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A Nakayama result for the quantum K-theory
of homogeneous spaces
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Abstract. We prove that the ideal of relations in the (equivariant) quantum K-ring of a homogeneous
space is generated by quantizations of each of the generators of the ideal in the classical (equivariant)
K-ring. This extends to quantum K-theory a result of Siebert and Tian in quantum cohomology.
We illustrate this technique in the case of the quantum K-ring of partial flag manifolds, using a set
of quantum K-Whitney relations conjectured by the authors, and recently proved by Huq-Kuruvilla.
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1. Introduction

In the study of presentations by generators and relations of the quantum cohomology ring of a projective
manifold, one of the most widely used results is that of Siebert and Tian [ST97]. They proved that a
generating set of the ideal of relations for the quantum cohomology ring may be obtained simply by
quantizing each of the generators of the ideal of relations in the ordinary cohomology ring – no other
relations were needed. The proof is based on a graded version of the Nakayama lemma; see also [FP97] and,
in the equivariant case, [Mih08]. This technique was quite successful in obtaining presentations of quantum
cohomology rings in many situations.

Our main goal in this paper is to extend Siebert and Tian’s result to Givental and Lee’s quantum
K-theory ring of homogeneous spaces; see [Giv00, Lee04]. The quantum K-theory ring is not graded, and
a more careful analysis is needed, which, for instance, requires working over rings completed along the
ideal of quantum parameters. We then show that a similar statement as in quantum cohomology holds;
cf. Theorem 4.1.

Our approach to this problem expands on results from [GMSZ22], where we studied the quantum K-ring
of Grassmann manifolds, and where we proved a weaker version of the general Nakayama-type result from
this paper, for certain rings of power series. A key hypothesis from [GMSZ22] is that the presentation
obtained by quantizing each of the classical generators satisfies a module-finiteness condition. For the
quantum K-ring of Grassmannians, we found an ad hoc proof of this condition; a similar situation happened
in [MNS25]. However, it turns out that the required finiteness holds very generally, including in the case
of most interest to us – the (equivariant) quantum K-ring of a homogeneous space G/P . See Section 2 for
precise statements, especially Theorem 2.7. It is not difficult to show that basic properties of the quantum
K-rings of homogeneous spaces satisfy all hypotheses from this corollary, leading to our main application for
quantum K-rings proved in Theorem 4.1. Along the way we also prove a folklore result which states that the
Schubert divisors generate the equivariant quantum K-ring of the complete flag manifold G/B as an algebra;
see Theorem 3.1.

In Section 5 we illustrate our methods in the case of the equivariant quantum K-ring of partial flag
manifolds. We prove that the Whitney relations obtained from the tautological subbundles give the full
presentation of the ordinary equivariant K-ring (similar to one by Lascoux [Las90]). An explicit quantization
of this set of relations was conjectured in [GMS+24]. The conjecture was known for Grassmannians, see
[GMSZ22], and for incidence varieties Fl(1,n − 1;n), see [GMS+23]; recently, Huq-Kuruvilla proved the
full conjecture in [HK24]. We use these ‘quantum K-Whitney’ relations to deduce our presentation; see
Theorem 5.2.
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A discussion on how this presentation relates to other ones in the literature is given at the end of
Section 5.2. We further illustrate the Whitney presentation for QKT (Fl(3)) in Section 5.3, and also include a
discussion on the need for completions.

Acknowledgments
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helpful discussions. Special thanks are due to Prof. Satoshi Naito for many inspiring discussions, and for
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2. About finiteness of completed rings

For notions about completions, we refer to [AM69, Chapter 10]; see also [GMSZ22, Appendix A]. The
main fact we utilize in this paper is the following result proved in [GMSZ22, Proposition A.3].

Proposition 2.1 (Gu–Mihalcea–Sharpe–Zou). Let A be a Noetherian integral domain, and let a ⊂ A be an
ideal. Assume that A is complete in the a-adic topology. Let M,N be finitely generated A-modules.
Assume that the A-module N and the A/a-module N/aN are both free modules of the same rank p <∞, and

that we are given an A-module homomorphism f : M→N such that the induced A/a-module map f : M/aM→
N/aN is an isomorphism of A/a-modules.
Then f is an isomorphism.

A key hypothesis needed in this proposition is the module finiteness of M . We record in Theorem 2.6
below a simple criterion for when this holds, in the case when M is a quotient of a power series ring; this is
the case for our main application. One may also deduce Theorem 2.6 directly from [Eis95, Exercise 7.4];(1)

for the convenience of the reader, we include a proof.
We start with the following general result proved in [Mat89, Theorem 8.4]; see also [Sta18, Tag 031D].

Lemma 2.2. Let A be a commutative ring, and let a ⊂ A be an ideal. Let M be an A-module. Assume that A is
a-adically complete,

⋂
n≥1a

nM = (0), and that M/aM is a finitely generated A/a-module. Then M is a finitely
generated A-module.

For a commutative ring S with 1, we denote by Jac(S) its Jacobson radical, i.e. the intersection of all its
maximal ideals. It is proved in [AM69, Proposition 1.9] that x ∈ Jac(S) if and only if 1− xy is a unit in S for
all y ∈ S .

