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1. Introduction and statement of the main results

In 2016, E. Brugallé and P. Georgieva achieved a complete calculation of the genus 0 Gromov-Witten and
Welschinger invariants for CP3 (see [BG16]), establishing a correspondence between the invariants of CP3
and those of CP! x CP!. The idea comes from the observation of J. Kollar, who demonstrated that pencils
of quadrics in CP? can be utilized to evaluate certain enumerative invariants of CP> (see [Koll5]). In this
paper, we extend the results established in [BG16] to other high-degree del Pezzo varieties X. In this context,
the occurrence of monodromy phenomena necessitates a more sophisticated approach to the enumeration
of curves on pencils of surfaces. Moreover, the enumeration of real curves requires the incorporation
of additional structures, such as spinor states, in order to accurately determine and compare the signs
associated with real curves on varieties of different dimensions. More precisely, we compare the genus 0
Gromov-Witten (respectively, Welschinger) invariants of 3-dimensional (respectively, real 3-dimensional)
del Pezzo varieties with those of non-singular (respectively, real non-singular) surfaces that realize half
of the first Chern class of X, that is, non-singular (respectively, real non-singular) surfaces in the linear
system | — %le, where Ky denotes the canonical divisor of X. According to Proposition 2.2, these surfaces
are themselves del Pezzo surfaces. The method employed in this work (see Proposition 2.4) confines our
attention to 3-dimensional del Pezzo varieties of degree 6, 7 or 8. In 2018, A. Zahariuc adopted a similar
approach to study genus 0 Gromov-Witten invariants of 3-dimensional del Pezzo varieties of degree 2, 3,
4 and 5 (see [Zahl8]). It would be interesting to investigate possible connections between his formula and
the one obtained in Theorem 1.3 of the present work. More generally, we hope to further explore relations
between the Gromov-Witten and Welschinger invariants of (real) del Pezzo varieties of dimension 2 and 3
for arbitrary degree.

We begin by introducing some notation and summarizing the main results of this paper.

Some notations.— Throughout this text, the lower dot “.” denotes the intersection pairing between two
homology classes, while the centered dot “-” denotes the cup product.

1.1. Introduction and motivation

A Fano variety of dimension 7, first introduced by G. Fano in the 1930s, is a non-singular complex
projective variety X,, of complex dimension 1 whose anti-canonical divisor —K is ample. The positive
integer r > 0 for which —Kx = rH, where H is a primitive divisor in Pic(X,,), is called the index of X, and
is denoted by ind(X,,). An n-dimensional Fano variety of index divisible by n —1 is called an n-dimensional
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del Pezzo variety for every n > 2. All 2-dimensional Fano varieties are del Pezzo surfaces. Non-singular Fano
threefolds were essentially classified in the 1980s by V. A. Iskovskikh and later refined by S. Mukai. For
higher dimensions, however, only partial results of classification are known, with important contributions of
T. Fujita on polarized varieties (see [IP10]). The degree of an n-dimensional del Pezzo variety X,,, denoted by
deg(X,), is the integer given by (%)“(—Kxn)”. It should be noted that the degree of a 3-dimensional del
Pezzo variety does not exceed 8 (see [IP10, Chapters 2 and 3)).

We consider a rational curve realizing a homology class f € H,(X,;Z) as the image of a morphism

f: CP' — X, such that f,([CP']) = B. Suppose that n—1 divides (c{(X,)-f+n—3). We denote by kg

1
n—1
Jfundamental class on the moduli space of stable maps (see [KM94]). For del Pezzo surfaces and threefolds,

the integer (c1(Xy)-p+n—3). In general, Gromov-Witten invariants are defined using the virtual
however, the genus 0 Gromov-Witten invariants are enumerative (see [Vak97, Cos09, IP10]). We have the
following definition.

Definition 1.1. The genus 0 Gromov-Witten invariant of an n-dimensional del Pezzo variety X,, (n € {2,3}) of
homology class p € Hy(X;Z), denoted by GW (f), is the number of irreducible rational curves representing
the homology class  and passing through a generic configuration xg of kg points in X;;.

We denote by (X, 7) a real n-dimensional del Pezzo variety, that is, an #-dimensional del Pezzo variety X,
equipped with an anti-holomorphic involution 7, referred to as a real structure. The fixed locus of this
involution is called the real part of X, and is denoted by RX,,. An algebraic curve in (X,, 7) is said to be
real if it is preserved by the real structure 7. A real configuration of points in (X,, 7) is a configuration of
points that are either real or exchanged by the real structure 7. Denote by

Hy (X, Z) = (B € Hy(X,;;Z) : T.(B) = B}

the group of T-anti-invariant classes. Let § € H,“(X,,; Z) and let Xg be a real generic configuration of kﬁ
points in X, consisting of r real points and / pairs of complex conjugate points, where kg = r + 2I.

For each real rational curve in (X,,, 7) passing through a real configuration of points, where the number
of real points is fixed, one can associate a sign +1, known as the Welschinger’s sign (see [Wel05b, Wel05c]).
When these curves are counted with their associated signs, the resulting total is an invariant that does not
depend on the choice of real configurations, is called the Welschinger invariant and is defined in the following
definition.

Definition 1.2. Let (X, T) denote a real n-dimensional (1 € {2, 3}) del Pezzo variety whose real part is IRX,.
The genus 0 Welschinger invariant of (X, ) of homology class p € H,"(X,;;Z) is the number of irreducible
rational curves, counted with the Welschinger’s sign (see Definitions 4.2 and 4.6), representing the homology
class p and passing through a real generic configuration Xg of kg points in X, consisting of | pairs of
complex conjugate points.

In particular, if RX3 is orientable with orientation 0y, and is equipped with a Spinj-structure sy, we
denote this invariant by W;XX33’DX3 (B, 1)

When 7 = 2, this invariant is simply denoted by Wgx, (B,1).

Welschinger invariants, introduced by J.-Y. Welschinger in the early 2000s, are regarded as the real
counterpart of the aforementioned Gromov-Witten invariants. For real rational surfaces (such as real del
Pezzo surfaces), Welschinger’s original papers [Wel05b, WelO5c] gave some explicit computations, which
were later generalized and approached by tropical geometry techniques (notably by G. Mikhalkin [Mik05],
I. Itenberg-V. Kharlamov-E. Shustin [IKS03], E. Brugallé [BMO07], E. Brugallé-G. Mikhalkin using floor dia-
grams [Brul5], X. Chen-A. Zinger using WDV V-type relations [CZ21] and others). In contrast, computational
techniques for determining Welschinger invariants of threefolds remain comparatively limited. Some specific
cases of threefold invariants have been computed in [BMO07, GZ17, CZ21]. In particular, the case of convex
algebraic threefolds (including Fano threefolds like CP3) was first addressed by J.-Y. Welschinger (in [Wel05c]),
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who defined these invariants in higher dimensions by means of spinor states and provided computations for
small degrees. Further developments of explicit computations were investigated for CP3 by E. Brugallé and
P. Georgieva [BGI16], for a blow-up of CP? by Y. Ding [Din20]) both using the observations by J. Kollar in
[Kol15]. Generally, explicit computation in dimension 3 requires careful attention to Spin- or Pin*-structures,
and the area remains an active research field, with connections to tropical geometry, degeneration techniques
and the study of the sharpness of lower bounds in real enumerative geometry.

1.2. Main results

Throughout the remainder of this paper, unless otherwise stated, we denote by X a 3-dimensional del Pezzo
variety. Let ¥ C X be a non-singular surface in the linear system |- %KXL and let : Hy(X;Z) - Hy(X;Z)
denote the homomorphism induced by the inclusion ¥ <= X. We have the following theorem.

Theorem 1.3. Let X denote a 3-dimensional del Pezzo variety such that ker() = Z, where ¥ and ) are as
described above. Let S be a generator of ker(1). For every homology class d € Hy)(X;Z), one has

wa(d)zé Z (D.S)2GWy (D).

Deyr1(d)

Theorem 1.3 generalizes [BG16, Theorem 2]. This result enables the computation of genus 0 Gromov-
Witten invariants for almost all 3-dimensional del Pezzo varieties of degree 6, 7 and 8.

Now suppose that (X, 7) is a 3-dimensional del Pezzo variety equipped with a real structure 7. Assume
further that RX is orientable with orientation ox and is equipped with a Spinj-structure sx. Let the pair
Z,tly) €|- %KX| be a non-singular real del Pezzo surface. Let p: Hy(X;Z) — H,(X;Z) be as in the
Gromov-Witten setting. Define g(D) = %(KZ.D +D?+2)€Z, and let €: Hy(X;Z) — Z, be the map given
by

D)= c1(X)-D mod?2 if Rf*TY/TCP! realizes the isotopy class E*,
€(b)= c1(X):D-1 mod2 if RfF*TY/TCP! realizes the isotopy class E~,

where f: CP!' — ¥ C X is a real immersion such that f,[CP!] = D € H,(X;Z), and E* are two isotopy
classes of the real part of a holomorphic line subbundle of degree ¢;(X)- D — 2 of the rank 2 holomorphic
normal bundle f*TX/TCP! (see Section 4.2 and Definition 4.14). Let sSxls H{(RX;Z,) — Z, be the
quasi-quadratic enhancement in one-to-one correspondence with the Pin;-structure sx|y over IRY. Such a
Pin; -structure is restricted from the Spin;-structure sx over IRX (see the construction of this correspondence
in Section 4.3.1, in particular Proposition 4.20 and Equation (4.1)). Let p: H;"(X;Z) — H;(RX;Z,) be the
homomorphism given by the homology class realized by the real part of the T-anti-invariant representative
of D. We have the following theorem.

Theorem 1.4. Let ((X,7),0x,5x) denote a real 3-dimensional del Pezzo variety, where 0x is an orientation and
sx is a Sping-structure on IRX. Suppose that ker() = Z, where 1 is as described above. Let S be a generator
of ker(y). Suppose (X,7ly) €| - %le is such that S is T|y-anti-invariant. For every d € Hy"(X;Z) and
0<I< %kd, one has

. 1
WRE™(d D)= 5 ) ()PP DD 5wy (D, 1),

Dep1(d)

Theorem 1.4 generalizes [BG16, Theorem 1|. As a consequence, this theorem enables the computation
of genus 0 Welschinger invariants for almost all real 3-dimensional del Pezzo varieties of degree 6, 7 and
8. Since the Welschinger invariants count real curves with an assigned sign +1, their vanishing does not
necessarily imply the non-existence of such real curves. Consequently, this gives rise to the sharpness and
vanishing phenomena of the Welschinger invariants, which concerns whether the lower bounds provided by
these invariants are actually attained. The first examples demonstrating the sharpness of vanishing genus 0



Gromov-Witten and Welschinger invariants of del Pezzo varieties 5

Welschinger invariants in projective threespace were explored by G. Mikhalkin for rational curves of degree 4,
and subsequently by J. Kollar for every even degree; see [Koll5]. We extend J. Kollar’s results to certain
classes of 3-dimensional del Pezzo varieties, as established in the following theorem.

Theorem 1.5. Let ((X,7),0x,5x) denote a real 3-dimensional del Pezzo variety as in Theorem 1.4. Let the class
d € H,"(X;Z) be such that D.S is even for every D € ™1 (d). Let k; be the associated integer of d. Then, there
exists a real configuration of k; points, containing at least one real point, through which no real irreducible
rational curve representing the homology class d passes.

The structure of this paper is as follows. In Section 2, we recall certain properties of complex and
real pencils of surfaces in the linear system |— %KXL and we describe the monodromy action to such
pencils. We refer to the 1-dimensional problem (respectively, the 1-dimensional real problem) as the problem of
enumeration on pencils of surfaces (respectively, real pencils of surfaces). Solving this problem contributes
to the connecting terms in Theorems 1.3 and 1.4. In Section 3, we investigate the properties of rational
curves both on 3-dimensional del Pezzo varieties X and on non-singular del Pezzo surfaces ¥ € | - %KXL
As a consequence, we establish a comparison between the genus 0 Gromov-Witten invariants of X and
those of X. Section 4 is devoted to the problem of Welschinger’s signs {+1} arising in the enumeration of
real curves on real surfaces and real 3-dimensional varieties. We then propose a comparison of these signs
via the quasi-quadratic enhancement corresponding to a particular Pin;-structure on the real part of the
algebraic surfaces. In Section 5, we present the proofs of Theorems 1.3, 1.4 and 1.5. In the final section, we
first apply Theorem 1.3 in several specific cases (Theorems 6.1, 6.2, 6.3), providing explicit calculation tables
of genus 0 Gromov-Witten invariants for CP! x CP! x CP!, generated using a Maple program. Subsequently,
we apply Theorems 1.4 and 1.5 to several particular cases (Theorems 6.7, 6.11, 6.16, 6.20, Propositions 6.9,
6.13, 6.18, 6.22). Finally, we exhibit the explicit calculation tables of genus 0 Welschinger invariants for
CP34CP3 with the standard real structure and for CP! x CP! x CP! with two distinct real structures, also
computed using a Maple program.

Acknowledgments.

The present article forms part of the author’s Ph.D. thesis, written at Nantes University under the
supervision of Erwan Brugallé. The author is sincerely grateful to him for his invaluable support, insightful
discussions, and numerous suggestions throughout the development and completion of this work. She would
like to thank Xujia Chen for her helpful comments and computational assistance, as well as Duc Pham for
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2. Pencils of surfaces in the linear system | — %le

Let Q denote a pencil of surfaces in the linear system | — %Kx|- Let E be its base locus, and let X be a
general member of the pencil Q. We first establish that the base locus E is an elliptic curve (Proposition 2.1)
and that ¥ is a non-singular del Pezzo surface of the same degree as X (see Proposition 2.2). We then
explain how the monodromy action is related to enumerative problems. In the following subsection, we
provide the main ingredient for resolving the 1-dimensional problem of Theorem 1.3 (see Proposition 2.12). In
the final subsection, by analyzing the properties of real pencils of surfaces, we present the main ingredient
for solving the 1-dimensional real problem of Theorem 1.4 (see Proposition 2.17, Corollary 2.18).

2.1. Properties of pencils of surfaces in the linear system |- JKx|

Proposition 2.1. If the pencil Q is generic enough, then its base locus is a non-singular elliptic curve. Moreover,
this curve realizes the homology class iK)?i in Hy(X;Z).
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Proof- By Bertini’s theorem (see [GH78]) and by [Sho80, Theorem 1.2], a general element ¥ € | — %le is a
non-singular surface. The base locus E of the pencil Q realizes the homology class [X].[X], that is, the
self-intersection product of the homology class [X] € H4(X;Z). By the adjunction formula, we have

Ky = (Kx +[Z]).[X] = -[2]*

Thus, the curve E realizes the homology class —Kjy, or equivalently the homology class iK)Z( in Hy(X;2Z).
Since two general elements in the pencil have traversal intersections, the curve E is in fact a non-singular
representative of the class —Ky. By the adjunction formula, it is easily deduced that the genus of the curve E
is 1. Hence, the proposition follows. ]

The next proposition explains the interest of studying surfaces in the linear system |- %KX|
Proposition 2.2. Every non-singular surface ¥ € | — %KX| is a del Pezzo surface whose degree is equal to deg(X).

Proof. By [Isk77, Corollary 1.11], every non-singular surface in | — %KX| is a del Pezzo surface. By definition,
the degree of the del Pezzo surface ¥ is equal to K;, while the degree of the del Pezzo threefold X is
given by %(—KX)‘?’. The adjunction formula yields K; = %K)z( -[XZ]. Since [X] = —%KX, it follows that
deg(X) = deg(X). O

Proposition 2.3. Let E be a non-singular elliptic curve that realizes the homology class %lK)% in Hy(X;Z) and is
contained in a non-singular surface ¥ €| - %KX|. Then, E is the base locus of a pencil of surfaces in the linear
system | — %le.

Proof- By the adjunction formula, the elliptic curve E realizes the anti-canonical class —Ky € H,(X;Z).

We claim that E is the complete intersection of ¥ with another non-singular surface in |- %KXL It suffices
to prove that the anti-canonical bundle of ¥ is the restriction of the line bundle OX(—%KX) to X. The
isomorphism of these line bundles implies an isomorphism of their global sections, that is,

H®(X,0x (~3Kx)Iz) = H (£,05 (-K3)).

It is clear that H(X, Oy (-Ky)) € HO(X, OX(—%KX)lz) as a subspace. We will show that these two vector
spaces have the same dimension. Consider the short exact sequence of sheaves

0— OX — OX (—%Kx) —> OX (—%Kx)lz —0

that induces the following long exact sequence in cohomology:

0 —— H°(X,0x) — H(X,0x(-1Kx)) — H°(X,0x(-3Kx)ls) q

o
£—>H1(X,OX) —_—

We have the following facts (see [IP10, Section 3.2]):

e We have dim(H%(X,0x)) =1 and H'(X,0x) = 0.
e By the Riemann-Roch theorem,

3
dim H (X,0x (~3Kx)) = (-3Kx) +3-1=deg(X)+2
and
dim H’ (X, 0y (-Ky)) = (-K5)? +2— 1 = deg(X) + 1.
It follows from the long exact sequence and the vanishing H'(X,Ox) = 0 that

dimHO(X,OX(—%KX)lz) = dimHO(X,OX(—%KX))—l = deg(X) +1.
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Since deg(X) = deg(X), we have
dim H’(, O (-Ky)) = dim H® (X, Ox (—%Kx)lz),
as required. ]

Proposition 2.4. For every non-singular surface ¥ € | — %KXL there exists a surjective map
¥: Hy(352) — Hy(X5Z),

which is induced by the inclusion ¥ in X.
In particular, if X is one of {CP3, CP34CP3, CP' x CP! x CP!}, then ker(y) = Z.

Proof. One has a non-singular subvariety ¥ C X of codimension 1. Moreover, as a divisor, X is ample since
—%KX is ample, by the Lefschetz hyperplane theorem (see, for example, [EH16, Theorem C.8]), so the map

Hgim(x)(2;Z) — Hgim(x) (X Z)
is surjective. Hence, the first statement follows.
In particular, we have the following cases:
o If X = CP3, then ¥ is a quadric surface in CP3. In this case, H,(X;Z) = Z and H,(3;Z) = Z>.
e If X = CP34CP3, then X is a quadric surface in CP3 blown up at one point. In this case, we have
Hy(X;Z)=7Z? and H,(%;Z) = Z3.
o If X = CP! x CP! x CP!, then ¥ is a quadric surface in CP> blown up at two points. In this case,
Hy(X;Z) =73 and H,(X;Z) = Z*.
By the first isomorphism theorem for groups, we have H,(X;Z) = H,(X;Z)/ker(¢). Therefore, if X is in
{CP3,CP3ﬂ@,CP1 xCP! xCP'} and X |- %KX| is a non-singular surface, then ker(¢) = Z. 0

It should be noted that a generic pencil of del Pezzo surfaces in the linear system |— %KX| is a Lefschetz
pencil: All singular fibers are irreducible with a single ordinary double point.

Lemma 2.5. Let X be a non-singular del Pezzo threefold of index 2 and of degree d (d > 2). Then a generic
pencil of surfaces in the linear system | - K| has exactly

N = _Xtop(X) +24-2d

singular members.
In particular, if X is one of {CP3, CP34CP3, CP! x CP' x CP'}, then N = 4.

