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Abstract. We prove that the abundance conjecture holds on a variety X with mild singularities if
X has many reflexive differential forms with coefficients in pluricanonical bundles, assuming the
Minimal Model Program in lower dimensions. This implies, for instance, that under this condition,
hermitian semipositive canonical divisors are almost always semiample, and that kit pairs whose
underlying variety is uniruled have good models in many circumstances. When the numerical
dimension of Ky is 1, our results hold unconditionally in every dimension. We also treat a related
problem on the semiampleness of nef line bundles on Calabi-Yau varieties.
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Titre. Abondance pour des variétés avec beaucoup de formes différentielles

Résumé. Nous établissons la conjecture d’abondance pour une variété X avec des singularités
modérées ayant beaucoup de formes différentielles a coefficients dans des puissances du fibré
canonique, en admettant la validité du Programme des Modéles Minimaux en dimensions stricte-
ment inférieures. Cela implique par exemple, que, sous cette condition, les diviseurs canoniques
hermitiens semi-positifs sont presque toujours semi-amples, et que les paires kit dont la variété
sous-jacente est uniréglée ont de bons modéles dans de nombreuses situations. Lorsque la dimen-
sion numérique de Kx est 1, nos résultats sont vrais inconditionnellement en toute dimension.
Nous traitons également un probléme similaire concernant la semi-amplitude des fibrés en droites
nef sur les variétés de Calabi-Yau.
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1. Introduction

In this paper we prove that the abundance conjecture holds on a variety X with mild singularities if X
has many reflexive differential forms with coefficients in pluricanonical bundles, assuming the Minimal
Model Program in lower dimensions. The abundance conjecture and the existence of good models are the
main open problems in the Minimal Model Program in complex algebraic geometry. A main step towards
abundance is the so called nonvanishing conjecture. Various theorems presented in this paper are the first
results on nonvanishing in dimensions > 4 when the numerical dimension of X is not 0 or dimX. As a
by-product, we obtain a new proof of (the most difficult part of) nonvanishing in dimension 3.

Recall that given a Q-factorial projective variety X with terminal singularities (terminal variety for
short), the Minimal Model Program (MMP) predicts that either X is uniruled and has a birational model
which admits a Mori fibration, or X has a birational model X’ with terminal singularities such that Ky, is
nef; the variety X is called a minimal model of X. The abundance conjecture then says that Ky is semiample,
i.e. some multiple mKy- is basepoint free; the variety X’ is then a good model of X. For various important
reasons it is necessary to study a more general situation of klt pairs (X, A).

We recall briefly the previous progress towards the resolution of these conjectures, concentrating mainly
on the case of kit singularities. Everything is classically known for surfaces. For terminal threefolds, minimal
models were constructed in [Mor88, Sho85] and abundance was proved in [Miy87a, Miy88b, Miy88a,
Kaw92, K*92]. The corresponding generalisations to threefold klt pairs were established in [Sho92] and in
[KMMO94|. Minimal models for canonical fourfolds exist by [BCHMI0, Fuj05], and abundance for canonical
fourfolds is known when x(X, Kx) > 0 by [Kaw85b]. In arbitrary dimension, the only unconditional results
are the existence of minimal models for kit pairs of log general type proved in [HM10, BCHMI0] and in
[CL12, CL13] by different methods, the abundance for kit pairs of log general type [Sho85, Kaw85a], and
the abundance for varieties with numerical dimension 0, see [Nak04].

The non-log-general type case is notoriously difficult, and there are only several reduction steps known.
The running assumption is that the Minimal Model Program holds in lower dimensions; this is of course
completely natural, since the completion of the programme should be done by induction on the dimension.
With this assumption in mind, minimal models for klt pairs (X,A) with x(X,Kx + A) > 0 exist by [Birll],
and good models exist for kit pairs (X,A) with x(X,Kx + A) > 1 by [Laill]. The existence of good models
for arbitrary klt pairs was reduced to the existence of good models for klt pairs (X, A) with X terminal and
Kx pseudoeffective in [DL15].
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By a result of Lai, which we recall below in Theorem 2.5, the existence of good models for klt pairs is
reduced to proving the existence of good models of pairs (X, A) with x(X, Kx + A) < 0. We exploit this fact
crucially in this paper. There are two faces of the problem of existence of good models.

o The first is nonvanishing: showing that if (X,A) is a klt pair with Kx + A pseudoeffective, then
K(X,Kx +A)>0.

e The second is semiampleness: showing that if (X,A) is a klt pair with «(X,Kx + A) > 0, then any
minimal model of (X, A) is good.

By [DHP13], nonvanishing is reduced to proving x(X,Kx) > 0 for a smooth variety X with pseudoeffective
canonical class.

The approach to semiampleness until now has been to find a suitable extension result for pluricanonical
forms as in [DHP13, GM17|, which usually requires working with singularities on reducible spaces. On the
other hand, the nonvanishing in dimensions greater than 3 has remained completely mysterious. The proof
by Miyaoka and Kawamata in dimension 3 resists straightforward generalisation to higher dimensions
because of explicit use of surface and 3-fold geometry.

In this work we take a very different approach. The main idea is that the growth of global sections of the

sheaves QE?](X)OX(mKX) should correspond to the growth of sections of Oy (mKy), where QE?] =(\1 Q}()**

is the sheaf of reflexive g-differentials on a terminal variety X. We use recent advances on the structure of
sheaves of g-differentials together with the Minimal Model Program for a carefully chosen class of pairs to
establish this link; the details of the main ideas of the proof are at the end of this section.

A hope that such a link should exist was present already in [DPS01, §2.7]. The situation here is somewhat
similar to the semiampleness conjecture for nef line bundles £ on varieties X of Calabi-Yau type, and we
developed our main ideas while thinking about this related problem, see [LOP16]. In that context, it seems
that the first consideration of the sheaves Qg( ® L appears in [Wil94], and parts of our proofs here are
inspired by some arguments there. Sheaves of this form also appear in [Verl0] in an approach towards the
hyperkihler SYZ conjecture.

