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1. Introduction

In this paper we study the relationship between the existence of minimal models and the termination of
flips conjecture in the Minimal Model Program (MMP). We show that - for pseudoeffective projective pairs
over C - the termination of one sequence of flips implies the termination of them all, assuming a natural
conjecture on the behaviour of the Nakayama-Zariski decomposition under the operations of an MMP.

Previous work

Termination of flips and the existence of minimal models are two of the most important open problems in
higher-dimensional birational geometry. They are both known in dimension 3 by [Sho85, Kaw92, Sho96],
whereas in higher dimensions the situation is more complicated. In dimension 4 the existence of minimal
models is known by [LT22a], building on [KMMS87, Sho09, Birl2]. The termination of flips is known for
canonical 4-folds by [KMM87, Fuj05] and for pseudoeffective log canonical pairs, i.e for projective log
canonical pairs (X, A) such that Kx + A is pseudoeffective, by [CT23, Mor25]. In dimension 5 the existence
of minimal models is known for pseudoeffective log canonical pairs (X,A) whose underlying variety is
uniruled, or which satisfy «(X,Kx + A) > 0; see [LT22a].

Apart from these unconditional results, there are several conditional results in higher dimensions, which
we discuss next in some detail, as this is relevant for the results in the present paper. It is convenient at this
point to consider pseudoeffective and non-pseudoeffective pairs separately. Whereas it is known that for
non-pseudoeffective log canonical pairs there exists at least one MMP which terminates by [BCHM10, HH20],
there does not currently exist any strategy to attack the termination of flips in general for this class, apart
from the difficult strategy of [Sho04].

The situation is somewhat different for pseudoeffective pairs (X, A). It was realised in [Birl2] that the
existence of minimal models is related to the existence of a decomposition of the divisor Ky + A into -
roughly - a sum of a nef and an effective divisor, called weak Zariski decomposition; see for instance [LT22a,
Definition 2.10]. Building on this approach, we now understand how the existence of minimal models and,
to some extent, the termination of flips are related to generalised pairs: very roughly, generalised pairs
are couples (X, A + M), where (X,A) is a usual pair and M is a divisor which behaves similarly to a nef
divisor; see Definition 2.2. There are now several inductive results connecting the existence of weak Zariski
decompositions to the existence of minimal models of generalised pairs, see [LI22a, LT22b, HL22, TX24],
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or to the termination of flips of generalised pairs, see [CT23, Mor25]. Generalised pairs are indispensable in
all recent progress on the existence of minimal models and the termination of flips, even for usual pairs.

In particular, one of the main results of [CT23] states that for pseudoeffective generalised pairs the
existence of weak Zariski decompositions implies the termination of flips, assuming the termination of flips in
lower dimensions. As mentioned above, the problem is that we currently do not have an inductive statement
which works for non-pseudoeffective pairs; a similar issue in the context of the existence of minimal models
motivated [LI'22a], as explained in the introduction to op. cit. Overcoming this issue is the main motivation
for the present paper.

There is, to our knowledge, only one general approach to the termination of flips conjecture in full
generality: that of [Sho04], based on two difficult conjectures on the behaviour of discrepancies. The methods
and the logic of the current paper are completely different.

Balanced MMP

Nakayama introduced in [Nak(04] an important generalisation in higher dimensions of the classical Zariski
decomposition on surfaces; this is a fundamental tool in a large portion of the recent progress in the MMP. To
any pseudoeffective IR-divisor D on a Q-factorial projective variety, one can associate the Nakayama-Zariski
decomposition P;(D)+ N, (D), which has several excellent properties; we recall its precise definition and the
properties we need in Section 2.

If a pseudoeffective generalised pair (X,B + M) has a minimal model, then the Nakayama-Zariski
decomposition of Kx +B+M is automatically its weak Zariski decomposition - this is in a sense the canonical
choice for a weak Zariski decomposition; see Lemma 2.15. However, whereas weak Zariski decompositions
have been exploited in the context of the existence of minimal models and the termination of flips before,
the good properties of the Nakayama-Zariski decomposition have not.

Now, let (X1, B + M) be a pseudoeffective generalised pair which has a minimal model, and consider a
(Kx, + By + M;)-MMP

(X1, By + M) =3 (X5, By + My) -2 (X3,B3+Ms) -2 -+,

and for each i set P; := P;(Kx, + B; + M;) and N; := N, (Kx, + B; + M;). We say that the sequence is balanced
if for each i the log canonical threshold of P; + N; with respect to (X;, B; + M;) is zero; see Remark 2.4 and
Lemma 2.5.

Our first result is that (assuming the existence of minimal models) the termination of flips conjecture for
pseudoeffective generalised pairs follows from the termination of flips conjecture for balanced pseudoeffective
generalised pairs. This gives proper context for our main result, Theorem 1.3 below. For the acronym NQC,
see Section 2.

Proposition 1.1. Let (X1, By + M) be a projective NQC log canonical generalised pair of dimension n such
that Kx, + By + My is pseudoeffective, and assume that (X;,B; + M;) has a minimal model. Consider a
(Kx, + By + My)-MMP

(X1, By + M) -=% (Xp,By+M,) -~ (X3,B3+Ms) -5 --.

Then there exist a projective Q-factorial NQC dlt generalised pair (X, B} + M) of dimension n which has a
minimal model and a balanced (Kx; + B| + M)-MMP

AR ’ T Y ’ 70 AR Y, , m
(X7, By +M[) == (X}, By +Mj) == (X5, By +Mj) - -
such that the (Kx, + By + My)-MMP terminates if and only if the (Kx; + B} + M])-MMP terminates.

The main result

We now propose the following conjecture.
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Conjecture 1.2. Let (X1, By + M;) be a projective Q-factorial NQC dlt generalised pair such that Ky + By + M,
is pseudoeffective. Consider a (Kx, + By + M,)-MMP

(X1, By + M) =% (Xp,By+M,) -~ (X3,B3+Ms) -5 --.

Let S be a log canonical centre of (X;,By + M) which belongs to B_(Kx, + By + M;). Then there exists an
index i such that 1; is not an isomorphism at the generic point of the strict transform of S on X;.

Here, B_ denotes the diminished base locus; we recall its definition and properties in Section 2.5. Conjec-
ture 1.2 is a consequence of the termination of flips conjecture; see Corollary 3.5. Moreover, Conjecture 1.2
is in fact equivalent to another statement, Conjecture 3.3, which only involves components of the negative
part of the Nakayama-Zariski decomposition of a dlt blowup of the generalised pair (X, By + My); this is
proved in Proposition 3.4 below. Thus, though this is not obvious, Conjecture 1.2 is actually a statement on
the behaviour of the Nakayama-Zariski decomposition. This is an important point we want to convey in this
paper.

The main result of this paper - the following Theorem 1.3 - shows, together with Proposition 1.1, that
Conjecture 1.2 implies the termination of flips conjecture for pseudoeffective generalised pairs, assuming the
existence of minimal models.

Theorem 1.3. Assume the termination of flips for pseudoeffective NQC Q-factorial dlt generalised pairs in
dimension at most n—1.