Proof- Fix a general pencil Q of surfaces in the linear system |- %KXI. If d > 2, this linear system is
base-point-free. Moreover, as previously shown, the base locus E of the pencil Q is an elliptic curve of
class %LK)% Let 7t: X := BlgX — X be the blow-up of X along the base locus E, and let f: X — CP! be
the morphism induced by the pencil. Since the fibration f is a Lefschetz fibration, the number of singular
members of Q equals the number of critical points of f.

Let L:= OX(—%KX). The critical points of the Lefschetz fibration associated to a pencil in |L| are counted
by the top Chern class of the first jet bundle J!(L) fitting into the exact sequence

0 — QoL — JYL) — L — 0.

This means that
#Crit(f) = J cs(J1(L)).
X
By the Whitney multiplicativity of total Chern classes, c(J;(L)) = C(Qi ®L)-c(L). Hence, taking degree 3,
we have c3(J1(L)) = c1(L) - cz(Qk ®L)+ c3(Q§( ® L). The splitting principle applied on a threefold with
l:=cy(L) yields
c3(J1(L)) = —e3(X) +2lea(X) = 31%¢y (X) + 41°.
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So, the number of singular members in a generic pencil of | - %KX| is

#Sing(Q) = —Xiop(X)+ 2L c(X) = 3L% - ¢ (X) + 4L°.
Since X is a del Pezzo threefold of index 2 and degree d, meaning that ¢;(X) = 2L and L = d, the above
equation can be simplified as

2J) #Sing(Q) = —xtop(X) +265(X) - (—3Kx ) - 2d.

It remains to compute c;(X)- (—%KX) for every del Pezzo threefold. By Kodaira vanishing and the Riemann-
Roch theorem on a non-singular threefold, we have

h°(X,0x (~3Kx)) = x(Ox (-2Kx))
and
(5Kx)" eax)-(-5Kx) (4Kx)"

X(OX(—%KX))Z — 5 + 1 + 5 + x(Ox).

With ¢;(X) = —Kx and x(Ox) =1, we obtain

c2(X) - (—%Kx)
12

On the other hand, for a del Pezzo threefold, one has h%(X, OX(—%KX)) = d + 2. This implies that
e2(X) - (-3Ky) = 12.
Substituting ¢, (X) - (—%KX) =12 into Formula (2.1), we get

#5ing(Q) = —xiop(X) +24-2d,

(X, 0x (-3Kx)) = d + +1.

as required. The values of x,p(X) and #Sing(Q) determined by Equation (2.1) are presented in Table 1 for

del6,7,8). O
Degree d X #5ing(Q) | Xtop(X)
6 IP(Tgp2) =~ (1,1)-divisor in CP? x CP? 6 6
CP!' xCP! xCP! 4 8
7 CP3#CP3 4 6
8 cp3 4 4

Table 1. Topological Euler characteristic of a del Pezzo threefold of degree 6, 7 or 8 and the number
of singular elements in a generic pencil of surfaces in | — %KXI

2.2. Monodromy

We employ the same notation as in the proof of Lemma 2.5. Let Q denote a Lefschetz pencil of surfaces
in the linear system | — %KXL and let f: X — CP! be the corresponding Lefschetz fibration. We denote
by ¥ a non-singular fiber over t € CP' and by 3 a singular fiber over t; € CP!, for i € {1,...,4}. The
monodromy transformation on H,(X;Z) that corresponds to the vanishing cycle S;, is induced by traversing
a path in the base of the fibration f from a regular value ¢ to the critical value t;; see [Ngu22, Section 2.2.2]
for more details. This transformation is given by the Picard-Lefschetz formula as follows:

T(Sl-),, : HQ(E,Z) —> Hz(E,Z)
D+— D+ (DSZ)SZ
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\V

( )

T(D)

Figure 1. Example of a monodromy transformation where the general fibers X are quadric surfaces
and the singular ones are quadric cones in CP3.

It should be noted that, under the monodromy transformation, the vanishing cycle S; is mapped to its
inverse, and its self-intersection number is —2. The monodromy transformation does not depend on the

choice of §; or —§;; that is, T_s,) (D) = T(s,),(D).
Lemma 2.6. Let X be a 3-dimensional del Pezzo variety such that
ker(: Hy(X;Z) —» Hy(X;Z)) = Z,

where ¥ € | — %le is a non-singular surface. Then, the group ker(ip) is generated by a vanishing cycle S;, for
everyie{l,..., 4}.

Proof- By the definition of a vanishing cycle S; € Hy(X;2Z), it follows that S; € ker(¢) for every i € {1,...,4}.
Suppose that S is a generator of ker(i) = Z. We can write S; = kS, where k € Z. Since Si2 = -2, we obtain
k? =1 and hence k € {£1}. As a result, S; = S for every i € {1,...,4). O

Now suppose that X is as in Lemma 2.6. In this setting, we may identify each vanishing cycle S;
with a generator S of ker(¢), for any i € {1,...,4}, when studying monodromy transformations. From
here on, we simply denote by T—instead of T{s,) —the monodromy transformation on H,(¥;Z) given
by T(D):= D +(D.S)S. We define the following equivalence relation ~ on H,(X;Z) (where X € Q is
non-singular):

Dy ~D, ifand onlyif D, =D; or D, =D; +(D;.5)S.
This relation is indeed an equivalence relation, as the monodromy transformation is an involution on the
relevant set. In particular, it is symmetric. We denote by D the equivalence class of D in H,(X;Z)/-. For
any pair of non-singular elements > and ¥’ in the pencil Q, the corresponding Lefschetz fibration induces

an isomorphism

Hy(X;2)/. =H,(X;2Z)/-..

Example 2.7. In the case X = CP3, we consider the Lefschetz fibration on CP! whose non-singular fibers
are isomorphic to CP! x CP! (see Figure 1). Let (L;,L;) = ([CP' x {pt}],[{pt} x CP']) be a basis of
H,(CP! x CP';Z). The vanishing cycle is S = L; — L, € H,(CP! x CP';Z). 1t is straightforward to verify
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that, for any (a,b) € Z?, the homology classes al, + bL, and bL; +aL, are related by the monodromy
transformation, that is, bLy + aL, = T(aLy + bL,). Thus, the monodromy interchanges the coefficients of L;
and L,. In other words, two classes aL; + bL, and bL, +aL, are equivalent under the equivalence relation
induced by monodromy. Therefore, for any non-singular fiber ¥ in this fibration, the quotient H,(%;Z)/.
can be identified with H,(CP! x CP';Z)/(L; - L,).

From here on, we will use interchangeably the notation for homology classes in H»(X;Z) and divisor
classes in Pic(X), where X is a del Pezzo surface. Given a divisor D € Pic(X), we denote by D|¢ y € Picp g(E)
its restriction to E. Here, Picy(E) denotes the group of divisor classes on E of degree k for any k € Z. Since
Ky.S =0, for Ky the anti-canonical divisor of any non-singular surface ¥ in the pencil Q and [E] = —Ky, it
follows that the restriction of the vanishing cycle to E lies in Picy(E).

2.3. Enumeration on pencils of surfaces

Recall that E is the base locus of a pencil of surfaces in the linear system | — %KX| and S is a generator
of the kernel of the map 1 as described after Lemma 2.6. Since S.E = 0, for every divisor D € Pic(X),
the restrictions D|gy and T(D)|gy lie in Picp p(E). Given any divisor D on ¥ and its image under the
monodromy transformation T (D), we define the following holomorphic map:

¢I Q —> PiC2D.E(E)
L — (D+T(D))lg,x,,
where D + T (D) is viewed as a divisor on ¥; and gy, denotes its restriction to E.

Lemma 2.8. The map ¢ is constant.

Proof. The pencil Q is parametrized by CP!, which is a compact Riemann surface of genus 0, while
Picyp g(E) is an elliptic curve, that is, a compact Riemann surface of genus 1. Any holomorphic map from
a surface of lower genus to one of higher genus must be constant unless it is branched (which is not the case
here). Therefore, the lemma follows. U

We denote by 5¢ the divisor (D + T(D))|g », or, equivalently, the divisor 2D|gy, +(D.S)S|gx,. The
order 2 transformation x — 5¢ —x induces the following equivalence relation on Picp g(E):
x~7p ifandonlyif p=x ory:B(P—x.
We denote by x the equivalence class of x under this relation. Note that Picp E(E)/x~5/7x is the quotient of
the elliptic curve E by a fixed-point-free involution, and this quotient is holomorphically isomorphic to CP'.
We can define the following holomorphic map between Riemann spheres:

(pBI Q —> PiCD.E(E)/vaﬁ(p—x
Y DlE,E,r

where, for each ¥; € Q, the class D|gy, denotes the equivalence class of D|gy, in Picp g(E) under the
relation x ~ 5¢ - X.

Lemma 2.9. There exists a pair (L, T(L)} C Hy(X;Z) such that (L.S)*> = 1. In particular, both classes L and
T(L) can be chosen to be effective.

Proof. According to [DPT09, Claim (6), p. 26], the vanishing cycle S can always be expressed as the difference
of two effective generators of H,(X;Z), and the monodromy transformation T interchanges these two classes.
Suppose that S can be written as Ly — L, where (Ly,L,,Ls,...,Lg) is a k-tuple of effective generators for
H,(3;Z) = ZF. The intersection form on H,(X;Z) implies that we can choose L =L, and T(L) =Ly, or
vice versa, so that L.S = +1. ]
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Lemma 2.10. One has deg(¢g) = 4

Proof. By Lemma 2.9, for any pair of effective divisors L and T(L) on ¥ such that L.S = +1, the pair
(L|g, T(L)|g) of their restrictions to the base locus E determines a unique surface in the pencil Q. More
precisely, if L[z # T(L)|g, this correspondence yields a non-singular surface in the pencil. Conversely, if
Llg = T(L)|g, then L and T(L) restrict to the same divisor on E, which corresponds to a ramification point
of the corresponding double covering of the parameter space. In this case, the corresponding surface in
the pencil is singular, typically having an ordinary double point. Thus, the singular elements in the pencil
are in bijection with the points where L|g = T(L)|g. This relationship can be summarized by the following

commutative diagram:

7t x> X

Picy g(E) —— @

Picr p(EV T, x>

where 7t is a ramified double covering map. Observe that ﬁ(f¢, — x) = 7t(x), meaning that Ef¢—x =2,. By
analyzing the ramification points of 71, we obtain exactly four singular surfaces in the pencil Q, which is
consistent with Lemma 2.5. Furthermore, we have the following commutative diagram:

% iq)s

—— Picg(E)/y~—y -

PiCL.E(E)/x~L¢—x

These diagrams together show that each singular surface in the pencil Q corresponds to an element
x € Picy p(E) such that x = Ly —x, which is mapped to 0e Pico(E)/y~—y. Consequently, the degree of the
map ¢y is exactly the number of singular surfaces in the pencil Q, which is equal to 4. g

Corollary 2.11. Let (L, T(L)} C Hy(X;Z) be such that (L.S)> = 1. Then, the corresponding map ¢7 is an
isomorphism.

The following proposition is the main point for solving the 1-dimensional problem that we mentioned at
the beginning of this section.

Proposition 2.12. Let X be a 3-dimensional del Pezzo variety such that
ker(y: Hy(X;Z) > Hy(X;Z2) = Z,
where ¥ € Q is a non-singular surface. Let D € Pic(X) be a divisor. Let S € ker(ip) be a generator. Then, the map
¢ has degree (D.S)?.
Proof. Consider the following commutative diagram of holomorphic maps between Riemann spheres:

¢p .
Q —2— PICD.E(E)/x~5(P—x

W) l o
. 0, .

where
601(X)=Dgy—2x and 0,(7) = (D.S)7.
As a result, the following equality holds:

deg ((1)5) x deg(0;) = deg (qbg) x deg(6,).
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By Lemma 2.10, we have deg(¢3) = 4. In order to compute deg(¢), we proceed to compute deg(6;) and
deg(60,) as follows.

We first show that deg(60,) = (D.S)?. Let 91 € Picg(E)/y~—y (the quotient that is in the lower right corner
of Diagram (I)). The degree of 8, can be expressed as

deg(6,) = |{§ € Picy(E)/y-_y : (D.S)7 = y_l}l
The commutative diagram

D.S
Pico(E) 2222, picy(E)

J J

Pico(E)/,~_y —2 Pico(EVye,

implies that deg(6,) is exactly the number of solutions y € Picy(E) to the equation (D.S)y = y; in Picy(E),
in which the divisor y; is given. Moreover, any two solutions y to this equation differ by a torsion point of
order D.S. This equation then has exactly (D.S)? solutions y. Hence, deg(0,) = (D.S)?, as required.

We now show that deg(01) = 4 in a similar way. Let 91 € Pico(E)/)~_, (the quotient that is in the lower
right corner of Diagram (I). The degree of 0, can be expressed as

deg(6;) = {y € Picpp(EV, 5,  * Dy 2x= y_l} ,
The commutative diagram
Picp g(E) P, Picy(E)
lll iz;l
Picp,£(EV,p, « —— Pico(E)yey

implies that deg(6;) is exactly the number of solutions x € Picp g(E) to the equation 5¢ —2x =1y in
Picy(E), where the two divisors y; and 54, are given. Moreover, any two solutions x to this equation differ
by a torsion point of order 2. This equation then has exactly 22 solutions x. Hence, deg(6;) = 4, as required.
This completes the proof of the proposition. g

2.4. Real pencils of real del Pezzo surfaces

Throughout this subsection, we restrict our attention to a real 3-dimensional del Pezzo variety (X, T) such
that ker () = Z, where ¥ € |- %KX| is a non-singular surface, and the surjection ¢: Hy(X;Z) - Hy(X;Z)
is induced by the inclusion ¥ <> X. Henceforth, the notions of vanishing cycle and generator of ker(i)) may
be used interchangeably (see Lemma 2.6). Let ©Q denote a pencil of surfaces in the linear system | — %KXL
Let the elliptic curve E be its base locus. Recall that E realizes the homology class %LK)% (see Proposition 2.1).
Now suppose that both the curve E and the pencil Q are real with non-empty real parts. We first examine
certain properties of the real pencil Q that distinguish them from the complex case.

2.4.1. Properties of real pencils of real surfaces.—

Lemma 2.13. The surfaces in the real pencil Q containing a real rational curve in (X, T) are in the real part RO
of this pencil.

Proof. Let C be a real rational curve in (X, 7). Suppose that the surface ¥ € Q contains C. Since Q is
a real pencil, we have 7(X) € Q. Since C is real, we have 7(C) = C. If ¥ ¢ RQ, i.e, t(X) # ¥, then
C c (XN t(X)) = E, which is not possible since C is a rational curve. Thus, by contradiction 7(¥) =X. In
other words, ¥ is in the real part of the pencil Q. 0
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Note that if (X1, 7[y,) and (X,, 7|5,) are two real non-singular surfaces in IRQ such that ¥, is a surgery
of ¥; along the vanishing cycle (as formalized in [Brul8]), then the Euler characteristics of the real parts of
these two surfaces differ by 2. Suppose that x(RX,) = x(IRX;)+ 2. Also note from [Brul8] that the vanishing
cycle class S in Hy(X1;Z) is T|y, -anti-invariant if and only if it is 7|y,-invariant. Let a € {D, T(D)}. We say
that & is 7|y, -anti-invariant if we have both 7|y .(D) = -D and 7|y .(T(D)) = =T (D).

Proposition 2.14. Let d € H"(X;Z). Let (X4,7|x,) € RQ be a real del Pezzo surface containing a real
rational curve in X (t € R), and let ;: Hy(X;;Z) — Hy(X;Z) be the surjective map induced from the inclusion
Yy > X. Let a €{D, T(D)} C l[)t_l(d) be such that D.S # 0. In the real surface (X4, T|y,), the vanishing cycle is
|y, -anti-invariant if and only if a is |y, -anti-invariant.

Proof. The sufficient condition follows directly. Indeed, suppose that

Tth*(D) =-D,
tly,«(T(D)) =—(D +(D.S)S)

hold. Then,
(D.S)ls,«(S) = tl5x.(T(D) - D) = =(D.S)S.

If D-S #0, we conclude that T|Zt*(5) = -S; that is, S is T|zt-anti-invariant. This completes the proof of the
sufficiency.

The necessary condition is established in the following two steps.

Step 1. We show that t|y .({D, T(D)}) = {~D,-T(D)}. Suppose that & = D. It suffices to prove that if D
satisfies (D) =d € H""(X;Z), then one of the following holds:

(i) lx,«(D)=-D; i.., D is 7|y, -anti-invariant.

(ii) tly,+(D)=~(D+(D.S)S), where S is a generator of ker(y;).
Indeed, since 7,(d) = —d, we have 7,(1;(D)) = —4(D). Because 1; o |y, = T, 0 1y, it follows that
Yy(tly,«(D)+D) = 0. Moreover, since ker();) = ZS, there exists an integer k € Z such that 7|y ,(D)+D = kS.
The intersection form is preserved under 7y, .; that is, (T|2t*(D))2 = D?. Thus, k must be either 0 or —D.S.
This completes the first step.

Step 2. We show that if (¥4, |y, ) is such that the vanishing cycle S is |y, -anti-invariant in Hy(3X;Z), then
both D and T (D) must be t|y, -anti-invariant. Suppose, toward a contradiction, that |y .(D) = =T(D). One
has 7|y .(D) = =D - (D.S)S = 7|5 .(T(D)) - (D.S)S. This implies that

Tls,«(T(D)) - 7l5,.(D) = (D.S)S.
Moreover,
Ty, «(T(D)) = tlg,«(D +(D.S)S) = tly,.(D) + (D.S) |z, «(S).

Comparing the two expressions, we obtain S = 7|y ,(S). This means that S is not 7y, -anti-invariant, which
contradicts our assumption. Thus, the second step is complete, and the proposition follows. O

As a consequence, the enumerative problem of counting real curves representing T-anti-invariant classes
in X can be reduced to the enumerative problem of counting real curves representing 7|y, -anti-invariant
classes in some surface ¥;. The latter problem is, in general, simpler and has been extensively studied in the
literature on real enumerative geometry.

To make a meaningful comparison between these two real enumerative problems, we analyze the real base
locus E as in the complex case. It is well known that the choice of a point x( € E induces an isomorphism
E = Picy(E) for any k € Z. Since E is a real elliptic curve and IRE # 0, the real parts RE and IRPic(E) have
the same topological type. Consequently, there exists a homeomorphism RE ~ RPicy(E) for any k € Z.
Assume that xy € IRE. The real part RE is either connected or disconnected with two connected components.
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In the former case, we write RE = $!. In the latter case, we write RE = S(l) L S% and assume that x; € S(l).
We refer to S(l) as the pointed component and S% as the non-pointed component of RE.

Let x,; be a real configuration of |D.E| points on E. Suppose that a|g y, = [x,] in Picp g(E), where a is
as in Proposition 2.14. We consider the maps

pe: Pic(X;) — Pic(Xy)

Z”i[ci] — Z”i [7ls,(C]

1

and

pg: Pic(E) — Pic(E)

D _milBl— ) miltle(P)).