Lemma 2.3. Let R,S be commutative rings with 1 and π : R→ S be a surjective ring homomorphism with
π(1) = 1. Then:

(1) We have π(Jac(R)) ⊆ Jac(S).
(2) If J is an ideal in R, then π(J) is an ideal in S .

Proof. Let x ∈ Jac(R). Then 1− xr is a unit in R for all r ∈ R. This implies f (1− xr) = 1− f (x)f (r) is a unit
in S . Since f is surjective, this means f (x) ∈ Jac(S).

Part (2) is immediate from the definitions. □

From now on, S is a commutative Noetherian ring, and I is an ideal of the formal power series ring
S[[q1, . . . , qk]]. Let

π : S[[q1, . . . , qk]] −→M B S[[q1, . . . , qk]]/I

be the projection. Let
J B ⟨q1, . . . , qk⟩ ⊂ S[[q1, . . . , qk]].

(1)We thank Prof. S. Naito for providing us with this reference.

https://stacks.math.columbia.edu/tag/031D
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Lemma 2.4. The ideal π(J) is contained in the Jacobson radical of M .

Proof. By [AM69, Proposition 10.15] the ideal J is contained in the Jacobson radical of S[[q1, . . . , qk]]. Then
the claim follows from Theorem 2.3. □

Corollary 2.5. We have that
⋂

n≥1π(J)
n = (0).

Proof. Note that S[[q1, . . . , qk]] is Noetherian from [AM69, Corollary 10.27]. Then its quotient M is also
Noetherian, and by Theorem 2.4 we have that π(J) ⊂ Jac(M). The claim follows from a corollary of Krull’s
theorem, [AM69, Corollary 10.19], applied to M as a module over S[[q1, . . . , qk]] and the ideal π(J). □

Let us further assume that S is an R-algebra for a Noetherian ring R. Let

AB R[[q1, . . . , qk]] ⊂ S[[q1, . . . , qk]]

with ideal a = ⟨q1, . . . , qk⟩ ⊂ A.

Proposition 2.6. Recall that M B S[[q1, . . . , qk]]/I . If M/aM is a finitely generated A/a-module, then

(1) M is a finitely generated A-module;
(2) M is a-adically complete.

Proof. Note that A is a-adically complete, see [Eis95, Section 7.1], and that⋂
n≥1

anM =
⋂
n≥1

JnM =
⋂
n≥1

π(J)n = (0)

by Theorem 2.5. Then part (1) follows from Theorem 2.2. Since A is a-dically complete, it follows from
[AM69, Proposition 10.13] that the a-adic completion of M is M̂ =M ⊗A Â =M, proving part (2). □

We now combine Propositions 2.1 and 2.6 to obtain the following.

Corollary 2.7. Let R be a Noetherian integral domain, S a Noetherian R-algebra, and I ⊂ S[[q1, . . . , qk]] an ideal
of the formal power series ring S[[q1, . . . , qk]]. Assume that we have a homomorphism of R[[q1, . . . , qk]]-algebras

f : S[[q1, . . . , qk]]/I −→N

such that:

(1) N is a free R[[q1, . . . , qk]]-module of finite rank p <∞;
(2) f induces an isomorphism of R-algebras

f : S[[q1, . . . , qk]]/(⟨q1, . . . , qk⟩+ I) −→N/⟨q1, . . . , qk⟩.

Then f is an isomorphism.

Proof. Hypotheses (1) and (2) imply that N/⟨q1, . . . , qk⟩ and S[[q1, . . . , qk]]/(⟨q1, . . . , qk⟩ + I) are both free
R-modules of rank p. Then apply Theorem 2.1 to the case A := R[[q1, . . . , qk]] and M := S[[q1, . . . , qk]]/I , and
the homomorphism f : M→N . By Theorem 2.6, M is a finitely generated A-module, thus the hypotheses
of Theorem 2.1 hold, giving that f is an isomorphism. □

As the example below shows, working with polynomial rings in q is not sufficient in this corollary.

Example 2.8. Consider R =C, S =C[x], I = ⟨(1− q)x⟩ ⊂ S[q], M = S[[q]]/I , and N =C[[q]]. Since 1− q is
invertible in S[[q]], it follows that there is a R[[q]]-algebra isomorphism

f : M −→N, x 7−→ 0.

Furthermore, modulo q, this is again an isomorphism of R-algebras. However,

S[q]/I =C[x,q]/⟨(1− q)x⟩

has zero divisors, so it is not isomorphic to R[q] = C[q]. For another example arising from the quantum
K-ring of Fl(3), see Section 5.3 below.
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3. Equivariant quantum K-theory of flag varieties

3.1. Preliminaries

In this section we recall some basic facts about the equivariant K-theory of a variety with a group action.
For an introduction to equivariant K-theory, and more details, see [CG10].