Let (X1, By + M) be a projective Q-factorial NQC dlt generalised pair of dimension n such that Ky, + By + M,
is pseudoeffective. Consider a balanced sequence of flips in a (Kx, + By + My)-MMP

Lo ) (3
(X1,B1+M1) -+ (X3,By+M,) --> (X3,B3+M;3) —=> ---.

Assume that Conjecture 1.2 holds for this sequence of flips. If the generalised pair (X1, By + My) has a minimal
model, then the sequence terminates.

In order to describe briefly the strategy of the proof of Theorem 1.3 and the role of the Nakayama-Zariski
decomposition in it, we recall that the proofs of [Bir07, Theorem 1.3] and of [CT23, Theorem 1.3] proceed
by contradiction and are based on the following two steps: (i) the so-called special termination (this is the
statement that the non-klt locus of the generalised pair eventually becomes disjoint from the flipping loci),
and (ii) the completion of the proof by using special termination to construct an infinite strictly increasing
sequence of log canonical thresholds which violates the ACC property of log canonical thresholds. Even if
one is interested only in the termination of flips for pseudoeffective generalised pairs, non-pseudoeffective
generalised pairs appear in both of these steps: in the first step because restrictions to log canonical centres
can produce non-pseudoeffective generalised pairs in lower dimensio ns, and in the second step because
modifying boundaries of generalised pairs may produce non-pseudoeffective generalised pairs in the same
dimension.

Considering Nakayama-Zariski decompositions instead of weak Zariski decompositions helps us resolve
the first issue above by achieving, through a careful argument, that relevant log canonical centres do not
come from the negative part of the Nakayama-Zariski decomposition. This is done in Section 5. The issue
in the second step seems to be more subtle, and a simple modification of the arguments of [CT23] does not
seem to do the trick. Instead, we rely crucially on properties of the Nakayama-Zariski decomposition to
show that the sequence in the theorem cannot be balanced, thus deriving a contradiction. This is done in
Section 6. We stress that Conjecture 1.2 is fundamental in both of these steps.
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2. Preliminaries

Throughout the paper, unless otherwise stated, we work with varieties that are normal, quasi-projective,
and defined over C.

If f: X — Z is a projective morphism between normal varieties and if D; and D, are two IR-Cartier
IR-divisors on X, then D; and D, are IR-linearly equivalent over Z, denoted by Dy ~g 7 D,, if there exists an
R-Cartier R-divisor G on Z such that D; ~g D; + f*G. An R-divisor D on X is an NQC divisor over Z if it
is a non-negative linear combination of Q-Cartier divisors on X which are nef over Z. The acronym NQC
stands for nef Q-Cartier combinations.

We refer to [KM98] for the definitions and basic results on the singularities of usual pairs and the MMP.
We often quote the negativity lemma [KM98, Lemma 3.39].

2.1. An auxiliary result

The following is a small generalisation of [Nak04, Lemma II.5.6] that we will use in the proof of
Theorem 5.1. We provide the proof for the benefit of the reader.

Lemma 2.1. Let f: X — Y be a surjective morphism of projective varieties, and let D be an R-Cartier R-divisor
on X. Then f*D is pseudoeffective if and only if D is pseudoeffective.

Proof. One direction is immediate. For the converse, assume that f*D is pseudoeffective. Let 6: Y’ — Y be
a desingularisation, and let X’ be a desingularisation of the main component of the fibre product X xy Y’
with induced morphisms f’: X’ — YY" and 8": X’ — X.

XI fé Y/

Then 0™ f*D is pseudoeffective, and since 0™ f*D = f0*D, the divisor 6*D is pseudoeffective by [Nak04,
Lemma IL.5.6]. Therefore, by replacing f by 0, it suffices to show the lemma when f is birational.

To this end, let A be an ample divisor on Y. Since for every ¢ > 0 we have x(X, f*D+¢ef*A) = x(Y,D+¢€A)
by [Nak04, Lemma II.3.11], it follows that all divisors D + €A are big. Therefore, D is pseudoeffective. [

2.2. Generalised pairs

Generalised pairs, which are the main objects of the present paper, were introduced in [BHI14, BZ16].
Here we recall their definition and basic properties we need; we refer to [HL22, LT'22b] for a more detailed

treatment.
Definition 2.2. A generalised pair or g-pair (X/Z, B+ M) consists of a variety X equipped with projective
morphisms

X’ i) X —Z,
where f is birational and X’ is normal, an effective IR-divisor B on X, and an R-Cartier R-divisor M’ on X’
which is nef over Z such that M’ =M and Kx + B+ M is R-Cartier. We denote the g-pair simply by
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(X/Z,B + M) but implicitly remember the whole g-pair data X’ — X — Z and M’. If additionally M’ is an
NQC divisor on X’, then the g-pair (X/Z, B+ M) is an NQC g-pair.

Note that in the above definition the variety X’ may always be chosen as a sufficiently high birational
model of X. Unless otherwise stated, the variety Z will always be assumed to be a point in this paper, in
which case we denote the g-pair by (X, B+ M).

We now recall various classes of singularities of g-pairs.

Definition 2.3. Let (X/Z,B+ M) be a g-pair with data X’ i> X — Z and M’. We may write
Ky +B + M’ ~g f*(Kx + B+ M)

for some R-divisor B’ on X’. Let E be a divisorial valuation over X. We may assume that E is a prime
divisor on X’; we denote its centre on X by cx(E). The discrepancy of E with respect to (X, B+ M) is

a(E,X,B+ M) := —multg B".

We say that the g-pair (X, B+ M) is:

(a) kltif a(E, X, B+ M) > —1 for all divisorial valuations E over X;

(b) log canomical if a(E, X, B+ M) > —1 for all divisorial valuations E over X;

(c) dlt if it is log canonical and if there exists an open subset U C X such that the pair (U, B|y) is log
smooth and such that if a(E, X, B+ M) = —1 for some divisorial valuation E over X, then the set
cx(E)N U is non-empty and is a log canonical centre of (U, B|y).

If (X, B+ M) is a log canonical g-pair, then

(i) an irreducible subvariety S of X is a log canonical centre of X if there exists a divisorial valuation E

over X such that
a(E,X,B+M)=-1 and cx(E)=S;

(ii) the non-klt locus of (X, B+ M), denoted by nklt(X, B+ M), is the union of all log canonical centres

of X.

If (X,B+ M) is a log canonical g-pair, then the number of its log canonical centres is finite. It follows
from the definition that if (X, B+ M) is a dlt g-pair with |B] = 0, then (X,B+ M) is klt. If (X,B+ M)
is a Q-factorial dlt g-pair, then, by definition and by [BZ16, Remark 4.2.3], the underlying pair (X, B) is
dlt and the log canonical centres of (X,B + M) coincide with those of (X,B). In particular, by [Fuj07,
Proposition 3.9.2] we obtain

nklt(X, B+ M) = nklt(X, B) = Supp| BJ,

and all log canonical centres of (X, B+ M) are normal.

Remark 2.4. Let (X, B+ M) be a g-pair with data X’ i> X — Z and M’, let P’ be an R-divisor on X’ which
is nef over Z, set P := f,P’, and let N be an effective R-divisor on X. Set F := f*P — P’. Then by the
negativity lemma the R-divisor F is effective and f-exceptional. An easy calculation shows that, for each
prime divisor E on X’ and for every real number ¢, we have

a(E,X,(B+tN)+(M+tP))=a(E,X,B+M)—tmultg(f*N +F).
Assume that
A:=supf{teR|(X,(B+tN)+ (M +tP)) is log canonical}
is a real number. Then A is the log canonical threshold of P+ N with respect to (X, B+ M).