1
The restriction of a divisor D =} ; 1;[C;] € Pic(X;) to Pic(E) is given by
Dlgy, = Z”i[ci NE]

1

The restriction of Pic(¥;) to Pic(E) induces the following commutative diagram:

Pic(X;) ——3 Pic(X,)

l l

Pic(E) —™ 3 Pic(E).
Lemma 2.15. If the class D is Ty, -anti-invariant, then its restriction D|g y, lies in RPic(E).

Proof. We show that if D is 7|y, -anti-invariant, then pp(D|gx,) = D|g,y,. Indeed, since the involution 7
reverses the orientation, meaning that y; = —7ly,, one has D|gy, = py(D)|g x,. The above commutative
diagram implies that pg(D|gx,) = p¢(D)|g x,. Hence, the lemma follows. O

Given D € Pic(X;), we consider the following ramified double covering:
m: Pic(E) — Pic(E)[ ~, x+—7,

where the equivalence relation is defined by x ~ 54) —x. The critical points of the map 7 are precisely the

solutions to the equation 2x = 5¢ in Pic(E). There exists a homeomorphism
R(Pic(E)[ ~) = S".
Moreover, the preimage of the real locus under 7t is given by

! (R(Pic(E)[ ~)) = {(x, Dy—x) : x € RPic(E) }u{ (v, 7le(»)) : v € Pic(E) \RPic(E), p + tle(y) = Dy }

where 7|p denotes the real structure on E. The two types of real divisors on IR(Pic(E)/

x~5¢_x) are as

illustrated in Figure 2.

2.4.2. Enumerations on real pencils of real del Pezzo surfaces.— We keep the same notation as in
Section 2.3: the vanishing cycle S of the Lefschetz fibration induced from the pencil Q, the constant map ¢
whose image is the divisor 5¢ = (2D +(D.S)S)|g,y, in Picyp g(E), which is independent of ¥; € Q, and the
degree (D.S)? map ¢ (see Proposition 2.12).

Assume that {L, T(L)} C Hy(X4;Z) is as in Lemma 2.9. Recall, in particular, that Ly, is in Picyp g(E)
and ¢7 is an isomorphism (Corollary 2.11). As previously shown, the divisor D¢ is real, for every class
D e H"(X;Z) (see Lemma 2.15). In particular, the divisor Ly is real, and both ¢ and ¢y are real
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‘0

RE ~§! RE ~ S} US| RE ~ S} US!
{T € R(P'ic(E)/medrm) (7 ) e R(Pic(E))}
1y eR(Pic(E)/pop )+ 77 1(7) & R(Pic(E))}

Figure 2. Real divisors in the Picard group R(Pic(E)/

x~5p7x) of a real elliptic curve with non-empty

real part.

maps. Let R(x;) be a set of real irreducible rational curves in X representing a given homology class
d € H™"(X;Z) and passing through a real configuration x; of k; = %cl (X)-d points on E.

Lemma 2.16. The divisor (D—|D.S|L)|,x, which has degree (D.E)—|D.S|(L.E) in Pic(E), is denoted by (L, D)
and does not depend on the choice of the surface X, in the pencil Q.

Proof. Clearly, the divisor (D—|D.S|L)|g >, has degree (D.E)~|D.S|(L.E) in Pic(E). Without loss of generality,
suppose that D.S > 0. We have
2(D-(D.S)L)|gy, = (2D -2(D.S)L)|g 5,
=((2D+(D.S)S)—(D.S)(2L+S))|E 5,
As previously shown, both (2L +S)|gy, = Z¢ and (2D +(D.S)S)[g,y, = 5¢, are constant with respect

to ¥;. Consequently, the divisor 2(D —(D.S)L)|g 5, does not depend on the choice of ¥;. Therefore, by
continuity, the divisor (D —(D.S)L)|g,5, is also independent of ¥;. g

The next proposition is the main ingredient to solving the 1-dimensional real problem of Theorem 1.4.

Proposition 2.17. Let ¥ € Q be a fixed real non-singular surface. Let d € H™"(X;Z), and let a be an element
of {D, T(D)} C =Y (d). Then, for any real surface (X4, 7ly,) € RQ containing a curve in the set R(x,), the
corresponding vanishing cycle is |y, -anti-invariant.

Furthermore, such real surfaces correspond to the real solutions | € RPic(E) of the equation

(2.2) ID.S|l = [gd]—(p(f,ﬁ),
where [x,;] and (L, D) are as previously defined.

Proof. The first assertion follows directly from the fact that if the vanishing cycle is not 7y, -anti-invariant,
then D ¢ H,*(X4;Z) for any D € Hy(X; Z).

We now address the second assertion. Since the equality D.S = —T(D).S holds, we may assume without
loss of generality that D.S > 0. Then, one has

¢(LD)=(D~(D.S)L)Igs, = (D+(T(D).S)L) e,

Let 3; € Q be a surface containing a curve in R(x,), and suppose that this curve represents the homology
class D € H,"(X4;Z). Then, [x;] = D|gy, is a real divisor in Picp g(E).
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We can write D = (D.S)L+ D —(D.S)L. Restricting to E, and noting that L is also 7|y, -anti-invariant, we
obtain the following equation in Pic(E):

[x;] =(D.S)LIg,x, + (D —(D.S)L) | 5,

By Lemma 2.16, the divisor (D —(D.S)L)[gx, = ¢(L,D) does not depend on the choice of the surface
Y in the pencil. Therefore, for every surface ¥; € Q containing a curve in R(x;) of homology class
D € H;*(X4;Z) where D.S > 0, the following equation holds in Pic(E):

(D-S)Llgx, = [x4]-¢(LD).

Consequently, for every real surface ; € RQ, on which a curve in R(x;) represents a 7|y, -anti-invariant
class a € {D, T(D)}, we have

(2.3) (ID-SIL)lE,5, = [x4] - ¢(L, D)
in Pic(E). Moreover, the map
¢r: Q= Picrp(EVyg, o e Llgy,

is a real isomorphism. Together with the remarks on real structures on the pencil Q and on the quotient
of the Picard group of its base locus, this implies that such real surfaces ¥; € RO are precisely the real
solutions in IRPic(E) to Equation (2.3). The proposition is thus established. O

As a consequence of Proposition 2.17, there is a bijection between the set of such real surfaces in the
pencil Q and the set of real solutions to Equation (2.2). Thus, the number of these real surfaces is determined
by the number of real |D.S|-torsion points on IRPic(E). In particular, this number depends on the real
structure of E and, when IRE is disconnected, on the position of the real divisors ¢(L, D) and [x;] in
IRPic(E). More precisely, this number is described in the following corollary; see also Figure 3.

Corollary 2.18. Let d € H*(X;Z) and a € (D, T(D)} C ¢~1(d). Consider the set of real surfaces (%;, Tly,) in
RQ such that each X contains a real curve of class a belonging to R(x ;). Then, the cardinality of this set is given
as follows:

(a) |D.S| if either RE is connected, or RE is disconnected and D.S is odd;
(b) 2ID.S| if RE is disconnected, D.S is even, and both [x ;] and (L, D) lie on the same component of RE;
(c) 0 if RE is disconnected, D.S is even, and x;) and ¢(L, D) lie on different components of RE.

Proof. We first enumerate the real |D.S|-torsion points, that is, the real solutions to the equation |D.S|I = 0.
The number and distribution of these points depend on the real structure of E, as follows:

(1) If RE is connected, there are exactly |D.S| real |D.S|-torsion points.
(2) If RE = S} US| is disconnected, then
e if |D.S| is odd, there are exactly |D.S| real |D.S|-torsion points, all lying in the pointed component
S(l);
e if |D.S| is even, there are exactly 2|D.S| real |D.S|-torsion points, with half of them contained in
each connected component of RE.

Next, we count the real solutions ! of Equation (2.2). When IRE is disconnected, the number of solutions
depends on the positions of the real divisors ¢(L, D) and [x;] on RE. More precisely,

(1) if RE = $!, there are exactly |D.S| real solutions to Equation (2.2), see Figure 3-al);
(2) if RE =S} US], then
e if |D.S| is odd, there are exactly |D.S| real solutions to Equation (2.2), regardless of whether
$(L, D) - [x,] lies in $§ or S}, see Figure 3-a2);
e if |D.S]| is even, then
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- there are exactly 2|D.S| real solutions to Equation (2.2) if [x,;] - ¢(L, D) is in the pointed
component S(l) (equivalently, if ¢(L, D) and [x,] belong to the same connected component
of IRE), see Figure 3-b);

- there are no real solutions to Equation (2.2) if [x;] - ¢(L, D) is in S (equivalently, if ¢(L, D)
and [x,] are in different connected components of IRE), see Figure 3-c).

@l
3
[z,] —o(L,D)
® oo !5}
al)D.§ =2 a2)D.S =3
° .
v, —o(L, D
- - Q [ " j) gl
- ] @ =]
. °
le,] — (LD
. \. o S} 8o
hD.S =2 c)D.S =2
o{l:|D.S|l = [x4] — &(L, D)}

« {D.S torsion points}

Figure 3. The real solutions of Equation (2.2) corresponding to the three cases of Corollary 2.18.

This completes the proof of the corollary. 0

3. Rational curves on del Pezzo varieties of dimension 3 and 2:

Relationship

Recall from the last section that a non-singular element ¥ €| — %le is a non-singular del Pezzo surface,
where X is a del Pezzo variety of dimension 3. Also recall that {: Hy(2;Z) — H,(X;Z) is the surjective
map induced by the inclusion ¥ < X.

In this section, we continue to use the notation Q to denote a pencil of surfaces in the linear system |—%KX|,
whose base locus is the elliptic curve E representing the class %K)%. Let d € Hy(X;Z) and k; = %Cl(X) -d.
Let D € Hy(X;Z) and kp = ¢1(X)- D — 1. We proceed to analyze the case where the configuration points are
constrained to lie on the elliptic curve E. As a first step, we establish a generalization of a result due to
J- Kollar (Proposition 3.2). Subsequently, we demonstrate that the selected specialized configuration gives
us the genus 0 Gromov-Witten invariants of the surface ¥ (see Proposition 3.8, Corollary 3.9) and of the
variety X (see Proposition 3.10). As a result, this allows us to relate GWx(d) to GWy(D).

3.1. Specifications of configuration of points

Lemma 3.1. Given a 3-dimensional del Pezzo variety X, if ¥ € |—%KX| is a non-singular surface and D € =1 (d),
then one has kp =k; — 1.
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Proof. By the Poincaré duality 3c;(X) = PD(—5Kx) and by the hypothesis that © € | - 1 K] is non-singular,
we have

ki=%c1(X)-d=[X]d.
By the adjunction formula, by the hypothesis D € 1)~ (d) and by the Poincaré duality c;(X) = PD(-Ky), we
obtain

[X].d =-Ky.D =kp + 1.
Hence, the lemma follows. O

The following proposition generalizes [Koll5, Proposition 3] by J. Kollar for the case CP3.

Proposition 3.2. Let d € Hy(X;Z), and let x; be a configuration of k; = %cl (X) - d points in general position
in the base locus E of pencil Q of surfaces in the linear system | — $Kx|. Let C(x,) be the set of connected algebraic
curves of arithmetic genus O representing the homology class d and passing through x ;. Then every curve in C(x,)
is irreducible and is contained in some non-singular surface of Q.

Remark 3.3. Such non-singular surfaces correspond to solutions ! € Pic(E) of Equation (2.2).
Proof. Let C; be a curve in the set C(x;). We prove the following claims.

Claim 1. Suppose that C; is irreducible. Then, the whole curve C; has to be contained in some non-singular
surface of the pencil Q.

The first observation is that any point of C; \ x; is contained in some surface, which is denoted by
Y, of the pencil Q. Then, the number of intersection points between C; and X; is at least %Cl(X) -d.
By Bézout’s theorem, the whole curve C; has to be contained in this surface. We subsequently show
that such a surface X; is non-singular provided that the chosen points of x,; are sufficiently generic.
Indeed, suppose, toward a contradiction, that the curve C; (passing through the configuration x; on E) is
contained in a singular surface ¥, of the pencil Q. Let rank(Pic(Xging)) = k — 1, where k > 2. Note that
rank(Pic(Zsing)) = rank(Pic(X)) — 1, where ¥ is a non-singular surface in Q. Let (L, L;..., L) be a basis
of Hy(X;Z), such that the vanishing cycle S satisfies S =L; —L, € Hy(2;Z). Let (L1,,L3..., L) be a basis
of Hy(Xsing;Z). Consider the homomorphism given by

v Ho(3,2Z5) — Hy(Esing: Z)
Li-Ly,—0
Li+Ly— 1Ly,
Li—L; VYie(3,... k.

Suppose that the curve C; represents the homology class [Cy] = a1Li,+azLs+---+aiLy in Hy(Eging; Z).
By this morphism, such a curve realizes the homology class D = ayL{ +a1L, +azLs+---+ayLy in Hy(X; Z).
By Equation (2.2) in Proposition 2.17, and by the remark that D.S = 0, we have [x;] = ~¢(L,D) in Picy,(E).
This contradicts the genericity of the configuration x.

To prove that C; is irreducible, we argue by contradiction, making use of the following three claims.
Suppose that C; can be decomposed into 7 (1 > 0) irreducible rational curves Cy,, that is, Cy = Ui, Ca,»
where C;. realizes a homology class d; € H,(X;Z) provided that ) i, d; = d, and C,; passes through X4,
such that U?:lﬁdi =Xx,.

Claim 2A. Each component curve Cj;, passes though exactly k; = %Cl(X ) - d; points of configuration x ;.

Indeed, suppose that there exists a component of C;, denoted by C; , passing through more than
%cl (X)-d; points of x;. Then the curve C;, intersects with every surface of the pencil Q at more than
%Cl (X)-d; points. By Bézout’s theorem, this implies that C;, must be contained in every surface of the
pencil Q, and hence Cy, = E. This is impossible since Cy, is a genus 0 curve. Hence, every component
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curve Cy, passes through a configuration x,; of exactly k;; points of x;. As a consequence, the different Cy,
passes though different points of x; for all #; ie., | |i_; x; = x,; and ) I_, k; = kg, where k; and k;. are the
corresponding integers of the classes d and d;, respectively.

Claim 2B. The reducible curve C; = J!", Cg, is contained in one non-singular surface of the pencil Q.

Note that the curve C; is connected. Suppose, toward a contradiction, that two component curves Cy.
and Cdj, whose intersection is not empty, are contained in two different surfaces 3; # ¥; of the pencil Q.
It follows that @ = Cy4. N Cdj CcX;NX; =E. This is in contradiction with Claim 2A. Hence the reducible
curve C; is contained in only one surface of the pencil Q. Moreover, such a surface is non-singular by
the genericity of the chosen configuration. One can suppose that the curve C; is contained in ¥; € Q and
present its homology class as [C;] =Y [_,[Cy.] € Hy(X(; Z).

Claim 2C. If the configuration x; is generic, then the curve C; is irreducible.
We prove this claim by contradiction as well. Fix an integer k4, such that 0 <k, <kg4. Let x5 Gx;bea

strict subconfiguration consisting of points on E such that its cardinality is equal to k4, . Suppose that the
curve Cy, realizes a homology class D; in Hy(X;Z). By the proof of Proposition 2.17, we have

[ﬁdl] = |D1 Sll +(;[)(Z,51).
Together with Equation (2.2) in Proposition 2.17, we get the following equation in Pic(E):
(31) ID-Sl[x4, | =1D1 - Sl[x4]~1D1 - Sl (L, D) + D - S|¢p (T, Dy ).,

By Lemma 2.16, both ¢(L, D) and ¢(L, D) are fixed divisors in Pic(E). Hence, Equation (3.1) is possible
only when x 4, =Xg- Therefore, there are no reducible curves C; for a general choice of the configuration x.
This last claim finishes our proof of Proposition 3.2. O

3.2. Moduli spaces and enumeration of balanced rational curves

In this technical part, we show, by specializing our configuration of points, that we can recover the genus 0

Gromov-Witten invariants of the 3-dimensional del Pezzo variety X and of a non-singular del Pezzo surface
in |- %KX|; see [BG16, Section 5].

3.2.1. Moduli spaces of stable maps and balanced rational curves.— Consider the moduli space
Mo, (X,d) of irreducible genus 0 k;-pointed stable maps

f: (CPl;pl,...,pkd) — X
of homology class d € Hy(X;Z). Let M’{)’kd (X,d) denote the subspace of M, (X,d) consisting of stable
maps that are simple, i.e., without multiply covered components. Let Mo,k (X, d) represent the compactifica-
tion of My, (X,d) due to M. Kontsevich, and let evy denote the corresponding total evaluation map. The
configuration of points x; in X is said to be generic in the sense that every stable map [(CPl;pl,...,pkd);f]
in Molkd (X, d) satistying x; = f({p1,...,Pk,}) is a regular point of evy. As a consequence, the value of the
invariants GWx(d) can be identified with the enumeration of regular elements of evy.

Definition 3.4. A rational curve parametrized by f: CP! — X is balanced if f is balanced, i.c., f is an
immersion and the normal bundle f*TX/TCP! is isomorphic to the direct sum of two holomorphic line
bundles of the same degree.

The following lemma is a consequence of [WelOba, Proposition 2.2] with the observation that the complex
structures on del Pezzo threefolds are generic enough for the regularity in this proposition.

Lemma 3.5 (¢f Welschinger [WelObal). An element [(CPl;pl,...,pkd);f] in Mo,kd(X,d) is a regular point of
the map evy if and only if f is balanced.
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Lemma 3.6. Let f: CP! — X be an immersion such that f(CP') C . If f(CP) is not a complete intersection
in X, then f is balanced.

Proof. Let Ny = f*TX/TCP' and Nf' = f*TY/TCP" be normal bundles. We consider the following short

exact sequence of holomorphic vector bundles over CP':
* O—>Nf'—>./\/’f—>f*TX/TZ—>O.
Claim 1. The map f is balanced if and only if the short exact sequence (*) does not split.

Suppose that f,[CP!] = D € H,(X;Z). We have observed that the rank 2 normal bundle N has degree
c1(X)-d—-2=2k;—2, where d = (D) € Hy(X;Z). By definition, the map f is said to be balanced if the
normal bundle N is isomorphic to Ogpi (ks —1)®Ocpi (kg —1). Furthermore, the normal line bundle A/ f is
isomorphic to Ogpi(c1(X)- D — 2) and thus has degree ¢;(X)- D — 2 = k; — 2. It follows that the normal line
bundle f*TX/T% has degree (2k; —2) — (kg — 2) = k;. Therefore, if the map f is balanced, the short exact
sequence (*) does not split. Conversely, if the short exact sequence (*) does not split, then f is balanced.
Indeed, we suppose toward a contradiction that Ny = Ocpi (k1) ® Ocp: (k) with ky > ks, i.e., ki > ¢ (N]Z)
This implies that the morphism O¢p1 (k) — N]; is null. Then, there is an isomorphism Ogp: (k1) — N¢/N7,
where N¢/N ); = Ocp1(k;). Hence, the short exact sequence (*) splits, and we obtain a contradiction (see
[GH83, p. 252)).

Claim 2. TIf the exact sequence (*) splits, then f(CP') is a complete intersection in X.

