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1. Introduction

This paper lies at the intersection of logarithmic enumerative geometry and quantization in mirror
symmetry. Logarithmic Gromov-Witten invariants are, to first approximation, counts of algebraic curves
of fixed degree and genus in a smooth projective variety Y. These curves are required to have prescribed
tangencies to a given divisor D, and pass through some collection of cycles. Similarly to ordinary Gromov-
Witten invariants, they have a wide range of applications across algebraic geometry. These invariants
and their generalisations have proved crucial in mirror symmetry constructions, see [GS26, GHK15]; they
provide insights into moduli spaces, for example the moduli space of curves, see [GV05, RK24]; they enjoy
connections to tropical geometry, see [Boul8b, MR20, NS06, Gra22]; and they are a key tool for computing
ordinary Gromov-Witten invariants via the degeneration formula, see [PP17, OP09, MP06].

In this paper, we connect the higher-genus (descendant) logarithmic Gromov-Witten theory of log Calabi-
Yau surfaces to a combinatorial object known as a quantum scattering diagram. Scattering diagrams play
a key role in mirror symmetry, see [GS11], and also appear in the study of cluster algebras, see [GHKKI8],
and Bridgeland stability conditions, see [Bril7]. On the one hand, due to the combinatorial nature of
quantum scattering diagrams, our result provides a technique for computing these invariants. On the other
hand, the quantum scattering diagram is directly connected to the quantum mirror, the quantization of the
Gross-Hacking-Keel mirror to this log Calabi-Yau surface, see [GHKI15, Bou20a], and our main result proves
a generalisation of the weak Frobenius structure conjecture for surfaces (see Section 1.2), a result in mirror
symmetry formulated within the Gross-Siebert program.

Fix a tuple m = (my,...,m,) of elements in Z2. From this tuple one can form the following data: a log
Calabi-Yau surface Y;, and a quantum scattering diagram S(D,,). Also fix a tuple ¥ = (ry,...,75) of vectors
in Z2. We will associate to this data two sets of enumerative invariants, one algebro-geometric and one
combinatorial. We now explain these constructions and the associated invariants in more detail.

11. Logarithmic Gromov-Witten invariants of (Y,,,dY,,)

Much of the geometry of toric varieties can be encoded combinatorially through their fans. For a projective
toric surface, the fan consists of vectors in Z?2, called rays, each one corresponding to a component of the
toric boundary divisor. For example, the fan of IP? consists of three rays, each associated with one of the
projective coordinate lines.

Let Y, be a projective toric surface whose fan contains the rays —m1,,...,—m, (as well as rq,...,7;). We
construct Yy, by blowing up Y, at 1 points, one on each boundary divisor corresponding to —n1;. We take
the divisor dY,, to be the strict transform of the toric boundary, which is an anticanonical divisor. Each
vector 7; prescribes a tangency condition for a curve in Y,, with respect to dY,,. Specifically, we will be
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interested in curves which hit the strict transform of the toric boundary divisor corresponding to r; with
tangency the lattice length of 7;.

Logarithmic Gromov-Witten invariants of (Y,,, dY,,) are defined as integrals on the moduli space of
stable logarithmic maps to (Y,,, dY,,); see [Chel4, ACl4, GS13]. This moduli space is a compactification of
the space of maps from smooth, genus g, (s + 1)-marked curves to Y,,, of fixed degree, in our case with
tangencies to dY,, at the first s markings given by 9 = (r,...,7;). The integrand consists of classes on the
moduli space that encode geometric constraints on the curve. These classes come in two flavours; they either
require the image of the curve to pass through certain cycles in Y, or are tautological classes constraining
the geometry of the underlying source curve.

For any genus ¢ > 0 and tuple p = (py,...,p,) of non-negative integers such that ) !, p;m; = Z;Zl rj, we
have the logarithmic Gromov-Witten invariant

B . _
Nl = J (1) Agevi(pt)p° 2.
[Mg,S(Ymrﬁp)]v“

The degree of the curves here is f, a curve class which realises the tangency conditions 9 and hits the ith
exceptional divisor with multiplicity p;. Here ev*(pt) is the pullback of the class of a point in Y,, under
the evaluation morphism ev: Mg 5(Y,, f) — Y, which takes a parametrised curve in Y, and outputs the
image of its (s + 1)* marking in Y,,,. This corresponds to demanding that the curve pass through a general
point in Y. On the other hand, A, and 1) are examples of tautological classes; see Section 2.2. The class A4
relates to the geometry of the local log Calabi-Yau threefold Y,, x Al; see Section 1.3.1. The 1)-classes, often
referred to as descendants, are most well known in the context of Witten’s conjecture, see [Wit91], which
connects integrals of ¢-classes on the moduli space of curves to the KdV hierarchy; see [Kon92].

1.2. Quantum broken line counts in quantum scattering diagrams

Strominger, Yau, and Zaslow [SYZ96] proposed a picture of mirror symmetry where mirror Calabi-
Yau manifolds should exhibit dual special Lagrangian torus fibrations over a common base. In order to
encode “instanton corrections”, Kontsevich and Soibelman [KS06] posited that, at least in dimension two,
constructing the mirror could be reduced to computing commutators of certain families of automorphisms of
a two-dimensional torus. This can in fact be encoded in a combinatorial object called a scattering diagram
(on the base), and in the surface situation, this was used to build the mirror to a log Calabi-Yau surface; see
[GHKI15]. Moreover, in [KS06, Section 11.8], it is remarked that these scattering diagrams admit a natural
g-deformation, relating instead to formal families of automorphisms of the two-dimensional guantum torus,
a natural non-commutative deformation of the two-dimensional algebraic torus.

Both scattering and quantum scattering diagrams consist of half-lines, called rays, in R? equipped with
certain functions called Hamiltonians. These encode families of automorphisms of the torus, respectively
quantum torus. We consider the quantum scattering diagram, S(]jm), built from the initial rays —IRsom;
for i = 1,...,n with certain Hamiltonians (3.1), possibly with some additional rays to make the diagram
consistent; see Section 3.1.