The following easy lemma shows that the log canonical threshold is almost always well defined; see also
[BZ16, paragraph after Definition 4.3].
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Lemma 2.5. Let (X/Z,B+ M) be a projective Q-factorial g-pair, let P be an R-divisor on X which is the
pushforward of an R-divisor on a high birational model of X that is nef over Z, and let N be an effective R-divisor
on X. Then there exists a positive real number t such that (X,(B+tN)+ (M + tP)) is not log canonical, unless P
is nef over Z and N = 0.

Proof. Let f: X’ — X be a log resolution of (X, B+ N) such that there exist R-divisors M’ and P’ on X’
which are nef over Z, with M = fM’ and P = f,P’. Set F := f*P — P’. Then by Remark 2.4 the g-pair
(X,(B+tN)+ (M +tP)) will not be log canonical for t > 0 whenever f*N # 0 or F # 0, which implies the
lemma. O

Notation 2.6. We will use the following notation throughout the paper. Let (X, B+ M) be a dlt g-pair, and
let S be a log canonical centre of (X, B+ M). We define a dlt g-pair (S, Bs + Mg) by adjunction, i.e. by the
formula

Ks+Bg+ Mg =(Kx+B+M)s
as in [HL22, Definition 2.8, Proposition 2.10].

2.3. DIt blowups and MMP

The Minimal Model Program has recently been generalised to the category of g-pairs in [HL23, LT22b].
The foundational results are analogous to those for the usual pairs; we refer to [LI'22b, Sections 2.2 and 2.4]
for a brief summary. We also refer to [LMT23, Section 2] for the definitions of minimal and log canonical
models that we use in this paper.

Notation 2.7. Given a g-pair (X1, B; + M) and a (Kx, + B; + M;)-MMP
(X1, By +Mj) =25 (X5, By + My) -2 (X3,B3+ M) -2 -,
the notation means implicitly that each B; is the strict transform of By, and that for each i the divisors M;

and M; are pushforwards of the same nef IR-divisor on a common birational model of X; and X;.

We often use the next result on the existence of dlt blowups; ¢f- [HL22, Proposition 3.10] and [BZ16,
Lemma 4.5]. We recall its proof as we will need the construction in some proofs later in the paper.

Lemma 2.8. Let (X,B+ M) be a log canonical g-pair with data X i) X — Z and M. Then, afier possibly
replacing X with a higher model, there exist a Q-factorial dlt g-pair (X', B’ + M’) with data X 55X 5z
and M, and a projective birational morphism 1 X' — X such that

Ky +B + M’ ~g " (Kx +B+M) and B =m;'B+E,

where E is the sum of all the 1c-exceptional prime divisors. The g-pair (X', B’+ M) is a dlt blowup of (X, B+ M).
Furthermore, let Eq,...,E, be divisorial valuations over X such that a(E;, X, B+ M) = —1 for each i. Then we
may assume that each E; is a divisor on X’ which is a component of E.

Proof. By passing to a higher birational model, we may assume that f is a log resolution of (X, B+ M), i.e. X
is smooth and Supp(B) N Supp(M) is a simple normal crossing divisor, such that each E; is a divisor on X,
and we write

(2.1) Kg+B+M ~g f*(Kx +B+M)

for an R-divisor B on X. Set

F:= Z(l +a(P,X,B+M))P,

where the sum runs over all f-exceptional prime divisors P on X. Then F > 0, the support of F does not
contain any E;, the g-pair (X,(B+ F)+ M) is dlt, and by (2.1) we have

Kg+(’B\+F)+Z\/Z~RX F.
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By [HL22, Lemma 3.4] we can run a (Ky + (§+ F)+ M)—MMP over X with scaling of a divisor which is
ample over X. By [HL22, Proposition 3.9 and Lemma 3.6], this MMP contracts F and terminates with a
Q-factorial dlt g-pair (X’, B’ + M’). Note that the exceptional locus at every step of this MMP is contained
in the support of the strict transform of F; hence F is precisely the divisor contracted in the MMP. Let
7: X’ — X be the induced birational map. The construction implies that B’ = 7; ! B+ E, where E is the sum
of all the 7t-exceptional prime divisors, and the strict transform of each E; is contained in E. Therefore, 7 is
the desired map. U

In the following lemma it is necessary to consider ample small quasi-flips instead of usual flips, as will
become apparent in Step 3 of the proof of Theorem 5.1. Recall that an ample small quasi-flip is a commutative
diagram

where (X, B+M) and (X’, B’+M’) are g-pairs and Y is normal, f and f’ are projective birational morphisms
and ¢ is an isomorphism in codimension 1, ¢,B = B’, M and M are pushforwards of the same nef R-divisor
on a common birational model of X and X’, —(Kx + B+ M) is f-ample, and Ky, + B'+ M is f’-ample.

Lemma 2.9 is similar to [LMT23, Lemma 3.2] and [LT22b, Theorem 2.14]; it removes the assumption in
lower dimensions from [LMT23, Lemma 3.2] and makes that result more precise. We will use the lemma
repeatedly in the paper: it allows us to pass from a sequence of ample small quasi-flips of log canonical
g-pairs to an MMP of Q-factorial dlt g-pairs starting from any given dlt blowup.

Lemma 2.9. Let (X, By +M,) be an NQC log canonical g-pair, and let f,: (X{,B] + M{) — (X1,B; + M) be
a dlt blowup of (X1,B1 + M;). Consider a sequence of ample small quasi-flips

2

M s T3
(X1, B1+Mp) ------3 > (X2,By+ M) ------3 > (X3,B3+M3) -=> -+

Then there exists a diagram

(x7.B;+M]) "5 (X3,By+ Mp) ——-"s (X5,By+M5) T -
fll le fal
(Xl,B1+M1 ————1——— Xz,B2+M2 ————2——— X3,B3+M3) —?3—> teey,
where for each i > 1 the map p;: -> Xl+1 is a (Kx; + B + M;)-MMP over Z; and the map f; is a dlt blowup

of the g-pair (X;, B; + M;).
In particular, the sequence at the top of the above diagram is an MMP for an NQC Q-factorial dit g-pair
(X1, B} +Mj).

Remark 2.10. Throughout the paper, we will refer to diagrams as in Lemma 2.9 as lified MMP diagrams.

Proof of Lemma 2.9. The proof follows by repeating verbatim the beginning of the proof of [LT22b,
Lemma 2.13]. We reproduce it here for the benefit of the reader.
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By the definition of ample small quasi-flips and by [LMT23, Lemma 2.8], the g-pair (X, B, + M>) is
a minimal model of (X, B; + M) over Z;; hence by [HL23, Lemma 3.10] the g-pair (X{,B] + M/) has a
minimal model in the sense of Birkar-Shokurov over Z;. Therefore, by [LI22b, Lemma 2.10] there exists
a (KX{ + B| + M{)-MMP with scaling of an ample divisor over Z; which terminates with a minimal model
(X5, B5 +M)) of (X{,B] + M]) over Z;. Since (X, B, + M,) is the log canonical model of (X{,B] + M)
over Zy, by [LMT23, Lemma 2.12] there exists a morphism f,: X) — X, such that

Kx; + By +Mj ~ f5 (Kx, + By + M).