We now discuss our results towards nonvanishing and semiampleness. Below, v(X,D) denotes the
numerical dimension of a Q-Cartier Q-divisor on a normal projective variety X, see Definition 2.6.

Nonvanishing

The following is our first main result.

Theorem A. Let X be a terminal projective variety of dimension n with Ky pseudoeffective. Assume either
(i) the existence of good models for kit pairs in dimensions at most n—1, or
(i) that Kx is nef and v(X,Kx) = 1.

Assume that there exists a positive integer q such that

(X, Q¥ © 0y (mKy)) > 0
> 0.

Jor infinitely many m such that mKy is Cartier. Then 1(X,Ky)

Recall that the sheaf Qg?] of reflexive differentials is defined as the extension i*Qg( from the smooth
reg

locus i: Xieq — X. Alternatively, by the results of [GKKP1I], we have Qg‘g] = T(*Q(z, for any desingularization

1: Y — X. Hence, the assumption in Theorem A can be rephrased by saying that

h(Y,Q% @ Oy (mn*Ky)) > 0
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for some (or any) desingularisation 77: Y — X and infinitely many m such that mKy is Cartier.

We actually prove a stronger statement involving any effective tensor representation of Q;I,, see Theo-
rems 4.3 and 6.3 below. As mentioned above, the assumptions on the MMP in lower dimensions are natural
and expected for any result towards abundance.

Using the main results of [DPSO1] and [GM17], our application of Theorem A is the following, which
shows in particular, that hermitian semipositive canonical divisors are almost always semiample, assuming
the MMP in lower dimensions. It follows from Corollaries 4.5, 4.6 and 6.7.

Theorem B. Let X be a terminal projective variety of dimension n with Ky pseudoeffective and x(X,Ox) # 0.

(i) Assume the existence of good models for kit pairs in dimensions at most n — 1. If Kx has a singular metric
with algebraic singularities and semipositive curvature current, then x(X,Kyx) > 0. Moreover, if Kx is
hermitian semipositive, then Ky is semiample.

(ii) Assume that Kx is nef and v(X,Kx) = 1. Then x(X,Kx) > 0.

We comment briefly on the assumption x(X,0Oyx) # 0. In the proof of Theorem B we argue by contra-
diction and produce a desingularisation 7t: Y — X and a divisor D on Y such that x(Y,Oy(mD)) = 0 for
infinitely many m. In particular, x(Y,Oy) = x(X,Ox) = 0, which gives a contradiction. If X is smooth and
Kx is hermitian semipositive, then in fact D = Kx. In general, D invokes the canonical bundles of Y and
X and divisors coming from multiplier ideal sheaves.

Semiampleness

Let (X,A) be a klt pair such that Ky + A is pseudoeffective. By passing to a terminalisation, in order to
prove the existence of a good model for (X, A) we may assume that the pair is terminal, and we distinguish
two cases. If Ky is not pseudoeffective, then by [BDPP13] the variety X is uniruled, and by modifying X
via a generically finite map, by [DL15] we may assume that x(X,Kyx) > 0. If Kx is pseudoeffective, then
assuming nonvanishing, we may also assume that x(X, Kx) > 0.

Therefore, when considering the semiampleness problem, then - assuming nonvanishing - we may
assume that the pair (X,A) under consideration is terminal and that x(X,Kyx) > 0. In this context, the
following is our second main result.

Theorem C. Let (X,A) be a projective terminal pair of dimension n. Assume either
(i) the existence of good models for kit pairs in dimensions at most n—1, and that x(X,Kx) > 0, or
(i) that A =0, Kx is nef and v(X,Kx) = 1.

Assume that there exist a resolution 71: Y — X of X and a positive integer q such that
10(Y, QY (log[7,' A @ Oy (mr* (Kx + M) > | f
s 82y gl 7T, Y X q or some 11.

Then (X,A) has a good model.

As above, our results are stronger and apply to any effective tensor representation of the sheaf of
logarithmic differentials, see Theorems 5.1 and 6.9 below. Theorem C generalises [Tajl4, Theorem 1.5].

The following applications of Theorem C prove semiampleness for a large class of varieties. Theorem
D follows from Corollaries 5.2 and 6.10.

Theorem D. Let (X,A) be a terminal pair of dimension n such that |x(X,Ox)| > 2"\, Assume either

(i) the existence of good models for klt pairs in dimensions at most n— 1, and that x(X,Kx) > 0, or
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(i) that A =0, Kx is nef and v(X,Kx) = 1.

Then (X, A) has a good model.

When the underlying variety of a klt pair is uniruled, by using the main result of [DL15] we can say
much more: that it in many circumstances has a good model, assuming the MMP in lower dimensions.

Theorem E. Assume the existence of good models for kit pairs in dimensions at most n— 1. Let (X,A) be a kit
pair of dimension n such that X is uniruled and Kx + A is pseudoeffective. If |x (X, Ox)| > 2", then (X, A) has
a good model.

Theorem E follows from Theorem 7.1 below.

Nef bundles on Calabi-Yau varieties

As mentioned on page 3, the problem of deciding whether the canonical class on a minimal variety is
semiample is intimately related to the problem of deciding whether a nef line bundle on a variety with
trivial canonical class is semiample. Using very similar ideas, one can find analogues of Theorems A and
C in this second context; this is done in Section 8. This method was already crucial in [LOP16], and we
expect it to be of similar use in the future. Immediate consequences of this approach are contained in the
following result, which is Theorem 8.5.

Theorem F. Assume the existence of good models for kit pairs in dimensions at most n—1. Let X be a projective
kit variety of dimension n such that Kx ~q 0, and let L be a nef line bundle on X.

(i) Assume that L has a singular hermitian metric with semipositive curvature current and with algebraic
singularities. If x(X,Ox) = 0, then x(X, L) > 0.

