|G[) = 1 acts on D by exact autoequivalences @,. This induces
an action on the stability manifold via @, - (P, Z) = (Dy(P),Z 0 (CDg)jl), where (@y).: K(D) — K(D) is the
natural morphism induced by ®,. We say that a stability condition o is G-invariant if g -0 = 0. Write
(Staby¢(D))C for the space of all G-invariant locally finite stability conditions.

Let o € (Staby¢(D))C. By Lemma 2.8 and Proposition 2.9, Forg.: Dg — D is exact and faithful. This
means we can apply the construction from [MMS09, Section 2.2], which induces a (locally finite) stability
condition on Dg as follows.

Define Forgél(a) =06 = (Pyys Zo ), where

PUG((j)) = {5’ € D¢ : Forg,(€) € Pa((f))},
Lo =2go0 (Forgc)*.

Here (Forg).: K(Dg) — K(D) is the natural morphism induced by Forg..
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Proposition 2.23 (¢f [MMS09, Theorem 2.14]). Suppose G acts on D and o = (P, Z) € (Stabg(D))C. Then
Forgé1 (0) € Staby¢(Dg).

Proof. By Theorem 2.9 and our assumptions on D, it follows that D is a triangulated category and that the
assumptions stated before [MMSO09, Theorem 2.14] are satisfled.

Suppose £ € P(¢). Then Forg(Infs(& @gec 2 (£). Since o is G-invariant, Pg(E) € P;(¢) for all
g € G. Moreover, P;(¢) is extension closed, hence @gec @y (E) € Py(¢). The result then follows from
[MMS09, Theorem 2.14]. O

Lemma 2.24. Suppose G is abelian and acts on D. Consider the action of G on Dg by tensoring as in
Proposition 2.6. Then Forga1 (0) is G-invariant.

Proof. First note that, for every class [ | = [(E,(0y))] € Knum(Dg), we have (Forgs).([(E,(0,))]) = [E].
Hence Z,_([€]) = Z, o (Forgg).([(E, (04)]) = Z,([E ] ), where [E] € K, ym (D). Moreover, from the definition
of P, we have

P () = {5 € D¢ : Forg, (&) € Pa(¢)}
={(E.(65)) € D - E€ Py ().

In particular, since the action of G on (E,(64)) € Dg does not change E, it follows that the central charge
Z,,, and slicing P, . are G-invariant, and hence oG € (Staby(Dg))C. O

Proposition 2.25 (¢f. [MMS09, Proposition 2.17]). Under the hypotheses of Proposition 2.23, the morphism
Forga1 : (Staby¢(D))¢ — (Staby(Dg))C is continuous, and the image ofForga1 is a closed embedded submani-
fold.

Proof. The proof of [MMS09, Proposition 2.17] is for the action of a finite group G on DP(X), induced by the
action of G on X, a variety over C (i.e. ®, = g*). The result follows in our setting by replacing this with the
action of exact autoequivalences @y on D in the proof. O

In the case where G is abelian, we have the following description of the image of Forgél.

Theorem 2.26. Suppose k is an algebraically closed field. Let D be a k-linear essentially small idempotent
complete Ext-finite triangulated category with a Serre functor and a DG-enhancement. Let G be a finite abelian
group such that (char(k),|G|) = 1. Suppose G acts on D by exact autoequivalences Oy for every ¢ € G, and

consider the action of G on D¢ as in Proposition 2.6. Then the functors Forg, and Infg induce an analytic
isomorphism between G -invariant stability conditions on D and G-invariant stability conditions on Dg,

F01rg&1 : (Stablf(D))G = (Stablf(DG))G :Forgél.
More precisely, the compositions Forgé1 o Forgél and Forg&l o Forgé1 Sfix slicings and rescale central charges
by |Gl.

Proof Let o € (Staby(D))C. Therefore, by Theorem 2.23 and Theorem 2.24, o¢ = Forgél(a) is in
(Stabi¢(Dg))¢. We now apply Theorem 2.23 again but with Forgs. In particular, let oz := Forgél(ac),

where
Poc(¢) = {€ € (Do) : Forgg(€) € Poy ()]
= {5 € (Dg)g : Forg(Forgs(€)) € 770(4))}.

By Proposition 2.23, Forgél(ac) € Staby¢((Dg)g)- To complete the proof, we need to show that, under the
equivalence (Dg)z = D, we have oz = 0 up to rescaling the central charge by |G|. From Theorem 2.10 we
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know that Forgz = Inf; under this equivalence. Hence we can apply the same argument as in the proof of
[MMSO09, Proposition 2.17]. In particular,

Pos(®) = {€ € D: Forg(Infa(€)) € Py ()}

=lgeD: @qng(g) e P, ()},

geG

Suppose & € P;.(¢). Since P(¢p) is closed under direct summands, Qo (E) € Py(¢p) for all g € G. Thus
€ € Py(¢p). Now suppose £ € Py(¢); then by the proof of Proposition 2.23, it follows that we have
Forg(Infg(£)) = BgecPg(€) € Py (). Therefore, £ € Py (). In particular, P, = P,. Now let [£] €
Kuum (D) ® C, and consider the central charge

Z5e([E]) = Zg o (Forge). o (InfG).([€]) = Zo | ) ([Dg(E)]) |-

geG

The central charge Z, is G-invariant; hence Z,([€]) = (Pg).Z, ([€]) = Z,([Pg(€)]) for all g € G. Finally,
since Z;; is a homomorphism, it follows that Z,_([€]) = |Gl Z,([£]).

Note that if we start instead with a stability condition o € (Staby¢(Dg))C, then by a symmetric argument
it follows that og = Forga1 o Forgél(aG), up to rescaling the central charge by |G| = |G|. Therefore, Forga1
and Forgé1 are homeomorphisms since they are continuous by Theorem 2.25 and rescaling the central
charge is itself a homeomorphism. In fact, rescaling the central charge by |G| is a linear isomorphism on
Homgz(K,um (D), C) and Homgz (K, m(Dg), C). Hence Forg&l and Forg_a1 are analytic isomorphisms since
they are isomorphisms on the level of tangent spaces; i.e.

(HomZ(Knum(D)l C))G <_;> (HomZ(Knum(DG)J C))G
Z+— ZoForgs
Z'oForg, «— Z'. a

Remark 2.27. If D = Db(X), where X is a scheme, and if the action of G on D is induced by an action of G
on X, i.e. @, = g%, then the analytic isomorphism above gives the bijection in the abelian case of [Pol07,
Proposition 2.2.3].

Remark 2.28. As in [BMS16, Theorem 10.1], Theorem 2.26 also goes through with the support property. In
particular, a stability condition o € (Staby¢(D))C satisfies the support property with respect to (A, ) if and

only if the induced stability condition o € (Stabys(Dg))C satisfies the support property with respect to
(A, Ao (Forgg).).

3. Geometric stability conditions on abelian quotients

We apply the methods of Section 2.3 to describe geometric stability conditions on free abelian quotients.
In particular, we show that geometric stability conditions are preserved under the analytic isomorphism in
Theorem 2.26, and we use this to describe a union of connected components of geometric stability conditions
on free abelian quotients of varieties with finite Albanese morphism. In the case of surfaces, we obtain a
stronger result using a description of the set of geometric stability conditions from Section 5.
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3.1. Inducing geometric stability conditions

Let X be a smooth projective connected variety over C. Let G be a finite group acting freely on X.
Let Y = X/G, and denote by 7: X — Y the quotient map. Let D%(X) denote the derived category of
G-equivariant coherent sheaves on X as in Example 2.5.

Recall that DP(Y) = DE(X ), where the equivalence is given by

W: D°(Y) — D2(X)
Er— (7{*(8)1 /\nat)
and Ay = {Aglecc is the G-linearisation given by
Ao TE— g€ =(nog)&=mE.

Now assume G is abelian. By Theorem 2.10, there is an equivalence () : DP(X) = (DE(X))é This fits
into the following diagram of functors:

where
LV Q W Q LW 0
7" =Forgs =Infs, 7, =Inf; =Forgs, m. on” =InfgoForg,; Forggolnfs=InfzoForgs.
The residual action of G on DP(Y) is given by tensoring with numerically trivial line bundles £ x for each
x €G.

Definition 3.1. A Bridgeland stability condition o on D®(X) is called geometric if for every point x € X, the
skyscraper sheaf O, is o-stable.

Proposition 3.2 (¢f. [FLZ22, Proposition 2.9)). Let o be a geometric numerical stability condition on DP(X).
Then all skyscraper sheaves are of the same phase.

In this context, the isomorphism from Theorem 2.26 preserves geometric stability.

Theorem 3.3. Suppose G is a finite abelian group acting freely on X. Let t: X — Y := X/G denote the quotient
map. Consider the action of G on Dg(X) =~ DP(Y) as in Proposition 2.6. Then the functors 7* and 10, induce an

analytic isomorphism between G-invariant stability conditions on D®(X) and G -invariant stability conditions on
DP(Y) which preserve geometric stability conditions:

(r*)™!: (Stab(X))® é (Stab(Y))® : ()"

The compositions (10,)~ o (")~ and (*) ™' o (w,)™" fix slicings and rescale central charges by |G|.
In particular, suppose o = (Py,Z;) € (Stab(X))C satisfies the support property with respect to (A, A). Then
(’/‘Z*)*l(a) =0y = (ng,ZGY) € (Stab(Y))G is defined by

P, ($) ={€ €D*(Y): 7°(€) € Po ()},

>
Zy, =ZgoT,

where 1T is the natural induced map on K(D®(Y)) and oy satisfies the support property with respect to (A, X o 7c*).
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Proof- First note that 77, o 7*: Kjym(Y) = Kpum(Y) is just multiplication by |G| because it sends [E] to
[E ® @X66£X]' Therefore, 7 Kym(Y) = Kyum(X) is injective.

Together with Theorem 2.26 and Remark 2.28, the above implies that (7*)~' and (7,)! give an analytic
isomorphism between numerical Bridgeland stability conditions as described above. It remains to show that
o € (Stab(X))C is geometric if and only if oy = (77*)7(0) is.