In particular, (X}, B, + M) is a dlt blowup of (X;, B, + M;). By continuing this procedure analogously, we
obtain the result. O

We will need the following lemma in the proofs in Section 5. It is extracted from the proof of [LMT23,
Theorem 5.1]; we have added more details for the benefit of the reader.

Lemma 2.11. Let (X1, By + M;) be a Q-factorial NQC dlt g-pair, and consider a sequence of flips:
(XIIBI +M1 ———TE—— Xz,B2+M2 ———TE——— X3,B3 +M3) —733%

N E e e

Let Sy be a log canonical centre of (Xl,Bl +M;). For each i > 1 assume inductively that 1t;|s, is an isomorphism
in codimension 1, and let S; | be the strict transform of S; on X; 1. Then there exists a positive integer N such
that

(7tils.)«Bs, = Bs,,,  for everyi > N.
Proof- We first claim that
(2.2) Supp B, , € Supp(7;ls,).Bs, for every i.

Indeed, without loss of generality we may assume that i = 1. Assume that E; is a component of Bg, such
that its strict transform E; on §; is not a component of Bg . Then

0= a(El,Sl,le +M51) < a(E2,52,352 +M52) = —multhBsz <0

by [LMT23, Lemma 2.8(iv)], giving a contradiction. This proves (2.2).
In particular, since Bg, has finitely many components, by (2.2) and by relabelling, we may assume that

(2.3) Supp Bs,,, = Supp (ni|5i )* Bs, for every i.

Now, let E; be a component of B , and set inductively E;, := (7;]s.).E; for all i. Then E; is a component
of Bg, by (2.3); hence

(2.4) a(E;, S, Bs, + Ms,) = —multg, B, <0 for all i.
Therefore, to prove the lemma it suffices to show that
(2.5) a(E;,S;,Bs, + Ms,) = a(Ejs1,Si41,Bs,,, + Ms,,, ) for all i > 0.

Assume towards a contradiction that (2.5) does not hold. Since a(E;, S;, Bs.+Ms,) < a(E;,1,Si1,Bs,,, +Ms, )
for all i by [LMT23, Lemma 2.8(iv)], we infer by [LMT23, Lemma 2.16(i)] that there exist a y € (0,1) and
infinitely many distinct discrepancies a(E;, S;, Bs, + Ms,) > —y. Thus, by (2.4) the sequence {multg, Bg,}
contains infinitely many distinct values not larger than y. But this contradicts [LMT23, Lemma 2.16(ii)], as
can be seen by taking into account [LMT23, Definition 2.15). 0
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2.4. Nakayama-Zariski decomposition

Given a smooth projective variety X and a pseudoeffective R-divisor D on X, Nakayama [Nak04| defined a
decomposition D = P, (D) + N, (D), known as the Nakayama-Zariski decomposition of D. This decomposition
can be extended to the singular setting; see for instance [BH14, Section 4] and [Hu20, Section 2.2]. Here we
consider only the case of Q-factorial varieties and refer to [Nak(04] for the proofs of basic properties of the
decomposition.

Definition 2.12. Let X be a Q-factorial projective variety, and let I be a prime divisor on X. If D is a big
R-divisor on X, then we set [D|g :={A>0|A ~r D} and
or(D) :=inf{multy A | A € |D|R}.

If D is a pseudoeffective R-divisor on X, then we pick an ample R-divisor A on X and define

op(D) :=limop(D + €A).

el0
Note that op(D) does not depend on the choice of A and is compatible with the definition above for big
divisors. Set
N, (D) := Zar(D)-r and P, :=D-N,(D),
T

where the formal sum runs through all prime divisors I' on X. Both N, (D) and P, (D) are R-divisors on X,
and the decomposition D = P, (D) + N, (D) is the Nakayama-Zariski decomposition of D.

The next lemma shows that the above definition is equivalent to the more general definition in [BHI4,
Section 4] when the underlying variety is Q-factorial.

Lemma 2.13. Let X be a Q-factorial projective variety, and let D be a pseudoeffective R-divisor on X. Let
f:Y — X be a desingularisation of X. Then

PO'(D):J(;PO‘(f*D) and NO‘(D):ﬂNo‘(f*D)'

Proof. 1t suffices to show the second equality. If A is an ample R-Cartier divisor on X, then there is a
bijection between the sets |D + ¢Alg and |f*D + ¢ f*A|g for any ¢ > 0; see for instance the proof of [LMT23,
Lemma 2.3]. Therefore, for any prime divisor I' on X and its strict transform I'’ := £7!'T on Y, we have

or(D +¢€A) = op/(f*D + ef*A).
Letting € — 0 and using [Nak04, Lemma III.1.7(2)], we obtain o (D) = op/(f*D), which shows the lemma. [J

One of the most important properties of the Nakayama-Zariski decomposition relevant for this paper is

contained in the following lemma; a generalisation is in Lemma 2.19 below.

Lemma 2.14. Let X be a Q-factorial projective variety, and let D be a pseudoeffective R-divisor on X. Let T be a
prime divisor on X which is not a component of N, (D). Assume that T is a normal variety. Then the divisor D|p
is pseudoeffective.

Here and elsewhere in the paper, we interpret pseudoeffectivity in the sense of the IR-linear equivalence
class; see also [Nak04, Section 1.2, p. 37 and Remark I1.5.8].

Proof Let f: Y — X be a desingularisation of X and let " := f,"'T. Applying Lemma 2.1 to the morphism
flr: T” — T, we see that, by replacing X by Y and D by f*D, it suffices to assume that X is smooth.

Fix an ample divisor A on X. By [Nak04, Lemma IIL.1.7(3)] for each ¢ > 0 there exists an R-divisor
A; € |D + €A|g such that I' € SuppA,. In particular, (D + €A)lr ~r A¢lr is pseudoeffective, and we
let ¢ = 0. U
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We will need the following lemma throughout the paper. In particular, part (a) shows that a pseudoeffective
g-pair (X, B+ M) has a minimal model if and only if the Nakayama-Zariski decomposition of Ky + B+ M is
its weak Zariski decomposition.

Lemma 2.15. Let (X,B + M) be a projective Q-factorial NQC log canonical g-pair such that Kx + B+ M is
pseudoeffective. If @: (X,B+ M) --> (X',B’ + M’) is a composition of divisorial contractions and flips in a
(Kx + B+ M)-MMP, then:
(a) (X,B+ M) has a minimal model if and only if there exists a desingularisation f: Y — X such that
P,(f*(Kx + B+ M)) is an NQC divisor on Y;
(b) ¢.N,(Kx + B+ M) =N, (Kx + B +M’), and if (X’,B’+ M’) is a minimal model of (X, B+ M), then
¢.Ns(Kx +B+M)=0;
(c) if P is a prime divisor contracted by ¢, then P C Supp N, (Kx + B+ M);
(d) (X,B+ M) has a minimal model if and only if (X’,B’+ M’) has a minimal model;
(e) if (Z,Bz+My) is a projective Q-factorial NQC log canonical g-pair with a birational morphismm: Z — X
and if there exists an effective 1 -exceptional R-divisor E on Z with the property that

KZ +BZ+MZ ~R T(*(Kx+B+M)+E,
then (X, B+ M) has a minimal model if and only if (Z,B; + My) has a minimal model.