(i) If L is hermitian semipositive and if x(X,Ox) # 0, then L is semiample.

Note that when X is a hyperkidhler manifold and £ is a hermitian semipositive line bundle on X, then
automatically x(X,0Ox) # 0, and it is known unconditionally that x(X,£) > 0 by [Verl0]. We obtain in
Section 8 also more precise information when X is a Calabi-Yau manifold of even dimension.

Sketch of the proof

We now outline the main steps of the proof of Theorem A; the proof of Theorem C is similar. Assume
for simplicity that X is a smooth minimal variety, and that there exists a positive integer g such that for
infinitely many m we have

h(X, Q% ® Ox(mKy)) > 0.

By using the main results of [CP1l, CP15], we first show that there exists a pseudoeffective divisor F and
divisors N,,, > 0 for infinitely many m with

Nm ~ me—F.

By the basepoint free theorem and by the pseudoeffectivity of F we may assume that none of N,, are big,
and a short additional argument allows to deal with the case where x(X,N,,) = 0 for infinitely many m.
Then the results of [Laill, Kaw9]] allow us to run a Minimal Model Program with scaling for a carefully
chosen pair (X, eNy), so that Ky is nef at every step of the programme. In other words, replacing X by the
obtained minimal model, we may additionally assume that all Ky + eéN,, are semiample for m sufficiently
large. By using the pseudoeffectivity of F again, we show the existence of a fibration f: X —» Y to a
lower-dimensional variety Y and of a big Q-divisor D on Y such that Kx ~g f*D. Hence, x(X,Kx) > 0.
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Outline of the paper

In Section 2 we collect definitions and results which are used later in the paper. Most of the material should
be well known, however we decided to give proofs when a good reference could not be found.

The whole of Section 3 is dedicated to the MMP argument hinted at above. The subtlety of the proof
consists in finding the right Minimal Model Program to run, in order to preserve all the good properties of
the canonical class and to find a birational model of the initial variety, on which the canonical class is the
pullback of a Q-divisor from a lower-dimensional base.

In Section 4 we prove a more general version of Theorem A(i). Apart from the results from Section
3, the main input is the stability of the cotangent bundle [CP1l, CP15], which generalise previous results of
[Miy87b]. Using the main result of [DPSO01], we also derive a part of Theorem B.

Section 5 is devoted to the proofs of Theorem C and a part of Theorem D. The proofs are similar to
those in Section 4, although they are somewhat more involved.

Under the additional assumption that the numerical dimension of the (log) canonical class is 1, we can
deduce several results unconditionally, and this occupies Section 6. In this special case, one can avoid
the MMP techniques from Section 3. Previous unconditional results were only known when the numerical
dimension is 0 or maximal, see [BCHMI0, Nak(04, Drull].

In Section 7, we consider uniruled varieties and prove Theorem E. Following [DL15], we reduce the
existence of good models for uniruled pairs to the case of effective canonical class, so that we can apply the
results from Section 5.

Finally, we treat the related problem of the semiampleness of nef line bundles on varieties of Calabi-Yau

type in Section 8. The techniques are similar to those of the previous sections. We finish by proving
Theorem F.

2. Preliminaries

In this paper we work over C, and all varieties are normal and projective. We often use without explicit
mention that if f: X --> Y is a birational map between Q-factorial varieties which is either a morphism or
an isomorphism in codimension 1, and if D is a big, respectively pseudoeffective divisor on X, then f.D is
a big, respectively pseudoeffective divisor on Y.

We start with the following easy result which will be used in the proof of Theorem 3.1.

Lemma 2.1. Let X be a variety and D a reduced Weil divisor on X. Let {N,,},,cN a sequence of effective Weil

divisors on X such that Supp N,, C SuppD for every m. Then there exist positive integers k # € such that
Ny > Ny.

Proof. Setting D = )" | D;, where D; are prime divisors, the proof is by induction on n. We may assume
that there does not exist an integer k > 2 such that Ny > Ny. Then for each k > 2, we have multp, Nj <
multp N; for some i. Hence, by passing to a subsequence and by relabelling, we may assume that
multp, N is constant for all k > 2, and set

N]é = Nk — (I'l’ll].ltD1 Nk)Dl'

Then Supp N; C Supp(D — D), and the conclusion follows. O

We need the following easy consequences of the Hodge index theorem and of the existence of the Iitaka
fibration.

Lemma 2.2. Let X be a smooth projective surface, and let L and M be divisors on X such that
L*=M?*=L-M=0.

IfL and M are not numerically trivial, then L and M are numerically proportional.
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Proof. Let H be an ample divisor on X. By the Hodge index theorem we have A =L-H #0and py=M-H #
0, and set D = AM — uL. Then D? = D - H = 0, hence D = 0 again by the Hodge index theorem. O

Lemma 2.3. Let X be a normal projective variety and let L be a Q-Cartier Q-divisor on X with x(X,L) > 0.
Then there exist a resolution 7t: Y — X and a fibration f: Y — Z:

Y—f>Z

J:

such that dim Z = «x(X, L), and for every 1t-exceptional Q-divisor E > 0 on Y and for a very general fibre F of
f we have
«(F, ("L + E)|p) = 0.

Proof. By passing to multiples, we may assume that L and E are Cartier and not only Q-Cartier. The result
is clear when x(X,L) = 0, hence we may assume that «(X,L) > 1. The lemma follows essentially from the
proof of [Laz04, Theorem 2.1.33], and we use the notation from that proof. We may assume that X, is
smooth and that X = X(p) = X(q). By possibly blowing up X(;;) more, we may assume that all birational
maps &, X() --> Xoo are morphisms.

Em Do

lum

X

Then it is clear that for every m we have

521(m(u;oL+ E))| = |M,,| + F,, + mE.