Step 1. Suppose o = (P, Z,) € (Stab(X))C is geometric. Let v € Y. This corresponds to the orbit Gx for
some x € X (so x is unique up to the action of G). We need to show O, is oy-stable. Recall

Py () = {€ € DO(Y) : 7°(€) € P, ()}

for every ¢ € R. Now consider
0, = (P Og1, € DP(X
geG

By our assumption on o and Proposition 3.2, all skyscraper sheaves of points of X are o-stable and of the
same phase, which we denote by ¢gyy. In particular, Og-1, € Py(Qsky) for all g € G. Moreover, P, (Psky) is
extension closed; hence @geG Og-1x € Py (Psky), and thus Oy € Py (Psky)-

Now suppose that O, is strictly semistable; then there exist £, F € Py, ({sky) such that
E—> Oy —>F

is non-trivial, i.e. £ is not isomorphic to 0 or O,. By the definition of 7; (¢sky), the pullbacks 7*(€) and
7*(F) are objects in P, (sky). Hence we have the following exact sequence in P, (Psiy):

(E) > 1(0,) = @og_lx —» 1 (F).

geG

Since 70*(€) is a subobject of 77°(0y), we must have 70*() = B _, Os1, where A C G is a subset. Hence,

acA
supp(rc*(€)) = {a_lx rae A} C {g_lx 1g€ G} = supp(n* (Oy)).
Note that 77*(€) is a G-invariant sheaf. But supp(7t*(£)) is G-invariant if and only if A =0 or A = G. Hence

E=0or &= Oy’ and we have a contradiction.

Step 2. Suppose that oy = (P;,,Z,,) € (Stab(Y )) is geometric. Recall

Py (¢) = {€ € DO(Y) : 7°(€) € P, ()}

for all ¢ €R. Fix x € X, and let y € Y be the point corresponding to the orbit Gx. By assumption, O, is
oy-stable. Let ¢y denote its phase. Then 7*(O0,) = @gec §'Oy € Py (Psky). Moreover, since Py (Pgiy) is
closed under direct summands, §*O, € P, (¢sy) for all g € G. In particular, Oy € P, (Psky). Now suppose
that O, is strictly semistable; then there exist A, B € P;(¢sky) such that

A—O,—»B

1

is a non-trivial exact sequence in Py(¢sky), i.e. A is not isomorphic to 0 or O,. By Step 1, (7,)”" sends

Ps(Psky) to Py, (Psiy). Hence we have a short exact sequence in Py, (Psky),
1. (A) = 1,(0y) = Oy — 1.(B).

However, Oy is stable; hence 7t,(A) = 0 or 7, (B) = 0. But 7 is finite; hence 7, is conservative. Therefore,
A =0 or B=0, and we have a contradiction. O
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3.2. Group actions and geometric stability conditions on surfaces

We denote by Stab®®°(X) the set of all geometric stability conditions on X. We will see in Theorem 5.5
that if X is a surface, then o € Stab®®°(X) is determined by its central charge up to shifting by [2n]. This
means that to test if o is G-invariant, we only have to check the central charge.

Lemma 3.4. Let G be a group acting on a surface X. Then o = (P, Z) € Stab®®°(X) is G-invariant if and only
if Z is G-invariant.

Proof. 1f 0 = (P, Z) € Stab®®°(X) is G-invariant, then so is Z. Suppose o = (P,Z) € Stab®®°(X) and Z is
G-invariant. Fix g € G. Then g"0 = (¢"(P),Z 0 ¢") and ¢ are both geometric, and skyscraper sheaves have
the same phase. By Theorem 5.5, we have 0 = g*0. O

Lemma 3.5. Let G C Pic(X) be a finite subgroup. Then the induced action of G on Koy (X) is trivial.

Proof- Let £ € G and [E] € K,y (X). The induced action of G on K,y (X) is given by £-[E] := [EQ L].
Since £ is a numerically trivial line bundle, ch(£) = e“1(“) and ¢;(£) = 0 in Chowpym(X). Therefore,

chlk,,, ([E®L]) =chlk, (E])-chlk,, (£)=chlk, ([E]).

By the Hirzebruch-Riemann-Roch theorem, the map ch: K(X) — Chow(X) induces an injective map
ch: K um(X) = Chow,ym(X). Therefore, £-[E] = [E® L] = [E] in K ym(X). O

num num num

Corollary 3.6. Let S be a surface, and let G C Pic%(S) be a finite subgroup. Then every geometric stability
condition on S is G-invariant.

Proof. Let 0 = (P,Z) € Stab®®°(S). By Theorem 3.4, it is enough to show that Z is G-invariant. By
Theorem 3.5, the group G acts trivially on K, ,,(S). Since ¢ is numerical, Z: K(S) — C factors via
Kpum(S); hence Z is G-invariant. g

Example 3.7. Suppose G is a finite abelian group acting freely on a variety X, and let Y := X/G. Then by
Proposition 2.6, there is also an action of G= Hom(G, C) on D]é(X) =~ DP(Y). As discussed in Section 3.1,
the corresponding action on DP(Y) is given by tensoring with a numerically trivial line bundle L, for each
X € G. IfXisa surface, then Theorem 3.6 tells us that every geometric stability condition on Db(Y) is

G-invariant.

3.3. Applications to varieties with finite Albanese morphism

Lemma 3.8. Suppose that a finite group G acts on a triangulated category D by exact autoequivalences such that
the induced action on K, (D) is trivial. Then (Stab(D))C is a union of connected components inside Stab(D).

Proof. By Theorem 2.16, there is a local homeomorphism

Z: Stab(D) — Homz(K,ym (D), C).
Let g € G, and denote by (®,), the induced action of g on K(D) and Ky (D). Recall that the action of
G on Stab(D) is given by (@), -0 = (Pg(P),Z 0 (CDg):l). The induced action of G on Ky, (D) is trivial;
hence Z(0) is G-invariant and Z(g- o) = Z(0). Furthermore, G acts continuously on Stab(D), and the local

homeomorphism Z commutes with this action. Hence the properties of being G-invariant and not being
G-invariant are open in Stab(D), so the result follows. O

We now combine this with the results of Sections 3.1 and 3.2.

Theorem 3.9. Let X be a variety with finite Albanese morphism. Let G be a finite abelian group acting freely

on X, and let Y = X/G. Then Stabi(Y) := (Stab(Y))® = Stab(X)C is a union of connected components in
Stab(Y) consisting only of geometric stability conditions.
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Proof. The variety X has finite Albanese morphism, so it follows from [FLZ22, Theorem 1.1] that all stability
conditions on X are geometric. In particular, all G-invariant stability conditions on X are geometric,
so from Theorem 3.3 it follows that all G-invariant stability conditions on Y are geometric. Hence
(Stab(Y))C c StabSeo(Y).

Recall from Example 3.7 that G acts on DP(Y) by tensoring with numerically trivial line bundles. Now we
may apply Lemma 3.5, so it follows that G acts trivially on Kj,,;,(Y). Hence, by Lemma 3.8, (Stab(Y))a is
a union of connected components. U

When X is a surface, we will see in Theorem 5.36 that StabGeO(S) is connected. Hence we have the

following stronger result.

Theorem 3.10. Let X be a surface with finite Albanese morphism. Let G be a finite abelian group acting
freely on X. Let S = X/G. Then Stab¥($) = Stab®®°(S) = (Stab(X))C. In particular, Stab(S) is a connected
component of Stab(S).

Proof- By Theorem 3.9, Stabi(S) C StabGeO(S) is a union of connected components. By Theorem 5.36,
Stab®®°(S) is connected. In particular, Stab¥(S) = Stab®®°(S), and this is a connected component of
Stab(S). O

Remark 3.11.

(1) The equality Stab®®°(S) = (Stab(S))E also follows by combining Theorem 3.9 with Theorem 3.6.
(2) The equality Stab¥(S) = Stab®®°(S) will be explicitly described in Theorem 5.10.

Example 3.12. Let S = (C; x C,)/G be the quotient of a product of smooth curves such that g(Cy), g(Cy) >1
and G is a finite abelian group acting freely on S. Then C; x C, has finite Albanese morphism. By
Theorem 3.10, Stab®®°(S) is a connected component. In particular, we could take S to be any bielliptic
surface (see Example 1.2) or a Beauville-type surface with G abelian (see Example 1.1).

Remark 3.13. For an ample class H on a variety of dimension 7, consider the following surjection from K(X):
[E]+—> (H"cho(E), H"™" . chy (E),...,ch,(E)) C R".

Let Ay denote the image. The submanifold Staby (X) := Stab, , (X) C Stab(X) is often studied. Note that
these are the same when X has Picard rank 1.

Now let X be a surface with finite Albanese morphism, and let G be an abelian group acting freely on X.
Let S = X/G, and denote by 7t: X — S the quotient map. Moreover, let Hy be a G-invariant polarization
of X, and let Hg be the corresponding polarization on S such that 7*Hg = Hx. Then if a homomorphism
Z: K(X) — C factors via Ap,, it is G-invariant. Hence by Theorem 3.4, all stability conditions in Stabp, (X)
are G-invariant.

From Theorem 3.10 it follows that Stabf_IS(S) = (StabHX(X))G = Staby, (X). The component Staby, (X)

is the same as the component described in [FLZ22, Corollary 3.7]. This gives another proof that Stabﬂs (S) =
Stabgio(S) is connected.

Example 3.14. A Calabi-Yau threefold of abelian type is an étale quotient Y = X/G of an abelian threefold X
by a finite group G acting freely on X such that the canonical line bundle of Y is trivial and H'(Y,C) = 0.
As discussed in [BMS16, Example 10.4(i)], these are classified in [OS0l, Theorem 0.1]. In particular, G can be
chosen to be (Z/2Z)®? or Dy (the dihedral group of order 8), and the Picard rank of Y is 3 or 2, respectively.