Let X be a smooth projective variety with an action of a linear algebraic group G. The equivariant
K-theory ring KG(X) is the Grothendieck ring generated by symbols [E], where E→ X is a G-equivariant
vector bundle, modulo the relations [E] = [E′] + [E′′] for any short exact sequence 0→ E′→ E→ E′′→ 0
of equivariant vector bundles. The additive ring structure is given by direct sum, and the multiplication
is given by tensor products of vector bundles. Since X is smooth, any G-linearized coherent sheaf has a
finite resolution by (equivariant) vector bundles, and the ring KG(X) coincides with the Grothendieck group
of G-linearized coherent sheaves on X. In particular, any G-linearized coherent sheaf F on X determines
a class [F ] ∈ KG(X). As an important special case, if Ω ⊂ X is a G-stable subscheme, then its structure
sheaf determines a class [OΩ] ∈ KG(X). We shall abuse notation and sometimes write F or OΩ for the
corresponding classes [F ] and [OΩ] in KG(X).

The ring KG(X) is an algebra over KG(pt) = Rep(G), the representation ring of G. If G = T is a complex
torus, then this is the Laurent polynomial ring KT (pt) =Z[T ±11 , . . . ,T ±1n ], where the Ti := Cti are characters
corresponding to a basis of the Lie algebra of T .

Let E→ X be an equivariant vector bundle of rank rkE. The (Hirzebruch) λy-class is defined as

λy(E) := 1+ yE + . . .+ yrkE ∧rkE E ∈ KT (X)[y].

This class was introduced by Hirzebruch [Hir95] in relation to the Grothendieck–Riemann–Roch theorem.
The λy class is multiplicative with respect to short exact sequences; i.e. if 0→ E′→ E→ E′′→ 0 is such a
sequence of vector bundles, then

λy(E) = λy(E
′) ·λy(E

′′).

This is part of the λ-ring structure of KT (X), see e.g. [Nie74], referring to [GBI67].
A particular case of this construction is when V is a (complex) vector space with an action of a complex

torus T . The λy-class of V is the element λy(V ) =
∑

i≥0 y
i ∧i V ∈ KT (pt)[y]. Since V decomposes into

1-dimensional T -representations, V =
⊕

iCµi
, it follows from the multiplicative property of λy-classes that

λy(V ) =
∏

i(1 + yCµi
).

Since X is proper, we can push the class of a sheaf forward to the point. This is given by the sheaf Euler
characteristic or, equivalently, the virtual representation

χT
X(F ) :=

∑
i

(−1)iHi(X,F ) ∈ KT (pt).

3.2. (Equivariant) K-theory of homogeneous spaces

Let G be a complex, reductive algebraic group, and fix T := B∩B− ⊂ B ⊂ P ⊂ G: a standard parabolic
subgroup P containing a Borel subgroup B and the maximal torus T obtained as the intersection of B
with the opposite Borel subgroup B−. Let W := NG(T )/T denote the Weyl group, equipped with the
length function ℓ : W → Z, and denote by WP the subgroup generated by the simple reflections si with
representatives in P . The set of minimal-length representatives for the cosets of W/WP is denoted by W P ;
thus W B =W .

The (generalized) flag variety is by definition X = G/P , a homogeneous space with respect to the left
action of G. It has a stratification by (opposite) Schubert cells:

G/P =
⊔

w∈W P

X◦w =
⊔

w∈W P

Xw,◦,
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where X◦w := BwP /P ≃ C
ℓ(w) and Xw,◦ := B−wP /P ≃ C

dimG/P−ℓ(w). The closures of the Schubert cells are
the Schubert varieties: Xw := X◦w, Xw := Xw,◦. These are T -stable and determine classes Ow := [OXw

] and
Ow = [OXw ] in KT (X). These classes form a KT (pt)-basis for KT (X); i.e.

KT (X) =
⊕
w∈W P

KT (pt)Ow =
⊕
w∈W P

KT (pt)Ow.

In particular, KT (X) is a finitely generated KT (pt)-algebra: one generating set is given by the Schubert classes.
Alternatively, the finite generation also follows from the Atiyah–Hirzebruch isomorphism of KT (pt)-modules

KT (G/P ) ≃ KT (pt)⊗KG(pt)KT (pt)
WP ;

see e.g. [CG10, Sections 6.1 and 6.2] or [MNS22, Appendix].
For X = G/B one can show that the Schubert divisors already generate. We include below a proof, for the

convenience of the reader, and also because we could not find a precise reference of this result, undoubtedly
known to experts.

Proposition 3.1. Assume G is simply connected. Then the ring KT (G/B) is generated over KT (pt) by the Schubert
divisors Osi , where {si} is the set of simple reflections in W .

In order to prove this, we introduce more notation. Let X∗(T ) be the group of characters of T , written in
the additive notation. For λ ∈ X∗(T ) we denote by Cλ the 1-dimensional T -representation with character λ.
One may extend this to a B-representation by letting the unipotent group U act trivially. Define the
G-equivariant line bundle Lλ over G/B by

Lλ = G ×BCλ.

Denote by ωi the fundamental weights, and set ρ =
∑

iωi . There is an exact sequence

(3.1) 0 −→Lωi
⊗C−ωi

−→OG/B −→Osi −→ 0.

A consequence of this exact sequence is that Osi and the line bundles Lωi
generate the same subring of

KT (G/B). Since the line bundle L−ρ is very ample, there is a T -equivariant embedding

ι : G/B ↪−→ P(V ) = P

(
H0

(
G/B;L−ρ

))
such that ι∗(O

P(V )(1)) = L−ρ.