Since all the maps in the proof of [Laz04, Theorem 2.1.33] are defined via multiples of M,,, it follows that
the morphism ¢,: X,, = Y, is also a model for the Iitaka fibration of u>,L + E, and in particular, for a
very general fibre F of u,, we have K(F,(u;oL + E)|p) = 0. Then we set 7w := Uy, Y := X, f := ¢ and
Z =Y. a

2.A. Good models

A pair (X,A) consists of a normal variety X and a Weil Q-divisor A > 0 such that the divisor Ky + A is
Q-Cartier. Such a pair is log smooth if X is smooth and if the support of A has simple normal crossings.
The standard reference for the foundational definitions and results on the singularities of pairs and the
Minimal Model Program is [KM98], and we use these freely in this paper.

We recall the definition of minimal and good models.

Definition 2.4. Let (X,A) be a log canonical pair and let Y be a Q-factorial variety. A birational contrac-
tion f: X --> Y is a minimal model for (X,A) if Ky + f.A is nef, and if there exist resolutions p: W — X
and q: W — Y with g = f op such that p*(Kx + A) = ¢"(Ky + f.A) + E, where E > 0 is a g-exceptional
Q-divisor which contains the proper transform of every f-exceptional divisor in its support. If additionally
Ky + f.A is semiample, the map f is a good model for (X, A).

Here we recall additionally that flips for klt pairs exist by [BCHM10]. We also use the MMP with scaling
of an ample divisor as in [BCHMI0, §3.10].

In this context, the following result says, among other things, that if one knows that a good model for a
kit pair (X, A) exists, then one knows that there exists also an MMP which leads to a good model; this will
be crucial in the proofs in Section 3.
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Theorem 2.5. Assume the existence of good models for kit pairs in dimensions at most n—1. Let (X,A) be a Q-
Jactorial projective kit pair such that (X, Kx +A) > 1. Then (X, A) has a good model, and every (Kx +A)-MMP
with scaling of an ample divisor terminates with a good model of (X, A). If Kx + A is additionally nef, then it is
semiample.

Proof. The result follows by combining [Laill, Propositions 2.4 and 2.5, and Theorem 4.4]. Note that [Laill,
Theorem 4.4] is stated for a terminal variety X, but the proof generalises to the context of klt pairs by
replacing [Laill, Lemma 2.2] with [HX13, Lemma 2.10]. O

2.B. Numerical Kodaira dimension

If L is a pseudoeffective IR-Cartier R-divisor on a projective variety X, we denote by P, (L) and N, (L) the IR-
divisors forming the Nakayama-Zariski decomposition of L, see [Nak04, Chapter III| for the definition and
the basic properties. Further, we recall the definition of the numerical Kodaira dimension [Nak04, Kaw85b].

Definition 2.6. Let X be a smooth projective variety and let D be a pseudoeffective Q-divisor on X. If we
denote

o(D,A) = sup{k € N | liminf h%(X, Ox([(mD | + A))/m* > o}

m—00

for a Cartier divisor A on X, then the numerical dimension of D is
v(X,D) =sup{o(D,A)| A is ample}.

Note that this coincides with various other definitions of the numerical dimension by [Lehl3]. If X is a
projective variety and if D is a pseudoeffective Q-Cartier Q-divisor on X, then we set v(X,D) =v(Y, f*D)
for any birational morphism f: Y — X from a smooth projective variety Y. When the divisor D is nef,
then alternatively,

v(X,D) = sup{k € N | D* z 0}.

We use often without explicit mention that the functions x¥ and v behave well under proper pullbacks:
in other words, if D is a Q-Cartier Q-divisor on a projective variety X, and if f: Y — X is a proper
surjective morphism, then

k(X,D)=x(Y,f'D) and v(X,D)=v(Y,f'D).
If f is birational and E is an effective f-exceptional divisor on Y, then
k(X,D)=x(Y,f'D+E) and v(X,D)=v(Y,f"D+E).

For proofs, see [Nak04, Lemma II.3.11, Proposition V.2.7(4)], [GL13, Lemma 2.16] and [Lehl13, Theorem 6.7].
We also need the following result [GL13, Theorem 4.3], which - after passing to a Q-factorialisation -
holds without assuming X to be Q-factorial.

Lemma 2.7. Let (X, A) be a klt pair. Then (X,A) has a good model if and only if k(X, Kx+A) = v(X, Kx +A).
The proof of the following simple lemma is analogous to that of [DL15, Lemma 3.1].

Lemma 2.8. Let v: X --> Y be a birational contraction between projective varieties. Let D be a Q-Cartier
Q-divisor on X such that 7D is Q-Cartier. Then x(Y,7,D) > x(X,D) and v(Y,n,.D) > v(X, D).

Proof. By passing to multiples, we may assume that both D and D’ = 7,D are Cartier. Let p: W — X and
q: W — Y be resolutions such that g = 77 o p. Write

p'D=p;'D+Ej—E, and ¢'D'=gq;'D’'+E; -E,
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where E;, E, > 0 is p-exceptional and without common components and E; ,Ef > 0 is g-exceptional
and without common components. Then there are g-exceptional divisors ET,E~ > 0 without common
components such that E*—E* = p;!D —g;!'D’, and since 7 is a contraction, E;; and E;; are g-exceptional.
Therefore,

k(Y,D’)=«k(W,q'D’+Ej +E; + E7) =x(W,p;'D+E; + Ef + E)
>k(W,p"D+Ej +E") > x(W,p*D) = (X, D),

which was to be proved. The second inequality is analogous. O

2.C. Torsion-free and reflexive sheaves

A coherent sheaf F on an algebraic variety X is reflexive if the natural homomorphism from F to its double
dual 7™ is an isomorphism. In particular, a reflexive sheaf F is torsion-free. If X is locally factorial, then
a reflexive sheaf of rank 1 is a line bundle [Har80, Proposition 1.9]. If X is smooth, then a reflexive sheaf
is locally free away from a codimension 3 subset of X [Har80, Corollary 1.4], and a torsion-free sheaf is
locally free away from a codimension 2 subset of X [OSS80, Corollary on p. 148].