Fix a polarization (Y, H), and consider Staby(Y) as in Theorem 3.13. This has a connected component P
of geometric stability conditions induced from Staby (X), see [BMSI16, Corollary 10.3], which is described
explicitly in [BMS16, Lemma 8.3]. When G = (Z/2)®2, by [OPT22, Theorem 3.21], the stability conditions
constructed by Bayer-Macri-Stellari in Staby(X) satisfy the full support property (i.e. the support property
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with respect to Ky, (X)), so they actually lie in Stab(X). Together with Theorem 3.9, this implies that
o € P also satisfies the full support property. In particular, P lies in a connected component of Stab*(Y).

4. The Le Potier function

We compute the Le Potier function of free abelian quotients and varieties with finite Albanese morphism.
We apply this to Beauville-type surfaces which provides counterexamples to Conjecture 1.4. Throughout, X
will be a smooth projective connected variety over C.

4.1. H-stability

Notation 4.1. Let A - B denote the intersection product of elements of Chow,,»(X)®R. If A-B is
0-dimensional, we define A. B :=deg(A - B).

Definition 4.2. Let dim X = n. Fix an ample class H € Ampg(X). Given 0 # F € Coh(X), we define the

H-slope of F as follows:

H™'ch,(F) .
yH<P)::{WOSF> if cho(F) >0,

+00 if chy(F) = 0.
We say that F is H-stable (resp. H-semistable) if for every non-zero subobject E C F,

pu(E) < py(F/E)  (resp. py(E) < py(F/E)).
4.2. The Le Potier function

When studying H-stability, a natural question that arises is whether there are necessary and sufficient
conditions on a cohomology class y € H*(X, Q) for there to exist an H-semistable sheaf F with ch(F) = y.

The Bogomolov-Gieseker inequality (see [Bog79, Section 10] or [HL10, Theorem 3.4.1]) gives the following
necessary condition for H-semistable sheaves on surfaces:

2¢chg(F)ch,(F) < ch, (F)>.

This generalises to the following statement for any variety X of dimension n > 2 via the Mumford-Mehta-
Ramanathan restriction theorem.

Theorem 4.3 (¢f [Lan04, Theorem 3.2], [HL10, Theorem 7.3.1]). Assume dim X =n > 2. Fix H € Ampg(X).
If F is a torsion-free H -semistable sheaf, then

2cho(F)(H"? . chy(F)) < H" . chy (F)*.
Remark 4.4. Let B € NSg(X). The twisted Chern character is defined by ch® :=ch-e™B. Then
2
2chg(F)(H"?. ch§(F)) - H" 2. (chf(F))" = 2cho(F) (H" . chy(F)) - H""> . chy (F)’;
hence Theorem 4.3 also holds for twisted Chern characters.

Now assume dimX = n > 2, and fix (H,B) € Ampg(X) x NSg(X). Then H" > 0. Let F be any
H-semistable torsion-free sheaf. By the twisted version of Theorem 4.3,
2
2H"chy(F)(H"?.ch}(F)) < H"(H"2 . chf(F)?) < (H"™" . ch}(F))’,
where the final inequality is by the Hodge index theorem. Since F is torsion-free,

2

H"2.chB(F) 1 (H™'.chB(F)
< —
Hchg(F) ~ 2\ H"chy(F)
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Now we expand the expressions for Chg(F) and ch]f(F):

H""2 . ch,y(F)-H""2.B.ch(F)+ H""2. B2 . chy(F)

Hricho(F)
_ L(H"".chy(F)—H"". Bchy(F) 2

=2 Hrcho(F)

1 H"™1. B\’

= fmer- )

Therefore,

H"2 . ch,(F)~H"™2.B.ch (F) 1 H™'.B\* 1H"2.B?
= < — e —— e

For a given p € R, if ppy(F) = p, we can therefore ask how large vy p(F) can be. These leads us to make the
following definition.

Definition 4.5. Assume dim X =n > 2. Let (H, B) € Ampg(X) x NSg(X). We define the Le Potier function
twisted by B, ®x i p: R = R U {-0c0}, by

(4.2) Oy p.p(x) :=limsup{vy g(F) : F € Coh(X) is H-semistable with p(F) = p}.

/,1—))6
Remark 4.6. If B = 0, we will write @y py := P p7 o. If n =2, then Oy p is exactly [FLZ22, Definition 3.1].
The above discussion and definition generalises [FLZ22, Proposition 3.2].

Lemma 4.7 (¢f [FLZ22, Proposition 3.2]). Let X be a variety of dimension n > 2. Let (H, B) be classes in
Ampg(X) x NSR(X). Then Ox 1y p is well defined and satisfies

H"! B )2 H"2 B2

1
Oy, p,(x) < ) [(x = T

1t is the smallest upper-semi-continuous function such that

vy,B(F) < Ox u,g (#H(F))

for every torsion-free H -semistable sheaf F.

4.3. The Le Potier function for free quotients

Let G be a finite group acting freely on X. There is an étale covering w: X — X/G =: Y. Then
Pic(Y) = Picg(X), the group of isomorphism classes of G-equivariant line bundles on X. Fix Hg € Ampg(Y).
Then 7"Hg € Ampg(X) is G-invariant. Beauville-type and bielliptic surfaces provide examples of such
quotients.

Example 4.8 (Ample classes on Beauville-type surfaces). Let S = X/G be a Beauville-type surface, as
introduced in Example 1.1. Then X = C; xCj is a product of curves of genus g(C;) > 2, g(S) := h!(S,0g) = 0,
and p,(S) = h*(S,05) =0, so x(Og) = 1, and Kgr = 8, where Ky is the canonical divisor of S.

Assume that there are actions of G on each curve C; such that the action of G on C; x C, is the diagonal
action. This is called the unmixed case in [BCGO08, Theorem 0.1] and excludes 3 families of dimension 0. To
classify ample classes on S, we follow similar arguments to [GS13, Section 2.2]. Let p;: X — C; denote the
projections to each curve. For i, j € Z, define the G-invariant divisor class

[0G, )] := p} ([Oc, (1)]) @ 5 ([Oc, (7)]) € NSG(X).
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Moreover,

to C)- to C - -
Ko () = 12! 1?(; (@) _, 0 g(cliéll 8(C) _y 00 =14

Therefore, rank NS(S) = b,(S) =2 and
NSq(S)=Q-[0(1,0)]®Q-[O(0,1)].
In particular, Ampg(S) =R - [O(1,0)]® R - [O(0,1)].

Lemma 4.9 (¢f [HL10, Lemma 3.2.2)). Let f: X — Y be a finite morphism of varieties of dimension n > 2,
and let E € Coh(Y). Let (Hy,By) € Ampg(Y) xNSg(Y). Then E is Hy -semistable if and only if f*E is
f*Hy -semistable. Moreover, if cho(E) = 0, then py (E) = ps-p, (f*E) and vy, g, (E) = vpy, s, (fE). In
particular, Ox -, -, > Py Hy,B,-

Proof. The claim that E is Hy-semistable if and only if f*E is f*Hy-semistable follows from the same
arguments as in the proof of [HL10, Lemma 3.2.2]. If chy(E) # 0, then

o (FE) = S8 HY" L (b (E))
fHy deg ((f*Hy)" - f*(cho(E)))
_ deg(f*(Hy ™' -chy(E)))
" “deg(f*(Hy - chy(E)))
_ deg(f)deg(H} ™" - chy ()
" deg(f)deg(Hj - chy(E))
= pp, (E)

(f is flat, so " is a ring morphism)

(projection formula)

By the same arguments, vp.p, ¢, (f"E) = v, B, (E). 0

Lemma 4.10. Suppose a finite group G acts freely on X. Let t: X — Y := X/G denote the quotient map. If
F € Coh(X) is 7t"Hy -semistable, then 10, F is Hy -semistable. Moreover, if chy(F) # 0, then pyy, (7.F) = pirepr,, (F)
and VHy,By(TZ*P) = vn*Hy,n*By (F) In [)articular, (DX,TZ*Hy,TZ*By < q)Y,Hy,By‘

Proof- Suppose that F € Coh(X) is 7*Hy-semistable. Recall from Section 3.1 that, under the equivalence
Coh(Y) = Cohg(X), we have 7t* o t, = Forg - o Infg;, so

7* (10,(F)) = Forg; o Inf(F) = @ ¢'F.
geG
Since 7t*Hy is G-invariant, it follows that g*F is 7" Hy -semistable for every g € G. In particular, @g cSF
is 7*Hy-semistable. By Lemma 4.9, 7t,F is Hy-semistable.
Now suppose chy(F) # 0. Since the Chern character is additive, p;-p, (T*70.F) = pir-pr, (F). By Lemma 4.9,
ey, (10.F) = pre g, (7070, F) = e, (F), as required.
By the same arguments, vy, g, (7.F) = iy, e, (F).- O

Proposition 4.11. Suppose a finite group G acts freely on X. Let t: X — Y = X/G denote the quotient map. Let
(Hy,By) € Ampg(Y) x NSg(Y). Then @y g, B, = Ox,7H,, 7B, -

Proof. This follows from Lemmas 4.9 and 4.10. O

4.4. The Le Potier function for varieties with finite Albanese morphism

The Le Potier function for surfaces with finite Albanese morphism was known previously; see [LR23,
Example 2.12(2)]. Below, we give a different proof which works for @x p 5 in any dimension. We first need
the following definition.



22 H. Dell

Definition 4.12 (¢f [Muk78, Definitions 4.4 and 5.2]). A vector bundle E on an abelian variety A is
homogeneous if it is invariant under translations, i.e. for every x € A, T;(E) = E, where Ty is translation on A

by x. The vector bundle E is called semi-homogeneous if for every x € A, there exists a line bundle L on A
such that T;(E) = EQ®L.

See [Muk78, Proposition 5.1] for some equivalent characterisations for when a vector bundle is semi-
homogeneous. We will need the following properties.

Theorem 4.13 (¢f [Muk78, Theorem 4.17, Lemma 6.11]). Let E be a vector bundle with chy(E) = r on an
abelian variety A.

(1) The vector bundle E is homogeneous if and only if E = @i;l (P, ® U;), where each P; is a numerically
trivial line bundle and each U; is a unipotent line bundle, i.e. an iterated self-extension of O,.