Proof- For (a), see for instance [TX24, Theorem I], whereas (b) follows from [BH14, Lemma 4.1(5)]. For (c), let
(p,q): W — X x X’ be a smooth resolution of indeterminacies of ¢. By the negativity lemma there exists an
effective g-exceptional IR-divisor E on W such that

p(Kx+B+M)~grq"(Kx+B +M')+E
and p;!P C SuppE. Then by Lemma 2.13 and by [LP20, Lemma 2.4], we have
No(Kx +B+M) = p.No (p"(Kx + B+ M)) = p.N, (4"(Kx- + B+ M) + p..E,
which proves (c), and
Py (p"(Kx + B+ M)) ~g By (q"(Kyx: + B"+ M')).

Therefore, we obtain (d) by applying (a) to (X,B+ M) and to (X’,B’+ M’). Finally, for (e) we note that
for each desingularisation p: W — Z we have P,(p*(Kz + Bz + Mz)) ~r P, (p*1t*(Kx + B+ M)) by [LP20,
Lemma 2.4, and we conclude by applying (a) to (X, B+ M) and to (Z,Bz + My). O

We will need the following remark several times in this paper.

Remark 2.16. Let (X, B+ M) be a Q-factorial g-pair such that there exists a log resolution f: X’ — X of
(X, B+ M), where the R-divisor P":= P,(f*(Kx + B+ M)) is NQC. We have P := P;(Kx + B+ M) = f,P’ by
Lemma 2.13, and by passing to a higher resolution and by [Nak04, Corollary III.5.17], we may assume that
there exists an NQC divisor M on X’ such that M = f,M’. Setting F := f*P—P’ and N := N,(Kx + B+ M),

we have
f'N+F=f(N+P)-P =N, (f*(Kx +B+M));

hence by Remark 2.4, for each prime divisor E on X’ and for every real number t, we have

a(E,X,(B+tN)+(M+tP))=a(E,X,B+M)—tmultg N, (f*(Kx + B+ M)).
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2.5. Diminished base locus

If X is a projective variety and if D is a pseudoeffective IR-Cartier IR-divisor on X, then the stable base
locus of D is

B (D):= U B(D +A);

A ample on X

the diminished base locus only depends on the numerical equivalence class of D and is a countable union of
closed subsets of X. We will need a few known results on the relationship between the diminished base locus
and the negative part of the Nakayama-Zariski decomposition.

Lemma 2.17. Let f: Y — X be a surjective morphism between normal projective varieties, and let D be a
pseudoeffective R-Cartier R-divisor on X. If Xing is the singular locus of X, then

f_l B—(D) Uf_l (Xsing) = B—(f*D) Uf_l (Xsing)
and B_(f*D) C f'B_(D).

Proof. The first statement is [Lehl3, Proposition 2.5], whereas the second statement follows from the first
paragraph of the proof of loc. cit. 0

Lemma 2.18. Let X be a Q-factorial projective variety, and let D be a pseudoeffective R-divisor on X. Then
N, (D) is the divisorial part of B_(D).

Proof. Let f: Y — X be a desingularisation of X, and let X ;,, be the singular locus of X. Let I' be a prime
divisor in B_(D), and set " := £7'T. Then I’ ¢ fﬁl(Xsing) as codimy Xsing > 2, and since

f_l B_(D) Uf_l(Xsing) =B_(f'D) Uf_l(Xsing)

by Lemma 2.17, we have that I’ CB_(f*D). Then I C Supp N, (f*D) by [Nak04, Theorem V.1.3]; hence
I' € Supp N, (D) by Lemma 2.13, as desired. O

The following generalisation of Lemma 2.14 will be crucial in the proof of Theorem 5.1.

Lemma 2.19. Let X be a Q-factorial projective variety, and let D be a pseudoeffective R-divisor on X. Let S be a
normal subvariety of X which is not a subset of B_(D). Then the divisor D|g is pseudoeffective.

Proof- Let f: Y — X be a log resolution of S in X which factorises through the blowup of X along S. Then
there exists a smooth prime f-exceptional divisor T on X such that f(T) = S. Since

SuppNy(f*D) S B_(f*D) < f ' B_(D)
by Lemmas 2.17 and 2.18, and since S € B_(D) by assumption, we conclude that
T & SuppN,(f'D).

Therefore, by Lemma 2.14 we have that (f*D)|7 is pseudoeffective; hence D|s is pseudoeffective, as can be
seen by applying Lemma 2.1 to the surjective morphism f|p: T — S. g
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3. On Conjecture 1.2

In this section we prove several technical results which explain how Conjecture 1.2 applies after we change
an MMP either by lifting it to another MMP or by relabelling the indices in an MMP. Along the way we
show several results mentioned in the introduction.

We start with an easy lemma which shows that in several crucial proofs in this paper we are allowed to
relabel the indices in a sequence of maps in an MMP.

Lemma 3.1. Let (X1, By +M;) be a projective Q-factorial NQC dlt g-pair such that Kx +B;+M; is pseudoeffective.
Consider a (Kx, + By + My)-MMP

T T (3
(X1,B1+M1) -+ (X3,By+M,) --> (X3,B3+M;3) —=> ---.

If Conjecture 1.2 holds for this MMP, then for each index i Conjecture 1.2 holds for the part of this MMP starting
with the g-pair (X;, B; + M;).

Proof. Fix an index 7, and let S; be a log canonical centre of (X;, B; + M;) which belongs to B_(Kx, +B; + M;).
Let E be a divisorial valuation over X; such that cx (E) = S; and a(E, X;, B; + M;) = —=1. By [LMT23,
Lemma 2.8(i)] we have a(E, Xj, B; + M;) = —1 for all 1 <j <i; hence by descending induction on j and by
[LMT23, Lemma 2.8(iii)] we conclude that each map 7! is an isomorphism at the generic point of the strict
transform of S; on Xj, for 1 <j <i—1. Thus, we may define the strict transform S; of S; on X;. Since we
assume Conjecture 1.2 for the given MMP, there exists an index k > 7 such that 77y is not an isomorphism at
the generic point of the strict transform of S; on Xj; hence 7ty is not an isomorphism at the generic point of

the strict transform of S; on Xy, as desired. U

The following lemma shows that, in several crucial proofs in this paper, we are allowed to pass to an
MMP which lifts another MMP as in a lifted MMP diagram.

Lemma 3.2. Let (X1, By +M;) be a projective Q-factorial NQC dlt g-pair such that Kx +By+M; is pseudoeffective.
Consider a lifted MMP diagram

(x7,B; +M{) 5 (x3,B;+Mp) -5 (x5,B5+M5) s -

A
(X1,B; + M) Ly (X2, By + M3) I (X3, B3+ M3) RN

where the sequence at the bottom of the diagram is a sequence of flips. Then Conjecture 1.2 holds for the MMP at
the bottom of this diagram if and only if Conjecture 1.2 holds for the sequence at the top of the diagram.