The idea of a proof of this claim is to use the first-order deformation of the surface ¥ in a pencil Q
generated by an elliptic curve E, which realizes the homology class iK)Z(, and to considering the divisor
classes restricted on E by the first-order deformation of f(CP!) in . By extending a result in the proof of
[GH83, Theorem (4.£.3)], we see that the following two statements hold:

(i) If the exact sequence (*) splits, then the section of Ny that vanishes at D.E points in the intersection
f(CPY)N E implies that the restricted divisor class [f(CP!)]|g is constant when we deform f(CP')
along the pencil.

(ii) If f(CP) is not a complete intersection with ¥ in X, then the restricted divisor class [f(CP!)]|g in
Pic(E) must vary as we deform f(CP'). Indeed, let f.(CP') be a first deformation of f(CP!) in the
pencil, i.e., f.(CP')C X € Q. One has

2(LS)[fel P ]I 5,
~(L.S)Dy — (L.S)(D.S)S[E,x,
~(L.S)Dy —(D.S)Lg +2(D.S)LIg 5. .

By Lemmas 2.8 and 2.9 and by the fact that L|g y_is not a constant as we deform X, the statement
follows.

the sufhicient condition of Claims 1 and 2, i is not a complete intersection, the exact sequence
By the suffi d f Claims 1 and 2, if f(CP! pl h q
(*) does not split, and hence f is balanced. g

Remark 3.7. If an irreducible curve C is a complete intersection of a non-singular surface of the pencil Q

in X, then [C].S = 0.

3.2.2. Enumeration of balanced rational curves.— In this part, we demonstrate that it is possible to
choose a configuration of points on E such that every balanced, irreducible rational curve passing through
this configuration is a regular point of the corresponding total evaluation map.

We denote by Vj, the set of configurations of k4 distinct points on E. Recall that for each homology class
D € Hy(X;Z) satisfying D € 1~1(d), where ¢: Hy(X;Z) - H,(X;Z), we have kp = kg — 1 (see Lemma 3.1).
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Let y,C Ep be a configuration of kp distinct points on E. For every non-singular surface ¥, in the
pencil O, let CEVD(ZD) be the set of kp-pointed stable maps f: (Co;py,...,pk,) — X¢, where Cj is a
connected nodal curve of arithmetic genus 0, such that f(Cy) represents the homology class D € H,(¥;;Z)
and f({p1,--.. P, }) =9

Proposition 3.8. There exists a dense open subset Uy of Vi such that for every configuration Y, in Uy, and

for every element f in CEHD(}’D)’ one has Cy = CP' and f is an immersion.

Proof. This proof is inspired by the proof of [BG16, Proposition 5.2]. Let Vp denote the set of irreducible
nodal rational curves of homology class D € Hy(X;;Z). The set Vp is a quasiprojective subvariety of
dimension kp of the linear system |D|. Let Vp be the Zariski closure of Vp.

Let Up := |D|g| denote the complete linear system on E defined by the restriction of the divisor D. Since
the degree of Up is D.E = kp + 1, it follows from the Riemann-Roch theorem that each element of U} is
determined by kp of its points on E. Hence, every configuration Y, € Vi, induces an element [XD] € Up.

Consider the following generically finite map:
h: % — Z/{D
Cs+—[CsNE]

Note that dim(h(Vp \ Vp)) < kp — 1. It follows that if the configuration Y, € Vi, has the property
[yD] e Up \ h(Vp \ Vp), then for every stable map f € C):t,D(yD), the curve f(Cy) must be an irreducible

nodal rational curve in ¥,. In other words, the curve C is non-singular. As a result, Co = CP! and f is an

immersion. U

Corollary 3.9. Let Yy, € Uk, be a configuration of points as in Proposition 3.8. Then, each non-singular surface
X in the pencil Q that contains a curve of class D of the set C(x,;) contains precisely GWx, (D) such curves.

Proof. We consider the moduli space of stable maps M kD(Et,D) and its corresponding total evaluation
map evy,. By Proposition 3.8 and Lemma 3.5, it follows that for every map f € CZ,,D(ZJD), where Y, € Uk,»

the point [(CPl;pl,...,ka);f] is a regular point of evy, provided that f is an immersion. Consequently,
we obtain the equality |C2nD(yD)| =GWy, (D). O

Proposition 3.10. Regular values of the total evaluation map evy contained in Vi, form a dense open subset
Uk, C Vi,. In particular, if x,; € Uy,, then the cardinality of the set C;(x,) is equal to GWx(d).

Proof Let x; be a configuration of k; distinct points on E for which the conclusion of Proposition 3.2 holds.
By Lemma 3.5, an element [(CPl;pl,...,pkd);f] is a regular point of evy if and only if f is a balanced
immersion. It should be noted that if x; is replaced by another linearly equivalent configuration X; of points
on E, then the set of surfaces of the pencil Q containing a curve in C(X;) coincides with the set of surfaces
containing a curve in C(x,).

Furthermore, by the Riemann-Roch theorem and Proposition 3.8, we may choose x; generically so that
every curve in C(x,) is parametrized by an algebraic immersion (see also [BG16, Proof of Proposition 5.3]).
The property that f is balanced follows from Lemma 3.6. g

4. The sign problems

4.1. Welschinger’s signs of real curves on real del Pezzo surfaces

Let (X, 7) be a real del Pezzo surface. Let D € H,“(X;Z), and let kp = ¢;(X)- D — 1 be the associated
integer. Let C be an irreducible real rational curve in X that represents the homology class D and is nodal,
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i.e., has only ordinary real nodes as singularities. By the adjunction formula, the total number of complex
nodes of C, which consist of real nodes and pairs of complex conjugate nodes, is equal to

g(D)=1(~¢;(£)-D+D?+2).
A real node of C is either hyperbolic or elliptic in the following sense.

Definition 4.1. A hyperbolic real node of a curve is a real point where the local equation of the curve is given
by x> —9? = 0 over R (i.e, it is the intersection of two real branches). An elliptic real node (or an isolated
real node) of a curve is a real point where the local equation of the curve is given by X%+ y2 =0 over IR (i.e,
it is the intersection of two complex conjugate branches).

Let 6g(C) denote the number of elliptic real nodes of the curve C, 0y (C) the numbers of hyperbolic real
nodes, and d¢(C) the numbers of pairs of complex conjugate nodes. The following equation holds:

0p(C) + 0y (C) +20¢(C) = g(D).

Definition 4.2. The Welschinger’s sign of an irreducible real rational curve C in (X, T), denoted by sgyx(C),
is defined as _
sre(C) = (=1)%C).

Let x;, denote a real generic configuration of kp points consisting of r real points and [ pairs of complex
conjugate points in X, where r + 2] = kp. Let R(x)) be a set of real rational curves in ¥ representing the
homology class D and passing through xp,. It should be noted that the genericity of x, implies that every
real curve in R(xp) is nodal and irreducible.

Definition 4.3. Let (X, 7) be a real del Pezzo surface and D € H,*(X;Z). We associate to each real curve
C € R(xp) its Welschinger’s sign sgy(C). The Welschinger invariant of (X, ) of the homology class D is
defined as
Wis(D,1):= ) sgs(C).
CeR(xp)
Remark 4.4. If either D € Hy(X;Z) \ H,“(X;Z) or kp < 0, the corresponding Welschinger invariants
Wrx (D, 1) vanish.

Theorem 4.5 (¢f Welschinger [Wel05b], Brugallé [Bru2l]). The Welschinger invariants in Definition 4.3 do
not depend on the choice of a real generic configuration of points if the number of real points or, equivalently, the
number of complex conjugate points is given.

4.2. Welschinger’s signs of real curves on real del Pezzo varieties of dimension 3

According to J.-Y. Welschinger, see for example [WelObc, Section 2.2] or [WelOba, Section 1.2], given a
Spin,,- or Pin; -structure on the real part of real projective Fano varieties,!) we may define a sign (also
known as the spinor state) +1 for each immersed balanced real rational curve on such varieties.

4.2.1. Spinor states of balanced real rational curves on a real 3-dimensional del Pezzo variety.— Let
(X, 7) be a real 3-dimensional del Pezzo variety with IRX # (). We equip the real part IRX with a Riemannian
metric gy and consider the tangent vector bundle TIRX over IRX. We restrict our attention to cases in which
IRX is orientable and equip IRX with a Spinj-structure, denoted by sx := (Spin(TIRX, 0x),qx). Here, with
a slight abuse of notation, we use 0y to denote an orientation on TIRX.

Let d € H;*(X;Z), and let k; = %cl(X) -d be the associated integer. Let f: (CP!,7;) — (X, 7) be a real
balanced immersion. Consider the associated short exact sequence of holomorphic vector bundles over CP!

0— TCP' — f'TX — Ny — 0,

ah“hey are examples of strongly semipositive real symplectic manifolds as described in [WelO5a).
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where Ny = f*TX/TCP ! is a rank 2 holomorphic normal vector bundle over CP!. Since both X and f are
real, there is a corresponding short exact sequence of real vector bundles over RP!

0— TRP' — flrp TRX — RN — 0.

Up to homotopy, we have the decomposition f|,, TIRX = TRP! ® RN. Assume that f.[CP']=d. Let
C =Im(f) with RC # 0. The image f(RP!) C RX is an immersed knot. In order to define a spinor state
for the curve C, we first establish a consistent method for decomposing the real vector bundle f/[,, TIRX
into a sum of real line subbundles. We then proceed to define a loop of orthonormal frames for this bundle
as follows.

It should be noticed that the balancing property of Ny implies its projectivization P(Ny) is the oth
Hirzebruch surface CP' x CP!. Up to real isotopy, there are two holomorphic real line subbundles of
N of degree k; — 2 whose projectivization in IP(N) is a section of bidegree (1,1) in the basis (L1, L;) =
([CP! x {p}],[{g} x CP']), where p,q € CP'. Note that the orientation on RX and the orientation on TIRP!
induce an orientation on IRAy. Then, these two real isotopy classes are characterized by the direction in
which the real part of a fiber rotates in RAy. We denote by E* the isotopy class of the real part of the
real line subbundle of Ny whose real part of a fiber rotates positively in RAy, and by E~ the isotopy class
corresponding to the opposite orientation. We choose a real line subbundle L C RN as follows:

e If k; is even, L is chosen in the isotopy class E.
e If k; is odd, L is chosen in the isotopy class E~.

In both cases, there exists a unique choice of a real line subbundle L in R, £ such that
flep TRX =TRP' & Lo L.

We choose some trivialization of each factor of the above decomposition of f[,, TIRX given by non-
vanishing sections v; (i € {1,2,3}) and then define a loop of direct orthogonal frames of the vector bundle
flgpi TRX. Assume that v (&) € TRP' (£ € RP') and (v;,v;,v3) forms a direct basis. In the case where ky
is even, we may choosel?) a non-vanishing section v, (&) € L such that (v, (&), v2(&))cerp! is an orthogonal
section of TRP! @ L. Then, the unique non-vanishing section v3(&) € L forms a loop of direct orthogonal
frames (v1(£),v2(&), v3(p))cerpr of the vector bundle f [, TRX; see Figure 4. In the case where k; is odd,

we first choose the non-vanishing sections over [0, 7] C RP! given by (v (&), v2(&),v3(&))eefo,x)crp! - Then

0 0

1
we apply to this basis the action of (0 cos(&) Sin(é)) € SO3(R). We hence obtain a new decomposition of
0 —sin(&) cos(&)

f |TRP1 TIRX as a direct sum of orientable real line bundles.

RC Cc RX U3

Zo
V2

Figure 4. A direct orthogonal frame (v (xg), v2(xg)), v3(xo) at xg = f(&) € RC of the vector bundle
TRX|gc.

(2)This choice is not unique since we can also choose —v;(&) € RL.
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Note that the pull-back under the immersion f of a principal SO3-bundle SO(TRX, 0x) over RX is
itself a principal SO3-bundle, denoted by f*SO(TRX,0x), over RP!. Moreover, a Spin,-structure on
SO(TRRX, 0x) induces a corresponding Spins-structure on this bundle. Accordingly, we refer to a loop in
the above construction as a loop of the principal SO3-bundle f*SO(TRX, 0x). With these preliminaries in
place, we are now prepared to define the spinor state of the curve C.

Definition 4.6. Let ((X,7),5x,0x)) denote a real 3-dimensional del Pezzo variety whose real part is
orientable and equipped with a Spinj-structure sy = (Spin(TRX,0x),g9x). Let C = Im(f) be a real
balanced irreducible rational curve immersed in X. Let (v1(&),v2(&),v3(&))cerp! be a loop of the principal
SO3-bundle f*SO(TIRX,0x) defined as above. The spinor state of C, denoted by sp, , (C), is given by

+1  if this loop lifts to a loop of f*Spin(TRX, 0x),
SPay,ax (C) = .
-1  otherwise.

Remark 4.7. The spinor state of a real rational curve in Definition 4.6 does not depend on the choice of
either the sections v; (i € {1,2,3}) or the metric gx or the parametrization f. This spinor state depends on
the choice of a Spinj-structure on IRX as well as an orientation on RX.

Geometrically, reversing the orientation of RX interchanges the two isotopy classes E* and E™. Since
E" and E~ differ by precisely one full rotation—that is, by a generator of 711 (SO;(IR))—the corresponding
loops in 711 (SO3(IR)) differ by a non-trivial element. Moreover, recall that the set of Spin;-structures on the
bundle SO(TRX, 0x) is in one-to-one correspondence with the group H'(IRX;7Z,), which is determined by
mapping in circles. We summarize these properties in the following proposition.

Proposition 4.8 (¢f [Wel05a, Lemma 1.7]). Let 17 € H(RX;Z,). One has

Spsx,—ox (C) == Spsx,gx (C)

and

SPysyox (C) = (‘Dﬂi(ﬁmpl])Spsx,nx(c)-

Example 4.9. Consider (CP>,13), whose real part is RP3. Since H;(RP3;Z,) = Z,, there exist precisely
two Spinj-structures on SO(TRP3, oRps). We may choose a Spin;-structure $Rps on SO(TIRP3, ogps) such

that the spinor state of any line L in CP? is sp (L) = +1. This choice coincides with the trivialization

SRp3,0Rp3

of TRP? considered by Brugallé-Georgieva in [BG16].

Let x; be a real generic configuration of k; points consisting of r real points and | pairs of complex
conjugate points in X, where r + 2] = k;. Denote by R(x,) the set of real balanced irreducible rational
curves in X representing the homology class d and passing through x,.

Definition 4.10. Let ((X,7),5x,0x)) denote a real 3-dimensional del Pezzo variety and d € H,“(X;Z). We
associate each real curve C € R(x,) to its spinor state sp, , (C) as in Definition 4.6. The Welschinger
invariant of ((X,7),sx,0x)) of the homology class d is defined as

WRx™(@d D= ) spy 4 (C).
CeR(x,)

Remark 4.11. If either d € Hy(X;Z)\ H,"(X;Z) or k; < 0, the corresponding Welschinger invariants
W]%(’Dx(d, l) vanish.

Theorem 4.12 (Welschinger, c¢f. [WelO5c, WelOba]). The Welschinger invariant in Definition 4.70 does not
depend on the choice of a real generic configuration x; up to isotopy if the number of real points is given. This
invariant depends on the Spins-structure sx on SO(TRX, 0x), the homology class d and the number |.
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4.2.2. Spinor states of rational curves: Revisited.— In this paragraph, we assume that C is a real
balanced rational curve parametrized by a real balanced immersion f: (CP!,7;) — (X, t) such that
f.[CP')=de H;"(X;Z) and f(CPY) C %, where X € |- %KX| is a real non-singular surface. The curve C
also represents a homology class D € H;*(X;Z), where D € Y~Y(d) and : Hy(%;Z) » Hy(X;Z) is the
natural projection. We will examine certain properties of the holomorphic line subbundle A/ ; = f"TY/TCP N
which is a holomorphic line subbundle of the normal bundle Ny, and subsequently relate this subbundle to
the definition of spinor states of curves.

Remark 4.13. The isotopy class of the normal bundle of C in ¥ depends only on the homology class of C in
H,(X;Z), and not on the particular choice of the curve C itself. We therefore denote this class as Np,y
instead of N¢/y. With this notation, we have A/ f/ = f*Np/s.

By the adjunction formula, we have
deg(./\/'D/z) = Cl(Z) -D-2= kD -1.

It follows that deg(N) = kg — 2. Consequently, the real line bundle RNy is orientable if kp is odd and
non-orientable otherwise. Recall from Section 4.2.1 that there are two isotopy classes, denoted by E* and E~,
of the real part of a holomorphic real line subbundle of degree k; —2 of Ny. These classes are characterized
by the direction in which the real part of a fiber rotates within IR./\/’f. Also note that kp = kg (p) for any pair

{D,T(D)} Cc Hy(X;Z), where T denotes the monodromy transformation T(D) =D + (D.S)S.

Definition 4.14. Let f: CP! — ¥ C X be a real immersion such that f,[CP!] = D € H;"(3;Z), and let
RN; =Rf*Np/s be as described above. We define the following homomorphism:

€: Hy%Z)— Z,

kp+1 mod?2 if IR./\/'JZ realizes the isotopy class E¥,
Dr—
kp mod 2 if IRN]Z realizes the isotopy class E™.

Lemma 4.15. Let {L, T(L)} C Hy(X;Z) be such that |L.S| = 1. One has
e(T(L)) = €(L).

Proof. As established in Corollary 2.11, a pair of divisors L;|g # T(L;)|g such that |L;.S| = 1 uniquely
determines a non-singular surface ¥, in the pencil Q. Let {Lo, T(L¢)} C H, “(X;Z). Let RN, = Rf*Np /»
and RV, = Rf*Nr(r,)5 denote the real parts of the normal bundles of Ly and T(L,), respectively. Due to
the monodromy phenomenon, the roles of Ly and T(Ly) in H,“(X(;Z) are interchanged when traversing a
loop around a singular fiber. In particular, as one moves along the pencil from ¥ around a singular surface
and returns to X, the directions of rotation of Ly and T (L) in ¥ are reversed. Consequently, the real line
bundles RN, and RN/, rotate in opposite directions in RX; see Figure 5. O

We may now assume that L and T(L) are chosen such that L.S = -1 and IRJ\/L'/2 =E*. As a consequence,
we have T(L).S =1 and IRN%(L)/): =E".

Proposition 4.16. For any {D, T (D)} C H;"(X;Z) such that D.S # 0, one has
e(T(D))=€e(D)+1 mod 2.

Proof. By Lemma 4.15, the proposition holds in the case where D = L. Let ¥ be a real non-singular surface
in the pencil O, and let ¥; denote the first-order real deformation of ¥ within O.

Claim 1. The isotopy class of the real line subbundle Rf*Np/y in RN is determined by the direction of

dD
the vector % .
t=0
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Figure 5. L and T (L) rotate in opposite directions in RX.

A proof of this proposition proceeds analogously to the proof of [BG16, Proposition 4.4]. Specifically,
fix a point x( in the transverse intersection of f(CP') with the base locus E of the pencil Q such that
po = f1(xp) € RP!. Consider the first-order real deformation f; of f within the pencil Q such that for
each t, f;(CP') passes through all intersection points of f(CP')NE except x,. This allows us to define a
holomorphic line subbundle M of degree ks — 1 in Ny characterized by the property that its fiber at p
is M|,, = o(po), where o CcP' - N is a non-vanishing holomorphic section that vanishes precisely at
F~YE\ {xg}). Since this deformation stays in the base locus E, it follows that o (pg) € f*Npys,. We may
then compare the relative positions of the fibers RM|, and Rf*Np/5|p,, for p; € RP! in a neighborhood
of pg, by demonstrating that the isotopy class of Rf*Np/y, is determined by the direction of the vector
o(po). Moreover, the deformation x; = f(p;) of xy as an intersection point of f,(CP') N E is determined by
the deformation of the divisor class D|g y, as t approaches 0. Hence, Claim 1 follows.