(2) Suppose E is semi-homogeneous, and consider the multiplication by r map, rp: A — A. Then we have
W E = det(E)®" ®V, where V is a homogeneous vector bundle with chy(V) = chy(r, E) and ¢, (V) = 0.

There are many H-semistable semi-homogeneous vector bundles on any abelian variety.

Proposition 4.14 (¢f. [Muk78, Theorem 7.11]). Let A be an abelian variety, and fix H € Ampg(A). For every

divisor class C € NSq(A), there exists an H -semistable semi-homogeneous vector bundle Ec on A with C = %

and Ch(Ec) = Cho(Ec) . EC.

Proof. These vector bundles are constructed as follows: for any C € NSg(A), write C = [lﬂ’ where [L]
is the equivalence class of L € NS(A) and [ € Z.. Let I4: A — A denote the multiplication by [ map,
and define F = (I4),((L)®'). By [Muk?78, Proposition 6.22], F is a semi-homogeneous vector bundle with
C=0(F):= gﬁ;g; Moreover, F has a filtration by semi-homogeneous vector bundles E,..., E,,. By [Muk78,
Proposition 6.15], each E; is pp-semistable for any H € Ampg(A) and satisfies C = o(E;).

Let E¢ := E;, and let r = chy(Ec). We claim that ch(E¢) = re®. Consider the multiplication by  map
ra: X — X. By Theorem 4.13(2), we have 1} Ec = det(Ec)®" ® V, where V is a homogeneous vector bundle,

and

(4.3) ch(ryEc) = ch(V)-ch(det(Ec)® ) = chy (r}y Ec ) " 4!Fe) = chy (rZEC)erzc.

Now recall that H2(A,C) = A* HY(A,C). On H'(A,C), 1’ is multiplication by r. It follows that on
Chow!

num(X), 74 is multiplication by 7% In particular, 8(ryEc) = r?5(Ec). Hence (4.3) becomes

ch(rZEc) =chy (rzEC)eé(r;*EC) =1y (chO(Ec)eé(EC)) =7y (rec).
Since ry4 is flat, the claim follows. O
We use this to compute the Le Potier function for abelian varieties.
Proposition 4.15. Let A be an abelian variety of dimension n > 2. Fix (H,B) € Ampg(A) x NSg(A). Then

1
Dy pp(x) = 5

H"1 B\* H"2 B2
X — o — I .

Proof- For any k € Q, define Cy := kH + B. Then by Theorem 4.14, there exists a p-semistable vector

h
bundle Ec, with Cy = zh;g?‘; and ch(Ec,) = chy(Ec,)- eCk. Let r = chy(Ec,). Hence
k
H" 1. rCy H"'.B
pu(Ec) = —m— =k+ ——,
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and

H”‘2.%rC£—H”‘2.B.er

vu,B(Ec,) =

H"r
| H"2.(k*H?+ 2kH . B+ B*) - H"2. (2kH . B+ 2B?)
2 H"
_1[p H"2.B?
2 H"
1 H™1.B\* H"?. B2
=3 pu(Ec,) - T |

This gives a lower bound for @4 i 5 (yH(ECk)), which is the same as the upper bound in Lemma 4.7. Now
note that for any x € Q, we can choose k so that puy(Ec,) = x. Hence @4 7 p(x) attains its upper bound
for all x € Q. Finally, by the definition of the Le Potier function, it must attain this upper bound for all
x eR. U

Varieties with finite Albanese morphism also have many H-semistable vector bundles.

Proposition 4.16 (¢f [LR23, Example 2.12(2)]). Let X be a variety with finite Albanese morphism a: X — Alb(X)
and n:=dimX > 2. Let Hy € Ampg(X). Then a*Ec is Hy -semistable for every C € NSq(Alb(X)).

Proof. Fix C € NSq(Alb(X)) and Hy € Ampgr(Alb(X)). Let Ec be the corresponding H4-semistable
semi-homogeneous vector bundle on Alb(X) from Proposition 4.14. Let r := chy(E(), and consider the
multiplication by r map rajp(x): Alb(X) — Alb(X). By Theorem 4.13,

k

PDreu

i=1

Faw (Ec) = L'

s

where L is a line bundle and for all i, P, is a numerically trivial line bundle and Uj is an iterated self-extension
of Oplp(x)- Therefore, L® rj\lb( X)(EC) is an iterated extension of numerically trivial line bundles.
Now consider the fibre square

Z = X xp1(x) Alb(X) —2 Alb(X)

Jr I

X ! s Alb(X).

Without loss of generality, fix a connected component Z of Z. Then on Z,

(px|z)'a*(Ec) = (palz)'ry(Ec).

The property of being an extension of numerically trivial line bundles is preserved by taking pullback. Hence
pu(L)® (px|z)*a*(Ec) is an iterated extension of numerically trivial line bundles. Recall that line bundles
are stable with respect to any ample class. Thus p’, (L) ® (px|z)*a*(Ec) is (px|z) Hx-semistable; hence so is
(pxlz)*a*(Ec). By Lemma 4.9, a*(Ec) is Hyx-semistable. O

Proposition 4.17 (c¢f. [LR23, Example 2.12(2)]). Let X be a variety with finite Albanese morphism a: X —
Alb(X). Fix (H, B) € Ampg(Alb(X)) x NSg (Alb(X)), and assume n := dim X > 2. Then

(@H)"'.a*B\*> (a*H)"2.(a"B)>?
(_ (a*H)" - (a*H)"

1
Datp(x),H,B(X) = Px 421 0 (X) = 5
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Proof. First note that, by the projection formula, the upper bounds of ®pjp(x)H,8 and Px 4y .- are the
same. By Theorem 4.9, ®a1y(x), 1,8 < Px o 1,4 - Hence it suffices to show that @ p,(x) 17, attains this upper
bound. This follows from Theorem 4.15. 0

We now combine this with Proposition 4.11.

Theorem 4.18. Let X be a variety with finite Albanese morphism a: X — Alb(X), and let G be a finite group
acting freely on X. Let t: X — X/G =:Y denote the quotient map. Suppose we have

e Hx =a"H = 1"Hy: a class in Ampg(X) pulled back from Alb(X) and Y, and

e Bx =a"B=m"By: a class in NSg(X) pulled back from Alb(X) and Y.

Then
1 H!"' By
Dy b, (x) = = (X— X )
P H}

2

-2 2
~ Hy “.By

Hy
Proof- By Propositions 4.11 and 4.17, it follows that

1
Dy H,,By (%) = Px reH,, 7By (X) = 5 [(X -

(' Hy)""\ . 1By )2 (CHy)" . (n*By)z]
: .

(*Hy)" (*Hy)"
The result follows by the projection formula. OJ

Example 4.19. Suppose X has finite Albanese morphism a: X — Alb(X), and let G be a finite group
acting freely on X. This induces an action of G on NS(Alb(X)). Fix L € Amp(Alb(X)) and B = 0. Then
H = ®4ccg’L € Ampg(Alb(X)) satisfies the hypotheses of Theorem 4.18. In particular, this applies to
bielliptic surfaces (3 = 1) and Beauville-type surfaces (¢ = 0). The latter provides a counterexample to

2

Conjecture 1.4 since Dy p7, o(x) = %x is continuous.

5. Geometric stability conditions and the Le Potier function

We use the Le Potier function to describe the set of geometric stability conditions on any surface. This
was previously known for surfaces with Picard rank 1; see [FLZ22, Theorem 3.4 and Proposition 3.6].

5.1. The deformation property and tilting

To prove the existence of stability conditions later in this section, we will need the following refinement of
Theorem 2.16.

Proposition 5.1 (¢f [BMSI6, Proposition A.5], [Bayl9, Theorem 1.2]). Let D be a triangulated category. Assume
0 = (P,Z) € Stab (D) satisfies the support property with respect to (A, A) and a quadratic form Q on A®R.
Consider the open subset of Homy (A, C) consisting of central charges whose kernel is negative definite with
respect to Q, and let U be the connected component containing Z. Let Z denote the local homeomorphism from
Theorem 2.16, and let U C Stab (D) be the connected component of the preimage Z~'(U) containing o. Then

(1) the restriction Z|;y: U — U is a covering map, and
(2) any stability condition o’ € U satisfies the support property with respect to Q.

Corollary 5.2. Let D be a triangulated category. Assume 0 = (P, Z) € Stab (D) satisfies the support property
with respect to (A, A) and a quadratic form Q on A®R. Let U C Homy(A,C), and let U C Stab (D) be the
connected components from Proposition 5.1. Suppose there is a path Z; in U parametrised by t € [0, 1] such that
Im Z, is constant and Z,, = Z for some ty € [0,1]. Then this lifts to a unique path o, = (Q,Z;) in U passing
through o along which Q;(0,1] =P(0,1] and o, satisfies the support property with respect to Q.
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Proof- Let Z denote the local homeomorphism from Theorem 2.16. By Proposition 5.1(1), Z|;;: U — U is
a covering map. By the path lifting property, there is a unique path 0; = (Q;,Z;) in U with o = 0;,. By
Proposition 5.1(2), o; satisfies the support property with respect to Q for all t. It remains to show that
Q;(0,1]="P(0,1].

Fix a non-zero object E € D. We claim that the set of points in the path o; where E € Q;(0,1] is open and
closed. Suppose E € Q1 (0,1] for some T € [0,1]. Then all Jordan-Holder factors E; of E with respect to o7
are in Q7(0,1] and satisfy Im Z7(E;) > 0. The property for an object to be stable is open in Staby (D) (see
[BMIL, Proposition 3.3]). Moreover, 0 < ¢o,(E;) is an open property. Since Im Z; is constant, Im Z(E;) > 0
for all £. Hence, for all sufficiently close oy, we have ¢o,(E;) <1 and E € Q4(0, 1].