A

Drawing an analogy between Y, and S(D,,), we will be interested in counts of quantum broken lines
in $(D,,), in some sense the combinatorial counterpart to curves in Y,,. Quantum broken lines (see
Definition 3.5 and Figure 1) are piecewise-linear curves in IR? which bend only at the rays of the quantum
scattering diagram in a way controlled by the Hamiltonian of that ray. Each quantum broken line y has the

following features:

e It has an asymptotic starting direction in Z?, oriented outward along the infinite segment.

e It ends at some point Q € IR?.

e It has a final direction v(y) € Z?, oriented outward from Q.

e It carries a final monomial () depending on the parameters t,...,t, and the quantum parameter g.
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Figure 1. A pictorial representation of an example of a summand in (L1) for m = ((1,0),(0,1)). The

A

black rays are the initial rays of S(D,;,); the red rays are rays added to make the diagram consistent
(see [Bou20a, Section 3.2.2]). There are three broken lines 91, 75, 3, dashed, in purple. Each broken
line ends at the balanced point Q € R? and has asymptotic start directions 9 = (ry,7,,73) and final

directions (v(y1),v(y2), v(3))-

We define a combinatorial invariant, depending on our chosen tuple of vectors 9 = (rq,...,7,),
J ) Lo(y, :
(L1) (80 )= Y )ty [ ] a0,
(V1Y) 2<i<j<s

where the sum is over tuples ()1,...,¥s) of quantum broken lines in the quantum scattering diagram S(D,,,)
with start directions 9 = (4, ...,7,), meeting at a fixed, balanced point Q € IR?, i.e. such that Yoo v(yi) =

Theorem A. Fix tuples m = (my,...,m,) and 9 = (r(,...,1;) of vectors in Z*. The generating function for
the higher-genus descendant logarithmic Gromov-Witten invariants is determined by a combinatorial invariant
involving counts of quantum broken lines. Precisely, there is an equality

Y| Y Nrrs g - _11)! S (S Sr)

p \g=0 we)

after the change of variable q = ¢™. On the lefi-hand side, we sum over all p = (p1,...,p,) € N" such that
Y pim;i= Z;zl tj, and on the right-hand side, () denotes the set of cyclic permutations on s elements.

Theorem A suggests a method for computing higher-genus descendant logarithmic Gromov-Witten
invariants of (Y,,,dY,,). The results are also linked to the GW/DT correspondence, see [MNOP06a,
MNOPO6b], more specifically its logarithmic enhancement, see [MR25] (for log Calabi-Yau surfaces). This
correspondence suggests that two intersection-theoretic frameworks for curve counting, viewing curves
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through their parametrisations (Gromov-Witten theory) or through their defining equations (Donaldson-
Thomas theory), should encode equivalent information. As far as we know, this correspondence has no
link to mirror symmetry; however, an exponential change of variables as in Theorem A also appears in the
GW/DT correspondence. Moreover, from our theorem, one can see that the answer has rationality properties
exactly predicted by the (conjectural) logarithmic GW/DT correspondence. If we take the conjecture as true,
this gives the first computation of the descendant series of a non-toric target.

Furthermore, our results show that the, a priori mysterious, agreement of descendant counts with structure
constants from intrinsic surface mirrors of the Gross-Siebert program seems to persist to the g-refined
setting. We explain this in more detail below.

Interpretation in the Gross-Siebert program

The intrinsic mirror construction of the Gross-Siebert program, see [GS26, GS22|, assigns to a log
Calabi-Yau pair (X, D) a ring R, which is understood to be the ring of functions on the mirror. The authors
conjecture, see [GS26, Conjecture 9.2], a connection, the weak Frobenius structure conjecture, between the
structure constants of the mirror algebra and the genus zero descendant logarithmic Gromov-Witten theory
of (X,D). As both sides have connections to scattering diagrams, this is a plausible speculation. The
weak Frobenius structure conjecture has since been proved in complete generality, see [Joh24], and has had
applications, see [Manl9, Joh25], to the Fanosearch program; see [CCG'13].

In this surface situation, Gross, Hacking, and Keel constructed a mirror equipped with the structure of
a formal Poisson variety; see [GHKI15]. This is exactly the context in which one can speculate about the
existence of a deformation quantization of the mirror algebra: a non-commutative algebra depending on a
quantum parameter g in which the non-commutativity of the product structure relates to the Poisson bracket.
This deformation quantization has since been constructed; see [Bou20a]. As alluded to, the right-hand side
of Theorem A can be interpreted as structure constants of this quantum mirror, and so our theorem connects
structure constants of the guantum mirror algebra to the higher-genus descendant logarithmic Gromov-Witten
theory of the surface.

Let (Y, D) be a Looijenga pair (see Section 2.1). Associated to this pair is a non-commutative C-algebra
given by the quantum mirror to (Y, D). This algebra has a basis given by 3, for r an integral point in the
tropicalisation Trop(Y, D) = Z? of (Y, D). Let

(808,)

denote the coefficient of 1 = 9(0’0) in the algebra product of the basis elements ‘§r1:---:ér5§ see [Bou20a,
Theorem 5.1]. Unlike in the classical setting, this bracket is not symmetric.

Corollary B. After averaging over cyclic permutations and making the change of variables q = e'*, there is always

an equality
1 A A
Z’Zﬁ ZN;’Sng B (s—=1)! Z <<8’m<1>""’8rw(s>>>'

B 20 wel)

This follows from Theorem A due to the fact that the product structure on the quantum mirror algebra is
defined in terms of the broken line counts appearing in (L1). For more detail, see Section 3.5.

The proof of Theorem A follows a higher-genus version of the strategy of the proof of the weak Frobenius
structure conjecture in [Man2l]. We use the technique of factoring the quantum scattering diagram, see
[GPS10], as well as the connection between the Hamiltonians in the consistent quantum scattering diagram
and tropical curves, see [Bou20b, FS15], to relate the right-hand side to tropical curve counts with an s-valent
vertex. The refined multiplicity of the s-valent vertex appears due to the non-commutative product rule of
the quantum torus, after symmetrising. We then use the degeneration formula in logarithmic Gromov-Witten
theory, together with the refined descendant tropical correspondence theorem of [KHSK24] to connect
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the left-hand side to the same tropical curve counts. As in [KHSK24]|, there are extra subtleties in the
degeneration formula in this higher-genus, descendant setting.

1.3. Future directions

1.3.1. Threefolds.— Theorem A can be viewed as a result for the “local log Calabi-Yau surface threefold”,
Y,, x A!. The virtual dimension of the moduli space in the case of threefolds is independent of the genus,
and invariants on Y,, x A!, defined via virtual localisation, are exactly invariants of Y,, with a Ag insertion.
One future direction would be to generalise to the situation of honest threefolds, prompting questions about
a higher-genus analogue of [AG22].

1.3.2. K3 surfaces.— In a different direction, one could combine Theorem A with the use of type III
degenerations of K3 surfaces to probe their enumerative geometry. The components of the special fibre of
such a degeneration will be of the form Y,,,, for example in the quartic K3 degeneration. The degeneration
formula will be more subtle, see [MPT10, Section 4], due to the presence of the reduced virtual class,
particularly in the case of non-primitive classes, see [BC25]. However, even in the case of primitive curve
classes, if the scattering computations can be understood well, this provides an avenue to produce new
calculations, for example, a generalisation of [MPT10, Theorem 3] with descendants.

1.4. Related work

e In [BBvG24], the authors study five enumerative theories associated to a log Calabi-Yau surface. They
propose correspondences relating logarithmic, local, and open Gromov-Witten invariants, as well
as quiver DT invariants and BPS invariants associated to this log Calabi-Yau surface. In particular,
in [BBvG24, Proposition 4.2], a proof is sketched relating higher-genus invariants with a A, insertion
of log Calabi-Yau surfaces to counts of tuples of three quantum broken lines.

e In [GRZZ25], the authors study the geometry of a smooth Fano surface relative to a smooth
anticanonical divisor. An interpretation for a certain quantum theta function is given in terms
of a g-refinement of the open mirror map defined by quantum periods of mirror curves for outer
Aganagic-Vafa branes on the associated local threefold. The proof of [GRZZ25, Proposition 3.12], in
particular, relates to Theorem A and [KHSK24, Theorem A].