We now consider the deformation of divisors D|gy, and T(D)|g,», on Picp g(E) as t approaches 0.

Claim 2. The direction of vectors % and %ﬁlm‘ are opposite.
t=0 t=0
Indeed, this claim follows directly from the fact that D.S # 0 and that D|gy + T(D)|gy, = B‘P is a

constant divisor class for every t (see Figure 6).

Figure 6. Two isotopy classes of a real line subbundle of RNy are represented in Pic(E) in the case

where IRE is connected.

Claim 3. The class D belongs to the same isotopy class as L if and only if T(D) does not.
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This claim follows from Lemma 2.16. Indeed, we have

dD dL
>, _1D.| >, .
dt  lt=0 dt =0
Since L and T(L) belong to different isotopy classes, it follows that D and T(D) do as well. Therefore, the
statement of the proposition holds. O

Proposition 4.17. For any pair D, D’ € Hy(X;Z) such that D.S # 0 and D’.S # 0, one has

e(D)=¢€(D’) < (D.S)(D".S) > 0.
Proof. Consider the pencil Q, and let ¥, denote the fiber over t, € CP!, while ¥; denotes the fiber over
t € CP! in a neighborhood of t,. We establish the following two claims.

dD|gx,

Claim 1. We have —t

— _D.s dS IE,):t
=0 2 dt

t=0'
Indeed, this claim is directly implied from the fact that
2D|g,5, +(D.S)S|g,s, = 2DIg 5, +(D.S)S|g 5, (= D)

dDlgy,
dt

aD’|gs,

Claim 2. We have 75
t=0

o > 0 if and only if (D.S)(D’.S) > 0.

Indeed, Claim 1 implies that the equality

leE,)Zt} XdD’|E,)Zt| B —D.Sdle,2t| y —D’.Sdle,Zt’
dt =0 dt =0 2 dt =0 2 dt  It=0

holds. In other words, we obtain

WDl ADlen,) _(DSND'S) (45, ’
X = .
dt  lt=0 dt =0 4 dt  lt=0
As a consequence, the statement follows. O

4.3. Welschinger’s signs of real rational curves on real del Pezzo varieties of dimension 2
and 3: Comparison

We adopt the following notational conventions throughout this section. Let V be a rank n vector bundle
equipped with a Riemannian metric over a topological space B. We denote by O(V) a principal O,,-bundle
over B. If V is orientable with orientation 0y, we denote by SO(V,0y) a principal SO,,-bundle over B.
The set of Pinj-structures on O(V) is denoted by P+ (V), and the set of Spin,,-structures on SO(V, 0y) is
denoted by SP,(V,0y). In the special case where V = TB is the tangent bundle, we may, for brevity, refer
to Pin*- (respectively, Spin-)structures over B instead of on O(TB) (respectively, SO(T B, o75)).

In this subsection, we investigate the properties of the Pin}-structure over IRY, where ¥ € |- %le is a
real non-singular surface, which is restricted from a Spin;-structure over IRX (see Proposition 4.22). The
associated quasi-quadratic enhancement enables us to relate the spinor states of rational curves in (X, 7) to
the Welschinger’s signs of these curves in (X, 7|y) (see Proposition 4.24).

4.3.1. Construction of the quasi-quadratic enhancement corresponding to a Pin;-structure on a
topological surface.—

Definition 4.18. A function s: H|(RY;Z,) — Z, is called a quasi-quadratic enhancement if it satisfies

s(x+y) =s(x) +5(y) + x.y + (w1 (RE) - x)(w1 (RE) - p).
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It is well known that every non-singular topological surface admits a Pin; -structure on its tangent bundle.
We begin by equipping TIRY with a Pin}-structure, denoted by prgy := (Pin™(TRY),qrRy). We then
proceed to construct a quasi-quadratic enhancement corresponding to such a Pin} -structure.

Let a: $! — RY be an immersion, and let \V,, := a*TIRY/TS! denote the normal bundle of this map.
We consider the short exact sequence of real vector bundles over $! determined by a

(sesq) 0—TS! — a'TRY — N, — 0.

Up to homotopy, there is a splitting a*TRY = TS! @ N,. We begin by choosing the bounding Spin; -
structure on TS', denoted by 5, which corresponds to the disconnected double cover of $'. On the normal
line bundle NV, there exists a canonical Pinj -structure, denoted by pj, which corresponds to 0 € Z, under
the natural bijection P, (N,) — Z, (see [Sol06, Lemma 8.2] or [CZ24, Section 11]). We say that a given
Pin;-structure on RY. is compatible with the short exact sequence (ses,) if a*pgy is mapped from < sy, pg >,
by the following natural H!(S!;Z,)-biequivariant map:

< >a: SPU(TSY) x PL(N,) — P (a"RY).
We are then prepared to define the following function:

Spgy - {immersed circles in RY} — Z,

1 if a’pry =< $0,P0 >0
a—
0 otherwise.

Remark 4.19. Since a loop & that lifts « in the principal O,-bundle a*(O(TIRY)) can be written as r (r € Z)
times a generator of 711 (O,(IR)) = Z, we can interpret s, (a) € {0,1} as

Spge (@) =1+7 mod 2.

It can be shown that the liftings of a in the principal Pin}-bundle a*(Pin™(TIRY)) are either all loops or all
non-closed paths.

By definition, the function s, . is additive on disjoint unions of embedded circles and does not depend on
the orientation of . A union of immersed circles in IRY. can be deformed such that all their intersections

and self-intersections are transverse. The rule of smoothing a transverse intersection is shown in Figure 7.

XX

Figure 7. Smoothing a transverse intersection.

After smoothing a union Ule C; of k immersed circles in IRY, we obtain a disjoint union |_|f;1 C! of kK’
embedded circles in RY. In particular,

k k’
Y [Ci1=) [C/le Hi(R%;2,)
i=1 i=1

Let o(a) denote the number of self-intersection points of C = Im(a). It follows that

k
K =k+ Zé(ai) + Z[ci].[cj] mod 2.
i=1

i<j
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We have the following proposition.

Proposition 4.20 (¢f [CZ24, Theorem 1L1)). The function s, induces a quasi-quadratic enhancement
SpIR): : H1 (IRE,Zz) —> Zz

given by
s ([a]) = spp, (@) + 6(a)  mod 2.

Remark 4.21. Given any basis of H;(IRY;Z,;), it is possible to make s"k* take any specified values on the
basis elements by choosing an appropriate structure pgy.

4.3.2. Quasi-quadratic enhancements and restricted Pin; -structures.— The restriction from Spin;- to
Pin -structures is described in the following proposition.

Proposition 4.22. A Spin;-structure on SO(TRX,0rRrx) can be restricted naturally to a Piny -structure on
O(TRY).

In particular, if both RX and IRY. are orientable, then SO(TIRY, 0rRy) inherits a Spin, -structure from a
Sping-structure on SO(TIRX, 0TRx)-

Proof- 1t is sufficient to prove that O(TIRY) can be embedded as a subspace of SO(TRX, 0rrx)|lrz. A
proposition of Kirby-Taylor [KT90] establishes the existence of a natural bijection

PZ_(TIRZ) x~ S’Pg(TIRZ ®detTRY, OTRY@det TIR):)-

Let Ny x be the holomorphic normal line bundle of ¥ in X. The Riemannian metric on RX allows us
to identify the real bundles RNy,x and NRy/rx. By the adjunction formula, the bundle isomorphism
Nry/rx = det TRY. holds. Up to homotopy, this implies the decomposition

TRX = TRE @ det TIRY.

Let (x,(v1,v5)) € O(TRRY). There exists a unique vector v3 := vy A v, in det TIRY such that (x, (vq,v;,v3))
defines an element of SO(TIRX, 07Rx )Ry, With orientation consistent with that induced by the Spin;-
structure on SO(TRX, 07Rx)- d

Let sy := (Spin(TRX,07Rrx),qTRx) denote a Spins-structure on SO(TRX,0rRx). We denote by
sxx = (Pin™(X[X), gx|x) the restricted Pin-structure to O(TRY) induced from the Spin;-structure s, as
described in Proposition 4.22. Recall that there is a natural homomorphism

p: H"(X;Z) — H{(RY;Z,), D+ pD.

Therefore, for each D € H,*(X;Z) and each Pin;-structure prry on O(TIRY), we may associate a quasi-
quadratic enhancement sPTR® evaluated at pD, as described in the previous subsection. In particular, the
Pin} -structure sxx on O(TIRY) implies the following properties on s%x*.

Proposition 4.23. Assume that ker(: Hy(X;Z) — Hy(X;Z)) = Z. Let S € H,"(X;Z) be a generator of
ker(1). One has

() % (pS) = 0;
(ii) s*=(p(D +(D.S)S)) = s> (pD) +(D.S) mod 2 for all D € H,*(X;Z).

Proof. (i) The first observation is that ((S) = 0 € H,*(X;Z) and there is a natural homomorphism
p: Hy(X;Z) — H | (RX;Z;), dv+— pd.

Consequently, p1p(S) = 0 € Hy(RX;Z,). Since S is also the vanishing cycle of a Lefschetz fibration, we have
pY(S) = a,[S'], where a: $! — RX is an immersion and Im(a) bounds a 2-dimensional disk ID? in RX.
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Let sp2 = (Spin(TID?, 07p2), grp2) be the unique Spin,-structure on ID?. According to [CZ24, Example
11.3], sp2 is not compatible with the short exact sequence of real vector bundles over $!

0— TS! — a'TD? — N, — 0.

It follows that s5 ,(a) = 0, and thus s°*([a]) = 0. The statement then follows, noting that the Spin;-
structure over ]D2 is canonically induced from the Spin,-structure.
(ii) With abuse of notation, in the remainder of this proof, the notation w;(pD) refers to the dual pairing

w1(RY) - (pD). By claim (i) and by properties of a quasi-quadratic enhancement, we have
s (p(D +(D.S)S) = s%=(pD + (D.S)pS)

= s%XE(pD) + (D.S)s™=(pS) + (D.S)(pD.pS) + (D.S)w (pD) w1 (pS)
= bXIE(pD)+0+(DS) +(D.S)(D)*(-2) mod 2

= s (pD) + (D.S)> mod 2

stlE(pD) +(D.S) mod 2.

As a result, the proposition follows. O

4.3.3. Quasi-quadratic enhancements and spinor states.— As in Section 4.2.2, we assume that C is
a real balanced rational curve parametrized by a real balanced immersion f: (CP!,1;) — (X, 1) such
that £,[CP'] = d € H;"(X;Z). Furthermore, we assume that f(CP!) C ¥, where X € | - %KX| is a real
non-singular surface, and that C represents the homology class D € H;*(X;Z). Since f is real, the restriction
flrpr: RP! — RX is an immersion such that f|gpi (RP!) C RY.

Let k; and kp be the corresponding integers of the classes d and D, respectively. Recall that kp = k; — 1.
For each Pin;-structure prry on O(TIRY), we define

SDTIRE(C) = S]JTH{): (thPl) € {0’1}
The number of hyperbolic real nodes 95 (C) of C is precisely equal to 6(f|gpt). From Section 4.1, we deduce
that

og(C)=g(D)+g(C) mod 2,
where 6 (C) denotes the number of elliptic real nodes of C and g(D) = %(KZ.D +D?) + 1. It then follows
from Proposition 4.20 that there is a quasi-quadratic enhancement

SDTIRZ : H] (]RE,Zz) —> Zz

satisfying
(4.1) sPTR(pD) = g(D) + 0g(C) + 55, (C) mod 2.

The quasi-quadratic enhancement s°™®*(pD) allows us to relate the spinor state sp, , (C) in Definition 4.6
to Welschinger’s sign sgy(C) in Definition 4.3, as shown in the following proposition.

Proposition 4.24. Given a Spinj-structure sx on SO(TIRX,0x) and the restricted Pin, -structure sx |z over
IRY, one has

(4.2) (C) = (1)@ (pD)gp (),

SPSx,UX

where € is the homomorphism defined in Definition 4.74.

Proof. On the left-hand side of (4.2), the spinor state sp,,, (C) is determined by two parameters: The
isotopy class of the real line subbundle L C R\ and the Spin;-structure sx.
On the one hand, recall, moreover, that the holomorphic normal line bundle N ; has the same degree

as the bundle whose real part is L, and that A/ ]ﬁ is a subbundle of the holomorphic normal plane bundle
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Ny. The map € (see Definition 4.14) allows us to compare the isotopy class of two real line subbundles RN f,

and L in IRNf. As a consequence, the sign difference of (=1)¢P) jn Equation (4.2) is deduced.
On the other hand, the Spinj-structure $x induces a canonical Pin}-structure sxy on O(TIRY), and
consequently its corresponding quasi-quadratic enhancement s%**. It follows that

SPSX,UX(C) = (_1)6(D) X (—])55X|):(C)

= (=1)6P) 5 (—1)8(PIs™ o (1)96(C),

This enhancement then contributes the difference of (—1)g(D)+SSX|Z(pD) in Equation (4.2). As a result,
Equation (4.2) holds. O

5. Proofs of main results

5.1. Proof of Theorem 1.3

The main idea of the proof is to reduce the computation of genus 0 Gromov-Witten invariants for
del Pezzo threefolds to the analogous problem for del Pezzo surfaces. This reduction relies primarily on
Propositions 2.4 and 3.2. We begin by recalling the following hypotheses and notational conventions:

e X is a del Pezzo variety of dimension 3 such that ker(i) = Z, where ¥ € |- %le is any non-singular
surface and ¢: H,(X;Z) » Hy(X;7Z) is induced by the inclusion ¥ < X.

e Q is a pencil of surfaces in the linear system | — %KX|; its base locus is an elliptic curve denoted by E.

e E C X realizes the homology class %tK}z(

Let d € Hy(X;Z), and let k; be the associated integer. Recall that C(x;) denotes the set of connected
algebraic curves of arithmetic genus O representing the given homology class d and passing through a generic
configuration x, of k; points on E (see Proposition 3.2). Let Uy, C E*4 be as in Proposition 3.10. Choose a
configuration x; € Uy, and a subconfiguration Y, S consisting of kp = k; — 1 points. By Proposition 3.2
and by the Riemann-Roch theorem, every irreducible rational curve contained in a non-singular surface of
the pencil Q and passing through ¥, intersects the elliptic curve E at the kth point x,, which is precisely
the point x, \y Let ¥ be a surface of Q that contains a curve in C(x,). As dlscussed in Section 2.2, up to
monodromy, the second homology group H,(X;;Z) can be canonically identified with H,(X;Z) for every
non-singular surface ¥; in the pencil Q. Let S be a generator of ker(i), which can also be identified with
the vanishing cycle in the monodromy transformation T(D) =D + (D.S)S. Let D € Hy(%;2Z)/p~1(p)- The
surjectivity of 1 induces a surjective map ¥: Hy(%;Z)/p~1(p) > H2(X;Z). By Proposition 3.2, we obtain
the following equality:

cenl= Y S |{CeC(gd):CCEt andﬁ:5}|.

Eeiil(d) - ztEQ:
v DlE,Et“’[ZD'—’{xkd 1

By Proposition 3.10, we have
Clx,)| = GWx(d).

Moreover, the total evaluation map evy is regular at every point [(CPl;py,..., Pk,); f] such that
fUp1,---»px,}) = x4. Consequently, every curve in C(x;) is parametrized by an algebraic immersion
f:CP I X. It is worth noting that the genus 0 Gromov-Witten invariants are symmetric under mono-
dromy transformations. That is, for every D € H,(X;Z), we have

GWy(D) = GWy(D +(D.S)S).

We set
GWy, (D) := GWy, (D) = GWy, (T(D)).
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Therefore, the cardinality of the set {C € C(x;) : C C X; and [C] = D} is exactly GWy (D), and thus also
GWEY(B) (see Proposition 3.8 and Corollary 3.9). Moreover, the equivalence class BlE,Zt = D|g,y, lies in
Picp p(E)/

X

~Dyx’ Accordingly, the number of surfaces ¥; € Q such that 5|E,Ef ~ [}_)D U {xy,}] is exactly the
degree of the map ¢ (see Proposition 2.12). Since we are considering cases in which a generator of ker(1)
can be identified with the vanishing cycle (see Lemma 2.6), the degree of the corresponding map ¢35 is
exactly (D.S)?. Therefore, we have

GWx(d) = Z GWry, (5) X |{2t €Q: B|E,E, - [ZD H {xkd}m
Dep ' (d)

(*)

A straightforward computation shows that (D.S)? = (T(D).S)?. Consequently, the equality (%) simplifies
to

GWy(d) = Z (D.S)>GWy(D).
{D,T(D)})CH,(%;Z):
Dey~(d)

Thus, we obtain the desired formula

1
GWx(d) = 5 Z (D.S)2GWy (D).
DeH,(%;2Z):

Deyp(d)

5.2. Proof of Theorem 1.4

The main idea of the proof is to reduce the computation of genus 0 Welschinger invariants for real del
Pezzo threefolds to the analogous problem for real del Pezzo surfaces, primarily using Propositions 3.2
and 2.14. In contrast to the Gromov-Witten case, an additional challenge arises from the necessity to resolve
a sign problem that comes from the distinction between two definitions of Welschinger’s sign for curves in
these varieties. We begin by recalling the following hypotheses and notational conventions:

e X is a del Pezzo variety of dimension 3 as described in the proof of Theorem 1.3, which we equip
with a real structure .

e Q is a real pencil of surfaces in the linear system | — %KX|; its real part is RQ = IRP!, and its base
locus is a real elliptic curve E.

e E C X, whose real part is IRE # (), realizes the homology class %LK)Z(

Let d € H;"(X;Z), and let k; be the associated integer. Let R(x;) be the set of real irreducible rational
curves representing the homology class d and passing through a real generic configuration x; of k; points
on E, containing [ pairs of complex conjugate points. Suppose that x; has at least one real point. Let
Uk, C E be as in Proposition 3.10. Choose a configuration x; € Uy, and a subconfiguration Y, C X4
of kp = k; — 1 points. By Proposition 3.10 and Lemma 2.13, there exists a real non-singular del Pezzo
surface (X, 7|x) € RQ containing a real curve in R(x,). Let S be a generator of ker(z). By Proposition 2.14,
in such a real surface, the vanishing cycle realizes a 7|y-anti-invariant class. An analogous observation
concerning monodromy transformations, as discussed in the proof of Theorem 1.3, also applies here. Let
De Hy"(X;Z)/p~1(p), and consider the surjective map e Hy"(%;2Z)/p~1(p) > H;"(X;Z). Tt is also
worth noting that genus 0 Welschinger invariants are invariant under monodromy transformations. That is,
for every D € H,*(X;Z), we have

WIR):(D,I) = WIR):(D + (DS)S,Z)
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We set
Wgs (D,1) := Wgs(D, 1) = Wgs(T(D), 1),

According to Proposition 4.24, for every D € H;*(X;Z) such that (D) = d, the contribution to WIEXX’DX (d,1)
of elements of R(x,), which are contained in ¥, is exactly equal to

(-1 DD @D (B 1),

Suppose that D.S is odd. According to Corollary 2.18, there are exactly |D.S| such real surfaces (¥, 7|y)
in RQ. Therefore, we have

W@ = Y (1RO ODD sy (5.
Dep ' (d)
Moreover, the following equalities hold:
e €(T(D)) =€(D)+1 (see Proposition 4.16);
e s (pT(D)) =s*=(pD)+1 mod 2, since s°*(pT (D)) = s*x*(pD)+(D.S) mod 2 and D.S is odd
(see Proposition 4.23.2);

e ¢(T(D)) = g(D) by a straightforward calculation;
e T(D).S =-D.S by another straightforward calculation.