Proof. Step 1. To show one direction, assume that Conjecture 1.2 holds for the MMP at the bottom of the
diagram above. Let S” be a log canonical centre of (X|, B + M]) which belongs to B_(Kx; + B} + M), and
set S := f1(S’). Since
B_(Ky; +Bj +M[)C 7' B_(Kx, + By + M)

by Lemma 2.17, we conclude that S is a log canonical centre of (X;,B; + M) which belongs to the set
B_(Kx, + By +M;). Let E be a divisorial valuation over X{ such that cx;(E) = S’ and a(E, X{,B]+M/) = -1;
hence cx (E) = S, and a(E,X;,B; + M) = —1 as the map f; is a dlt blowup. Then since we assume
Conjecture 1.2 for the (KX1 + By + M;)-MMP at the bottom of the diagram above, there exists an index i
such that 7t; is not an isomorphism at the generic point of the strict transform of S on X;. This implies
a(E, X;, Bj+ M;) > -1 by [LMT23, Lemma 2.8(iii)|; hence a(E, X/, B; + M) > —1 as the map f; is a dlt blowup.
But then again by [LMT23, Lemma 2.8(iii)] applied to the (KXf + B} + M{)-MMP at the top of the diagram
above, we conclude that there exists a step of that MMP which is not an isomorphism at the generic point of
the strict transform of S’, as desired.
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Step 2. 'To show the converse, assume that Conjecture 1.2 holds for the MMP at the top of the diagram
above. Let S be a log canonical centre of (X;, By + M;) which belongs to B_(Kx, + B; + M;). Assume,
towards a contradiction, that each map 7; is an isomorphism at the generic point of the strict transform
of S on X;. Let E be a divisorial valuation over X; such that cx (E) =S and a(E, Xy, B; + M) = —1; hence
a(E, X1, B} + M]) = —1 as the map f is a dlt blowup. Set S”:= cx/(E). Since the g-pair (X, B; + M) is
dlt, S does not belong to the singular locus Z; of X; by Definition 2.3; hence S” & fl_l(Zl). As fiisadlt
blowup, by Lemma 2.17 we have

fr'B_(Kx, + By + My ) U fi7(Z1) = B_(Kx; + By + M} ) U f71(Zy),

hence S’ C B_(Kx; + B} + Mj). Then, since we assume Conjecture 1.2 for the (Kx; + B} + M{)-MMP at the
top of the diagram above, there exists an index i such that p; is not an isomorphism at the generic point
of the strict transform of S” on X’. This implies a(E, X/, B, + M) > —1 by [LMT23, Lemma 2.8(iii)], hence
a(E, X;, B; + M;) > —1 as the map f; is a dlt blowup. But then again by [LMT23, Lemma 2.8(iii)] applied to
the (Kx, + By + M;)-MMP at the bottom of the diagram above, we conclude that there exists a step of that
MMP which is not an isomorphism at the generic point of the strict transform of S, giving a contradiction
which finishes the proof. U

Now we come to the important point mentioned in the introduction: that even though this is far
from obvious, the statement of Conjecture 1.2 is actually about the behaviour of the Nakayama-Zariski
decomposition. In fact, we show in Proposition 3.4 below that it is equivalent to the following conjecture
when we consider - as we may - MMPs consisting only of flips.

Conjecture 3.3. Let (Xy, By + My) be a projective Q-factorial NQC dlt g-pair such that Kx, + By + M is
pseudoeffective. Consider a sequence of flips in a (Kx, + By + My)-MMP

(X1,By +M;) -3 (Xp,By+My) -=% (X3,B3+Ms) ——5 -,
and consider a lifted MMP diagram

(x7.B;+M]) "5 (X5,By+Mp) 25 (x5,By+ M5) <D -

fll fQ\L fal
(X1,By+Mj) —=% (Xp,By+ My) —=% (X3, Bz +Msz) — ---.

Let T be a component of N,(Kx; + B} + M) which is a log canonical centre of (X1, B} + My). Then the MMP at
the top of the above diagram contracts T.

Proposition 3.4. Let (X1, B; + M) be a projective Q-factorial NQC dlt g-pair such that Kx, + By + M, is
pseudoeffective. Consider a sequence of flips in a (Kx, + By + M;)-MMP

(X1, By + M) -=% (Xp,By+M,) -~ (X3,B3+Ms) -5 --.
Then Conjecture 1.2 holds for this sequence if and only if Conjecture 3.3 holds for any lifted MMP diagram
(x7.B;+M]) 75 (X3,By+Mp) 25 (X5,By+ M5) T -
I
st T 3
(X1,B1 +My) -=+ (Xp,By+Mj) --= (X3,B3+M3z) —=> ---.

Proof. If Conjecture 1.2 holds for the given MMP, then Conjecture 3.3 holds for any diagram as above by
Lemmas 3.2 and 2.18.
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To show the converse, let S be a log canonical centre of (X, By + M;) which belongs to B_(Kx, +B;+ M),
and assume, towards a contradiction, that each map 7t; is an isomorphism at the generic point of the strict
transform of S on X;. Since S is a log canonical centre of (X, B + M), there exists a divisorial valuation T
over X such that cx, (T) =S and a(T, X;,B; + M;) = —1. By Lemma 2.8 there exists a Q-factorial dlt
model fi: (X{,B] + M) — (X;,B; + M) such that T is a divisor on X| which is a component of | B |.
Then there exists a lifted MMP diagram

(X1, B]+M;) - (X5, By +M3) =25 (X3, By + M) -2 -

R

(X1, By + M) -2 (Xp, By + My) =% (X3,B3 + M3) - ---.

Since S is a log canonical centre of the dlt g-pair (X;, B; + M;), we have that S does not belong to the
singular locus Z; of X; by Definition 2.3; hence T Z f;"(Z,). Since f; is a dlt blowup, by Lemma 2.17 we
have

S B_(Kx, + By + Mi)U i (Z1) = B_(Kx; + B} + M{) U fi(Z1),
hence T C B_(Ky; + B} + Mj). Therefore, T C Supp N, (Kx; + B} + M|) by Lemma 2.18. Then, since we
assume Conjecture 3.3, there exists an index i such that p; is not an isomorphism at the generic point of the
strict transform of T on X/, and we conclude as at the end of Step 2 of the proof of Lemma 3.2. g

As a corollary we show another fact mentioned in the introduction, that Conjecture 1.2 is a consequence
of the termination of flips conjecture.

Corollary 3.5. Let (Xy,By + My) be a projective Q-factorial NQC dlt g-pair such that Kx, + By + M; is
pseudoeffective. Consider a (Kx, + By + M;)-MMP

TC T TC
(X1, B+ M) =% (X3, By +M,) —= (X3,B3+M;) ——» ---

which terminates. Let S be a log canonical centre of (X1, By + M) which belongs to B_(Kx, + By + My). Then
there exists an index i such that 1t; is not an isomorphism at the generic point of the strict transform of S on X;.

Proof. We use the same notation as in the second and third paragraphs of the proof of Proposition 3.4.
Assume that each map 77; is an isomorphism at the generic point of the strict transform of S on X;, and
consider the component T C Supp N, (Kx; + B} +M]) constructed in that proof. Then a(E, X;, B; + M;) = -1
for each i by [LMT23, Lemma 2.8(iii)]; hence a(E, X/, B; + M) = —1 for each i as all maps f; are dlt
blowups. But then again by [LMT23, Lemma 2.8(iii)] applied to the (KXI + B} + M{)-MMP in the proof of
Proposition 3.4, we conclude that T is not contracted in that MMP, which contradicts Lemma 2.15(b). [

4. Balanced MMP

In this section we prove Proposition 1.1. We first need the following lemma on the behaviour of log
canonical thresholds under maps in an MMP; ¢f. [HM20, Lemma 1.21].