1.5. Acknowledgements

We thank Sam Johnston, Dhruv Ranganathan, Yannik Schuler, and Michel van Garrel for a number of
helpful conversations. We thank Tim Grifnitz for helpful comments on a previous version. We thank Dhruv
Ranganathan and Calla Tschanz for helpful comments on the introduction.

2. Logarithmic Gromov-Witten theory and tropical curves

2.1. Looijenga pairs

The basic geometry in this paper is a Looijenga pair: that is a pair (Y, D) consisting of a smooth complex
projective surface Y, together with a simple normal crossings, singular, reduced, anticanonical divisor D
onY.

Proposition 2.1 (¢f. [GHKI15, Proposition 1.3]). Given a Looijenga pair (Y, D), there exist, after potentially
carrying out corner blow-ups, a toric surface Y ,, and a blow-down morphism

v:Y —Y,,

with v the blow-up in a collection of points in the interior of the toric boundary.
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Thus, to study all Looijenga pairs, it suffices to study the geometry described in Setting 2.2.

Setting 2.2. Fix a tuple m = (my,...,m,) of elements of M = Z?. After adding more elements if necessary
to m to form a tuple m’ which spans IR?, there is a unique two-dimensional fan ¥, with rays —Rxom; for
m;j € m’. We write Y, for the toric surface with fan X,,. Write ij for the component of the toric boundary
of Y, associated, under the toric dictionary, to the ray —IR5om;.

For each m; for j =1,...,n, choose a point x; € D; such that x; # x; whenever i # j, and define a
surface Y, to be the blow-up v: Y, — Y,, at the points Xq,...,x,. Let E; denote the exceptional divisor
over x; and dY,, the strict transform of the toric boundary divisor. Notice (Y,,, dY,,) is a Looijenga pair.

In Setting 2.2, a choice of tuple m’ extending m was made. Since logarithmic Gromov-Witten invariants
are insensitive to logarithmic modifications, see [AW18, Theorem 1.1.1], our main theorem is insensitive to
this choice, and we fix a choice without further comment.

2.2. Logarithmic Gromov-Witten theory

Let 9 = (rq,...7;) be a tuple of vectors in M = Z?, and replace m’ by m’ U 9 so that every Rs7; is a ray
in the fan of Y,,. We say that a map from an (s + 1)-pointed curve to Y,, has tangency given by 9 if the it
marked point hits the strict transform of the toric boundary divisor corresponding to r; with tangency given
by the lattice length of r;, in other words, the maximal positive integer ¢ such that one can write r; = €7; for
7; a vector in M, called the direction of r;.

The moduli space parametrising (s + 1)-pointed genus g stable maps to Y,, with curve class  and
tangency given by 9 at the first s markings is not proper. The moduli space of stable logarithmic maps
Mg, 5(Y, B) is a compactification; see [AC14, Chel4, GSI13].

Write M, .1 for the moduli space of stable genus g curves with s+ 1 marked points. This space comes

equipped with universal curve pr: C — mg’s_'_l and a forgetful morphism
T(,: Mg,S(Ym; /3) B Mg,s+1'

The moduli space of stable curves carries two flavours of tautological bundle of import to us:

e The first is the Hodge bundle [E, = pryw,, where w), is the relative dualising sheaf of p; we write
Ag g(lEgL
e Note that M, carries s+ 1 tautological sections identifying the marked points. Denote the last

=cC

section by S, and define
P =cy (S*wp).
Both classes can be pulled back along 7’ to define tautological classes on My 5(Y},, ) which, by abuse of

notation, we also call i and A,.
We have an evaluation morphism ev: My (Y, ) — Y;,, which evaluates at the (s + 1)t marked point.

vir
2.2.1. Invariants.— The moduli space Mg 3(Y,,, B) carries a virtual fundamental class [Mg,s(meﬂ)]
allowing us to define logarithmic Gromov-Witten invariants. We will consider the following descendant
logarithmic Gromov-Witten invariants with a A4 insertion:

Ng g = j (=1)8 A, ev'(pt)p* 2.
’ [Mg,S(Ym’ﬁ)]Vlr

The classes Ay and 1 could instead be defined directly on the moduli space Mg (Y, B); we call these
classes Xg and 1.
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Proposition 2.3. We have that

J— a— " — _2
Ag =N, and Ng,s = f Vir(—l)g/\g ev'(pt)p” .
[Mg,S(Ym'Ig)]

Proof. The first equality follows from [KHSK24, Remark 2.1]. For the second equality, we can use [Ful98,
Example 6.3.4(a)] to rewrite N g,0 @5 an integral over My o(Yy,, B, P), where we choose a generic point P in

the interior that the marking evaluates to. Now the difference ¢ —E on Mg 5(Y,,, B, P) is supported on the
locus of curves where the component containing this marking is destabilised under the forgetful morphism.
We claim this locus is empty. By the argument of [MR20, Proposition 3.4], it suffices to show that when this
component C’ is rational, it contains at least three special points. If C’ contains two or more additional
markings, then it will not be destabilised under the forgetful morphism. If C’ contains just one other
marking, then it will also have to contain a node, because there are necessarily other relative markings which
need to be distributed on some component. So the only possibility is that C’ does not hit the boundary in
any point. By composition with the map v: Y,, — Y, the map from C’ to Y,, defines a curve in a toric
surface with fixed incidence to the toric boundary. Counting dimensions of the space of maps from rational
curves to toric surfaces with fixed incidence to the toric boundary, we deduce this does not happen for a
generic choice of x; and P. 0

The class B, of a curve is specified by two data:

(1) the tuple p = (py,...,py) recording, for each exceptional curve E;, the intersection product - E; = p;,
(2) the tangency profile 9.

In the toric situation, we consider more general invariants; consider a balanced multiset A° of vectors in
Z?\ {(0,0)} and non-negative integers ¢ and n. As in [KHSK24, Section 2.1], we have associated to this
multiset the moduli space My o = Mg A(Xa, Ba) of genus g, (|A°[+ n)-pointed stable logarithmic maps to the
toric variety X with tangency given at the last |A°| markings by A°. Fix a subset Ar of A°, and let

eva, i Mgpa — (aXA)|AF|

denote the evaluation morphism at the toric boundary divisor dX, indexed by the elements of Af. Let

evi: My A — Xp

8
denote the evaluation morphism at the non-tangency markings i = 1,...,n. Fix non-negative integers
kq,...,k, such that
n
n=1+|A%=2n+ ) ki+|Af],
i=1
and let
n
Kk . ki o+ (A
NE oA, :J “(—l)g/\gl_[evi(pt)l[) revy (r2),
[MgrA]Vu i=1
where 7 is the class of a point on dX, and rlArl denotes the class [1; n:‘(r) in A*((&XA)lAFl), where 77;
denotes the i projection 7;: (9X )2 — 9X,.