Lemma 3.2. The class of O
P(V )(1) ∈ KT (P(V )) may be written as a polynomial in the class O

P(V )(−1) with
coefficients in KT (pt).

Proof. On P(V ) there is the tautological sequence of T -equivariant vector bundles

0 −→O
P(V )(−1) −→ V −→Q := V /O

P(V )(−1) −→ 0.

The K-theoretic Whitney relations are

λy(OP(V )(−1)) ·λy(Q) = λy(V ) = 1+ yV + y2 ∧2 V + · · ·+ yN ∧N V ,

where N = dimV . Multiplying both sides by
∑

i≥0(−1)iyi(OP(V )(−1))i and extracting the coefficient of
yN−1, one obtains that

detQ =
N−1∑
i=0

(−1)i ∧N−i−1 V ⊗
(
O
P(V )(−1)

)i
.

But O
P(V )(−1)⊗detQ = detV ; therefore,

(3.2) O
P(V )(1) =

(
O
P(V )(−1)

)−1
= detQ⊗ (detV )−1.

Finally, since (detV )−1 ∈ KT (pt), the right-hand side of (3.2) has the claimed properties. □



QK Nakayama 7QK Nakayama 7

Proof of Theorem 3.1. Let R be the subring of KT (G/B) generated by the Schubert divisors. Observe that
ι∗O

P(V )(±1) = L∓ρ. From Theorem 3.2 it follows that L−ρ is a polynomial in powers of Lρ with coefficients
in KT (pt); thus L−ρ ∈ R. Then for each fundamental weight ωi ,

L−ωi
= L−ρ ⊗Lω1

⊗ · · · ⊗ L̂ωi
⊗ · · · ⊗Lωrank G

is an element of R. Since every line bundle is generated by powers of L±ωi
, this shows that R is equal to the

subring generated over KT (pt) by all G-equivariant line bundles. Our initial hypothesis that G is simply
connected implies that these line bundles generate the whole KT (G/B); see e.g. [CG10, Lemma 6.1.6 and
Theorem 6.1.22].(2) This finishes the proof. □

Remark 3.3. In general the Schubert divisors do not generate the K-theory ring of G/P . For example,
in K(Gr(2,4)), the minimal polynomial of the multiplication by the Schubert divisor has degree 5, while
the K-theory module has rank 6. However, it can be shown that the Schubert divisor classes generate an
appropriate localization of KT (G/P ); cf. [BCMP18, Section 5.3].

3.3. Quantum K-theory

We next recall the definition of the equivariant quantum K-ring of a partial flag variety. An effective
degree is a k-tuple of nonnegative integers d = (d1, . . . ,dk), which is identified with

∑k
i=1di[Xsri

] ∈H2(X,Z).

We write qd for qd11 . . .q
dk
k , where q = (q1, . . . , qk) is a sequence of quantum parameters.

We recall the definition of the T -equivariant (small) quantum K-theory ring QKT (X), following [Giv00,
Lee04]. Additively,

QKT (X) = KT (X)⊗KT (pt)KT (pt)[[q]]

is a free KT (pt)[[q]]-module with a KT (pt)[[q]]-basis given by Schubert classes {Ow}w∈W P . It is equipped
with a commutative, associative product, denoted by ⋆, and determined by the condition

(3.3) ((σ1 ⋆ σ2,σ3)) =
∑
d

qd⟨σ1,σ2,σ3⟩Td

for all σ1,σ2,σ3 ∈ KT (X), where
((σ1,σ2))B

∑
d

qd⟨σ1,σ2⟩Td

is the quantum K-metric and ⟨σ1, . . . ,σn⟩Td are T -equivariant K-theoretic Gromov–Witten invariants, recalled

next. Let d ∈ H2(X,Z)+ be an effective degree, and let M0,n(X,d) be the Kontsevich moduli space
parametrizing n-pointed, genus 0, degree d stable maps to X. Denote by

ev1,ev2, . . . ,evn : M0,n(X,d) −→ X

the evaluations at the n marked points. Given σ1,σ2, . . . ,σn ∈ KT (X), the T -equivariant K-theoretic Gromov–
Witten invariant is defined by

⟨σ1,σ2, . . . ,σn⟩Td B χT
M0,n(X,d)

(ev∗1σ1 · ev
∗
2σ2 · · ·ev

∗
nσn),

where χT
Y : KT (Y )→ KT (pt) is the pushforward to a point. We adopt the convention that when d is not

effective, the invariant ⟨σ1,σ2, . . . ,σn⟩Td is zero.

Remark 3.4. For 1 ≤ j ≤ k set degqj = deg([Xsrj
]∩ c1(TX)) = rj+1 − rj−1. For a multidegree d = (dr1 , . . . ,drk ),

set deg(Ow ⊗ qd) = ℓ(w) +
∑
deg(qi) · dri . Together with the topological filtration on KT (X), this equips

QKT (X) with the structure of a filtered ring; see [BM11, Section 5.1]. The associated graded of this ring is
QH∗T (X), the (small) T -equivariant quantum cohomology of X, a free H∗T (pt)[q]-algebra of the same rank
as QKT (X).