Now suppose o7 is in the closure and not the interior of {0; : E € Q;(0,1]} inside {o; : t € [0,1]}. Recall
that ¢*(E) and ¢~ (E) are continuous. Hence qbéT(E) =0, and E has a morphism to a stable object in
Q1(0) which is also stable nearby. In particular, {0, : E ¢ Q;(0, 1]} is open, which proves the claim. Hence
Q;(0,1] is constant. Since QtO(O, 1] =7P(0,1], the result follows. O

To construct stability conditions, we will also need the following definition.

Definition 5.3 (¢f [HRS96, Section 1.2]). Let A be an abelian category. A torsion pair in A is a pair of full
additive subcategories (7, F) of A such that

(1) forany T € 7 and F € F, Hom(T,F) = 0;
or an € A, there are | €'/, I € /-, and an exact sequence
2) for any E € A, th TeT,FeF,and q

0—T—E—F—0O
Proposition 5.4 (¢f [HRS96, Proposition 2.1|). Suppose (T, F) is a torsion pair in an abelian category A. Then
AF:={E € DY (A): HY(E) € T, M (E) € F, HI{(E) =0 for all i = 0,1}
is the heart of a bounded t-structure on DY(A). We call A¥ the tilt of A with respect to (T, F).

5.2. The central charge of a geometric stability condition

For the rest of this section, let X be a smooth projective connected surface over C. We are particularly
interested in geometric Bridgeland stability conditions, i.e. o € Stab(X) such that the skyscraper sheaf O, is
o-stable for every point x € X. Denote by Stab®®°(X) the set of all geometric stability conditions.

Theorem 5.5 (¢f. [Bri08, Proposition 10.3]). Let X be a surface, and let o = (P, Z) € Stab®®°(X). Then o is
determined by its central charge up to shifting the slicing by [2n] for anyn € Z.
Moreover, if o is normalised using the action of C such that Z(O,) = -1 and ¢p(Oy) =1 for all x € X, then

(1) the central charge can be uniquely written in the form
Z([E)) = (a ~iB)H?ch([E]) + (B +iH). chy ([E]) ~ chy([E]),
where a, p €R, (H,B) € AmpR( ) x NSr(X);
(2) the heart, P(0, 1), is the tilt of Coh(X) at the torsion pair (T, F), where

_any H-semistable Harder-Narasimhan factor F of
" the torsion-free part of E satisfies Im Z([F]) >0 ’

E is torsion-free, and any H -semistable Ham’er—}

E € Coh(X

7= {E € Coh(X): Narasimhan factor F of E satisfies ImZ([F]) <0

Notation 5.6. We will use Zy g, g = Z to denote central charges of the above form. Since ImZp p 4 g
only depends on H and f, we will denote the torsion pair by (7y 4, 7y g) and write Coh™#(X) for the
corresponding tilted heart. Then op7 34,5 = (ZH,B,a,ﬁ,CohH’ﬁ(X)).
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The proof is similar to the case of K3 surfaces proved in [Bri08, Section 10]. We first need the following
result which immediately generalises to any surface.

Lemma 5.7 (¢f. [Bri08, Lemma 10.1]). Suppose o = (P, Z) € Stab(X) is a stability condition on a surface X such
that for each point x € X, the sheaf O, is o -stable of phase 1. Let E be an object of D®(X). Then

(1) if E € P(0,1], then H (E) = 0 unless i € (1,0}, and moreover H™'(E) is torsion-free;
(2) if E € P(1) is stable, then either E = O, for some x € X, or E[—1] is a locally free sheaf;
(3) if E € Coh(X) is a sheaf, then E € P(—1,1); if E is a torsion sheaf, then E € P(0,1];
(4) the pair of subcategories

7 =Coh(X)NP(0,1] and F =Coh(X)NP(-1,0]
defines a torsion pair on Coh(X), and P(0, 1] is the corresponding tilt.

Proof Theorem 5.5.

Step 1. Since o is numerical, the central charge can be written as follows:
Z([E]) = a cho([E]) + B. chy ([E]) + ¢ cho([E]) + i(d cho([E]) + H . chy ([E]) + e ch,([E])),

where a,c,d,e € R and B, H € NSi(X).

Since o is geometric, O, is o-stable and of the same phase for every point x € X by Proposition 3.2.
As discussed in Remark 2.18, C acts on Stab(X). In particular, there is a unique element g € C such that
g0 =(P’,Z’) satisfies Z'([O]) = -1 and O, € P’(1) for all x € X. Now we may assume that Z([O,]) = -1
and O, € P(1) for all x € X. Hence —1 =c and e = 0. Let C C X be a curve. By Lemma 5.7(3), we have
Oc € P(0,1]. Since chy(O¢) = 0 and chy(O¢) = C,

ImZ([Oc])=H.C > 0.

This holds for any curve C C X, so H € NSg(X) is nef. By [BM02, Proposition 9.4], Stab®®°(X) is open.
Moreover, by Theorem 2.16, a small deformation from ¢ to ¢’ in StabGeo(X) corresponds to a small
deformation of the central charges Z to Z’, and in turn a small deformation of H to H’ inside NSg(X). In
particular, H'. C > 0 for any curve C C X. Therefore, H lies in the interior of the nef cone; hence H is
ample.

Now let a = # and f3 := ;T”Z Then the central charge is of the form

Z([E]) = (a —ip)Hcho([E]) + (B+iH). chy ([E]) — chy([E]).

Step 2. Consider the torsion pair (7, F) of Lemma 5.7(4), so P(0,1] is the tilt of Coh(X) at (7, F). By

Lemma 5.7(3), all torsion sheaves lie in 7. To complete the proof, we need the following claim:

EeT if ImZ([E])>0,

(¥) E € Coh(X) is H-stable and torsion-free =—
EeF if ImZ([E])<0.

This is Step 2 of the proof of [Bri08, Lemma 10.3]. Bridgeland first shows that E must lie in 7 or F.
We explain why it then follows that Im Z([E]) = O implies E € F. Assume E is non-zero and E € 7. Since
Z([E]) € R, it follows that E € P(1). For any x € Supp(E), E has a non-zero map f: E — O,. Let E; be its
kernel in Coh(X). Since O, is stable, f is a surjection in P(1). Thus E; also lies in P(1) and hence in 7.
Moreover, Z([E1]) = Z([E]) — Z([Ox]) = Z([E]) — 1. Repeating this by replacing E with E; and so on creates
a chain E D Ey 2 E; 2 -+ of strict subobjects in (1) such that Z([E,]) = Z([E]) — n. If this process does
not terminate, then Z([Ey]) € Ry for some k € N, contradicting the fact that E,, € P(1). Otherwise, E; = O,
for some i, contradicting the fact that E is torsion-free. 0
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5.3. The set of all geometric stability conditions on surfaces

In the previous section, we saw that a geometric stability condition on a surface with Z(O,) = -1 and
¢(Oy) =1 is determined by its central charge. In particular, it depends on parameters (H, B, a,f) in
Amppg(X) x NSg(X) x R?. To characterise geometric stability conditions on surfaces, we will find necessary
and sufficient conditions for when these parameters define a geometric stability condition. In Definition 4.5,
we introduced the Le Potier function twisted by B. We restate the version for surfaces below.

Definition 5.8. Let X be a surface. Let (H,B) € Ampg(X) x NSg(X). We define the Le Potier function
twisted by B, Ox y p: R = R U {-o0}, by

{chQ(F)—B.chl(F) _F € Coh(X) is H-semistable with}

Dy g p(x) :=limsup

U—x HzChO(F) . .uH(P) =K
Remark 5.9. By [HL10, Theorem 5.2.5], for every rational number y € Q, there exists an H-stable sheaf F
with ’/lH(F) = M.

The goal of this section is to prove the following result.

Theorem 5.10. Let X be a surface. There is a homeomorphism of topological spaces
Stab®®°(X) = C x {(H, B,a,B) € Ampg(X) x NSg(X)xR?: a > cDX,H,B(/s)}.

Remark 5.11.
(1) Theorem 6.10 of [MS17] describes a subset of Stab“¢®(X) parametrised by classes (H,B) in the
product Ampg(X) x NSg(X). This corresponds to where o > %[(ﬁ - %)2 - II_BTZZ] in Theorem 5.10
(see Theorem 5.21 for details). We will call this the BG range.
(2) The subset of Ampg(X) x NSg(X)xR? on the right-hand side of the homeomorphism can be viewed
as a complex submanifold of NS¢(X) x C via (H, B, «, ) — (H + iB, a — i ). With this identification,
the homeomorphism above is in fact one of complex manifolds.

Notation 5.12. To ease notation, we make the following definitions:
U :={(H,B,a, p) € Ampg(X) x NSg(X) x R? : & > Dy 11,5(B)},
Stab{°(X) = {o = (P, Z) € Stab®*°(X) : Z(Oy) = -1,0, € P(1) Vx € X}.

Idea of the proof of Theorem 5.10.— By Theorem 5.5, for every o € Stab®®°(X), there exists a unique g
in C such that g0 € Stabgeo(X ). To prove Theorem 5.10, it is enough to show that there is a homeomorphism
Stabf,eo(X) = U{. We do this in two steps:

Step 1. Construct an injective, local homeomorphism I1: Stabgeo(X ) = U. Theorem 5.5 shows that, for every
0 € Stab§?°(X), there are unique (H, B, @, §) € Ampg (X) x NSg (X) x R? such that o = OH,B,a,p- This gives

an injective map
IT: Stab{®(X) — Amppg(X) x NSg(X) x R
o= UH,B,a,ﬁ > (H,B, (X,ﬁ).

We will show that IT is a local homeomorphism (Theorem 5.13) and that the image is contained in U/
(Theorem 5.15).

Step 2. Construct a pointwise inverse ¥: U — Stab]%eo(X). We will first show this is possible for (H, B, a, B)
in the BG range (Theorem 5.21). In Proposition 5.35, we extend this to any a > ®x y 5(p) by applying
Corollary 5.2 as follows:

e Fix (H, B) € AmpR(X) X NSR(X) and ag > (DX,H,B(ﬁO)-

o Fix aq > %[(/30 - %)2 - II_BTZZ]
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If only a varies, then ImZy p 4 g, is constant. We construct a quadratic form (Proposition 5.28) and show
that it gives the support property for op,p 4, g, (Lemma 5.34) and is negative definite on KerZy g 4 g, for all
a > Dy g p(fo) (Lemma 5.29).