2.3. Tropical curve counting problems

2.3.1. Tropical curves.— We briefly recall notation for tropical curves from [KHSK24]; see also [Boul8b,
Section 2.3]. We refer the reader to [ACGS20, MR20, Mik03, NS06] for background.
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Following [ACM*16], a graph T = (V(I'), E¢(I'), E,(T)) is a triple consisting of finite sets of vertices V(I'),
bounded edges E¢(I'), and a multiset E,(I') of unbounded edges. We assume all graphs are connected. An
abstract tropical curve |I'| is the underlying topological space of a graph T’

Definition 2.4. A parametrised tropical curve h: I' — IR? consists of the following data:
(1) a graph I' and a non-negative integer gy assigned to each vertex V of I, called the genus;
(2) a bijective function
L: E(T)—{1,...,r+n};
(3) a vector weight vy g € Z? for every edge-vertex pair (V,E) with E € Ef(T)UE(T) and V € E such
that for every vertex V, the following balancing condition is satisfied:

VV,E = 0}
E:VeE
(4) for each bounded edge E € Ef¢(I'), a positive real number {(E), called the length of E;
(5) a map of topological spaces h: |I| — IR? such that restricting & to the edge {v;,v,} is affine linear to
the line segment connecting h(V;) and h(V,) and moreover

h(V;) = h(Vy) = €(E)vy, k-

Also, restricting i1 maps an unbounded edge E associated to a vertex V to the ray h(V)+ Rygvy .

We say h has degree A if vy  coincides with the L(E)™ column of A whenever E € E.(T). The genus of a
parametrised tropical curve is obtained by adding the sum of the gy to the Betti number of |['|. The weight
of an edge E, denoted by w(E), is the lattice length of vy .

Fixing a subset AF of A and a generic configuration {xy}vea, of points in IR?, we say h has degree (A, A)
if it has degree A and the unbounded edges in correspondence with AF asymptotically coincide with the
half-lines x, + Rsov for v € AF.

For a vertex V of T, write EX (V) for the set of unbounded edges E adjacent to V' such that vg # 0 and
E¢(V) for the set of bounded edges adjacent to V. The valency valy of a vertex V is the cardinality of
Ef(V)UEL(V). Write Ay, for the multiset of all vy g for a fixed V.

2.4. Multiplicities

We will now count parametrised genus zero tropical curves of degree (A, AF) satisfying certain incidence
conditions. For the remainder of the section, fix a parameterised tropical curve h: I — IR?. Tropical curves
are counted with a multiplicity, closely related to the multiplicity of [BS19]. This multiplicity is given as

J= || mv(a?)

Vev(T)

a product

Nf—=

mh(q

over multiplicities 71y, assigned to each vertex V of our tropical curve. We will be counting tropical curves
passing through a tuple of points p = (py,...,p,) in R?, and thus vertices of I' come in two flavours. A vertex
is pointed if its image under h coincides with one of the p;. Vertices which are not pointed are unpointed.

We define v; A v, to be the determinant of the matrix with first column v, and second column v,. The
cyclic group with m elements acts on the set of ordered tuples of m distinct elements from the set {1,...,m}.
The action is induced by sending the integer in position i to position 7 + 1 mod m. The set of orbits of this
action is the set (), of cyclic permutations. For a cyclic permutation w, choose an ordered tuple @ in the
orbit of w. Fix a balanced tuple of vectors (ay,...,a,,). Define

k(w): Z a@(i)Aaw(j),

2<i<j<m
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where @(i) sends i to the element in the iM position of the chosen representative @. As the vectors a; have
sum zero, k(w) is well defined.

Definition 2.5. Let V be a pointed vertex of valency m given by vectors ay,...,a,, € Z*. The multiplicity

1 k(w)
= 2,
v (m—1)! Z 1

Q)EQN

of v is

If, however, V is an unpointed trivalent vertex with the balanced set of vectors (a1,a;,a3), then the
multiplicity assigned to V' is the Block-Gottsche multiplicity, see [BG16]:

laiAay| _ q—%|a1/\a2|
1

q%—q 2

1

2
21) my =1
The multiplicity of a bivalent vertex is 1.

2.5. Tropical counting problem

We fix once and for all a subset AT of A and a generic configuration {xv}vea, of points in R?. Thus it
will make sense to discuss tropical curves of degree (A, AF). For a generic tuple p = (py,...,p,) of n points
in R?, let TK’ AFp be the set of rigid parametrised tropical curves of degree (A, AF) passing through p with

degree k. This means h(E;) = p; for i = 1,...,n, where Ey,...,E, are the last n unbounded edges. Moreover,
E; is attached to a vertex of valency at least k; + 2.

Proposition 2.6. There is an open dense subset Uylf(AF) of R?" x R2Ae! such that if p, (xy)pear € U,lf(AF), then
TX,AP,p is a finite set and the valency of the vertex supporting the unbounded edge E; is k; + 2. Moreover, we may

choose UX(Ap) such that all parametrised tropical curves passing through p with degree k are rigid.
Proof. The argument of [KHSK24, Proposition 1.4.1] works with a cosmetic modification. g
From now on we assume p; # p; whenever i and j are distinct without further comment.

Remark 2.7. Since there are only finitely many combinatorial types of rigid parametrised tropical curves of
degree A, it is automatic that the set TK ) is finite.

Recall the notation my, for the multiplicity of the vertex V defined in Section 2.4.

Definition 2.8. Fix (p,x) = ((p1,..-,Pu)» (X )vear) in UX(Ag), and define
Ak
Ntrop,AF(q) = Z ]_[ mV(q)

X
heTyy vev(T)

Also define N2X ()= Nk

trop — Ntrop-

A priori the count Nteél;(q) depends on the choice of the point in UX(Af). We suppress this dependence
from our notation as it is independent a posteriori.

2.6. The tropical counting and logarithmic Gromov-Witten theory
Fix a subset Af C A.
Theorem 2.9. After the change of variables q = e', there is an equality of generating series

ZN;A:AFuzg_MAOl_Zki ) [ ]_[ ﬁ] NtAri(p,AF(GI)((—i) (cﬁ - Q‘% ))|AO|_Zikf_2.

20 veAF



Refined curve counting with descendants and quantum mirrors 11

Proof. The theorem is almost identical to [KHSK24, Theorem A]. Indeed, applying the degeneration formula
yields the analogue of [KHSK24, Proposition 3.4.2]. In absorbing the contribution of weights of bounded
edges as in [KHSK24, Section 6.1], one must divide through by the weights of the fixed unbounded edges
to compensate, which explains the prefactor |[v|~! of the right-hand side of the statement. Since the vertex

contributions are unaffected, the theorem then follows from the vertex contribution calculations in [KHSK24,
Section 6.2]. 0

3. Scattering diagrams and tropical curves

Let M = Hom(T,C*) = Z? be the character lattice of a two-dimensional torus T. We will make use of
the “algebra of functions” of the quantum torus

<, (M) = P cfe]2"

meM

1 ’ 1 ’ ’
the C[g*2] algebra with non-commutative product given by 2" - 2" = q2"" 2"*" for r,1’ € M, as well as the
change of variables g = e'¥.