(2)Note that this is the only place where the simply connected hypothesis is needed.
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4. Relations of the quantum K-theory ring

As above, we let X := G/P . Our goal in this section is to prove Theorem 4.1, giving the K-theoretic version
of Siebert and Tian’s results in quantum cohomology.

Denote by q = (q1, . . . , qk) the sequence of quantum parameters associated to X.

Theorem 4.1. Assume that we are given an isomorphism of KT (pt)-algebras

Φ : KT (pt)[m1, . . . ,ms]/⟨P1, . . . , Pr⟩ −→ KT (X),

where m1, . . . ,ms are indeterminates, and the Pi are polynomials in the variables mj with coefficients in KT (pt).
Consider any power series

P̃i = P̃i(m1, . . . ,ms;q1, . . . , qk) ∈ KT (pt)[m1, . . . ,ms][[q1, . . . , qk]]

such that:

• P̃i(m1, . . . ,ms;0, . . . ,0) = Pi(m1, . . . ,ms) for all m1, . . . ,ms and all i, and
• P̃i(m1, . . . ,ms;q1, . . . , qk) = 0 in QKT (X), where the mi are regarded as elements in QKT (X) via the
isomorphism Φ .

Then Φ lifts to an isomorphism of KT (pt)[[q]]-algebras

Φ̃ : KT (pt)[[q]][m1, . . . ,ms]/⟨P̃1, . . . , P̃r⟩ −→QKT (X).

Proof. We use Theorem 2.7 applied to N = QKT (X), the Noetherian integral domains R = KT (pt) and
S = R[m1, . . . ,ms], and I the ideal ⟨P̃1, . . . , P̃r⟩ ⊂ S[[q1, . . . , qk]]. By the hypothesis on the P̃i , Φ̃ is a well-
defined R[[q1, . . . , qk]]-algebra homomorphism, and the induced homomorphism modulo ⟨q1, . . . , qk⟩ is an
isomorphism. Finally, N is a finitely generated free module over R[[q1, . . . , qk]], from the definition of the
quantum K-ring. Then all hypotheses of Theorem 2.7 are satisfied; thus Φ̃ is an isomorphism, as claimed. □

As an aside, we also record the following lemma. Together with Theorem 3.1, it implies that the Schubert
divisors generate QKT (G/B) as an algebra over KT (pt)[[q]]. A Toda-type presentation for QKT (Fl(n)) with
closely related generators has been obtained by Maeno, Naito, and Sagaki [MNS25] – see also [LM06] and
the next section.

Lemma 4.2. Assume that m1, . . . ,ms generate KT (X) as an algebra over KT (pt). Then m1, . . . ,ms also generate
QKT (X) = KT (X)⊗KT (pt)KT (pt)[[q]] as an algebra over KT (pt)[[q]].

Proof. The argument follows from [GMSZ22, Lemma A.1]. Set R := KT (pt), M := QKT (X), and let I be the
ideal in R[[q]] generated by q1, . . . , qk . Denote by M ′ the R[[q]]-submodule of M generated by m1, . . . ,mk .
Note that R[[q]] is Noetherian, and I-adically complete, so I is included in the Jacobson radical of R[[q]]; see
[AM69, Proposition 10.15]. The hypothesis in the lemma implies that M/M ′ = I · (M/M ′) as R[[q]]-modules.
Since M is a finitely generated over R[[q]], the claim follows from the usual Nakayama lemma, as stated
e.g. in [AM69, Proposition 2.6]. □

Remark 4.3. Given the polynomials Pi = Pi(m1, . . . ,ms) from Theorem 4.1, one way to construct the power
series P̃i is as follows. First, observe that there is a surjective KT (pt)[[q]]-algebra homomorphism

Ψ : KT (pt)[[q]][m1, . . . ,ms] −→QKT (X).

Let Gu ∈ KT (pt)[[q]][m1, . . . ,ms] be any preimage of the Schubert class Ou under Ψ , for u varying in the
appropriate subset of the Weyl group. Regard Pi as an element in KT (pt)[[q]][m1, . . . ,ms]. The hypothesis
that Pi gives a relation in KT (X) implies that

Ψ (Pi) =
∑
u

auOu ,
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where au ∈ KT (pt)[[q]] and qi |au for some index i. Define

P̃i := Pi −
∑

auGu ∈ KT (pt)[[q]][m1, . . . ,ms].

Then P̃i is in Ker(Ψ ) and satisfies the two conditions in Theorem 4.1. Note that the same proof holds in the
more general case when KT (X) has a finite KT (pt)-basis.

5. The Whitney presentation of the quantum K-theory of partial flag
manifolds

In this section we illustrate our method and prove a presentation of the equivariant quantum K-ring
of the partial flag manifolds X = Fl(r1, . . . , rk ;Cn). To this aim, we first prove a (folklore) presentation of
KT (X), and then we recall a conjecture from [GMS+24] giving a quantization of the generators of the ideal
of classical relations; see Theorem 5.2. The conjectured quantizations were recently proved by Huq-Kuruvilla
in [HK24], and by Theorem 4.1 they generate the full ideal of quantum K-relations.