5.3.1. STEP 1: Construction of the map Stabl(\;,eo(X ) > U—

Proposition 5.13. Let X be a surface. Then there is an injective local homeomorphism
IT: Stab{e(X) — Ampg(X) x NSg(X) x R?
o= O'H,B,a,ﬁ [l (H,B, 0(,/3).

Proof. Let Z: Stab(X) — Homy (K, ym(X), C) denote the local homeomorphism from Theorem 2.16. Also
define NV :={(P, Z) € Stab(X) : Z(O,) = -1}, and consider the following diagram:

Stab(X) > N 5  Staby°(X)

/ 2| Nl z |swb§,e°<X>>i

Hom(Kpum(X),C) > {Z:Z(0y)=-1}) > Z(N) > Z(Stab$e(X)).

Since Z is a local homeomorphism and restriction is injective, Z| 5 and ZlStabf,e"(X) are also local homeo-
morphisms. Moreover, by the same argument as in Step 1 of the proof of Theorem 5.5,

(Z:Z(0,) = -1} —> (NSg(X))? x R?
Z = ZH,B,(X,[)’ —> (H, B, 0(,/5).

Define IT to be the composition of Z |Stabl(\§]e0(X) with this isomorphism. Now Theorem 5.5 implies that IT is

an injective local homeomorphism and
imTT C Ampg (X) x NSg(X) x R O
Before we can prove that H(Stabgeo(x )) €U, we need the following result.

Lemma 5.14. Suppose 0 = oy ,pa,p € Stab%eO(X ) is geometric. There there is an open neighbourhood W C R? of
(a, B) such that for every (a’, p’) € W, we have oy p o' p € Stabg,eo(X).

Proof- By [Bri08, Proposition 9.4], there is an open neighbourhood V' of ¢ in Stab(X) where all skyscraper
sheaves are stable. Let Z: Stab(X) — Homyz(K,,m(X), C) denote the local homeomorphism from Theo-
rem 2.16. By Theorem 5.13, TI(V) is open in Ampg(X) x NSg(X) x R%. Therefore, W :=I1(V)|g: is open in
R?. O
Proposition 5.15 (¢f [FLZ22, Proposition 3.6]). Let 0 = 0pap € Stabf,eo(X). Then o > Dx y 5(B),
ie. H(Stab%,eo(X )) CU, whereI1 is the injective local homeomorphism from Proposition 5.13.

Proof. Suppose towards a contradiction that a < @y g p(f). Let W C R? be the open neighbourhood of
(a, B) from Lemma 5.14. Recall that
Dy g p(B) :=limsup{vy p(F) : F € Coh(X) is H-semistable with g (F) = p}.
n—op

Therefore, there exist H-semistable sheaves with slopes arbitrarily close to f and vy p arbitrarily close to
Dy 7 g(p). In particular, there exist a pair (g, fg) € W and a torsion-free H-semistable sheaf F with

H.ch;(F) ch,(F)—B.chy(F)
= — d < F)= .
Hechg(p) 04 a0 =<ves(b) H2chy(F)

(5.1) Bo = pr(F)

Since (ag, fy) € W, we have o, a5, € Stablc\;,eo(X). Moreover, chy(F) > 0, so

Im(Zyy, 5,0y, ([F1) = H. chy ([F]) - BoH?chg([F]) = 0.
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By the definition of the torsion pair (7y g, 7y g,) in Theorem 5.5, it follows that F € Fy g . This implies
that ZH,B,aoyﬁo([P]) € R>0. However, by (51),

Re(Zp B, o ([F1)) = agH?cho([F]) + B. chy ([F]) - ch,([F]) < 0.

Hence Zy g 4,4, ([F]) € R<p, so we have a contradiction. O

5.3.2. STEP 2: Construction of the pointwise inverse U — StabgeO(X ).— We first recall the construc-
tion of stability conditions in [MS17, Theorem 6.10].

Definition 5.16. Let X be a surface, and fix classes (H,B) € Ampg(X) x NSg(X). Define the pair
Ofy B = (COhH'B(X), ZH,B)> where

2
Zin1E) = (~eh (D + - ch(ED it enf ()

2
_ [%(1 - %) - iIZZB]HzchO([E]) +(B+iH).chy ([E]) = chy([E]),

any H-semistable Harder-Narasimhan factor F of}

Tnp = {E € Coh(X): the torsion-free part of E satisfies Im Zy; g([F]) > 0

Fip= { E € Coh(X) E is torsion-free, and any H-semistable Harder—}’

Narasimhan factor F of E satisfies Im Zp p([F]) <0
and Coh™"B(X) is the tilt of Coh(X) at the torsion pair (g g, Fi1,B)-

Lemma 5.17 (¢f [MS17, Exercise 6.11]). Let X be a surface. Then there exists a continuous function
Co): Ampg(X) — Ryq such that, for every D € Effg(X),

Cy(H.D)?+D?>0.

Proof. The inequality C(H . D)? + D? > 0 is invariant under rescaling. If we consider Effg(X) C NSg(X)
as normed vector spaces, it is therefore enough to look at the subspace of unit vectors U C Effg (X).

Since D € U is effective and D # 0, we have H.D > 0. Hence there exists a C € R;( such that
C(H.D)? + D? > 0. Define

Ci,p = inf{C € Rsg: Cyy(H . D)? + D* > 0}.

Since Ampg(X) is open, H’.D > 0 for a small deformation H’ of H. It follows that U is strictly contained
in the subspace {E € NSg(X): E.H > 0}. Moreover, Cyy p is a continuous function on U, and U is compact
as it is a closed subset of the unit sphere in NSg(X). Therefore, Cyy p has a maximum, which we call Cg.
By construction, this is a continuous function on Ampg (X). O

Definition 5.18. Let X be a surface. Let (H, B) € Ampg(X) x NSg(X). We define the following quadratic
forms on K,,m(X)®R:

Qpg = ch% —2ch,chy,
C
Ay = Qpg + Cy(H . ch?)?,
where Cyy € Ry is the constant from Lemma 5.17.

Theorem 5.19 (¢f [MS17, Theorem 6.10]). Let X be a surface. Let (H,B) € Ampg(X) x NSg(X). Then

onp € Stab$*O(X). In particular, oy p satisfies the support property with respect to Afﬁ'B,, where the pair

(H’,B’) € Ampq(X) x NSq(X) consists of nearby rational classes.
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Remark 5.20. Theorem 5.19 was first proved for K3 surfaces in [Bri08], along with the fact that this gives
rise to a continuous family. In [MS17, Theorem 6.10], the authors first prove the result holds for rational
classes (H, B) and sketch how to extend this to arbitrary classes. In particular, oy p can be obtained as
a deformation of oy p for nearby rational classes (H’, B’), and oy p satisfies the same support property,
AI?II’{,,B" This uses the fact that AIZI,iB varies continuously with (H, B), together with similar arguments to
Proposition 5.1.

Proposition 5.21. Let X be a surface. Let (H,B) € Ampg(X) x NSg(X), and fix ay,py € R such that

2
ag > DOx 7.(Bo)- Suppose a > %[(/5 - %) - 11_31—22] Define b := - % €R and a:= \[2a - b*+ 11_31—22 € R.p.

—~+
Then 0y B,a,p, and Oap,1vH are the same up to the action of GL;(R). Moreover, this is a continuous family in

Stabl(\;,eo(X) fora > %[(/30 - %)2 - 5—22]

Proof- We abuse notation and consider the central charges as homomorphisms K, (X) ® R — C. We first
claim that Ker Zy p o 5, = Ker Z,p 1y as sub-vector spaces of Kyym (X)®R. Fix u € Kpym(X) ®R. Since
a>0, we have ImZ,py g,y (1) = 0 if and only if

0 = aH . Bchg(u) +abH?*chg(u) —aH . chy (1)
- a(H. Behy (1) + (/50 - %)H%ho(u) _H. chl(u))
= a(ﬁoHZCho(u) -H. Chl(u))

= —aImZH,B,a,ﬁo(u).

Therefore, Im Z,p .y () = 0 if and only if ImZy g4 g (#) = 0. Now assume ImZ,y ppr(u) = 0, so
H.chy(u) = BoH?chy(u). Then Re Z,p p,pp (1) = 0 if and only if

0= %((aH)z —(B+bH)?)chg+B.chy +bH . chy (1) — chy(u)

1 B+bH)?
== az—&+2bﬁ0 H2chy(u)+ B. chy(u) - chy(u).
2 H?
Moreover,
1(, (B+bH)? 1(, B? B.H\ ,
z(“ - ) = 5|0 - g 2b(po- )
1 2 2
= —[2a-b*+ = - — +b°
2 H? H?
=

Therefore, Z,p,p1yy and Zy pq,p, are the same up to the action of GLJ(R). Moreover, by Theorem 5.19,
Oati,B+bH € Stab$e®(X). Together with Theorem 5.5, this implies that OH,B.a,py = & OaH,B+bH € Stab(X)
for some g € Gi;(R) Then, by definition, 0y, q,p, € StabgeO(X ). It remains to show this gives rise to a
continuous family. By Propositions 5.13 and 5.15,

IT: Stablc\;,eo(X) — U, oypapr— (H B ap)

2
is an injective local homeomorphism. Let V := {(H, Ba,p):a> %[(ﬁ - %) - g—zz]} The restriction
Ifrg-1(y) is still an injective local homeomorphism. Moreover, by the arguments above, I1|rj-1(v) is surjective;

hence it is continuous. U

Remark 5.22. Let Sh}(R) € GL3(R) denote the subgroup of shearings, i.e. transformations that preserve the

real line. It is simply connected; hence it embeds as a subgroup into (i;(R) and acts on Stab(X). In the
above proof, oy g 4,6, and 0,1,ppy have the same hearts, so they are the same up to the action of Sh; (R).
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The next result follows from the proof of Theorem 5.19. We explain this part of the argument explicitly as
it will be essential for extending the support property in Lemma 5.34.