3.1. Quantum scattering diagrams

Let R be a complete local C algebra with maximal ideal mg. A quantum scattering diagram over a
ring R is the data of a collection of half-lines {d} called rays in My = R? with primitive integral direction
my € M \ {0}. To each ray is associated a function called the Hamiltonian Hy such that

Hy € @(R/mﬁ@@((u)) [£7]).
4

See [Bou20b, Section 1] for further details on quantum scattering diagrams.
The Looijenga pair (Y,,, dY,,) has an associated quantum scattering diagram called the initial quantum
scattering diagram.

Definition 3.1. The initial quantum scattering diagram Dy associated to the tuple m is the quantum
scattering diagram over R := C[[ty,...,t,] consisting of incoming rays (bj,I—AIb].) for 1 <j < n, where

and
. 1 (-5
(3.) Hy=) s 52
1 4*—49 2
with g = e'*.

Associated to any scattering diagram is its consistent completion; see [KS06, Theorem 6].

Definition 3.2. Let S(Dy,) be the quantum scattering diagram obtained by forming the consistent completion
of Dy, as in [KS06].

Theorem A relates logarithmic Gromov-Witten invariants of (Y,,, dY},) to quantum broken line counts on
S(Dyy); see Section 3.4. These counts also determine the product structure on the quantum mirror algebra
to (Y,,, dY,,); see Section 3.5.
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3.2. Factoring the quantum scattering diagram

A

The consistent quantum scattering diagram S(D,;) is combinatorially complex, but it can be understood
in terms of factored quantum scattering diagrams whose structure reflects the combinatorics of tropical curves.
This connection was established in [FS15]. We follow [Bou20b, Section 6].

To factor a scattering diagram over the ring R = C[[ty,...,t,]], we study a scattering diagram over the
ring Ry = C[ty,..., t,)/(tN*1,..., t*1). There is an embedding

Ry <= Ry =Clujj:1<i<m1<j<NJ/uj:1<i<m1<j<N)

by

e

¢
(=1 Ac{1,..., N},|A|:€{ q:—1 acA

We then define a new initial quantum scattering diagram Dpy it with initial rays (Dj¢ A H jea) for £in{1,..., N}
and A C{1,...,N} with |A| = ¢, where
bjea = —Rsom; +cjea

for some generic cjoq € R? in general position and

. 1 (-1)¢! O
Hb]_[A:[z[—_g g' rluja ng/.

qi —-q acA

By [Bou20b, Lemma 6.1], the Hamiltonian attached to any ray in S(]j;?ht) can be determined recursively
from the initial rays and Hamiltonians.

3.3. From factored scattering diagrams to tropical curves

Lemma 3.3 (¢f [Bou20b, Proof of Proposition 6.2]). For a general choice of ﬁsmplit, there is a bijective
correspondence between (b, Hy) € S( > ;?lit) and rational tropical curves h: T — R? such that the following hold:
(i) There is an edge Eq; € Eoo(T') with h(Eqyy) = D.
(ii) If E € Eoo(I) \{Eout} o7 if Eout is the only edge of T' and E = E, then h(E) is contained in some dj¢4
where

1<j<n, AC{1,..,N}, €>1.

Furthermore, if E # Eq, then the unbounded direction of h(E) is given by —m;.
(iii) Zf E,E" € Eeo(I') \{Eout} and h(E) Cdjon and h(E') Cdjppr, then ANA" = 0.
(iv) If E € Eoo(T) \{Equt} or if Eoyy is the only edge of T and E = Ey, and h(E) C djg4, we have wr(E) = L.

Furthermore, we have that

. n 1\ %_ —
(3.2) Hb:mr(W)H]_[[%%

where mr(q%) is the refined multiplicity of the tropical curve h: T — R?, A]r-g is the set of subsets of {1,...,N}

ke, ﬁfpm
] @ 1 e | ——

1
AeA}rg acA 92 -4

[STEN ST
NI=

of size € such that bjop is an unbounded ray of h: T — R?, and kej = |A]r€|. Furthermore, m is the primitive
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direction of the ray b, and {,, is such that

n

Y ) Ckejmi=tym.

=1 (>1

3.4. Monomials on broken lines

Definition 3.4. A quantum broken line is a pair (y,{m}) consisting of

(1) a proper continuous piecewise integral affine map
71 (=00,0] — Mp

with only finitely many domains of linearity,
(2) for each L C (—c0,0] that is a maximal connected domain of linearity of y, a choice of monomial
mp = cp 2Pt with ¢ € R, = R[u] and p; € M,

where these data satisfy the following:

e Along any domain of linearity, the direction is given by —p;.

e 7(0)=QeMp.

e For the unique unbounded domain of linearity L, we have that m; = 2" for some r € M \ {0}.

e Let t € (—00,0) be a point of y which is not linear, passing from the domain of linearity L to the
domain of linearity L’. Then y necessarily crosses a ray d in the scattering diagram at time ¢.
Moreover, c; 2Pl is a summand of the image of c; 2PL under the automorphism

c 2Pt —> exp (I:ID) c 2Prexp (—I:Ib)
We denote the monomial attached to the segment ending at Q by c¢(y)2"7).

Definition 3.5. Let 9 = (r,...,7,) be a tuple of vectors in M = Z2. Define
A A L(y; ,
(3.3) (89, ) = Z c(y1)...c(ys) ﬂ g3,
(V1re¥s) 2<i<jss

where the sum is over tuples (y1,..., ¥s) of broken lines such that y;(0) = Q for some fixed Q, m; = 2"i, and
Yiov(yi)=0.

The notation éri comes from the connection to the product structure on the quantum mirror. Let
R - C[[tl,...,tn]].
3.5. Product structure

In this section, for simplicity, we assume that (Y}, dY},) is positive, see [GHK15, Definition 6.10], in order
for the algebra structure to make sense without completing (see for example [Man2l, Proof of Corollary 4.7]).

Ryy,,av,) = @ R, 9,

reM

For the general case, see [Bou20a). Let

be the free R,,-module. We call the basis elements 9, quantum theta functions. We explain briefly how (3.3)
relates to a product structure on R(y gy ). Fix a point Q € R? \ S(Dp)- Let

§Q — ZC(V)?:.V(V) €R, ®C[qi%] C,[M],
Y
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where the sum is over all broken lines y that have start direction given by r and end at the point Q. We
define a product structure on Ry, gy, ) via the structure constants

A A ’ A
Srl ""91’5 - § Crl-nrssr:

r

where c;. ..., is given by the coefficient of 38 in ég - ég for Q sufficiently close to r.