For Grassmannians, the presentation resulting from the relations in Theorem 5.2 was proved in [GMSZ22],
and for the incidence varieties Fl(1,n−1;n), it was proved in an earlier arχiv version of this paper [GMS+23].
We note that for QKT (Fl(n)) we provided in [GMS+23] a different proof of the quantum K-relations,
contingent on the ‘K-theoretic divisor axiom’ – a conjectural statement by Buch and Mihalcea which
calculates the 3-point K-theoretic GW invariants of the form ⟨Osi ,Ou ,Ov⟩Td .

For similar results in the case of the symplectic flag manifold Sp(2n)/B, see [KN24].

5.1. The (classical) Whitney presentation

Let 0 = S0 ⊂ S1 ⊂ · · · ⊂ Sk ⊂ Sk+1 = C
n be the flag of tautological vector bundles on X, where Sj has

rank rj . Since we could not find a precise reference, we will take the opportunity to outline a proof for a
(folklore) presentation by generators and relations of KT (X). The relations

λy(Sj ) ·λy(Sj+1/Sj ) = λy(Sj+1), j = 1, . . . , k

arise from the Whitney relations applied to the exact sequences

0 −→ Sj −→ Sj+1 −→ Sj+1/Sj −→ 0, j = 1, . . . , k.

We use the Whitney relations to obtain a presentation closely related to well-known (nonequivariant)
presentations such as those in [Las90, Section 7]. Let

X(j) =
(
X

(j)
1 , . . . ,X

(j)
rj

)
and Y (j) =

(
Y
(j)
1 , . . . ,Y

(j)
rj+1−rj

)
denote formal variables for j = 1, . . . , k. Let X(k+1) B (T1, . . . ,Tn) be the equivariant parameters in KT (pt).

Geometrically, the variables X
(j)
i and Y

(j)
s arise from the splitting principle:

λy(Sj ) =
∏
i

(
1+ yX

(j)
i

)
, λy(Sj+1/Sj ) =

∏
s

(
1+ yY

(j)
s

)
;

i.e. they are the K-theoretic Chern roots of Sj and Sj+1/Sj , respectively. Let eℓ(X(j)) and eℓ(Y (j)) be the ℓth

elementary symmetric polynomials in X(j) and Y (j), respectively. Denote by S the (Laurent) polynomial ring

S B KT (pt)
[
ei
(
X(j)

)
, es

(
Y (j)

)
;1 ≤ j ≤ k,1 ≤ i ≤ rj ,1 ≤ s ≤ rj+1 − rj

]
,

and define the ideal I ⊂ S generated by

(5.1)
∑
i+s=ℓ

ei
(
X(j)

)
es
(
Y (j)

)
− eℓ

(
X(j+1)

)
, 1 ≤ j ≤ k and 1 ≤ ℓ ≤ rj+1.
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Proposition 5.1. There is an isomorphism of KT (pt)-algebras

Ψ : S/I −→ KT (X)

sending ei(X(j)) to ∧iSj and ei(Y (j)) to ∧i(Sj+1/Sj ).

Proof. Denote the conjectured presentation ring by A. The K-theoretic Whitney relations imply that
λy(Sj ) ·λy(Sj+1/Sj ) = λy(Sj+1). Then the geometric interpretation of the variables X(j),Y (j) in terms of the
splitting principle before the theorem implies that Ψ is a well-defined KT (pt)-algebra homomorphism.

To prove the surjectivity of Ψ , we first consider the case when X = Fl(n) is the full flag variety, and
we utilize the theory of double Grothendieck polynomials; see [FL94, Buc02]. It was proved in [Buc02,
Theorem 2.1] that each Schubert class in KT (X) may be written as a (double Grothendieck) polynomial in

1− (Cn/Sn−1)−1, 1− (Sn−1/Sn−2)−1, . . . , 1− (S2/S1)−1, 1− (S1)−1

with coefficients in KT (pt). Note that in KT (X)

(Si/Si−1)−1 =det(Cn)−1 ·Cn/Sn−1 · · ·Si+1/Si · Si−1/Si−2 · · ·S2/S1 · S1
for i = 1, . . . ,n. Therefore, each Schubert class may be written as a polynomial in variables Si/Si−1 for
i = 1, . . . ,n with coefficients in KT (pt). This proves the surjectivity in this case.

For partial flag varieties, consider the injective ring homomorphism given by pulling back via the natural
projection p : Fl(n)→ Fl(r1, . . . , rk ;n). The pullbacks of Schubert classes and of the tautological bundles are

p∗Ow = Ow, p∗
(
∧ℓSi

)
= ∧ℓSri , p∗

(
∧ℓ(Si/Si−1)

)
= ∧ℓ

(
Sri /Sri−1

)
for any w ∈ Sr1,...,rk

n , any 1 ≤ i ≤ k, and any ℓ; here Sr1,...,rk
n denotes the set of minimal-length representatives

of elements in the quotient Sn/(Sr1 × Sr2−r1 . . .× Sn−rk ). On the other hand, since w ∈ Sr1,...,rk
n , the Schubert

classes p∗Ow may be written as (double Grothendieck) polynomials symmetric in each block of variables
1 − (Sri+1/Sri )