Thus, the following sum can be simplified as follows:

(_1)e(D)+g(D)+SSX‘E(pD)|D‘S|W]RE(D’ 1)+ (_1)e(T(D))+g(T(D))+SSX'2(PT(D))|T(D)_S|WRZ(T(D)I )

= (1) DI D)y ()OI DI 01 s (D,

= 2% (=1)P8PIsF (D) D G| Wiy (D, 1).

As a consequence, the equality

Wy (d,]) = Y (R eDD 5| Wy (D, 1)

{D,T(D))CH;" (552):
Deyp'(d)

can be written as

S ]. S
WH“{;(’DX(d,l) =3 Z (_l)e(D)+g(D)+s Xlz(pD)lD-S|WIR):(D;l).
DeH, " (%;2):
Dey!(d)

If D.S is even, by symmetry, it follows directly that Wﬂi}){(’ox(d, )=0.

5.3. Proof of Theorem 1.5

Firstly, as a consequence of the proof of Theorem 1.4, we obtain directly the following corollary.

Corollary 5.1. Ifd € H;"(X;Z) is such that D.S is even, where D € 1~'(d), then the genus O Welschinger

invariants Wg'"* (d, 1) vanish for every Spins-structure sx on SO(TRX, o).

Let ¢(L,D) € Picp g-p.si.e(E) denote the divisor as in Lemma 2.16. By Proposition 2.17 and Corol-
lary 2.18(c), if IRE is disconnected and, moreover, the divisor corresponding to the real configuration of
points x,; and the divisor ¢(L, D) do not belong to the same component of RE, then there does not exist
any real irreducible rational curve of class d passing through x .

A choice of such a configuration x, is described as follows. Suppose that the divisor ¢(L, D) € S(l) lies in
the pointed component of IRE. In this case, we choose the configuration x; such that it contains an odd
number of real points on the non-pointed component of RE. Conversely, if the divisor ¢(L, D) € S% lies in
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the non-pointed component of IRE, we choose the configuration x; such that it contains at least one real
point and that the number of its real points on the non-pointed component of RE is even (possibly zero).
Moreover, in both cases, such real configurations of points are contained in a semi-algebraic open set in
R(Sym*?(X)), the space of real points of the k{;h symmetric power of X. This assertion follows by a natural
extension of the argument in the case X = CP3 (see [Koll5, Theorem 10]). Hence, Theorem 1.5 follows.

6. Applications

6.1. Applications of Theorem 1.3

6.L1. 3-dimensional projective space.— A non-singular element ¥ € | — 3 K¢ps| is a non-singular quadric
surface in CP3, and ¥ is isomorphic to CP! x CP!. We first identify H,(¥;Z) with Z? by considering the
standard basis (L, L;) of Hy(2;Z) given by

e Ly =[CP' x{p}],

o L, =[{q} xCP'],
where p,q are points in CP'. As a consequence, a class al; + bL, € H,(3;Z) can be identified with the
pair (a,b) € Z%. We then identify H,(CP?;7Z) with Z by considering the basis {H} of H,(CP?;Z), where H
is the class of a line in CP?.

Theorem 6.1. For every positive integer d, one has

1
GWeps(d) = 5 Z(d —2a)2GWepiyepi (a,d - a).
aeZ

This formula is in agreement with [BG16, Theorem 2].

Proof. Taking into account the above identifications and the natural inclusion of a quadric surface into
projective threespace, the associated surjective map 1) is defined as follows:

: Hy(X;Z) — H,(CP3;2)

(a,b) —> a+0b.

This implies that ker(1) = Z(1,~1) and that (D.S)? = (d — 2a)? for every D = (a,d —a) € )~ (d). Hence,
the statement follows from Theorem 1.3. g

6.1.2. 3-dimensional projective space blown up at a point.— Let X = CP34CP3. Let us denote the
blow-up point by x. As has been observed, a non-singular surface ¥ € |- %le is a non-singular del Pezzo
surface of degree 7 and, moreover, ¥ is isomorphic to the blow-up of a quadric surface at x. This can be
written as ¥ = (CP! x CP'#CP?). We first identify H,(¥;Z) with Z> by considering a basis (L;,Ly;E) of
H,(%;Z) given by

o Ly =[CP! x{p}],

o L, =[{g}xCP'],

e E, the exceptional divisor class,
where p, q are points in CP!. As a consequence, a class al; +bL, —kE € H,(X;Z) can be identified with the
triple (a,b;k) € Z3. We then identify H,(X;Z) with Z? by considering a basis (H;E) of H,(X;Z) given by

e H, the class of a line in CP3,

e E, the class of a line in the exceptional divisor.

As a consequence, a class dH — kE € H,(X;Z) can be identified with the point (d;k) € Z>.
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Theorem 6.2. For every positive integer d and every non-negative integer k such that k < d, one has

— 1 2
GWCP3ﬂCP3(d; k) = E E (d - 2“) GWCPIXCPlﬁCPZ(a’ d- ﬂ}k).
aeZ

This formula is in agreement with [Din20, Theorem 1.2].

Proof. Taking into account the above identifications and the natural inclusion of a blown-up quadric surface
into a blown-up projective space, the associated surjective map 1 is given by

Y: Hy(3;Z) — Hy(X;Z)

(a,b;k) — (a + b; k).
This implies that ker(i) = Z(1,-1;0) and that (D.S)? = (d — 2a)? for every divisor D = (a,d — a;k) in
~1(d; k). Hence, the statement follows from Theorem 1.3. O

6.1.3. Threefold product of the projective line.— Let X = CP! xCP! xCP'. As previously observed,
a non-singular surface ¥ € |- %chlxq:plxcpl | —that is, a non-singular surface of tridegree (1,1,1) in the
space CP! x CP! x CP! —is a non-singular del Pezzo surface of degree 6. It can be shown that a non-singular
(1,1,1)-surface ¥ in CP' x CP! x CP! is isomorphic to the blow-up of a quadric surface at two distinct
points, denoted by x; and x,. This can be written as ¥ = (CP! x CPH‘Q@). We first identify H,(¥;Z)
with Z* by considering a basis (L1, Ly; E;, E;) of Hy(X;Z) given by

L, = [CP' x {p}],

L, =[{g} xCP'],

Ey, the exceptional divisor class over xy,

E,, the exceptional divisor class over x5,

where p, g are points in CP!. As a consequence, a class al| + bL, —aE; — BE; € Hy(X;Z) can be identified
with the quadruple (a,b; a, B) € Z*. We then identify H,(X;Z) with 73 by considering a basis (M7, M, M3)
of Hy(X;Z) given by

o My =[CP' x{pi}x{ps}],

o M, =[{q1} x CP! x{g,}],

o Mj=[{r}x{r}xCP'],
where p;,q;,r; € CP! (i € {1,2}). As a consequence, a class a;M; + a,M, + a3M3 € Hy(X;Z) can be
identified with the point (a;,a,,a3) € Z3.

Theorem 6.3. For every triple of non-negative integers (a, b, c), one has
1

(6.1) GWcpixcpixcp! (4, b,¢) = 5 Z(a +b-c- 20()2 GWCPGCPlﬁZW(a' b;a,a+b-c—a).

aeZ
Proof- Taking into account the above identifications, the surjective map 1 induced from the inclusion of ¥
in X is given by

Y: Hy(X;Z) — Hy(X;2Z)
(a,b;a,f)— (a,b,a+b—a—p).

This implies that ker(i) = Z(0,0;1,-1) and that (D.S)? = (a+ b — c — 2a)? for every divisor class
D=(ab;a,a+b-c—a)in l,bfl(a, b, c). Hence, the statement follows from Theorem 1.3. O

Proposition 6.4. The Gromov-Witten invariant GW ¢cpixcpixcp! (4, b, ¢) vanishes ifa+b+c > 1 and at least
one of the following conditions is satisfied:

ea>b+g,

e b>c+a,
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e c>a+b.

Proof.- We first compare genus 0 Gromov-Witten invariants of CP U CPW}Z@ and of CPH.B@. We
identify HZ(CPZ]B@;Z) with Z*4 by considering a basis (L; Fj, F, F3) of HZ(CPZﬁSW;Z) given by
L, the class of a line in CP?,

F,, the exceptional divisor class over xq,

F,, the exceptional divisor class over x;,

F3, the exceptional divisor class over x3,

where x;, X5, x3 are points in CP?. We consider the map «, : H,(CP! xCPlﬂZW;Z) — Hz(CP2ﬂ3@;Z)
defined by

Ly+— L-Fy,

Ly— L-F,,

E,—L—F —F,

E, — Fj3.

It follows that x, sends a class (a,b; @, ) to the class (a+b—a;a—a,b—a, ). We thus obtain the following
equality:

(6.2) GW (a,b;a,B) =GW (a+b-a;a—a,b-a,p).

CP'xCP'§2CP? CP243CP?
By Theorem 1.3, if either |D.S| = 0 or GWy (D) = 0 for all D € 1»~!(d), then GWx(d) vanishes. In
particular,
(i) if |[D.S| = 0, which means that |(a,b;a,a+b—c—a)(0,0;1,-1)| = 0 or, equivalently, 2a =a+b—c,
then we obtain D = (a,b;a, a) € Hy(CP! x CP'§2CP?;Z);
(ii) if GWy (D) = GWyx(T(D)) = 0, then Equation (6.2) implies that

’

GWepiuepipacpr (@ biaa+b—c—a)=0
GWCP1X¢;P1“2@(6L b;atb-c—a,a)=0

Consequently, we obtain

(6.3)

GWCPzﬁ3@(cz+b—a;a—a,b—a,a+b—c—a)=0,
(c+a;c-b+a,c—a+a,a)=0.

GW@:P%@

Moreover, it is known that GWCPZﬁ:}W(d;al’azl a3) = 0 if there exists a pair a;,4; such that
a; +aj > d, except in the cases where (d;a1,a;,,a3) € {(1;1,1,0),(1;1,0,1),(1;0,1,1)} (see [GPI8]).
Therefore, Equations (6.3) holds if «a satisfies

a <max{0,b—c,a—c} and

a >min{a, b,a+b—c}.

Combining this with the symmetry

GWepixepixep! (4, b,¢) = GWepixepixepi (0(a), 0(b), o(c)),
where o is any permutation of the set {a, b, c}, we obtain the proposition. O

It is known, due to the work of L. Géttsche and R. Pandharipande [GP98], that the genus 0 Gromov-Witten
invariants of (EP%BW can be explicitly computed by recursive formulas. In Table 2, we show the first
non-vanishing genus 0 Gromov-Witten invariants GW¢piycpixcpt (4,5, c). In this table, we consider the
cases where either a+b+c=1ora<b+c,for4>a>b>cand a+ b+ c increasing up to 12.
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d GWcpixcpixept (4) D ID.S| | GW cp1epigogpz(DP)
(a,b,c) (a,b;a,a+b—c—a)

(1,0,0)" 1 (1,0;0,]) 1 1
LLD) 1 (LL0,) 1 1
2,2,]) 1 (2,2:0,3) 3 0

(2,2:1,2) 1 1
2,2,2) 4 (2,2:0,2) ) 1
(3,2,2) 12 (3,2;0,3) 3 0
(3,2:1,2) 1 12
3,3,]) 1 (3,3;0,5) 5 0
(3,3;1,4) 3 0
(3,3;2,3) 1 1
(3,3,2) 48 (3,3;0,4) 4 0
(3,3:1,3) 9 12
(3,3,3) 728 (3,3;0.,3) 3 12
(3,3:1,2) 1 620
(43,2) 96 (4,3;0,5) 5 0
(4,3;,4) 3 0
(4,3;2,3) 1 96
(4,3,3) 2480 (4,3;0,4) 4 0
(4,3;1,3) 9 620
(44,]) 1 (4,4,0,7) 7 0
(4,4,1,6) 5 0
(4,4;2,5) 3 0
(4,4;3,4) 1 1
(4,4,2) 384 (4,4;0,6) 6 0
(4,41,5) 4 0
(4,4;2,4) 9 96
(44,3) 23712 (4,4,0,5) 5 0
(4,41,4) 3 620
(4,4;2,3) 1 18132
(4,44) 359136 (4,4;0,4) 4 620
(4,4,1,3) 9 87304

Table 2. Genus 0 Gromov-Witten invariants of CP! x CP! x CP! using Formula (6.1) for a+b+c < 12.

Remark 6.5. The values of GWpi.cpixcpt (4, b, ¢) in this computation are compatible with those given by

X. Chen and A. Zinger using Solomon’s WDV V-type relations in work in progress.

6.2. Applications of Theorems 1.4 and 1.5

In this subsection, we use the notation

for the standard conjugation on the projective space CP" (n > 1).

7,: CP" — CP",

Tullzo: 2121 2u]) = [Z0: 212 -1 Z4]

6.2.1. Real 3-dimensional projective space X = (CP3,73).— We consider the non-singular real quadric

surface ¥ in X with non-empty real part and the real Lagrangian sphere realizing a 73|y -anti-invariant class.
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In this case, ¥ is isomorphic to (CP! x CP', 13]y.), where

sy (p,q) = (t1(p), 1(q))

for all (p,q) € CP! x CP!. Hence, the fixed loci of 73 and 73|y are the real projective space IRP> and the
2-torus RP! x RP!, respectively. The group H, 3(CP3;Z) is freely generated by Lgps, the homology class
of a line embedded in CP3, while the group H;(RP3;Z,) is generated by pLcps. We choose a basis for the
group H, *(CP! x CP;Z) as

(L, Ly) = ([CP! x {p}], [{g} x CP]), where p,q e CP",
and a basis for the group H;(RP! x RP';Z,) as
(pL1,pLy) = ([IRPI X {PIR}],[{%R} X IRpl])r where pg, qg € RP".

The Spin;-structure sps over IRP3 is chosen such that the spinor state of a real line in CP is +1. In other
words, the structure sgps is chosen such that the spinor state satisfies SPs 43,0503 (f(CP')) = +1, where the

map f: (CP!,7;) — (CP3,13) is a real immersion and f,[CP!] = L¢ps.

Lemma 6.6. Let L =(1,0) € H_T3((EP1 x CPY;Z). Assume that Rf*NL/(]:plxq:pl = E*. Then, the function
€: Hy(CP! x CP';Z) — Z, (see Definition 4.14) satisfies €(a,b) = 0 if and only ifa > b.

Proof- Recall that S € Z(1,-1) = ker(¢). By a straightforward computation, we have (D.S)(L.S)=a—b. By
definition, (L) = k; +1 mod 2. Thus, €(L) =0 mod 2. The lemma then follows from Proposition 4.17. [

We obtain the following theorem.

Theorem 6.7. For every odd positive integer d and every integer | such that 0 <1<d—1, one has

(6.4) Wt ™ (d, 1) = 2Z 9d — 2a) Wrpixrp! ((a,d —a),1).
acZ

Formula (6.4) can be reduced to [BG16, Theorem 1].
Proof. For every D = (a,b) € H, °(CP! x CP';Z,), it is obvious that
kp=1(2,2).(a,b)-1=1 mod 2
and
g(D) = %((2,2).(51,17) +(a,b)?+2)=(a+1)(b+1) mod 2.
We consider a real balanced immersion f: (CP!,t;) — (CP?,13) such that
Im(f) cCP!' xCP' and f£,[CP']€ H,"(CP' xCP';2Z).

It should be noted that the homology class Lgps € H, 3(CP3;Z) has two effective classes® in its preimages
under the surjective homomorphism ¢: H,(CP! x CP';Z) — H,(CP3;Z). These correspond to the classes
(1,0) and (0,1) in H, *(CP! x CP';Z). Moreover, the restricted Pin;-structure on O(T(IRP! x RP?))
satisfies s"RPIRPLRPL (1 () = 0 and s RP3IRPLRPL((), 1) = 1. Hence,

s RPPRPLRP (g b)Y = b+ab  mod 2.
Consequently, the two possibilities for class D can be established as follows:
e If D =(a,b) with a > b, then

(_1)e(D)+g(D)+SsﬂQP3\H{P1xH{P1 (pD) — (_1)O+(a+1)(b+l)+b+ab'

Upon simplification, this sign is equal to (—1)4*1.

(®These are homology classes that can be realized by algebraic curves.
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e If D =(a,b) with a < b, then

(_1)e(D)+g(D)+s“H<P3m<P1xu<P1(pD) (_1)1+(a+1)(b+1)+b+ab'

Upon simplification, this sign is equal to (—1)%.

As aresult,ifa+b=1 mod 2, then we have

1

Wt 5 (@, 1) == | )~ (<1)%(d = 20) Waept et (@ = a), ]
d

0<a<$

£ ) ()™ (~(d - 20) Wrpigp: (@, — a),])

d
dza>3

= ) (1)"(d = 20) Wipicgpi ((a,d — a), 1)

d
0<a<3

In addition, the genus 0 Welschinger invariants Wgp1,rp1 ((a,d—a),1) vanish when a [0, d]; Formula (6.4)
then holds. O

Remark 6.8. Directly from Corollary 5.1 and the fact that
|D.S|=1|(a,d—a).(1,-1)|=|d-2al=d mod 2,

it follows that the invariants W;II";’;S’DR”3

This result was obtained by G. Mikhalkin, see [BM07], for symmetry reasons.

(d,1) vanish if d is even, for every Spinj-structure sgps over RP°.

Proposition 6.9. Assume that RE is disconnected and the hyperplane class is on its pointed component. If d is
even and, moreover, the configuration x; has an odd number of real points on each component of RE, then there
does not exist any real irreducible rational degree d curve in CP> passing through x i
Proof. This proposition is a consequence of Theorem 1.5 and the following remarks:

(i) The base locus of the pencil of surfaces in the linear system |- %ch3| is an elliptic curve E of

degree 4 in CP3. Moreover, the curve E is of homology class
(2,2) € Hy(CP! xCP;Z).
(ii) By the intersection form on CP3 and by the surjectivity of 1, the hyperplane section is of class
H =(1,1) € Hy(CP! x CP';Z) = Pic(CP! x CP),

Moreover, the class H can be written as H =L+ T(L) =L, + L,.
(iii) Let & := H|g € Picy(E) be the hyperplane class on E. The constant divisor ¢(L, D), which has degree
D.E —|D.S|(L.E) = 4(d — a), can be described as

¢(L,D) = (a,d ~a)lg ~ (d ~ 2a)(1,0)lg
=(d—-a)h.
Hence, the hyperplane class on E and the divisor ¢)(L, D) lie in the same connected component of
RE, that is, in the pointed component 5(1) of RE by hypothesis. If the configuration x; has an odd

number of real points on each component of IRE, then its divisor class [x,] lies in the non-pointed
component S% of RE. By Corollary 2.18, the statement then follows. O

This vanishing result was obtained by J. Kollar in [Koll5].
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6.2.2. Real 3-dimensional projective space blown up at a real point.— Let (CP? ﬂ(EP3 ) denote the
real 3-dimensional projective space blown up at a real point, denoted by x. Here, the real structure T is

chosen such that its fixed locus is the blow-up at a real point of the real projective space, that is, RP>§RP3.