Lemma 3.6. We have that
O

Proof. Taking the product of theta functions gives

Z C(')/l )ﬁv(yl)...c(ys)ZAV(‘)/S)’

(1r75)
where the sum is over tuples (y,...,7;) of broken lines such that y;(0) = Q for some fixed Q (near the
origin). Taking the coefficient of S equal to 1 ensures that v(y1)+--- +v(ys) = 0 so that we have

CEI"'rs: Z C(yl)...C(Vs)ﬁ—zls':z"(%)ﬁv(h)...ﬁV(Vs)’
(V1r¥s)

’ 1 ’ 7
and the result now follows from the product rule 2" - 2" = gz"" 2"*", O

Remark 3.7. The quantum mirror of [Bou20a] is defined with respect to a different quantum scattering
diagram, analogous to the canonical scattering diagram of [GHK15], but the output is essentially the same,
and we explain this briefly. The algebra is defined by fixing the data (B,X), P, J, and ¢. Here (B,XY) is
an integral affine manifold (with singularities) defined via the geometry of (Y,,, dY,,), P is a toric monoid
containing NE(Y,,), ¢ is a PH%p—valued PL function on B, and ] is a monomial ideal of P. The product
structure is also defined with respect to the scattering diagram by counts of broken lines. By [Bou20a,
Proposition 4.10], the canonical scattering diagram is related to the scattering diagram of Definition 3.2, by
a piecewise-linear map. As a result, broken lines go to broken lines, and the difference in their definition
of the product of [Bou20a, Theorem 3.11] cancels with the presence of the PL function to recover the same
product structure.

3.6. Quantum scattering to g-refined tropical curves

. « 1 3 3
[(srl,...,srn>]sym =5 Z (I

wel)

Let

Lemma 3.8. In the factored scattering diagram, there is an equality

(P =S 5| & Tl 5= | [T

P kep Aje \TeTy,, VeV (I) j=1 £>1 q AeAj; acA

The first sum is over all p = (py,...,p,) such that Y}, pim; = Z] 1 ] Here, k + p denotes a partition (kgj)e>1
of pj for each j=1,...,n, Aj¢ is a set of kyj disjoint subsets of {1,...,N} of size {, and Ty, is the set of genus
zero tropical curves I' having an unbounded edge of asymptotic direction ri fori=1,...,s. Furthermore, for every
j=1...nand(>1, A€ Aj is an unbounded edge of weight { coinciding with dj¢4, with an s-valent point
condition at a point Q € R?.

Proof- We have that

(3.4 (Sree® )= Y clm)eer) [ ] a7 @M,

(V1rr¥s) 2<i<j<s
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where the sum is taken over tuples of quantum broken lines where y; has start direction r; and ends at Q,
and such that the broken lines collectively are balanced at Q. For each i = 1,...,s, the broken line y; bends
at various rays D in the factored scattering diagram. Recall that by Lemma 3.3 there is a bijection between
rays b of the factored scattering diagram and tropical curves such that the Hamiltonian associated to the ray
is given by (3.2).

If 2 is the monomial attached to a segment of the broken line y;, the wall-crossing automorphism of b
acts by

2F— exp (I—jb)ﬁk exp (—I—Alb).

are equal to O, this implies that if y; bends when it hits d at V, the outgoing
Hamiltonian picks up a factor of

1 1 \kej
mv(q;).mr(q;)ﬂﬂ(ﬁﬁ] o T el

j=1 ¢>1

Since the variables uizj

where the edges are considered to be the incoming and outgoing edges of the broken line together with the
part of d which has finite length. Adjoining this part of the tropical curve to y;, one can associate to the
tuple (y1,...,¥,) a tropical curve with an s-valent vertex.

On the other hand, every tropical curve with an s-valent vertex at QQ, with asymptotic directions given by
r1,...,1s as well as some subset of the d;4, gives rise to broken lines (y1,..., ys) appearing in the right-hand
side of (3.4). The result now follows from the fact that the g-refined multiplicity of the s-valent vertex as in

I_[ q%v(%-)/\v(yj)

2<i<j<s

Definition 2.5 appears from the factor

after averaging over cyclic permutations. O

Corollary 3.9. There is an equality

~ A sym 1 (_1)6_1 Pog3 k[]
[<‘9r1!" ] Y ZZNtropAk [ V][[ ¢ qz 2) ][r[tp/]
1 ¢>1

P kep g2 -4

The first sum is over all p = (py,...,p,) such that Y}, pim; = Z] 1 7j- Here, k v p denotes a partition (k¢j)e>1
of pj for each j = 1,...,n, A consists of ke copies of the vector —Cm; as well as 11,...,1s, and Ay denotes
AN\A{ry,..., 15}

Proof- This follows the same argument as in [Bou20b, Proof of Proposition 6.2]. Let B = UAeAJ-CA be a
subset of {1,..., N} of size } /51 {k¢j = pj. Conversely, the number of ways to write a set B of p; = } /51 Cky;
elements as a disjoint union of subsets, k¢; of them being of size ¢, is equal to

p;'!
[es kejt(e
Replacing the sum over A, by a sum over B and using the fact that
pi
Bc{L,..,N},|Bl=p; beB

gives the result after identifying

FeTAjé VeVv(T)
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4. From logarithmic Gromov-Witten invariants to tropical curve counts

In this section, we use the degeneration formula to relate the logarithmic Gromov-Witten invariants of
Y, to toric logarithmic Gromov-Witten invariants. The latter can be connected with refined tropical curve
counting due to Theorem 2.9. This section follows [Bou20a, Section 5].

4.1. Degeneration

First we recall the degeneration of [GPSI0, Section 5.3] (see also [Bou20b, Man21]). Recall that the tuple
m = (my,...,m,) of non-zero vectors in Z? fixes a toric surface Y,,. For every j = 1,...,n, let x; denote
a general point on the interior of the boundary divisor D, Take the total space of the deformation to
the normal cone of D, U---UD,, in Y,, (we can assume the D,,, are disjoint). Then blow up the strict
transforms of the constant sections determined by x; to obtain a family

€ YV, — Al
The general fibre is Y,,,, and the central fibre is

?m U LUIP],
=1

where If)j is the blow-up of the projective completion of the normal bundle of D; in Y,, at the point

corresponding to X;j. Equipping ), with the divisorial logarithmic structure with respect to the central fibre

together with the strict transform of dY,, x A! and equipping A! with the divisorial logarithmic structure

with respect to the origin makes € into a logarithmically smooth morphism. Restricting to the central fibre,

there is a logarithmically smooth morphism Y, 0 — pty. Write Mg 5(V;,0, Bp) for the moduli space of

genus g, (s+ 1)-pointed stable logarithmic maps to ), o over pty, of class f8,, with tangency given by 9.
By the deformation invariance of logarithmic Gromov-Witten invariants, we have that

p e
Vs [ ey
[Mg,S(ym,O’ﬁp)]

4.2. Decomposition

Tropical data associated to the morphism ), y — pty may be recorded as a polyhedral complex y,jj,%p
with metrised edge lengths; see [Bou20b, Section 5.3]. Our polyhedral complex is obtained by subdividing
the fan of Y ,,, whose vertex is called vy, by placing a vertex v; at distance 1 along each ray in direction m,;

and adding unbounded edges attached to v; parallel to those rays adjacent to —Rxom;.
The decomposition formula of [ACGS20] allows us to write Néfps as a sum over rigid tropical curves
h: T — y;[‘gp.