Lemma 5.23. Let X be a surface. Let (H,B) € Ampg(X) x NSg(X). There exist rational classes (H’,B’) in

Ampq(X) x NSq(X) such that, for a > 1, the quadratic form Alg’,’"B, is negative definite on Ker Z,;; g ® R. In

C
particular, A 5, gives the support property for o1 p.

Proof. By Theorem 5.19, we have 0,1y p € Stab%]eo(X) for a > 1, and near (H, B), there exist rational classes
(H’,B’) € Ampg(X) x NSq(X) such that Agﬁ{}g, gives the support property for oy p € StabgeO(X). In
particular, Agf,{'B, is negative definite on K; := Ker Zy; 5 ® R. By Proposition 5.1, it is enough to show Afﬁ”B,
is negative definite on K, := Ker Z,; g ® R for a > 1.

Recall that u = (ch}(u),ch?(u),ch5(u)) e K, if and only if

2
QZHTChg(u) =chB(u), H.chbw)=o.

Let W,: K; — K, be the isomorphism of sub-vector spaces of K, ,,(X) ® R given by

H2
W, : v = (chf(v),chf(v),ch5(v)) — (chg(v), ch¥(w),chB(v) + (a® - 1)7chg(v)).
Let u € K;. Then u = W, (v) for some v € K;. Clearly AIE[I{'B/(O) = 0, so we may assume u = 0.

Hence v # 0, and it is enough to show that Aff,{}g,(\l’a(v)) < 0. Recall that ch]f/ = ch; — B’. chy; hence

Chllg’(\pa(v)) = Chlf,(v). Therefore,

C., 2 H? 2 , )
Al (Wa(v)) = (chlf(v)) —2chB(v)chB(v) - 2(a® - 1)7(chg(v)) +Cpp(H' . ch} (v))
Corr H? 2
= Aplp(v) - 2(a® - 1)7(chg(v))
<AF ().
Since AI%I,’B’ is negative definite on Ky, it follows that Ag’i}g,(\lfa(v)) <0. O

Definition 5.24. Let X be a surface. Let (H, B) € Ampg(X) x NSg(X). Let a > ®x 17 (), and let 6 > 0.
We define the following quadratic form on K, (X)®R:

QH,B,a,ﬁ,é = 5_1(H . Ch] - ﬁoHZCho)z - (HZCho) (Ch2 -B. Chl - (0(0 - 6)H2Ch0).

Lemma 5.25. Let X be a surface. Let (H, B) € Ampg (X) xNSg(X). Fix o, By € R such that oy > ©x 11 5(Po)-
Then there exists a 0 > 0 such that, for every H -semistable torsion-free sheaf F, we have Qg p a,,p,5([F]) = 0.

Proof. Since @y y p is upper semi-continuous and bounded above by a quadratic polynomial in x, the same
argument as in [FLZ22, Remark 3.5] applies. In particular, there exists a sufficiently small 6 > 0 such that

2
x -
(T‘BO) +ap— 0> (I)X,H,B(x)-
Suppose F is an H-semistable torsion-free sheaf. Let x = py(F) = gzi};llo((?), then

5~ (H . chy (F) - /50H2cho(F))2 +(ag—9) (HZChO(F))Z . (Hzcho(F))2<I>x,H,B (H .chy (F) )

HZ2chg(F)

From Lemma 4.7 it follows that

2 ch,(F)—B.ch{(F)
H?2chy(F)

57 (H . chy (F) — BoH2cho(F)) + (a — 3)(H2cho(F))” > (H2cho(F))
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In particular,
57! (H.chy(F) - ﬁOHzcho(F))2 — (H?cho(F))(cha(F) - B.chy (F) - (ag — )H?cho(F)) 2 0. O

Remark 5.26. Let u € Kpym (X)®R. We now consider Zp p o,,, 2gain as a homomorphism Ky, (X)®R — C.
Recall that u € K, :=KerZy g, € Knum(X) ®R if and only if
agH?cho(u)+B.chy(u)—chy(u)=0 and H.chy(u)- poH?*chy(u) = 0.
Then
(i 2
QH,B,ay,po,0(1) = —O(H Cho(”)) <0

for all u € K. In particular, Qg p a,,p,,6 is negative semi-definite on K, . Hence Qy p 44,56 does not fulfil
the support property.

To construct a quadratic form which is negative definite on K, = KerZy g4, 4,, we will combine
QH,B,a0,8y,0 With Qpg, the quadratic form coming from the Bogomolov-Gieseker inequality introduced in
Definition 5.18.

Lemma 5.27 (¢f. [Bog79, Section 10], [HL10, Theorem 3.4.1]). Let X be a surface. Let H € Ampg(X). Then
Qpg([F]) = O for every H -semistable torsion-free sheaf F.

Proposition 5.28. Let X be a surface. Let (H,B) € Ampg(X) x NSr(X), and fix ag,po € R such that

ag > Dx g p(Po). Choose 5 >0 as in Lemma 5.25. Let QifB a0 fo = QH,B,ag,py0 T €QBG- Then there exists an
&> 0 such that

0 ngB’ao’ﬁo([F]) > 0 for every H -semistable torsion-free sheaf F,
2) QI(?},SB,aO,ﬁO([T]) > 0 for every torsion sheaf T, and
(3) szgBﬂo’ﬁo is negative definite on K, = KerZp g 4 g, € Knum(X)®R.

Proof. (1) follows immediately for any ¢ > 0 from Lemmas 5.25 and 5.27. For (2), let Cy be the constant from
Lemma 5.17. Choose €1 > 0 such that ¢ < %. Let T be a torsion sheaf; then

Qpib o ([T]) = 871 (H . chy ([T]))> + e1chy ([T])?
-1
- el(‘1—1<H.ch1<[T]>>2+ch1<[T1>2)
> 1 (Cpy (H . chy ([T]))* +chy ([T])?)
> 0.

For (3), fix a norm on Kym(X), and let U denote the set of unit vectors in K, with respect to this norm.
It will be enough to show there exists an €, > 0 such that ngﬁ a0, ﬂolU <0.
LetA:={uecU| QH,B,a0,,,6 = 0} For any a € A, we have chy(a) = 0. The condition that Zy g 4 g,(4) = 0
becomes
B.chj(a)=chy(a) and H.chy(a)=0.
The divisor H is ample, so ch;(a)? < 0 by the Hodge index theorem. If ch%(a) =0, then ch;(a) =0, and
hence 0 = B. chy(a) = ch,(a). So a = 0, which contradicts the fact that a € U. Therefore,

QBG|A([E]) =chy([E])* <O0.

We now claim that there exists a sufficiently small €, > 0 such that Q?Igf; co o < 0 on U. Note that

o, .
QH%’%JSO e 52QBG|A < 0, so we only need to check the claim on U \ A. Now suppose the converse, so for
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every € > 0, there exists a u € U \ A such that

1
Qpg(u) > _EQH,B,aO,ﬁO,é(u)-
We have Qp p,a,,p,,6(1) <0 since Qy p 46,0 is negative semi-definite on U and u € U \ A. Therefore,

Qpg(u) 1

P(u) = >

 —QH,Bap,py0(1)

™ |

Thus P is not bounded above on U \ A. Moreover, A is closed and QBG|A <0 on A. Hence Qp is negative

definite on some open neighbourhood V of A, so P|V < 0. Finally, U \ V is compact, so P must be bounded
above on U \ V. In particular, P is bounded above on U \ A, so we have a contradiction. It follows that

. 0,€ . . . . .
there exists an &, > 0 such that QHéé ap,B, 1S Degative definite on K, . Finally, let € = min{e, €,}. O

Lemma 5.29. Let X be a surface. Let (H, B) € Ampg (X)X NSg(X). Fix ag, fo € R such that ag > x y 5(Bo)-
Choose 6,¢ > 0 as in Proposition 5.28. Then Qg"}:ao:ﬁo is negative definite on K, := Ker Z g o, s ®R for all
a > ap.

Proof. Recall that u = (chg(u),chy(u),chy(u)) € K, =KerZy g4 5, ®R if and only if
aH?chy(u) + B.chy(u)—chy(u) =0, H.chy(u)-poH?*chy(u)=0.
Let W, : K,, — K, be the isomorphism of sub-vector spaces of K,m(X)®R given by
W, : v = (chg(v),chy (v),chy(v)) > (cho(v), chy (v), chy(v) + (@ — ag) H cho(v)).

Let u € K; then u = W, (v) for some v € K, . Clearly QI%,EB,aO,ﬁO(O) = 0, so we may assume u # 0. Hence

v # 0, and it is enough to show that Qi , » (Wa(v)) < 0. Moreover,
Q2 B0 0 (Wa (¥)) = QB ay 0,0 (Ya (v)) + £Qc (P (v))
= Qb g pos(v) — (@ — ) (H2cho(v))” +€Qpo(v) - 2¢(a - ap)Hcho(v)?
= in}fB,ao,ﬁo(v) —(a — ag)H?*chy(v)? (H2 + 26)
< QI%:SB,aO,ﬁO(V)-
Finally, by Proposition 5.28(3), Qg 4, 4, (V) < 0. O

Lemma 5.30 (¢f [MSI7, Lemma 6.18]). Let (H,B) € Ampg(X) x NSg(X). If E € Coh™"®(X) is 0,1 p-
semistable for all a > 0, then it satisfies one of the following conditions:
(1) H"Y(E) = 0 and H°(E) is an H -semistable torsion-free sheaf.
(2) H"Y(E) = 0 and H(E) is a torsion sheaf
(3) H~Y(E) is a H-semistable torsion-free sheaf, and H°(E) is either O or a torsion sheaf supported in
dimension 0.

Proposition 5.31. Let (H,B) € Ampg(X) x NSg(X). Fix ag, o € R such that ag > Px (o). Choose
5,€ >0 as in Proposition 5.28. If E € Coh'"B(X) is 0411, B -Semistable for all a>> 0, then ngB,ao,ﬁo([E]) > 0.

Proof. Let Q = QZ:SB;aolﬁo' By our hypotheses, E satisfies one of the three conditions in Lemma 5.30.