We consider the immersed non-singular real del Pezzo surfaces (¥, 7|y) of degree 7 in CP3#CP3, which are
isomorphic to the blow-up at a real point of CP! xCP!. Moreover, the fixed locus of 7|y is the blow-up at a
real point of a 2-torus RP! x RP'§IRP?. We first choose a basis for the group HET(CP3ﬁCP3;Z) as

e L¢ps, the homology class of a line embedded in CP3,
e F, the class of a line in the exceptional divisor,

as well as a basis for the group H; (RP3{RP3;Z,) as

e pLcps, the real part of the homology class of a line embedded in CP3,
e pF, the real part of the homology class of a line in the exceptional divisor.

We then choose a basis for the group H;"(CP! x CP'§CP2;Z) as

o L; =[CP" x{p}],
o L2_[q}XCP ]7

o E, the exceptional divisor class,

where p,q € CP!, as well as a basis for the group H;(RP' x RP'#IRP?;Z,) as

e pL; = [RP! x {pR}],
e pL; = [{qr} x RP'],

e pE, the real part of the exceptional divisor class,

where pR,ggr € RP!. The Spin,-structure SRp3yRPs OVer RP?4IRP3 is chosen such that the spinor state
satisfies

5P (F(ePh)=+1,

RP34RP3 P RP34RP3

where f: (CP!,7;) — (CP34CP3, ) is a real immersion and f,[CP'] = Lgps. To simplify the notation, in
the following we set

(RP3), := RP$RP3
and
(RP')? := RP' x RP'§RP>.
As a direct consequence of Lemma 6.6, the following lemma holds.

Lemma 6.10. Let L = (1,0;0) € H;"(CP! x CP'4CP%; Z). Assume that Rf*
Sfunction

_ +
NL/CPGCPIﬁCPZ =E™". Then, the

e: Hy(CP' x CP'4CP%Z) — Z,
(see Definition 4.74) satisfies €(a,b;k) = 0 if and only if a > b.
We are now prepared to state the following theorem.

Theorem 6.11. For every odd positive integer d, every non-negative integer k < d and every integer | such that
0<I<i 5(2d =1 -k), one has

(6.5) W (d =3 Z 2R (4 20) Wigpryp((a,d — a;k), 1),
acZ

If k is even, then Formula (6.5) can be reduced to [Din20, Theorem 1.1].
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Proof. A proof analogous to that of Theorem 6.7 can be employed. We highlight the main points as follows.
For every divisor D = (a,b;k) € H,(CP! x CP'§CP2;Z), it is obvious that kp = (2,2;1).(a,b;k) -1 =k +1

mod 2. The topological invariant g(D) can be expressed as
g(D)=%((2,2:1).(a,b;k) + (a, b;k)* +2)

=a+b+ab+i(k+k*)+1 mod 2.

Recall that S € Z(1,-1;0). We consider a real balanced immersion f: (CP!,1;) — (CP>4CP3,7)
such that Im(f) ¢ CP! x CP'4CP? and £,[CP'] € H,"(CP! x CP'§CP?;Z). It should be noted that the
homology class Lgps = (1;0) € HZ_T(CP3ﬁCP3;Z) has two effective classes in its preimages under the
surjective homomorphism

2 Hy (CP' x CP'§CP?%;Z) — H, (CP*HCP3;2).
These correspond to the classes (1,0;0) and (0,1;0) in HZ_T((I:P1 x CP'#CP2;Z). 1t is also worth not-
ing that €(L) = kg +1 = 0 mod 2. Moreover, the restricted Pin}-structure on O(T((IRPl)%)) satisfies
s ®PNRE (] 0;0) = 0 and s"*"1%"(0,1;0) = 1. By the properties of quasi-quadratic enhancements, we
obtain
s RPIIRPYE () 0:1) = 0.
Hence, for all a,b,k € Z, we have
sTRPONIRPYE (0 o) = b+ab  mod 2.

Consequently, the two possibilities for the class D can be established as follows:
(i) If D = (a, b; k) with a > b, then
(_1)e(D)+g(D)+ss<RP3’1"RP1>%(pD) _ (1)0H(arbrabe (k) 1) brab),
Upon simplification, this sign is equal to (—1)‘””%(1‘”‘2).
(ii) If D = (a,b; k) with a < b, then
(_l)e(D)+g(D) nlmp! (pD) — (- 1)1+(a+b+ab+%(k+k2)+l)+(b+ab)'
Upon simplification, this sign is equal to (—1)“+%(k+k2).
As aresult,if a+b =1 mod 2, then we have

S(rP3); P(RP3),; 1 a+1(k+k?
Wipsy' (kD =5 | ) (=)™ 255 = 20)Wigp p((a,d - a;k), 1)
0Sa<%
+ ) ()N (d - 20))Wigpr (@, d — a;K), 1)
d>a>—
- Z(_n 2K (3 _ 2q) Wigpry2((a,d = a;k), 1),
OSa<%

In addition, the genus 0 Welschinger invariants Wgp1)2((a,d — a; k), ) vanish when a & [0,d]; Formula (6.5)
then holds. O

Remark 6.12. Directly from Corollary 5.1 and the fact that
|D.S|=1(a,d —a;k).(1,-1;0)| =|d —2al|=d mod 2,

S(rp3); O(RP3),

RP), '((d;k),I) vanish for every Spinj-structure s(gps), over (RP3), if

it follows that the invariants W(

d is even.
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Proposition 6.13. Assume that RE is disconnected and that both the hyperplane class and the exceptional divisor
class are on its pointed component. If d is even and, moreover, the configuration x; has an odd number of real
points in the non-pointed component of RE, then there does not exist any real irreducible rational curve of class
(d;k) in CP34CP3 passing through x ;.

Proof. This proposition is a consequence of Theorem 1.5 and the following remarks:

(i) The base locus of the pencil of surfaces in the linear system | — %KCPW@l is an elliptic curve E of
homology class

172 — (A 3HCP3-
4ch3ﬁﬁ_(4,1)eH2(CP HCP3;Z).

Moreover, the curve E is also of homology class
(2,2;1) € H (CP' xCP'4CP% Z).
(ii) By the intersection form on CP3 ﬁ@ and the surjectivity of 1, the hyperplane section H is of class
H =(1,1;0) € H, (CP' x CP'§CP?% Z) = Pic(CP' x CP'4CP?).

Moreover, the class H can be written as H = L+ T(L) = L; + L,.
(iii) Let /2 := H|g € Picy(E) be the hyperplane class on E. The constant divisor ¢(L, D), which has degree
D.E +(D.S)(L.E) = 4(d — a) — k, can be described as

¢(L D) = (a,d - a;k)lg — (d —2a)(1,0;0)le
=(d —a)h— kE|.

Hence, the position of the divisor ¢(L, D) on RE depends on the positions of the hyperplane class /1
and the exceptional divisor class E|g on E. Moreover, if X, has an odd number of real points on
the non-pointed component $] of RE, then [x,] € $]. By Corollary 2.18(c), the statement then
follows. O

6.2.3. Real threefold product of the projective line.— As has been observed in Section 6.1, non-singular
surfaces ¥ € | — %KCP1XCP1XCP1| are non-singular del Pezzo surfaces of degree 6. In particular, they
are non-singular tridegree (1,1,1)-surfaces in CP! x CP! x CP!. Moreover, we have the isomorphism
¥ = (CP! xCP'42CP?).

For the sake of notational simplicity, in this paragraph, we set

((I:Pl )3 := CP! xCP! x CP!

and

(CP'). = CP! x CP'f2CP2.

We recall the following identifications (see Section 6.1.3):

e The homology group Hz((CPI)g;Z) =< (Ly,Ly;Ey, Ey) > is identified with Z*, meaning that we
identify a homology class of the form aL; + bL, —aEy — BE; in Hz(((EPl)g;Z) with (a,b; @, B). Note
that (a,b;a, B) is an effective class if (a,b) € IN? and (a,pB) € Z? are such that if a = b = 0, then
both a and f are negative; otherwise, both @ and f are non-negative.

e The homology group H,((CP')%;Z) =< (M;, M,,M3) > is identified with Z3, meaning that we
identify a homology class of the form a; M +a,M, + azMs in H,((CP')3;Z) with (a;,a,,a3). Note
that (a;,a,,as) is an effective class if a; € IN for all 7 € {1, 2,3} and there exists at least one a; such
that a; > 0.
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Moreover, the inclusion of ((I:Pl)g in (CP')3 implies the surjective map
b Hz((CPl)i;Z) — Hz((Cpl)s;Z)
(a,b;a,f)— (a,b,a+b—a-p).
Since (0,0;a,—a) = (0,0,0), we have ker(y) = Z(0,0;1,-1). For every D = (a,b;a, ) € Hz((CPl)%;Z),

we have

kp=(2,2,1,1).(a,b;a,p)-1=a+p+1 mod?2
and
g(D)=3((221,1).(a, b, ) + (a, b, B)° + 2)
=a+b+ab+3(a+a’)+(p+p>)+1 mod2.

We consider two real structures on (CP!)3: the standard one, denoted by 7y 1, whose fixed locus is
RP! x RP! x RP!, and the twisted one, denoted by 7)1, whose fixed locus is $2 x RP!.

Remark 6.14. Since we are considering real (1,1,1)-surfaces on (CP!)? for which S is 7, ;-anti-invariant
and 7; ;-anti-invariant, the two points at which the non-singular quadric is blown up are real points.

Thus, the restrictions of these two real structures to (CP 1 )% yield, as their respective real loci, the surfaces

RP! x RP'§2IRP? and $2f2RP?.
Case 1: The standard real structure.— For convenience of notation, we set
1)3 1 1 1
(RP')" :=RP' xRP' x RP
and 5
(IRPl)2 := RP! x RP*{2IRP2.
We may choose a basis for the group H;Tl'l ((CP')3;Z) as the basis for the group H,((CP!)3;Z), that is,
(My, My, Ms) = ([CP* x {p1} x{pa}], [{a1} x CP* x {ga}] [{r1} x (ra} x TP']),
where p;,q;,r; € CP!, and choose a basis for the group H; ((RP')%;Z,) as
(pPM1,pMa, pM3) = ([RP' x {p1) x {par}] [(g1m) X RP' x {qor] ], [(ri) x {ram)} x RP']),

where p; R, qi R, 7i R € RP! (i € {1,2}). Suppose that both distinct blow-up points x| # x, are in RP! x RP!,
We may choose a basis for the group H:Z_Tl'1 ((CP')3;Z) as the basis for the group H,((CP')3;Z), that is,
Ly = [CP! x {p}],

L, =[{q} x CP'],

E;, the exceptional divisor class over xy,

E,, the exceptional divisor class over x,,

where p,q € CP!, and choose a basis for the group H; ((RP')3;Z;) as
pLy = [RP x {pR}],

pL> = [{qr} x RP'],

pEq, the real part of the exceptional divisor class over x1,

pE,, the real part of the exceptional divisor class over x5,

where pg, gg € RP!. The Spin;-structure S(RP!)3 Over (RP')3 is chosen such that the spinor state satisfies
3(f((EP1)) = +1, where f: (CP!,7;) — ((CP')3, 71,1) is a real immersion and

S
pS(JRpl )3/0(RP1L)

£.[CP'| €1(0,0,1),(0,1,0),(0,0,1)} € H, ™ ((CP1)3;Z).
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Lemma 6.15. Let L = (0,0;0,-1) € T”((CPl)z, ). Assume that Rf* N, cp1) 2 = E™. Then, the function
€: Hy((CPY)%;,Z) — Z, (see Definition 4.74) satisfies €(a,b;a, B) = 0 if and only zfa > B.

Proof. By definition, it is obvious that €(L) = k;+1 = 0+0+1+1 =0 mod 2. Recall that the vanishing class S
is an element of Z(0,0;1,-1) = ker(HZ((Cpl)g;Z) — H,((CP')3;Z)). By a straightforward computation,
we have (D.S)(L.S) = a — p. Thus, the lemma follows from Proposition 4.17. g

The formula induced from Theorem 1.4 in this case is given in the following theorem.

Theorem 6.16. For every triple of non-negative integers (a, b, c) such that a+ b+ c is odd and every integer | such
that 0 <1< l(a+b+c—1) one has

(6.6) w(ﬂgiil))””l ((a,b,c),1) = Z (-1 5 a4 b—c-2a)Wigpip((a, b;a,a+ b—c - ), ])

0<Q<M

Proof- Let D = (a,b;a,a+b—c—a)€ H, T“((CPU%;Z). It is obvious that kp =a+b+c+1 mod 2. The
topological invariant g(D) can be expressed as
g(D):a+b+ab+a2+a(a+b—c)+%(a+b—c)(a+b—c—1)+1
Ea+b+1+ab+%(a+b—c—1) mod2 ifa+b+c=1 mod 2.

We consider a real balanced immersion f: (CP!,t;) — ((CP!)3, 71,1) such that Im(f) C (CPl)g and
f.[CP'leH _Tl '((CP')%;2). 1t should be noted that the homology class (0,0,1) € H, J"M((CPY)3; Z) has two
effective classes in its preimages under the surjective homomorphism : Hz((([:Pl)z,Z) — H,((CP')3;2Z).
These correspond to the classes (0,0;0,-1) and (0,0;-1,0) in H, Tll(((I:P ) s Z).

Moreover, the restricted Pinj-structure on O(T(IRP!)3)) satisfies s SmPA®RDT(0,0;0,-1) = 0 and
ss‘m’ﬂp“wl)g(o, 0;-1,0) = 1. The spinor states of a curve of homology class (1,0,0), (0,1,0) or (0,0,1) in
(CP')3 are identified, meaning that

Sps(mP1)3’°(RP1)3 (0,0,1)= Sp 1)3,0(rp1)3 (1'0'0) Sp“uzpl 3,0(Rrp1)3 (0’ L,0).

It follows that

s ®PDAIRPDS (1 0:1,0) = s ®IRY (0 1;1,0)=0 mod 2.
Consequently, we have
sTRPIRPG (1 0:0,0) = s ®IRFDE (] 0;1,0) +5 KPR (0 0;-1,0)=1 mod 2
and
sTRPARFG () 150,0) = s R (0 1;1,0) +5 R0 0;-1,0)=1 mod 2.
As a result, we obtain

s IRP13|IRP1 (ﬂ,b a, ﬁ)

as” PR (1,0;0,0) 4 bs * I (0,150, 0)

_ assmplﬁ\(wl)z(ol 0;-1,0) — Bs (1RP1)3\(1RP1)2(0’ 0;0,-1)+ab mod 2

a+b+ab+a mod 2.

We have the following two possibilities for the homology class D:
(i) D =(ab;a,p)witha>panda+p=a+b-—c=1 mod 2, then

S(RP1)3|(RP1)2 2(pD) _

(_1 )e(D)+g( )+s ( 1 )0+(a+b+l+ab+ % (a+b—c-1 ))+(a+b+ab+a)'

Upon simplification, this sign becomes (—1)“+1+%(“+b_‘:_1).
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(i) ¥D=(a,b;a,p)witha<pfanda+p=a+b—-c=1 mod 2, then

(®P1)3|(RP)3

(_1 )e(D)+g(D)+s 2(pD) _ (_1 )1+(a+b+1+ab+ % (a+b—c-1 ))+(a+b+ab+a).

Upon simplification, this sign becomes (—1)“+%(a+b_c_l).
In conclusion, if 2+ b+ c =1 mod 2, then we have

WS(RP1)3’U(RP1)3 ((a’ b’ C), l)

(RP1)?
1 a+b—c—
= Z (=1)%+“ l(a+b—c—2a)W(1RP1)%((a,b;a,a+b—c—a),l)
0§a<|“+2ﬂ
atb—c—1
+ Z (1) 5 (~(a+ b —c - 20))Wigpip((a, b, a + b—c - ), ])
|a+b—c|2a>w
_ Z (_1)a+a+b;ﬁ1(a+b—c—20c)W(IRp1)§((a,b;a,a+b—c—(x),l).
0<a<lyd

In addition, the genus 0 Welschinger invariants W gp1) ((a,b;a,a+b—c—a),l) vanish when a € [0,|a+b—c|];
Formula (6.6) then holds. U

We call a (x,,z)-surface class on an elliptic curve E the restriction of a surface in (CP!)® of tridegree
(x,9,2) to E. For example, the (0,0, 1)-surface class on E is h3 := (1,1;1,1)|g € Picy(E). In other words, we
can write

h3 = Li|g + Ly|g — E1lg — EE-
It should be noted that
Lilg, Lao|g € Picy(E),  Eilg, Ezlg € Picy(E),
and
Ey|g + Ealp = hy,1 — h3,

where h, ;, is the (a,b,0)-surface class on E.

Remark 6.17. Directly from Corollary 5.1 and the fact that
|D.S|=|(a,b;a,a+b-c—a).(0,0;1,-1)|=|la+b—-c-2a|=a+b+c mod?2,

S 13,0 1,3 .
it follows that the invariants W(]lgl;)l ))3 """ ((a,b,c),1) vanish if a+ b+ c is even for every Spinj-structure

S(Rp1)3 Over (RP1)3.
Proposition 6.18. Assume that IRE is disconnected and that the (0,0, 1)-surface class, the (1,1,0)-surface class

and the (b,a,0)-surface class (a,b € IN*) are on the pointed component of RE. If a+ b + c is even and, moreover,

the real configuration x; of kg = a+b+c points on E has an odd number of real points on each component of
~Ti1

IRE, then there does not exist any real irreducible rational curve of class (a,b,c) € H, ((CPY)3;Z) passing
through x ;.

Proof- This is a consequence of Theorem 1.5 and the following remarks.

i) The base locus of the pencil of surfaces in the linear system | — 1K p1y3| is an elliptic curve E of
p y > &cp) p
homology class

- 3
IKEp = (2221 (cP!)5Z).
Moreover, the curve E is also of homology class

(2,2;1,1) e H, ™ ((CPl)i;Z).
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(i) By the intersection forms of (CP!)3 and of (CP')3 as previously described, the divisor L + T(L) can
be written as

2 2
L+T(L)=E; +E,=(0,0;—1,-1) € H, ((cpl)z;z) = Pic((CPl)z).
Taking its restriction to E, we obtain the divisor
f¢ = hl,l - h3 € PiCz(E),

which is determined by the (0,0, 1)-surface class and the (1,1, 0)-surface class on E.
(iii) Moreover, if 0 < a < %(a+b—c), then the divisor (j)(f,ﬁ), which has degree D.E—|D.S|(L.E) = 2(c+a),
can be described as
(i)(f,ﬁ) =(a,bja+tb-c—a,a)lg—(a+b-c-2a)(0,0;0,-1)|g
=(a,0;0,0)p—(a+b—-c—a)(0,0;,-1,-1)|g
= I’lbﬂ — (ﬂ +b—-c— 0()(]’11,1 — ]’l3)

Consequently, Equation (2.2) becomes
(6.7) (a+b-c-2a)l=x;-hy,+(a+b-c—a)(h;,; —h3).