The moduli space of (s + 1)-pointed, genus g stable logarithmic maps marked by #, denoted by M”

gs,isa

proper Deligne-Mumford stack with a natural perfect obstruction theory and a forgetful morphism
ip: MZ’S —> Mg s (Y0, Bp)-
The decomposition formula [ACGS20] tells us that the following holds.

Proposition 4.1. We have that
Py "h
Ny = ——Ny,
&9 ; Aut(h)] "
where

" J[Mz,sw—l)% ev'(pt)p .
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/
/

Figure 2. An example of the central fibre V,, o and the tropicalisation y:,jf(’)p.

In this situation, only certain rigid tropical types will have a non-vanishing contribution in the decomposi-
tion formula. In order to index these, we let k = (ky,...,k;) be a partition of p = (py,..., py), i.e. k;j equals

(k¢j)es1, finitely many non-zero integers with

>1

We write k + p. Moreover, let s(k) = 27:1 Y ¢>1kej and w(k) = (wy(k),..., wy)(k)), where the w;(k) € 7?
for each j are such that w(k) contains k;; copies of the vector —€m;.

Recall that the vectors, 9y,...,9 are multiples of the rays of the fan of Y,,. Suppose Oi,..., 9, are
multiples of My .., — Mg, .

We now define a class of rigid tropical curves

trop
m,0

(4.]) Mg Ty —

depending on a partition k + p as well as a tuple ¢ = (go,...,&s(k)) of non-negative integers with Zf(:ko) gi=g.

Definition 4.2. Let I’ks’ g be the genus zero graph with

o V(I ) ={Vor s, Ve Vi Vi),
o Ef(I; ) ={E1,..., Bk Ef,... By} with Vo, V) € Ej and Vo, V/ € E/,

. Eoo(Flf:g) ={Fy,...,Fs, F} with V]-’ €F; forj=1,...,b, V; € F; otherwise, and Vj € F.

To the graph I}fy g assign
e the genus gjtoV; for j=0,...,s(k) and genus zero to Vj' forj=1,...,b;

e the length €(E]~) = m for j =1,...,s(k) and the length €(E]7) = |8+]| forj=1,...,0b.

We define a tropical curve hi,gz rks,g _, ytrop

m,0
Set h(Vg) = v and h(V;) = v; if w; = —Cm;, for j =1,...,s(k).

Set h(V]-') =, and h(Fi],) =V, + IRZOS,-]. for j=1,...,b, and h(F;) = 9; otherwise.

Set h(F) = vg.

Decorate V() with the curve class f,x) € Hy(Y,,,Z) determined by the contact data w(k).

If w; = —m;, decorate V; with the curve class £[C;], where [C;] corresponds to the strict transform

as follows:

of a fibre class passing through the point corresponding to x; in IP;, for j = 1,...,5(k).
e Decorate Vj' with the curve class |Si]_|[CZ.'_], where [C] ] corresponds to the strict transform of a fibre
] ]

class in 1131-/_, forj=1,...,b.
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Figure 3. Example of I} ¢ for target as in Figure 2.

We claim the only rigid tropical types appearing with non-vanishing contribution in the decomposition
formula are the hi .

Proposition 4.3. Every rigid tropical type h with a non-zero contribution to the decomposition formula is of the
— 1S
Jorm h=hy g

The proof will use the following lemmas. We will say that an edge E of a tropical curve is on a zero line if
the line containing E passes through the origin.

Lemma 4.4. Supposeh: I — yf,;%p is a rigid tropical type. Fix an edge yo and a vertex V of y,. Assume v is
not on a zero line. Then there is a sequence of edges v, ..., 7y, with the following properties:

(1) The edges y;, yis1 meet at a vertex, and y, 1 meet at V.
(2) Either y,, is unbounded, or y, = .

Proof. We first show that fixing an edge 7 not on a zero line and a vertex v of ), there exists an edge y;
which meets ) at v and is not on a zero line. Indeed, we can see this is true by applying the balancing
condition at v in the direction e orthogonal to the line joining v to the origin. Since ) is not orthogonal
to e, the vertex v must be adjacent to some other edge y; whose dot product with e is non-zero.

We now recursively construct our sequence of edges. By the previous paragraph, given a sequence
Y1,-.., i of edges with property (1) and such that y; is bounded, there exists an edge y;,; which does not
lie on a zero line and which meets y; at the vertex not adjacent to y;_;. Tropical curves have finitely many
edges, and the process must terminate, which can only occur when we find some unbounded y,,, or else we
have constructed a cycle. U

We define a continuable edge to be an edge which is either an unbounded edge or a bounded edge
connected to a 2-valent vertex whose other edge is unbounded.

Lemma 4.5. Suppose a rigid type h: I — y:,[j)p makes a non-zero contribution to the decomposition formula.
Then T contains a vertex Vy with the following properties:

(1) Vo is mapped to the origin.

(2) Vg has s continuable edges.
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Proof. There is a distinguished vertex V; € V(I') containing the non-tangency marking. We can assume
that h(V})) = vy, for example by imposing the point constraint in the interior of the toric component. By
[Ran22, Remark 6.1.1], after potentially subdividing the target further, we can assume that # maps vertices to
vertices and edges to edges. This allows us to make the gluing argument, as in Proposition 4.7, for any h.
Consequently, there is a virtual dimension constraint on each vertex, which enforces restrictions on h as well
as on which term in the decomposition of the diagonal contributes to the insertions.

Next we analyse the virtual dimension constraint for Vj. The virtual dimension of the associated moduli
space is go + k + k’, where k + k’ is the valency of Vj, where k is the number of bounded edges adjacent to
Vi for which the contribution of the diagonal term consists of ptg for V;. We have that the dimension of the
insertions is gg+s+k, so k' =s.

We will argue that all such edges k” are continuable. Indeed, if an edge y_; is not continuable, then the
graph must fork at the vertex of y_; which is not the origin. By Lemma 4.4, each branch of the forking can
be continued until we find an unbounded edge. Since I' is of genus zero, each of the unbounded edges found
in this way is unique, and it follows that I' has more than s unbounded edges. O]

We can also exclude the rigid types where a vertex V # V|, attached to a continuable bounded edge has
higher genus by [Boul8b, Lemma 14].

Proof of Proposition 4.3. By Lemma 4.5, we are left to show that the k bounded edges adjacent to V; for
which the diagonal contributes a ptg to the insertions for V|, each attach to a vertex V, which is one valent
with image v; for j € {1,...,n}. If V, is such a vertex, then the diagonal must contribute 1 to the invariant
for V, and ptg to the invariant for V{, because the virtual dimension of the moduli space associated to
V., is g(V,). Conversely, suppose V, is not a one-valent vertex. By the argument of [Bou20b, Lemma 5.8,
penultimate paragraph], there is no additional edge connecting V, to a vertex with image vy, since there
are no additional insertions to make the contribution to that vertex non-zero. Finally, if there were an edge
connecting V, to another vertex whose image is not V;, then by Lemma 4.4 there would be a sequence of
edges which either ends in a cycle, which would give zero contribution due to the A, insertion, or else ends
in an unbounded edge. But we have already accounted for s+ 1 unbounded edges of I'. U

Let k¢j, denote the number of vertices of I}} g having genus 4 amongst the k¢; vertices with curve class

{[C;] so that
Zkeja = kej.

a>0

Corollary 4.6. We have that

MNis
N =YY Ny = )Y e fwithol 3 ) rlrmk
kep & Aut(h;lg)' ~ kep 8 j=1 1 a>0 tja!