−1, . . . ,1 − (Sri+1/Sri+1−1)
−1, for 0 ≤ i ≤ k, that is, in the elementary symmetric functions

eℓ((1− (Sri+1/Sri )
−1, . . . ,1− (Sri+1/Sri+1−1)

−1)) in these sets of variables. Each such elementary symmetric
function may be further expanded as a Z-linear combination of terms of the form

es
(
Sri+1/Sri , . . . ,Sri+1/Sri+1−1

)
Sri+1/Sri · . . . · Sri+1/Sri+1−1

=
∧s

(
Sri+1/Sri

)
det

(
Sri+1

)
/ det

(
Sri

) .
Observe that detCn =

∏k+1
i=1 det(Sri /Sri−1)= det(Srj )

∏k+1
i=j+1det(Sri /Sri−1). Therefore,

det
(
Srj

)−1
= (detCn)−1

k+1∏
i=j+1

det
(
Sri /Sri−1

)
, j = 1, . . . , k.

We have shown that the pullbacks of Schubert classes p∗(Ow) are polynomials in the pullbacks of the
tautological bundles and their quotients, and we deduce that Ψ is surjective for partial flag manifolds.

Injectivity holds because KT (pt) is an integral domain and both A and KT (X) have the same rank as free
modules over KT (pt). To see the latter, consider the ring

A′ :=Z[T1, . . . ,Tn]
[
ei
(
Xj

)
, es(Y

j ) : 1 ≤ j ≤ k,1 ≤ i ≤ rj ,1 ≤ s ≤ rj+1 − rj
]
/I ′ ,

where I ′ ⊆ A′ is the ideal generated by (5.1). It is classically known that the Z[T1, . . . ,Tn]-algebra A′ is
isomorphic to the equivariant cohomology algebra H∗T (X), with ei(X(j)) being sent to the equivariant Chern
class cTi (Sj ) and ei(Y (j)) to the equivariant Chern class cTi (Sj+1/Sj ). (This follows for example by realizing
the partial flag variety as a tower of Grassmann bundles, then using a description of the cohomology of
the latter as in [Ful84, Example 14.6.6].) In particular, A′ is a free Z[T1, . . . ,Tn]-algebra of rank equal to
the number of Schubert classes in X. Then A = A′ ⊗

Z[T1,...,Tn]KT (pt) is a free KT (pt)-module of the same
rank. □
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5.2. The quantum K-Whitney presentation

We keep the notation from the previous subsection. The following was conjectured in [GMS+24].

Theorem 5.2. For j = 1, . . . , k the following relations hold in QKT (X):

(5.2) λy(Sj ) ⋆ λy(Sj+1/Sj ) = λy(Sj+1)− yrj+1−rj
qj

1− qj
det(Sj+1/Sj ) ⋆ (λy(Sj )−λy(Sj−1)).

These relations were proved for Grassmannians in [GMSZ22], and for the incidence varieties Fl(1,n−1;n)
in [GMS+23]. The full conjecture was recently proved in [HK24].(3)

To get an abstract presentation, we start by transforming (5.2). As in Section 3.2, let

X(j) =
(
X

(j)
1 , . . . ,X

(j)
rj

)
and Y (j) =

(
Y
(j)
1 , . . . ,Y

(j)
rj+1−rj

)
denote formal variables for j = 1, . . . , k. Let X(k+1) B (T1, . . . ,Tn) be the equivariant parameters in KT (pt).
Let eℓ(X(j)) and eℓ(Y (j)) be the ℓth elementary symmetric polynomials in X(j) and Y (j), respectively.

Definition 5.3. Let

S = KT (pt)
[
e1
(
X(j)

)
, . . . , erj

(
X(j)

)
, e1

(
Y (j)

)
, . . . , erj+1−rj

(
Y (j)

)
, j = 1, . . . , k

]
.

Let Iq ⊂ S[[q]] = S[[q1, . . . , qk]] be the ideal generated by the coefficients of y in

rj∏
ℓ=1

(
1+ yX

(j)
ℓ

) rj+1−rj∏
ℓ=1

(
1+ yY

(j)
ℓ

)
−

rj+1∏
ℓ=1

(
1+ yX

(j+1)
ℓ

)

+ yrj+1−rj
qj

1− qj

rj+1−rj∏
ℓ=1

Y
(j)
ℓ

 rj∏
ℓ=1

(
1+ yX

(j)
ℓ

)
−

rj−1∏
ℓ=1

(
1+ yX

(j−1)
ℓ

) , j = 1, . . . , k.

Corollary 5.4. There is an isomorphism of KT (pt)[[q]]-algebras

Ψ : S[[q]]/Iq −→QKT (X)

sending eℓ(X(j)) to ∧ℓ(Sj ) and eℓ(Y (j)) to ∧ℓ(Sj+1/Sj ).