Let F be a coherent sheaf which is a subsheaf of a locally free sheaf £. The saturation of F in £ is
the largest sheaf 7’ C £ such that 7 C F’, the ranks of 7 and F are the same, and the quotient £/F" is
torsion-free. The saturation F’ always exists and is a reflexive sheaf, see [0SS80, Lemma 1.1.16].

If 7 is a torsion-free coherent sheaf of rank r on a smooth variety X, then the determinant of F is by
definition det F = (/\r./f)**. If F is reflexive, then this definition coincides with that in [Har80, p. 129].

Let £ be a coherent sheaf on an algebraic variety X. We say that a sheaf F C & is the subsheaf of £
generated by global sections of € if F is the image of the evaluation map

HYX,£)@0x — &.
The next proposition seems to be folklore, but we include the proof for the benefit of the reader.

Proposition 2.9. Let X be a smooth variety and let F be a globally generated torsion-free sheaf on X of rank r.
IFO(X, F)>r+1, then
ho(X,det F) > 2.

Proof. Arguing by contradiction, assume that h%(X,det F) < 1. Let X° be the largest open subset where F
is locally free. Then codimy (X \ X°) > 2, which implies that h°(X°,det F|x.) < 1 by [Har80, Proposition
1.6]. Moreover, since F is torsion-free, the restriction map

H(X,F)— HX°, Flx-) (2.1)

is injective. Let # be the generic point of X. Our assumption and (2.1) imply that there are wy,...,w, €
HO(X°, F|x-) such that (w1)ys---» (), are linearly independent in Oy ;. Therefore, w1 A... A w, defines
a non-zero global section of det F|x., thus h%(X°,det F|x.) = 1. Since F is generated by global sections,
so is det F |y, hence

det Flx. =~ Oxo.

But then w; A... Aw, € HY(X°,det F|x.) ~ C is constant on X°, and so the sections wy,...,w, are linearly
independent at every point of X°. Therefore, the induced map 0% — Flxo is an injective vector bundle
morphism, hence surjective as the rank of F|x. is 7. In particular, h%(X°, F|x.) = r, which contradicts our
assumption and (2.1). O

The following result is essential for the analysis of subsheaves of sheaves of log differentials. For A =0,
this is [CP1l, Theorem 0.1], and in general, this follows from [CP15, Theorem 1.2] combined with [BDPP13,
Theorem 0.2].

Theorem 2.10. Let (X,A) be a log smooth projective pair, where A is a reduced divisor. Let Q) (log A)®™ — Q
be a torsion-free coherent quotient for some m > 1. If Kx + A is pseudoeffective, then c(Q) is pseudoeffective.
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2.D. Metrics on line bundles

Let X be a normal projective variety and let D be a Q-Cartier divisor. Following [DPS01] and [Dem0Ol], we
say that D, or Ox(D), has a metric with analytic singularities and semipositive curvature current, if there
exists a positive integer m such that mD is Cartier and if there exists a resolution of singularities 7: ¥ — X
such that the line bundle 77*Ox(mD) has a singular metric i whose curvature current is semipositive (as a
current), and the local plurisubharmonic weights ¢ of h are of the form

Pp= Zij log|g;| + O(1),

where A; are positive real numbers, O(1) is a bounded term, and the divisors D; defined locally by g; form
a simple normal crossing divisor on Y. We then have

Z(h®m) = OY( — ZLm/\jJD]-) for every positive integer m,

where Z(h®") is the multiplier ideal associated to h®". If all A; are rational, then h has algebraic singu-
larities. Further, Ox (D) is hermitian semipositive if n*(OX(mD)) has a smooth hermitian metric & whose

curvature ©y(D) is semipositive. We mostly use these notions when D = K.
The following result [DPS01, Theorem 0.1] is a generalisation of the hard Lefschetz theorem.
Theorem 2.11. Let X be a compact Kihler manifold of dimension n with a Kihler form w. Let L be a

pseudoeffective line bundle on X with a singular hermitian metric h such that ©,(L) > 0. Then for every
nonnegative integer q the morphism

HO(X, Q% T® LI (h)) ““ HI(X,Q% ® LOL(h))
is surjective.

We also need the following result [LOP16, Lemma 3.6].

Lemma 2.12. Let X be a projective manifold and let L be a pseudoeffective Cartier divisor on X. Let h be a
singular hermitian metric on Ox (L) with semipositive curvature current and multiplier ideal sheaf I (h). Let D
be an effective Cartier divisor such that I(h) C Ox(—D). Then L — D is pseudoeffective.

3. MMP with a twist

In the Minimal Model Program, starting from a klt pair (X,A) with Kx + A pseudoeffective, one wants to
produce a good model for (X, A). It is often difficult even to start the construction due to lack of sections
of Kx +A. However, if we are in a favourable situation that arbitrarily good approximations of Kx + A have
(many) sections, then one can conclude the same for Ky + A itself. That is the content of this section.

We start with the case when Ky + A is nef. It turns out that in this case one can control the growth of
sections of Ky + A precisely, and similar techniques will be used in Section 8.

Theorem 3.1. Assume the existence of good models for kit pairs in dimensions at most n—1. Let (X,A) be a
Q-factorial projective klt pair of dimension n such that Kx + A is nef- Assume that there exist a pseudoeffective
Q-divisor F on X and an infinite subset S CIN such that

Nm +F ~Q m(KX + A) (32)

Jorall m e S, where Ny, > 0 are integral Weil divisors. Then

k(X,Kx +A) =max{x(X,N,,) | me S} >0.
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Proof. Step 1. Note first that (3.2) implies
N, =N, ~q (p—q)(Kx +A) forallp,geS. (3.3)
We claim that for every m € S and every rational € > 0 we have
K(X,Kx +A+eNy,) > (X, Ny,). (3.4)

Indeed, pick i,, € S very large such that ¢,, < ¢, where ¢, = ﬁ Then by (3.3) we have

Kx + A+ Ny, = (i = m) (K + A) + Ny ) + (€ = €N,y (3.5)
~Q EmN;, + (€ = €,)Ny,
which proves (3.4).
There are now three cases to consider.