Proof. By Proposition 4.3, all curves that contribute in the decomposition formula arise from the construction
of (4.1). The fact that My = lem(Jw;(k)I,|9)]) follows from the fact that M is the smallest integer such

that after scaling by Mps ,7hi g gets integral vertices and integral lengths. The automorphism factor can be
74 ’

computed by observing that those one-valent vertices which have the same curve class and genus can be
permuted. O

It now suffices to compute N;Zk .
8

4.3. Vertex contributions

Consider hs : g — y:,[j)p. There are three types of vertices of I‘ks] %
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() the vertex Vj which maps via hj ¢ 10 Vo, corresponding to Y ,;

(2) the vertices V; for j = 1,...,s(k),;vhich map to vertices corresponding to IP;;
(3) the vertices V].' for j=1,...,b, which map to vertices corresponding to IP;.

4.3.1. Toric contribution.— Consider the multiset A consisting of all vy, ¢ for edges adjacent to Vj. This
multiset consists of 91,..., 9, together with the elements of w(k) = (wy(k),..., wsx)(k)) and one copy of the
zero vector. Associated to this multiset, we have the moduli space Mg A of genus g, (s(k) + s+ 1)-pointed
stable logarithmic maps to Y ,. If wj(k) = —Cm;, let

evj: Mg A — D;

denote the evaluation morphism at the jth marking for j =1,...,s(k). Let
ev: Mg A A, —Y,

denote the evaluation morphism at the last marked point. Define the toric contribution to be

s(k)

Noas = [ 0 ] Jevitotn v ooy
0.0 vir

j=1

4.3.2. Non-toric contribution.— For each vertex V; for j = 1,...,s(k), there is an adjacent edge E; with

VY E = {m; for some i. Consider the moduli space M, /(IP;) of one-pointed, genus a stable logarithmic

maps to IP; of degree ¢[C;] with contact order ¢ along D,,,. Define the non-toric contribution to be

Nﬁﬁ’f:j ),
(M ()]

We will now express Ny as a product over the toric and non-toric contributions. A priori, there are also
8

vertices of type (3), but their contributions will cancel with an overall factor. In [Bou20b, Section 5.5],
the author proves a gluing statement at the level of virtual classes on the locus where the curve does
not map to the codimension two strata of the pieces of the central fibre. This is sufficient for [Bou20b,
Proposition 5.6] as the contribution from the complement of this locus will be killed by the presence of the
Ag insertion. As in [KHSK24, Section 3.4], this is no longer sufficient for the purposes here, the key point
being that [Bou20b, Lemma 5.7] is no longer true in our situation. Instead we follow the same strategy as in
[KHSK24, Section 3.4], by using the gluing formula of [Ran22]. The upshot is the following.

Proposition 4.7. We have that

Nhi‘g _ NgO,A,Ak ) [ﬁ I—lgk[]_ I_[ (Ngu‘ni )kéju].

g [cm(|w,-(k)|,'8ij et a0

Proof. We can induct on the bounded edges of y,:%p, and so we can assume that there is only one edge. For

simplicity, also assume b = 0.

We wish to turn an integral over [M;,]'"" into one over

i s [ 1] (e ™)

j=1 a>0
21
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in the fibre product below, where «j, is the diagonal:

M Mo, [T (M ()

l Jev

Ds(k) il (D x D)5k,

If one of the arrows in the above diagram is combinatorially flat, this will follow from [MR25, Section 12.3],
as the fine and saturated fibre product coincides with the ordinary fibre product. Here we can rewrite the
diagram as

XM —— l_[j,&a (Ma’g (P))km

J |

Mgy, Do

so that the right-hand vertical arrow is combinatorially flat, as it is a product of s(k) arrows, each combinato-
rially flat. Consequently, we have that Nhi,g is equal to

n?:l anl g ¢j J‘ ( 1)g0/\ x ]_[( 1)61/\ % % ( 1)&1/\ evx- (K )eV*(pt)lPS_z
- = - — ... — i
Lem(fw; (k)I) [MgOYA]"“an,aa([Ma,f(P)]Vi')k[j“ s ‘ “ b

jta

We can decompose the diagonal as xj, = ]_[f(:kl) ptp ® 1 + 1 ® ptp. Due to the virtual dimension of the moduli

spaces, the only summand which contributes is ptD ®1, and so we have

(Y ) YA I—[ 52 | |
s = - 8o
Nhk’§ lcm(lwl(k)l) J;M A V1r Ag ev ptD ev pt J ]vnr (l ’

a=>0

which gives the desired formula. In the case where b # 0, the argument is the same but the contribution
from each vertex V; will cancel with the weight of the edge; see [Boul8b, Lemma 15]. O

Combining the above with Proposition 4.6 gives us the following corollary.
Corollary 4.8. We have that
k
k glp Lja
o= LT M1 L))
kkp & j=1 21 a>0
Proposition 4.9. We have that

kei
ki -1 /
By 2 2 (1) 1
(4.2) IR [E Ng aa, 128" )] —,![ ¢ 2n(Z))

£20 krp\g=0

Proof- Let Fe]P( u)= Za>0N P12 g6 that

~ ke kei! o \Keja
FOPi (1)) = g (N 1) yZaso(2a-1)keje.

kei=Y as0keja

Next use that

=

2g=2go+s(k)+(2a—1) kg]‘a



22 P. Kennedy-Hunt, Q. Shafi and A. Urundolil Kumaran

to conclude

Yt X[ Tt T

8§20 k-p\g=0 j=1 =1
The result now follows from the fact, see [Boul8a, Lemma 2.20], that

-1
pPy oy - (D 1 -
(®) 4 2sm(€“)

Proof of Theorem A. We now combine Corollary 3.9 with Proposition 4.9 in order to prove Theorem A.

Corollary 3.9 tells us that
ke;
|7

(g) tells us that, after identifying g = e’*, this is equal to

(S S ) =YY N L (g [I_“_lkg[ qz: :

p kep j=1 ¢>1 qz

[STEN IRNTES

Applying Theorem 2.9 to Ntrop A,

YLl S e

P krp j=1 £>1 qZ— j=1¢>1

Since s(k) = Zj:l Y 51 kej and since under the change of variables we have

Y (ﬁu)
q? —q 2 =2isin > )

we have that

ke;
X A sm sk €k€j _1)5—1 1 i n j
(8] ZZ[ZNng * ] _-![( ‘ 2Sm(w)] [Htf]’

P krp\g=0

and so the theorem follows from Proposition 4.9.
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