Lemma 4.1. Let (X,B+ M) be a projective Q-factorial NQC log canonical g-pair with a flip or a divisorial
contraction

n: (X,B+M) --+ (X', B'+M’),
and set P := P,(Kx + B+ M), N := N,(Kx + B+ M), P":=P;(Kx- + B'+ M’), and N’ := N,(Kyx- + B"+ M’).
If (X,B+ M) has a minimal model, then for each positive real number t, if the g-pair (X,(B+tN)+ (M +tP)) is
log canonical, then the g-pair (X’,(B’+tN’)+ (M’ +tP’)) is log canonical.
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Proof- Let (p,q): W — X x X" be a smooth resolution of indeterminacies of the map 7. Then by the
negativity lemma there exists an effective g-exceptional R-divisor G such that

p(Kx+B+M)~rq" (Kx+B + M')+ G,
so, by [GLI3, Lemma 2.16] or by [LP20, Lemma 2.4], we have
(4.3) N, (p*(Kx +B+M)) =N, (q"(Kx'+ B’ +M'))+ G
and
Py (p*(Kx + B+ M)) ~g Py (q"(Kx + B+ M')).

By passing to a higher resolution, by Lemma 2.15(a) and by [Nak04, Corollary IIL.5.17], we may assume that
P, (p*(Kx +B+M)) is NQC. By Remark 2.16, for each real number t and any prime divisor E on W, we have

a(E,X,(B+tN)+ (M +tP))=a(E,X,B+M)—tmultg N, (p*(Kx + B+ M))
and
a(E,X’,(B'+tN’)+ (M’ +tP")) = a(E,X’,B’+ M) — tmultg N, (¢"(Kx, + B'+ M")).
Since we have a(E, X, B+ M) < a(E, X’,B’+ M’) by the negativity lemma and since Equation (4.1) implies
N, (p*(Kx + B+ M)) > N,(q*(Kx’ + B’+ M’)), we conclude that
a(E,X,(B+tN)+(M+tP))<a(E,X’,(B'+tN’)+ (M’ +tP’)),
as desired. g

In the following result we examine the behaviour of log canonical thresholds under dlt blowups.

Lemma 4.2. Let (X, B+ M) be a projective Q-factorial NQC log canonical g-pair with a dlt blowup

7 (X', B + M) —> (X, B+ M),
and set P := P,(Kx + B+ M), N := N,(Kx + B+ M), P":=P;(Kx- + B’+ M’), and N’ := N,(Kx- + B"+ M’).
If (X,B+ M) has a minimal model, then, for each real number t, the g-pair (X,(B+tN)+ (M + tP)) is log
canonical if and only if the g-pair (X', (B’ + tN’) + (M’ + tP’)) is log canonical.

Proof Let f: Y — X’ be a desingularisation, and set g := mwo f. By Lemma 2.15(a) and by [Nak04,
Corollary IIL.5.17], we may assume that P, (g*(Kx + B+ M)) = P;(f*(Kx + B’ + M")) is NQC. By applying
Remark 2.16 twice and using Ky’ + B+ M’ ~g 7*(Kx + B+ M), we see that, for each real number t and any
prime divisor E on Y, we have

a(E,X,(B+tN)+(M+tP))=a(E,X,B+M)—tmultg N, (¢"(Kx + B+ M))
a(E,X",B’+M’) - tmultg N, (f*(Kx + B’ + M)
a(E,X’,(B'+tN’)+ (M’ +tP’)),

which proves the lemma. U
The following is an immediate corollary.

Corollary 4.3. Let (X1, Bi+M;) be a projective NQC log canonical g-pair such that Kx +B+M is pseudoeffective
and such that (X, By + M) has a minimal model. Consider a lifted MMP diagram

(X],B} +M]) - (X5,By+Mj) -7 (X5,By+M3) T
f1J/ fZ\L f3l
(X1,B1 + M) RN (X2, By + M3) RN (X3, B3 + M3) R

where the sequence at the bottom of the diagram is a sequence of flips. Then the MMP at the bottom of the diagram
is balanced if and only if the MMP at the top of the diagram is balanced.
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Now we can prove Proposition 1.1.

Proof of Proposition 1.7. By Lemmas 2.9 and 2.15(e), we may assume that all X; are Q-factorial. For each i,
let t; be the log canonical threshold of P;(Kx, + B; + M;) + N, (K, + B; + M;) with respect to (X;, B; + M;).
Then by Lemma 4.1 and by [BZ16, Theorem 1.5], there exists a positive integer i such that #; = t; for all
i > iy. For each i > ij set B} := B; +t; N; and M? := M; +t; ;. Then each g-pair (X;, B} + M}) is log
canonical, the map

mi: (Xi,BY + Mg) == (Xj1, BSy + M5, )

i+1

is a divisorial contraction or a flip, and the sequence of maps {7;};>;, is a balanced MMP for the g-pair
(XiO,BfO + M;;), where this g-pair has a minimal model by Lemma 2.15(d). Consider a lifted MMP diagram

(X4 B M) 25 (X0 By 4 M ) =55

10+1) 10+1

ﬁOJ/ inJrll

(X1 BE + M?) =% (Xjps1, B Ly + M2, ) -2

10+1

Then by Corollary 4.3 the MMP at the top of this diagram is a balanced MMP of a dlt g-pair (X;O,B:-O +Ml-’0),
which has a minimal model by Lemma 2.15(e). The MMP at the top of this diagram terminates if and only if
the original (Kx, + By + M;)-MMP terminates, which concludes the proof. U

5. Special termination

As promised in the introduction, in this section we prove a version of special termination in the context of
pseudoeffective generalised pairs.

Theorem 5.1. Assume the termination of flips for pseudoeffective NQC Q-factorial dlt g-pairs of dimension at
most n—1.

Let (X1, By + M) be a Q-factorial NQC dlt g-pair of dimension n such that Kx + By + M is pseudoeffective.
Consider a sequence of flips

1 T

(X1;B1 +M1) “‘T“‘) (X2,32+M2) ——————— > (X3,B3+M3) _733_>
% /61* % /9;
Zl Zz

Assume that Conjecture 1.2 holds for this sequence of flips. Then there exists a positive integer N such that
Exc(0;) Nnklt(X;,B; + M;) =0 foralli>N.

Proof. We divide the proof into several steps. In Steps 1 and 2 below, we follow closely the proof of [LMT23,
Theorem 5.1].
We will relabel the indices several times in the proof: this is justified by Lemma 3.1.

Step 1. From now until the end of the proof, we will be proving the following claim by induction on d.

Claim. For each non-negative integer d, there exists a positive integer Ny such that for each i > Ny the restriction
of O; to each log canonical centre of dimension at most d of the g-pair (X;, B; + M;) is an isomorphism.