Step 2. First assume that Kx + A + ¢N,, is big for some p € S and some rational number ¢ > 0. Then
(3.2) implies that the divisor
(1+ep)(Kx +A) ~o Kx + A+ &N, +€F

is big, and the result is clear since then N, is big for m > 0 by (3.3).

Step 3. Now assume that «(X,Kx + A+¢eN,) = 0 for some p € S and some rational number ¢ > 0. Fix
q € S such that g —p > 1/¢. Then as in (3.5) we have

Kx+A+€Np~qu ( -p )

hence x(X,N;) < k(X,Kx + A+¢eN,) =0, and therefore x(X, N;) = 0. Let r € S be such that r > ¢q. Then
by (3.3) we have

1 1
Kx+A~Q H(N N) and Kx+A~Q —p(N N)

so that
(r=p)Ny ~q (q—p)N; +(r—q)N, = 0.

Since x(X, Nq) = 0, this implies

(r=p)Ng =(q—p)Ny + (r=q)Np,
and hence Supp N, C Supp N, and «(X, N;) = 0. Therefore, for r > g, all divisors N, are supported on a
reduced Weil divisor. By Lemma 2.1, there are positive integers k # € larger than q in S such that Nj < Ny,
and hence by (3.3),

(€—k)(Kx +A)~q Ng— N >0,

hence x(X, Kx + A) > 0. Moreover, since then x(X,Kx + A) < x(X,Kx + A+ ¢eN,) = 0, we have
K(X, KX + A) =
If m is an element of S with m > g, then x(X, N;,;) = 0 by above, and if m < ¢, then 0 = k(X, N;) > (X, Ny,)
by (3.3), which yields the result.
Step 4. Finally, assume that
0<x(X,Kx+A+eN,)<n forevery p€S and every & > 0. (3.6)
It suffices to show that
k(X,Kx +A)>x(X,N,,) for all large meS. (3.7)

Indeed, then x(X, Kx+A) > 0, hence (3.3) gives (X, Ky +A) < (X, N,) for all large m € S and (X, N,) <
x(X,N,) for p,q € S with g < p, which implies the theorem.

Fix a positive integer t such that #(Kx + A) is Cartier. Fix integers £ > k in S and fix a rational number
0 <& < 1 such that:
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(a) the pair (X, A + &eNy) is klt, and
(b) e(€—k)> 2nt.

Denote 6 = ﬁ and fix an ample divisor A on X. We run the MMP with scaling of A for the kit pair
(X, A+ ONg). By (3.3) we have

Kx +A+eNy~q (e(€—k)+1)(Kyx + A+ 6N), (3.8)

hence every step in this MMP is a (Kx + A + £Ny)-negative map. Since we are assuming the existence of
good models for klt pairs in lower dimensions, by Theorem 2.5 our MMP with scaling of A terminates with
a good model for (X, A + ONy).

We claim that this MMP is (Kx + A)-trivial, and hence the proper transform of #(Kx + A) at every
step of this MMP is a nef Cartier divisor by [KM98, Theorem 3.7(4)]. Indeed, it is enough to show the
claim for the first step of the MMP, as the rest is analogous. Let cgr: X — Z be the contraction of a
(Kx + A + 0Ny )-negative extremal ray R in this MMP. Since by (3.3) we have

Kx +A+eNp~q Kx +A+eNp +e(l—k)(Kx +A), (3.9)

and as Kx + A is nef, the equation (3.8) implies that R is also (Kx + A + £ N )-negative. By the boundedness
of extremal rays [Kaw9l, Theorem 1], there exists a rational curve C contracted by cg such that

(Kx + A+ ¢eNg)-C > -2n.

If cg were not (Kx +A)-trivial, then #(Kx+A)-C > 1 as t(Kx +A) is Cartier. But then (3.9) and the condition
(b) above yield
(Kx +A+eNy)-C=(Kx+A+eNp)-C+e(f—k)(Kx+A)-C>0,

a contradiction which proves the claim, i.e. the MMP is (Kx + A)-trivial.

Step 5. In particular, the numerical Kodaira dimension and the Kodaira dimension of Kx + A are
preserved in the MMP, see [KM98, Theorem 3.7(4)] and §2.B. Hence, Kx +A is not big by (3.6). Furthermore,
the proper transform of F is pseudoeffective, and the Kodaira dimension of the proper transform of each
N,, for m € S does not decrease by Lemma 2.8. Therefore, by replacing X by the resulting minimal model,
we may assume that Ky + A + 0N}, is semiample, and hence the divisor Ky + A + €Ny is also semiample by
(3.8). Note also that x(X,Kx +A+¢eN,,;) >0 for all m € S by Lemma 2.8.

Fix m € § such that m > ¢. Then the divisor

Kx +A+éeNy, ~g Kx + A+ eNp+e(m—L)(Kx +A)

is nef. Notice that Kx + A + ¢N,, is not big, since otherwise Ky + A would be big as in Step 2.
Therefore, we have 0 < k(X,Kx + A+ ¢N,,) < n. By (3.3) we have

Kx+A+eNy, ~q (e(m—k)+ 1)(KX+A+ WN")’

and the pair (X, A+ i Np) is klt. Since we are assuming the existence of good models for kit pairs in

&
m—k)+1
lower dimensions, by Theorem 2.5 the divisor Kx + A + ¢N,, is semiample.
Let py: X — Sp and @,,,: X — S, be the litaka fibrations associated to Ky +A+&eNy and Ky +A+¢eN,,,
respectively. Then there exist ample Q-divisors Ay on Sy and A,, on S, such that

Kx + A+ eNp ~Q (pZAg and Kxy+A+¢eN, ~Q (P:nAm
If € is a curve on X contracted by ¢,,, then

0=(Kx+A+eN,,) - &E=(Kx+A+eNp)-E+e(m—€)(Kx+A)-&,
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hence (Kx + A+ ¢eNp)-& = (Kx +A)-& = 0. In particular, £ is contracted by ¢p, which implies that there
exists a morphism ¢: S,;, — S, such that ¢, =1 o ¢,,.