By hypothesis and by Corollary 2.18(c), the statement follows. O

Case 2: The twisted real structure.— We may choose a basis for the group H, fl'1(((EP1)3 ;Z) as
(M + My, M3) = ([CPl x{p1}x {Pz}] + [{Ch} x CP' x {0]2}]r[{rl} x{ry} XCPl]);

where p;,q;,7; € CP'. Hence, the group Hz_fl’1 ((CP')3;Z) can be identified with Z2. Note that the group
H,(S? xIRP';Z,) has a generator pMj3 := [{rg} x RP!], where rg € $2. Also note that the two blow-up

points are distinct; they are denoted by x| # x, € $2. We may choose a basis for the group Hz_fl’1 ((cp! )%;Z)
as

o Ly +Ly =[CP' x{p}] +[{q) x CP'],
e £, the exceptional divisor class over xq,
e [E,, the exceptional divisor class over x;,

where p,q € CP!. Hence, the group Hz_f“(((EPI)%;Z) can be identified with Z3. Note that the two
generators of the group H; ($*#2IRP?;Z,) are

e pEj, the real part of the exceptional divisor class over x;, and
e pE,, the real part of the exceptional divisor class over x,.

We can write H; ($*#2RP?;Z,) =< (0;—-1,0),(0;0,—1) >. The Spinj-structure $g2yRp: over S$2 xIRP! is
chosen such that

spsszxmplfﬂ;f»ZxRpl (f (([:Pl )) =+

where f: (CP', 1)) — ((CP1)3,”EM) is a real immersion and f,[CP'] = (0;1) € Hz_fl’l((([:Pl)s;Z).
Lemma 6.15 directly implies the following lemma.

Lemma 6.19. Let L = (0;0,-1) € H;fl'l((Cpl)%;Z). Assume that ]Rf*NL/((Epl)% = E*. Then, the function
€: Hz(((EPl)g;Z) — Z, (see Definition 4.14) satisfies

€(a;a,p)=0 ifand onlyif a>p.

The formula induced from Theorem 1.4 in this case is given in the following theorem.
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Theorem 6.20. For every non-negative integer a, every odd positive integer c and every integer | such that
0<I< %(2a+c—1), one has

(6.8) Wesor&el Ss2xe (g5 c), 1) = Z (~1)**% (20— ¢ — 20) Werpogp2 (a3 @, 2 — ¢ — ), I).

O<0[<M
= 2

Proof. A proof analogous to that of Theorem 6.16 can be employed. We emphasize some distinguishing

points that come from changing real structures on (CP!)3 as follows.
_’fl,l

Let D = (a;a,2a-c—a) € H, ((CPl)%;Z). It is obvious that kp = c+1 mod 2. The topological
invariant g(D) can be expressed as
g(D)= 2a+a2+a2+(2a—c)a+%(2a—c)(2a—c—1)+1
+C6K+1+%C(C+1) mod 2

a
%(c—l) mod?2 ifc=1 mod?2.

We consider a real balanced immersion f: (CP!,7;) — ((CP')3,%, ) such that Im(f) C (CPl)% and

T, ~Ti

f.[CP'] e H, ((CPl)g;Z). It is to be noted that the homology class (0;1) € H, "'((CP')%;Z) has two
effective classes in its preimages under the surjective homomorphism ¢ : Hz((CPl)%;Z) — H,((CP')3;2Z).

These correspond to the classes (0;0,-1) and (0;-1,0) in H, fl'1(((l:P1)§;Z).
Moreover, the restricted Pin; -structure on O(TS? x RP!) satisfies

sTs2RPISLRAL(0;0,—-1) =0 and s SxRPUSTRPL(0;—1,0) = 1.
Since H; ($242RP?;Z,) =< (0;—-1,0),(0;0,—1) >, one has
§sHRPLSZRPL (0 — 1, -B) = s S2xRPLSRPL (05— 1, 0) + ﬁSSSZXRP1|SszP1 (0;0,-1) mod 2
=a mod 2.
As a consequence, the two possibilities for the class D are established as follows:
(i) D =(aa,p)witha>pand a+p=2a-c=1 mod 2, then we have

(-1 )e(D)+g(D)+ssf"2X]RPl|52><]RP1 (pD) (-1 )0+%(c—1)+a‘

(i) If D = (a;, ) with @ < pand @ + f =2a—c=1 mod 2, then we have

(-1 )e(D)+g(D)+ss4°"2X]RPlISZNRPl (D) (-1 )1+1§(c—1)+a‘

In conclusion, if c =1 mod 2, then we obtain

1 o+
ngiﬁ’;i'%z*”l ((a;c), 1) = 5 Z (—1)"“rTl (2a—c—2a)Wsrporp2 ((a; @, 2a — ¢ — a), 1)

O<0[<M
= 2

+ Z (=115 (~(2a - c - 20)) Wsagomp2 (5@, 2a — c — ), )

|2a—c|
[2a—c|za>=5=

= Z (—1)‘”%(2(1— c—2a)Wseporp2((a; @, 2a - c — a),l).
0<a<tyd

In addition, the genus 0 Welschinger invariants Wg24orp2((4; @, 2a — c — a), 1) vanish when a € [0,[2a —cl};
Formula (6.8) then holds. g

It should be noted that, in the present case, there are two specific types of classes:
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(i) the (0,0,1)-surface class on E, that is, the class
hs :=(L;1,1)[g = (L1 + Ly)|g — E1|g — Ealg € Picy(E);
(ii) the (a,a,0)-surface class on E, that is, the class
haq = (a;0,0)|g = a(Ly + Ly)|g € Picy,(E).
Remark 6.21. Directly from Corollary 5.1 and the fact that
|ID.S|=|(a;a,2a—c—a).(0;1,-1)| =|2a—c—-2a|=c mod 2,

it follows that the Welschinger invariants W;fiﬁﬂi'gszxw "((a;¢), 1) vanish if ¢ is even for every Spin,-structure

Sg2«Rpl Over SZ X 1RP1

Proposition 6.22. Assume that RE is disconnected and that both the (0,0, 1)-surface class and the (a,a,0)-surface
class (a € IN*) are on the pointed component of RE. If c is even and, moreover, the real configuration x; of
kg = 2a+ c points on E has an odd number of real points on each component of RE, then there does not exist any

real irreducible rational curve of class (a;c) in H;Tl’l ((CPY)3;Z) passing through X4

Proof. This is a consequence of Theorem 1.5, Proposition 6.18 and the following remarks:

i) The base locus of the pencil of surfaces in the linear system | — 1 Kcp1y3| is an elliptic curve E of
P Y R (V2 p
homology class

g2 _ (. -1, 1)3.
IKEp = (22 e 1™ (cP!)5Z).
Moreover, the curve E is also of homology class
. -Ti1 1\2.
(21,1)€H, ((cp )2,2).

(ii) By the intersection form on Hy((CP')3;Z), the class L+ T(L) can be written as

_fl,l

2 2
L+T(L)=E; +E,=(0;-1,-1) € H, ((Cpl )2;2) = Pic((CPl)z).
Taking its restriction to E, we obtain the divisor
Z¢ = hl,l - h3 € PiCz(E),

which is formed by the (0,0, 1)-surface class and the (1,1, 0)-surface class on E.
(iii) Moreover, if 0 < a < £(2a—c), then the divisor ¢(L, D), which has degree D.E—|D.S|(L.E) = 2(c+a),
can be described as

¢(LD)=(a;2a—c—a,a)|p - (2a—c—2a)(0;0,-1)|g
= (4;0,0)|g — (2a—c~a)(0;-1,~1)|g
=hge—(2a—c—a)(hy —h3)

Consequently, Equation (2.2) becomes
(6.9) (2a—c-2a)l=x;—h,,+(2a—c—a)(hy,; —h3).
By hypothesis and by Corollary 2.18(c), the statement follows. 0

In the following subsection, we present explicit values of Formulas (6.5), (6.6) and (6.8), which are listed in
Tables 3, 4 and 5, respectively.
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6.3. Computations and further comments

As mentioned in the introduction, explicit computations of genus 0 Welschinger invariants on real del
Pezzo surfaces have been carried out by numerous mathematicians using a variety of techniques, while the
methods available for computing Welschinger invariants of threefolds are still relatively limited. Here, we list
some first values of the genus 0 Welschinger invariants of certain threefolds, in particular,

W' (), 1), Wt " (a,b,0),1)  and - Wlastl *5 ((asc), 1)

in the Tables 3, 4 and 5, respectively. These computations have been made using a Maple program.

6.3.1. Real 3-dimensional del Pezzo varieties of degree 7.— We provide in Table 3 the values of the
S(rP3);O(RP3);

genus 0 Welschinger invariants WIRP3)

'((d;k),1) for only small values of d. We are under the following
condition:

0<I<d-%(2d-1-k) and k<d.

W S(rP3); 9(RP3),

It is important to note that (RP3),

((d k), I) vanishes if d is even. Table 3 displays the computations

of genus 0 Welschinger invariants W 1((d ;k),1) for the Spin;-structure $(gps), over (RP3); such

(1RP3)
that the spinor state satisfies SPs s, (f(CP')) = +1, where

1ORP3),
£.[CP'] = (1;0) € H;"(CP*4CP3;Z).

Also note that, in Table 3, we have 0 <k <d < 9.
The following observations may be established through geometric arguments or deduced directly from
Theorem 6.11:

(i) For every Spin,-structure on (RP?);, every d € IN* and every integer [ in {0, ..., %(Zd —1-k)}, one
has

S S
Wiy, " (d50),1) = =W (d51), D).

(i) For every Spin,-structure on (RP3), every d € IN*, every k € {%(d +1),...,d} and every integer [/ in
{0,..., %(3]{ + 1)}, one has

Wy, " (3,1 =

(iif) For every Spin,-structure on (RP?);, every k € N and every integer [ in {0,..., %(3]( + 1)}, one has

W(?I(zﬂlqu;))l D(wp3), ((Zk-l-l k) l) ( 1)%(k2_k)W]RP2(k+1,l)

6.3.2. Real threefold product of the projective line with the standard real structure.— One has

S 1,3,0 1 1,3,0 1,3

WO (0,5, 1) = Wost 2™ (o (a), 0 (b)) ),

where o is a permutation of the set {a, b, c}. Without loss of generality, we may assume that a > b > ¢ when
IRPl 3,0 IRPl

W(]RPl

the following proposition.

computin c),l). As a direct consequence of Proposition 6.4 and Remark 6.17, we obtain
puting a,b,c),l). Asad q f Prop 6.4 and R k 6.17 b

Proposition 6.23. Assume that a > b > c > 1. Then, for every Spins-structure srp1)s over (RPY)3, the

Welschinger invariant W(RH;P;)S Pmrly? ((a,b,c),1) vanishes if at least one of the following conditions holds:

(i) a>b+c,
(ii) a+ b+ c is even.
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Table 4 shows computations of genus 0 Welschinger invariants W, w2 we)? ((a,b,c),1) for the Spin;,-

(RP')3
structure $(Rp1)s over (RP')3 such that the spinor state satisfies SPs (f((EPI)) = +1, where

1)3/0(Rp1)3
ﬂ[CPl]e{(0,0,l),(O,l,O) (0,0,1)} € H, T”((CPl) ;z).
It should be noted that, in this table, we consider only those integers a, b and ¢ satisfying
7>a>b>c>0 and a+b+c<15.

Furthermore, we only display the non-vanishing genus 0 Welschinger invariants W(Rﬂgjllf ®2hy? ((a,b,c),1).
This means that we display only the cases where a < b+ c and a+ b +c is odd. The computations in Table 4

lead us to propose the following conjecture regarding the positivity of the genus 0 Welschinger invariants.

Conjecture 1. Let 5(rp1ys denote the Spin3 -structure over (RP')® as in Theorem 14. Then, for all triples
(a,b,c) e N*xIN xIN and all integer | € {0,..., 2(a+ b+c—1)}, one has

W(né“;ﬁl;“’“” (a.b,0)1) 2 0.

Moreover, equality holds if either a + b + c is even ora > b +c.

As a consequence, Proposition 6.23 can be reformulated as follows:

W(Tlgll))s w3 ((a,b,c),1)=0 if and only if eithera+b+c=0 mod2ora>b+c.
6.3.3. Real threefold product of the projective line with the twisted real structure.— The following
proposition is a direct consequence of Proposition 6.4 and Remark 6.21.

Proposition 6.24. For every Spin, -structure ss2,rpi over $* x RP, the genus 0 Welschinger invariant

W;fi}gi'ﬂszxwl ((a;¢),1) vanishes if at least one of the following conditions holds:

(i) ¢ > 2a,
(ii) c is even.
Remark 6.25. The values of the genus 0 Welschinger invariant W SEP3),RP),)

(TRPS)
Table 3, coincide with those given by E. Brugallé and P. Georgieva [BGI6].

'((d;0),1), which is presented in

Table 5 displays the computations of genus 0 Welschinger invariants W;f’i?lgi SR (g50), 1) for the

Spin,-structure sg2,gp1 over $2 x RP! such that the spinor state satisfies

spsszxmplf':'stRpl (f(([:Pl )) =+L

where f,[CP!] = (0;1) in Hz_f“((([:Pl)3;Z). It is worth noting that, in this table, we consider only those
integers a and c satisfying a < 5 and 2a + ¢ < 19. Furthermore, we display only the genus 0 Welschinger
invariants W_s R0} sHxp!
S2xRP!

cases, the Welschinger invariants are “almost” non-zero by Proposition 6.24.

((a;¢),1) in the cases where ¢ < 2a and ¢ is odd. As previously discussed, in these

Remark 6.26. The values of the genus 0 Welschinger invariants

W(n(?ilzl))3gmpl ((a,b,c),1) and W;?i}g‘;i ISER((g50), 1),

which are presented in Tables 4 and 5, respectively, coincide with those given by X. Chen and A. Zinger (see
[CZ21)).
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S o wn |z |G| 62| 6:3)
0 1 -1 -1 1 0 0
1 -1 1 0 0
2 -1 1
S 50 51| 52| 63| 541 (559)
0 45 -45 | -8 0 0 0
1 29 -29 -6 0 0 0
2 17 -17 | -4 0 0 0
3 9 -9 -2 0
4 5 -5
(d;k)
l 70 | @1 | 72| 7:3) | 74| 39) | 736) | (737)
0 —14589 | 14589 | 3816 | —240 0 0 0 0
1 —-6957 | 6957 | 1932 | -144 0 0 0 0
2 -3093 | 3093 | 912 | -80 0 0 0 0
3 -1269 | 1269 | 396 | —40 0 0 0 0
4 -477 477 152 | -16 0 0
5 -173 173 44 0
6 -85 85
(d;k)
] (9;0) (9;1) (9;2) (9:3) | (954) | (9:5)](9:6) [ (9:7)](9:8) | (9:9)
0 17756793 | —17756793 | —-5519664 | 603840 | 18264 0 0 0 0 0
1 6717465 | —6717465 | —2155050 | 256080 | 9096 0 0 0 0 0
2 2407365 | —2407365 | —797604 | 102912 | 4272 0 0 0 0 0
3 812157 -812157 —278046 | 38880 | 1872 0 0 0 0 0
4 256065 -256065 -90392 13568 744 0 0 0 0 0
5 75281 -75281 —-27058 4208 248 0 0 0
6 21165 -21165 -7500 1088 64 0
7 6165 —-6165 -2086 256
8 1993 -1993

Table 3. Genus 0 Welschinger invariants W

S(rP3); P(RP3),
(RP3);

varieties of degree 7 using Formula (6.5) with d < 9.

((d;k),1) of real 3-dimensional del Pezzo
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, @hl g 00l 1,10l 221)] 3,22 | (331)
0 1 1 1 8 1
1 1 1 6 1
2 1 4 1
3 2 1
(a,b,c)
, (3,3,3) | (4,3,2) | (441) | (44,3)|(53,3) | (54,2) ]| (55,1)
0 216 48 1 3864 | 1086 | 256 1
1 126 32 1 1980 | 606 | 160 1
2 68 20 1 960 | 318 96 1
3 34 12 1 444 | 158 56 1
4 16 8 1 200 78 32 1
5 92 46 16 1
(a,b,¢)
, (5,4,4) | (5,5,3) | (6,4,3) | (6,5,2) | (6,6,1)
0 174360 | 57608 | 18424 | 1280 1
1 77064 | 27276 | 9256 | 768 1
2 32496 | 12400 | 4432 | 448 1
3 13136 | 5444 | 2032 | 256 1
4 5160 | 2328 | 904 144 1
5 2040 | 988 | 408 80 1
6 896 448 | 224 48 1
(a,b,c)
, (5,5,5) | (6,54) | (6,6,3) | (7,4,4) | (7,5,3) | (7,6,2) | (7,7,1)
0 15253434 | 5998848 | 773808 | 819200 | 268575 | 6144 1
1 5840298 | 2410496 | 347202 | 360896 | 125855 | 3584 1
9 2148978 | 931712 | 151028 | 152192 | 56831 | 2048 1
3 762450 | 347520 | 63958 | 61568 | 24831 | 1152 1
4 262842 | 125952 | 26488 | 24064 | 10559 | 640 1
5 89418 | 45056 | 10794 | 9280 | 4415 | 352 1
6 31122 16512 | 4412 | 3712 | 1887 | 192 1
7 12690 6784 | 1982 | 1536 | 991 96 1

Table 4. Non-vanishing genus 0 Welschinger invariants

Wf'(]Rpl )3 r':'(]Rpl )3

(RP1)?

((a,b,c),1) of real 3-

dimensional del Pezzo varieties of degree 6, whose real part is RP! x RP! x RP!, using Formula (6.6)

witha+b+c¢<15.
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=N @ e e | 63| 69
0 -1 1 6 -1 | -120 | =576
1 -1 1 4 -1 -62 | —288
2 1 2 -1 -28 | -128
3 0 -1 -10 | —48
4 0 -16
5 -16
(a;¢)
] (41) | (43)] (£5) | (&47)
0 1 1692 | 61704 | 294336
1 1 768 | 24048 | 116352
2 1 324 | 8592 | 42624
3 1 128 | 2760 | 14208
4 1 44 792 4224
5 0 224 1152
6 96 320
7 -256
(a;¢)
] (51) | (53) (5;5) (5:7) (5;9)
0 -1 | -20760 | —3792888 | —97970688 | —493848576
1 -1 -8764 | —1271016 | —31204224 | —-160966656
2 -1 -3536 | —399216 | —-9331200 | —49582080
3 -1 -1380 | —117072 | —-2593536 | —-14303232
4 -1 -520 -32056 -663936 —3821568
5 -1 -172 -8136 -157344 -938496
6 0 -1872 -35776 —-215040
7 -1104 —7840 —47872
8 -4096 -10496
9 -26880

S52xRP1 /052 xRP1
VVSZXIRP1
varieties of degree 6, whose real part is $? x RP!, using Formula (6.8) with a < 5.

Table 5. Genus 0 Welschinger invariants ((a;¢),1) of real 3-dimensional del Pezzo
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