If E satisfies (1), then Q([E]) = Q([H’(E)]), where H(E) is a H-semistable torsion-free sheaf, and the
result follows from Proposition 5.28(l). Similarly, if E satisfies (2), then by Proposition 5.28(2), Q([E]) =
Q([H°(E)]) = 0. Now assume E satisfies (3). Then

ch([E]) = —ch (X' (E)) + length (H"(E)).
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Hence

Qsc([E)) = Qs ([H ' (E)]) - 2(—cho (H ™" (E)))length (H (E)) > Qs (H ' (E)).
The same argument applies to Qp p q,,4,5- Hence Q([E]) > Q([H~Y(E)]). The result follows by Proposi-
tion 5.28(1). g

Lemma 5.32. Let 0 = (Z,P) € Stab(X) with support property given by a quadratic form Q on K,y (X)®R.
Suppose E € DP(X) is strictly o -semistable and satisfies Q(E) # 0. Let Ay,...,A,, be the Jordan-Hilder factors
of E. Then Q(A;) < Q(E) forall1 <i<m.

Proof. It is enough to prove that Q(A;) < Q(E). Since E is o-semistable, E € P(¢) for some ¢ € R. By
definition, A; € P(¢), and hence also E/A; € P(¢). Therefore, by the support property, Q(A;) > 0 and
Q(E/Ay) > 0. Moreover, since A; and E/A; have the same phase, there exists a A € Ry such that
Z(Ay)—AZ(E/A{) =0. Hence [A1] - A[E/A;] € KerZQR.

Let Q also denote the associated symmetric bilinear form. Now assume [A1]-A[E/A1] # 0 in K,y (X)®R.
By the support property, Q is negative definite on K, (X)® R; hence

0> Q([A1] - A[E/A1]) = Q(A1) - 2AQ(A, E/A;) + A*Q(E/Ay).

Moreover, A >0 and Q(A), Q(E/A;) = 0. It follows that Q(A{, E/A;) > 0. Therefore,

Q(E) = Q(A1) + Q(E/A1) + 2Q(A1, E/A1) > Q(Ay).
Otherwise, if [A;] = A[E/A1], then p:=1/1 >0 and

Q(E) = Q(Aq) + plp + 2)Q(Ay).
If Q(Ay) =0, then Q(E) = 0, so we have a contradiction. Hence Q(A1) >0, so Q(E) > Q(A;). O
Lemma 5.33 (¢f. [Bayl9, Lemma 6.1]). Let 0 = (Z,P) € Stab(X), and let Q be a quadratic form which is

negative definite on Ker Z®R. Suppose E € DP(X) is strictly o -semistable, and let A1, ..., A,, be the Jordan-Holder
Jactors of E. If Q(E) <0, then for some 1 < j < m, we have Q(A;) <0.

Proof. Assume towards a contradiction that Q(A1), Q(E/A;) > 0. Let Q also denote the associated symmetric
bilinear form. By the same argument as in the proof of Lemma 5.32, it follows that Q(A, E/A;) > 0. Therefore,
Q(E) = Q(A1) + Q(E/Ay) + 2Q(Ay, E/A1) > 0,

so we have a contradiction. Hence either Q(A1) < 0 and we are done, or Q(E/A1) < 0. If Q(E/A;) <0, we
can repeat the argument with E/A; and A, instead of E and A;. There are finitely many Jordan-Holder
factors, so this process terminates. Therefore, Q(A;) <0 for some 1 <j <n. g

Lemma 5.34. Let X be a surface. Fix classes (H,B) € Ampg(X) x NSg(X), and take oy, By € R such that

" . L . . 1 H.B\?>_ B
ag > Dx g p(Po). Choose o, e > 0 as in Proposition 5.28. Fix an a; € R with oy > max{ao, 7[(50—W) —m]}

Assume E € DP(X) is OH,B,a,,p, Semistable. Then it follows that QI(Z,SB,aO,ﬁo([E]) > 0. In particular, oy p o, ,p,
satisfies the support property with respect to QZSB ao,fo’

Proof. To ease notation, let Q := Q%EB a0 fo’ From Theorem 5.21, we know that for every a > a7, the stability

conditions 0y p 4,8, and 0, 1,B+pH have the same heart when b = o — % and a, = \[2a —b% + 11_3[—22.
Moreover, by Lemma 5.23, there exist (H', B’) € Ampg(X) x NSq(X) such that AEI{,B' gives the support

property for o, pipy if @ > a,,. We may assume AIC}L,I};, € Z since it is true after rescaling by some integer.
Furthermore, since E is Oa,, H,B+bH -Semistable, Afﬁ’B,([E]) €Zsy.
If E is 0y, a,p,-stable for @ > 0, then by the definition of a,, the vector bundle E is 0,y p-stable for

a > 0. It then follows by Theorem 5.31 that Q([E]) > 0. Otherwise, there exists some a, > @ such that E is
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strictly 0y B q,,p,-semistable. Let Ay,..., A, denote the Jordan-Hélder factors of E. Then by Lemma 5.32,
we have Ag’?B,([A,]) < Ag’,”B,([E]) for all 1 <i <m. Each A; is 0y p 4, p,-stable, so A[ilj,,Bf([Ai]) > 0 for all
1<i<m.

Assume towards a contradiction that Q([E]) < 0. From Lemma 5.33, we have Q([A;]) < 0 for some
1 <j<m. Let E; := Aj. We can now repeat this process for E; in place of E; := E, and so on. This gives a
sequence Eq,Ey, E3,...,Ef,... and @y < @y < a3 <--- < ay--- such that E; € D?(X) is OH,B,ay, B, Semistable,
Q(E;) <0, and 0 < A ([Exs1]) < A ([Ex]) for all k > 1. But Ay ([Ex]) € Zs for all k, so no such
sequence can exist. Hence we have a contradiction.

Finally, by Lemma 5.29, the quadratic form QIOJSB ao.Bo is negative definite on KerZy g 5, 5, ® R. O
We are finally ready to apply Corollary 5.2.

Proposition 5.35. Let X be a surface. Let (H,B) € Ampg(X) x NSR(X), and let ap, py € R be such that
g > (DX,H,B(ﬁO)- Then OH,B,a,fy S Stabf,eo(X) fOT all a > ag.

2
Proof- Fix a € R such that a1 > max{ao, %[(ﬁo - %) - 11_31—22]} By Theorem 5.21, it follows that oy p 4, g, €
Stabgeo(X). Choose 9, ¢ > 0 as in Proposition 5.28; then by Lemma 5.34, the stability condition oy p 4,4,
satisfies the support property with respect to Q%,SB, to.fo’

By Lemma 5.29, the quadratic form QifB ap,po 1S megative definite on KerZpy g, p, for all a > ay.
Moreover, Im ZH,B,a,ﬁO remains constant as « varies. Therefore, the result follows by Corollary 5.2. ]

Proof of Theorem 5.10. By Theorem 5.5, for every o € Stab®®°(X), there exists a unique g € C such that
g0 € Stab$*°(X). Hence it is enough to show that Stab$®°(X) = U, where

U ={(H,B,a, ) € Ampg(X) x NSk (X) xR? : & > Dy py 5(B)}.
This follows from Propositions 5.13, 5.15, and 5.35. O

5.4. Applications of Theorem 5.10
Theorem 5.36. Let X be a surface. Then Stab®°(X) is connected.

Remark 5.37. There are precisely two types of walls of the geometric chamber for K3 surfaces and rational
surfaces. They correspond either to walls of the nef cone (see [TX22, Lemma 7.2] for a construction) or
to discontinuities of the Le Potier function. For K3 surfaces, the second case comes from the existence of
spherical bundles, which is explained in [Yos09, Proposition 2.7]. For rational surfaces, the discontinuities
correspond to exceptional bundles. This is explained for Tot(Op2(—3)) in [BMIl, Section 5], and the
arguments generalise to any rational surface.

It seems reasonable to expect this to hold for all surfaces. The description of the geometric chamber
given by Theorem 5.10 also supports this. Indeed, a wall where O, is destabilised corresponds locally to the
boundary of U being linear. This boundary is exactly where one of the following holds:

(1) H becomes nef and not ample. We expect that this only gives rise to walls in the following cases:

e H is big and nef. Then H induces a contraction of rational curves. This can be used to construct
non-geometric stability conditions; see [TX22, Lemma 7.2].

e H is nef and induces a contraction to a curve whose fibres are rational curves. In this case, we
expect a wall. For example, let f: S — C be a P!-bundle over a curve. We expect the existence
of stability conditions on S such that all skyscraper sheaves are strictly semistable and the sheaves
are destabilised by

Of’l(x) e Ox —> Of—l(x)(—l)[l] —> Of—l(x)[l]



36 H. Dell

(2) If Oy p p is discontinuous at f3, then Stab%,eo(X ) locally has a linear boundary. We expect this to
give rise to non-geometric stability conditions.
(3) If &« = ©x py (), then we expect no boundary.

Corollary 5.38. Let X be a surface. If Ox pyp has no discontinuities and no linear pieces for any classes
(H,B) € Ampg(X) x NSg(X), then any wall of Stab®®°(X) where O, is destabilised corresponds to a class
H’ € NSR(X) which is nef and not ample.

6. Further questions

Let X be a variety. There are no examples in the literature where Stab(X) is known to be disconnected.
It would be interesting to investigate the following examples.

Question 6.1. Let S be a Beauville-type or bielliptic surface. Is Stab(S) connected?

The surface S has non-finite Albanese morphism, and Stab®°(S)  Stab(S) is a connected component
by Theorem 3.10. If Stab(S) is connected, the following question would have a negative answer.

Question 1.3 (¢f- [FLZ22, Question 4.11]). Let X be a variety whose Albanese morphism is not finite. Are there
always non-geometric stability conditions on D(X)?

Question 6.2. Suppose DP(X) has a strong exceptional collection of vector bundles and a corresponding
heart A that can be used to construct stability conditions as in [Mac07a, Section 4.2]. If O, € A, then
does O, correspond to a stable quiver representation?
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