X
O\
5, — s,

Therefore, denoting B = s(rr}—f) (A, —Y*Ay), we have

Kx+A~Q

1 *
o _5)((KX +A+eN,,) - (Kx + A+ eNp)) ~q @3 B.
Denoting

BO = (m + %)B_ %Am;
it is easy to check from (3.2) that
F ~q ¢Bo,

and hence By is pseudoeffective. Therefore the divisor A,, + By is big on S,,;, and
(1 + em)(KX + A) ~Q KX +A+ SNm +¢F ~Q (P:n(Am + BO)'
By (3.4), this yields

K(X, Ky +A) = (S, A,y + By) = dim S, (3.10)
=«k(X,Kx +A+eN,,) >x(X,N,,),

and note that this holds for all m € S sufficiently large. This proves (3.7) and finishes the proof of the
theorem. o

Now we treat the general case when Ky + A is pseudoeffective. We start with the following result which
is implicit already in [DHP13, DL15]. It says that if a kIt pair (X, A) has a fibration to a lower dimensional
variety which is not a point, then often the existence of good models holds, assuming the Minimal Model
Program in lower dimensions.

Proposition 3.2. Assume the existence of good models for kit pairs in dimensions at most n—1. Let (X,A) be a
Q-factorial projective kit pair such that Kx + A is pseudoeffective. If there exists a fibration X — Z to a normal
projective variety Z such that dimZ > 1 and Kx + A is not big over Z, then (X,A) has a good model.

Proof. The divisor Kx + A is effective over Z by induction on the dimension and by [BCHMI0, Lemma
3.2.1]. By [DL15, Theorem 2.5] and by [Fujll, Theorem 1.1] there exists a good model (X, A) --> (Xmin, Amin)
of (X,A) over Z; alternatively, this follows from [HX13, Theorem 2.12]. Let @: Xj, — Xcan be the
corresponding fibration to the canonical model of (X,A) over Z.

%

X = = > Xmin — Xcan

N

z

Since Ky + A is not big over Z, we have dim X,,, < dim X. By [Amb05, Theorem 0.2], there exists a divisor
Acan 2 0 on X,y such that the pair (X an, Acan) is kit and
KXmin + Amln NQ (P*(KX + Acan)-

can
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Since we assume the existence of good models for klt pairs in dimensions at most 7 — 1, by Lemma 2.7 we
have
K(Xcan' KXcan + Acan) = V(Xcanr KXCan + Acan )l

and the result follows by the discussion in §2.B and by another application of Lemma 2.7. O

Theorem 3.3. Assume the existence of good models for kit pairs in dimensions at most n — 1. Let (X,A) be
a Q-factorial projective kit pair of dimension n such that Kx + A is pseudoeffective. Assume that there exist a
pseudoeffective Q-divisor F on X and an infinite subset S C IN such that

N,,+F ~Q m(KX + A) (311)
Jorallme S, where Ny, > 0 are integral Weil divisors. Then
k(X,Kx + A) =max{x(X,N,,) | me S} > 0.

Proof. We first observe that Steps 1-3 of the proof of Theorem 3.1 work also in the case when Kx + A is
pseudoeffective and not only nef. The relation (3.11) implies

N, =Ny ~o (p—9)(Kx+A) forallp,geS, (3.12)
and as in the proof of Theorem 3.1, for every m € S and every rational ¢ > 0 we have
K(X,Kx + A+eNy,) > (X, Ny,).
Again as in that proof, we may assume that
0<x(X,Kx+A+eNy)<n forevery p€S and every ¢ > 0. (3.13)

We first show that
K(X,Kx+A)>0. (3.14)

Fix p € § and denote L = Ky + A+ N,. By Lemma 2.3 there exists a resolution 7t: Y — X and a morphism
f:Y—>Z

vy L.z

|

such that dimZ = x(X,L) € {1,...,n—1}, and for a very general fibre F of f and for every 7-exceptional
Q-divisor G on Y we have

«(F, ("L +G)|g) = 0. (3.15)

There exist Q-divisors I', E > 0 without common components such that
Ky +T ~qg *(Kx + A) + E,
and it is enough to show that x(Y,Ky +T') > 0. By (3.15) we have
«(F,(Ky + T +7°Np)|p) = <(F, ("L + E)|p) = 0, (3.16)
and since K(F, (Ky +T')|g) > 0 by induction on the dimension, the equation (3.16) implies
«(F,(Ky +T)[g) = 0.

But then x(Y,Ky +I') > 0 by Proposition 3.2, which proves (3.14).
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Note that then by (3.12) we have x(X,Kx + A) < (X, N,) for all large m € S and x(X, Ny) < x(X, Np)
for p,q € S with g < p, hence it suffices to show that (X, Kx +A) > x(X,N,,) for all m € S. Now, by [DL15,
Theorem 2.5] there exists a minimal model

@: (X,A) > (Ximin) Amin)
of (X,A), and for all m € S we have
QN + Q. F ~g m(Kx .+ Apin).
Then Theorem 3.1 implies
K(Xmins Kx_. + Amin) = max{x(Xmin, @.Ny,) | m € S},
and the result follows from Lemma 2.8. m|

Finally, the following is an immediate corollary of the proof of Theorem 3.3.

Theorem 3.4. Assume the existence of good models for kit pairs in dimensions at most n — 1. Let (X,A) be a
Q-factorial projective kit pair of dimension n such that Kx + A is pseudoeffective. Assume that there exists a
pseudoeffective Q-divisor F on X such that K(X, m(Kx +A) - F) > 1 for infinitely many m. Then (X,A) has a
good model.