Proof. When qi = 0 for all i, the generators of the ideal Iq are those of the ideal I in Theorem 5.1. Then the
claim follows from Theorems 5.2 and 4.1. □

As explained in [GMS+24], the Whitney presentation above may be viewed as a K-theoretic analogue
of a presentation obtained by Gu and Kalashnikov [GK24] of the quantum cohomology ring of quiver flag
varieties. A presentation of the equivariant quantum K-ring of the complete flag varieties Fl(n) was recently
proved by Maeno, Naito, and Sagaki [MNS25] (see also [LM06]). It is related to the Toda lattice presentation
from quantum cohomology; see [GK95, Kim99]. Their presentation is built onto the relations satisfied by
the λy-classes λy(Sj /Sj−1) of the quotient bundles. By eliminating the λy-classes λy(Sj ), it is not difficult to
show that the Whitney relations above for Fl(n) imply the presentation from [MNS25].

Relations similar to those from [MNS25, GK95] also appear in [GL03, ACT17], in relation to the finite-
difference Toda lattice; in [KPSZ21], in relation to the study of the quasimap quantum K-theory of the
cotangent bundle of Fl(n) and the Bethe ansatz (see also [GK17]); and in [IIM20], in relation to the Peterson
isomorphism in quantum K-theory.

(3)Added in revision: a different proof was obtained recently by combining the K-theoretic divisor axiom in [LNSX25] with the
earlier papers [GMS+23, AHK+25].



12 W. Gu, L. C. Mihalcea, E. Sharpe, W. Xu, H. Zhang, H. Zou12 W. Gu, L. C. Mihalcea, E. Sharpe, W. Xu, H. Zhang, H. Zou

5.3. An example for QKT (Fl(3))

We illustrate the presentation above for QKT (Fl(3)). There are two quantum K-Whitney relations:

λy(S1) ⋆ λy(S2/S1) = λy(S2)− y
q1

1− q1
det(S2/S1) ⋆ (λy(S1)− 1),

λy(S2) ⋆ λy(C
3/S2) = λy(C

3)− y
q2

1− q2
det(C3/S2) ⋆ (λy(S2)−λy(S1)).

In terms of abstract variables, these relations read(
1+ yX

(1)
1

)(
1+ yY

(1)
1

)
=
(
1+ yX

(2)
1

)(
1+ yX

(2)
2

)
− y2

q1
1− q1

X
(1)
1 Y

(1)
1 ,(

1+ yX
(2)
1

)(
1+ yX

(2)
2

)(
1+ yY

(2)
1

)
= (1+ yT1)(1 + yT2)(1 + yT3)

− y
q2

1− q2
Y
(2)
1

((
1+ yX

(2)
1

)(
1+ yX

(2)
2

)
−
(
1+ yX

(1)
1

))
.

Identifying powers of y, we obtain the following:

X
(1)
1 +Y

(1)
1 − e1(X

(2)),

1
1− q1

X
(1)
1 Y

(1)
1 − e2(X

(2)),

e1(X
(2)) +

1
1− q2

Y
(2)
1 − e1(T ),

1
1− q2

(
e1
(
X(2)

)
− q2X

(1)
1

)
Y
(2)
1 −

(
e2(T )− e2

(
X(2)

))
,

1
1− q2

e2
(
X(2)

)
Y
(2)
1 − e3(T ).

These generate the ideal Iq of relations in QKT (Fl(3)).
Note that 1 − qi is invertible in the ground ring KT (pt)[[q1,q2]] = R[[q1,q2]], so one may multiply by

factors (1− qi) to get the following polynomial version of the relations:

X
(1)
1 +Y

(1)
1 − e1(X

(2)),

X
(1)
1 Y

(1)
1 − (1− q1)e2(X

(2)),

(1− q2)
(
e1
(
X(2)

)
+Y

(2)
1 − e1(T )

)
,(

e1
(
X(2)

)
− q2X

(1)
1

)
Y
(2)
1 − (1− q2)

(
e2(T )− e2

(
X(2)

))
,

e2
(
X(2)

)
Y
(2)
1 − (1− q2)e3(T ).

Denote by I
poly
q the ideal of S[q1,q2] generated by these relations. There is a natural ring homomorphism

Φpoly : S[q1,q2]/I
poly
q −→ S[[q1,q2]]/Iq ≃QKT (Fl(3)).

Using the third relation in I
poly
q , one checks that e1(X(2)) +Y

(2)
1 − e1(T ) is a nonzero element in the kernel

of Φpoly. This shows that working with completions (or at least using a localized ring where 1 − qi is
invertible) is necessary in Theorem 4.1.

Furthermore, one may prove that Φpoly is surjective, as follows. Let QKpoly
T (X) ⊆QKT (X) be the subring

generated by Os1 and Os2 over the ground ring KT (pt)[q1,q2]. Algorithm 4.16 of [Xu24] gives an algorithm
that recursively expresses any Schubert class as a polynomial in Os1 , Os2 with coefficients in KT (pt)[q1,q2].
Combined with [Xu24, Theorem 4.5], this means that when we express the product of two Schubert classes as
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a linear combination of Schubert classes in QKT (X), the coefficients are always in KT (pt)[q1,q2]. Therefore,
QKpoly

T (X) can be identified with KT (X)⊗Z[q1,q2] as a module. Since

det(S1) = T1(1−Os1) and det(S2) = T1T2(1−Os2),

it follows that QKpoly
T (X) is also generated by S1 and det(S2) over KT (pt)[q1,q2], proving the surjectivity

claim.
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