We first show that the claim implies the theorem. Indeed, the claim implies that | B; | does not contain any
flipping or flipped curves for all i > N,,_;. Therefore, if Exc(6;) N | B;] # 0 for some i > N,,_y, then there
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exists a flipping curve C C Exc(60;) such that C-|B;| > 0. But then C*-|B;,] <0 for every flipped curve
C* CExc(0;); hence C* C | B, |, and we have a contradiction.

Now we start proving the claim. First recall that the number of log canonical centres of any log canonical
g-pair is finite. At step i of the MMP as above, if a log canonical centre of (X;, B; + M;) belongs to Exc(6;),
then the number of log canonical centres of (X;,1,B;,1 + M;,1) is smaller than the number of log canonical
centres of (X;, B; + M;) by [LMT23, Lemma 2.8(iii)].

Thus, there exists a positive integer Ny such that the set Exc(6;) does not contain any log canonical
centre of (X;, B; + M;) for i > Nj. By relabelling, we may assume that Ny = 1. In particular, this proves the
claim for d = 0.

Therefore, we may assume that for each 7 > 1 the map 77; is an isomorphism at the generic point of each
log canonical centre of (X;, B; + M;).

Step 2. Let d be a positive integer. By induction and by relabelling, we may assume that each map 7; is
an isomorphism along every log canonical centre of dimension at most d — 1.

Now consider a log canonical centre Sy of (X1, By+M;) of dimension d. By Step 1, we have birational maps
Tils,: Si --> Sj+1, where S; is the strict transform of S; on X;. Every log canonical centre of (S;, Bs. + Ms,)
is a log canonical centre of (X;, B; + M;), and hence by induction each map 7;|s, is an isomorphism along
Supp| B, |. Then by [LMT23, Proposition 2.17(iv)| and since the difficulty function considered in that result
takes values in IN, after relabelling the indices, we may assume that

(5.9 Tils,: Si --> Si;1 is an isomorphism in codimension 1 for every i.
Moreover, by Lemma 2.11 and by relabelling the indices, we may assume that
(52) (T(i|S,~) (Ksl, + BS,» +Msl_) = K5i+1 + BSHI +MS,'+1 for every i

Step 3. Since for each i the map 7t; is an isomorphism at the generic point of S; by Step 1, by Conjecture 1.2
we have that §; € B_(Kx, + By + M;). Moreover, S; is normal as it is a log canonical centre of the dlt g-pair
(X1,B1 + M;). Therefore, Lemma 2.19 implies that

(5.3) the divisor Kg + Bg, + Mg, is pseudoeffective.

For every i denote by R; the normalization of 6;(S;). By (5.2) each diagram

(SiJBSi +MS,~) ——73—.——> (Si+11BSi+1 +Msi+1)

G\IN Aﬂ
R;

is a small ample quasi-flip. Thus, by Lemma 2.9 there exists a diagram

(S{’BS{ +M51') ___@_1__} (Sé,Bsé +MS§) __f”E__>
gll gzl
(S1,Bs, +Ms, ) L (S2,Bs, + Ms,) IR ,
Orls, 01ls,
Ry

where each map g; is a dlt blowup of (S;, Bs, + Ms.) and the sequence of rational maps ¢; yields an MMP
for the NQC Q-factorial dlt g-pair (Sy, Bs; + Mg;). Then Kg; + Bs: + Mg, is pseudoeffective by (5.3). Since
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we assume termination of flips for pseudoeffective NQC Q-factorial dlt g-pairs in dimensions at most n — 1,
we infer that the (Kg; + Bs; + Ms;)-MMP terminates. Thus, by relabelling, we may assume that

(5.4) (S/,Bs;+Ms;) = (S/,1,Bs +Ms; ) foralli>1.

The construction yields that —(Kg/+Bg/+Mg’) and st+1 +Bs.'+1 +M5_f+1 are nef over R;; hence K¢/ +Bg/+ Mg’
is numerically trivial over R; for each i by (5.4). In particular, K, + Bs, + Mg, and K, + Bg,  +Ms,  are
numerically trivial over R; for each i, and thus 8;|s. and 6|5, , contract no curves. Therefore, 0;|5, and
0/ls,., are isomorphisms, and consequently all maps 7;|s, are isomorphisms. This finishes the proof of the
claim, and thus of the theorem. O

6. Proof of the main result

In this section we prove the main result of the paper.

Proof of Theorem 1.3. Arguing by contradiction, we assume that the given sequence of flips does not terminate.
For each i > 1 we denote by P;, respectively Nj, the strict transforms of P, := P;(Kx, + B + M), respectively
Nj := Ny (Kx, + By + M), on X;.

By Lemmas 2.15(d) and 3.1, we may relabel the indices in this sequence; thus by Theorem 5.1 we may
assume that

(6.1) Exc(0;) Nnklt(X;,B; + M;) =0 for all i.

By Lemma 2.15(a) there exists a log resolution f: X - X; of (Xy,B; + M;) such that the IR-divisor
Py (f*(Kx, + By + My)) is NOC, and there exists an NQC divisor M on X such that M; = f,J\71 Since the
sequence of flips balanced, the log canonical threshold of P; + N; with respect to (Xy,By + M;) is zero;
hence by Remark 2.16 there exists a prime divisor

(6.2) E C Supp N, (f*(Kx, +B1 +M;))
such that Q(E,Xl,Bl +M1) =-1.

Let B be the sum of j;_lBl and of all f-exceptional prime divisors on X. Then there exists an effective
f -exceptional R-divisor G on X such that

Kg+§+1\71 ~r f*(Kx, + By + M) +G,
so, by [GLI3, Lemma 2.16] or by [LP20, Lemma 2.4], we have
N, (Kg+B+M) =N, (f*(Kx, +B1+M;))+G.

This equation, together with (6.2), implies that

(6.3) E CSuppN, (Kg+B+M).
Note that, since a(E, X;, B; + M) = —1, we have

(6.4) E C Supp| B]

and

(6.5) E Z SuppG.

As in the proof of Lemma 2.8, we can run a (K + B+ ]\Z)—MMP over X; which terminates with a model
(X{,B] + M) and which contracts precisely the divisor G. Thus, we obtain a dlt blowup

]’lll (X{,Bi +M{)—>(X1,B1 +M1)
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of (X1,B1 + Mj). The prime divisor E is not contracted by this MMP by (6.5). Let E; be the strict transform
of E on Xj. Then

(6.6)

E1 C Supp N, (Kx; +Bj + M{) CB_(Ky; + Bj + M;)

by (6.3) and by Lemmas 2.15(b) and 2.18, and

(6.7)
by (6.4).

E; C Supp|B] |

By Lemma 2.9 there exists a diagram

(X35 0) 25 (3,83 005) 2

T

(X1, By + M) =5 (Xp, By + My) =% -,

where for each i > 1 the map p;: X/ --> X}, is a (Ky + B; + M;)-MMP and the map h; is a dlt blowup of
the g-pair (X;, B; + M;). In particular, the sequence at the top of the above diagram is an MMP for the NQC
Q-factorial dlt g-pair (X{, B} + M), and by Lemma 3.2 we have that Conjecture 1.2 holds for that sequence.
Therefore, (6.6) and (6.7) imply that E; is contracted at some step of that sequence. However, by (6.1) and by

[CT23, Lemma 2.20(i)], that MMP is a sequence of flips, and we have a contradiction. g
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