Proof. By assumption, the set S ={m € IN | K(X, m(Kx +A) - F) > 1} has infinitely many elements, and for
every m € S, there exists a Q-divisor N, > 0 with (X, N,,) > 1 such that

Ny, + F ~q m(Kx +A).
Then as in the proof of Theorem 3.3, we obtain
x(X,Kx + A) > max{x(X,N,,) | me S} > 1;

note that the condition that the divisors N,, are integral was only used in Step 3 of the proof of Theorem
3.1, and the situation in this step does not happen in our context by the equation (3.5). We conclude by
Theorem 2.5. |

4. Nonvanishing

In this section, we prove part (i) of Theorem A. Note that by [DHP13, Theorem 8.8], assuming the existence
of good models for a klt pairs in dimensions at most 7 — 1, the nonvanishing for /¢ pairs in dimension
n reduces to nonvanishing for terminal varieties in dimension n. Therefore, one does not gain any gener-
ality when one considers nonvanishing for pairs. The situation is, however, different when one considers
semiampleness.

We start with the following two results which will be used several times in the paper.

Lemma 4.1. Let X be a projective manifold and let € be a locally free sheaf on X. Let L be a pseudoeffective line
bundle on X which is not numerically trivial, and assume furthermore that

HYX,EQLE™) %0 for infinitely many integers m.
Then there exist a positive integer v and a saturated line bundle M in \" E such that

HYX,M®L®") =0 for infinitely many positive integers m.
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Proof. By assumption, there exists an infinite set 7 C Z such that
HYX,EQLP™) %0 forallmeT.
Denote Y =IP(£) with the projection f: Y — X. First note that
HYX,E@ L)~ H)(Y,0p(1)® f*LE™).

Since L is pseudoeffective and not numerically trivial, the line bundle Oy (1)® f*L£®™ is not pseudoeffective
for m <« 0, hence there are only finitely many negative integers in 7. Therefore, we may assume that
7 CIN.

Fix a nontrivial section of H(X,£® L&) for every m € T It gives an inclusion
£®—m N 5,

and let 7 C £ be the image of the induced map

EBWGT LM E.

Then F is quasi-coherent by [Har77, Proposition IL.5.7], and therefore a torsion-free coherent sheaf as it is
a subsheaf of the torsion-free coherent sheaf £. Let r be the rank of 7. We may assume that there exist
infinitely many r-tuples (#1y,...,m,) such that the image of the map

LEM@..@LO > F (4.17)

has rank r: indeed, if this is not the case, we replace 7 by a suitable infinite subset, and the rank of F is
smaller than r. Taking determinants in (4.17) yields inclusions

.
celme=m) _ det F ¢ f\ €. (4.18)

Let M be the line bundle which is the saturation of detF in A" E. Then by (4.18) there exists an infinite
set S € N such that
HY X, M®L®") 20 forallmes,

which proves the result. O

Now we use Theorem 2.10 to connect the previous lemma to our setting.

Proposition 4.2. Let (X, A) be a log smooth projective pair, where A is a reduced divisor and Kx + A is pseudo-
effective. Let € be a tensor representation of QA (logA), let M be a saturated line bundle in £, and let L be an
integral divisor on X. Assume that there exists an infinite set S C IN and integral divisors N, > 0 forme S
such that

Ox(N,,,) = M®Ox(mL) for everyme S. (4.19)

Then there exist a positive integer € and a pseudoeffective divisor F such that
Ny +F~mL+{(Kx+A) foreverymeS.

Proof. Consider the exact sequence

0> M—-E—->0—0.

Since M is saturated in &, the sheaf Q is torsion-free, and hence F := ¢;(Q) is pseudoeffective by Theorem
2.10. From the above exact sequence, there exists a positive integer ¢ such that

Ox(£(Ky +A)) = Oy(F)@ M. (4.20)

The result follows from (4.19) and (4.20). O
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The following result implies Theorem A(i), since any tensor representation of a vector bundle can be
embedded as a submodule in some high tensor power, see [Bou98, Chapter III, §6.3 and §7.4].

Theorem 4.3. Assume the existence of good models for kit pairs in dimensions at most n—1. Let X be a projective
terminal variety of dimension n with Ky pseudoeffective. Let 71: Y — X be a resolution of X. Assume that for
some positive integer p we have

H(Y,(Q})® ® Oy (mm*Kx)) =0

Jor infinitely many m such that mKy is Cartier. Then x(X,Kx) > 0.

Proof- Let p: X’ — X be a Q-factorialisation of X, see [Koll3, Corollary 1.37]. Then p is an isomorphism
in codimension 1, hence Ky, = p*Kx and X’ is terminal. By replacing X by X’, we may thus assume that
X is Q-factorial. We first note that we have Ky # 0, since otherwise x(X,Kyx) = 0 by [Kaw85a, Theorem
8.2].

Let t: Y — X be a resolution of X. We apply Lemma 4.1 with £ = (Q%,)@’p and £ = 7*Ox(myKx),
where m is the smallest positive integer such that m(Ky is Cartier. Then there exist a positive integer 7,
a saturated line bundle M in A" &, an infinite set S C IN and integral divisors N, > 0 for m € S such that

Oy (N,,) ~ M® L®™, (4.21)
Then Proposition 4.2 implies that there exist a positive integer ¢ and a pseudoeffective divisor F such that
N,, + F ~mmymc*Kx + €Ky. (4.22)

Noting that 77,N,, is effective and that 7, F is pseudoeffective, by pushing forward the relation (4.22) to X
we get
70Ny, + 10, F ~q (mmg + €)Kx. (4.23)

Now Theorem 3.3 gives a contradiction. O

The same proof also shows the following variant.

Theorem 4.4. Assume the existence of good models for kit pairs in dimensions at most n—1. Let X be a projective
terminal variety of dimension n with Ky pseudoeffective. Assume that x©(X,Ky) = —oco. Let t: Y — X be a
resolution of X, and let Eq,...,E; be all 1-exceptional prime divisors on Y. Then for all integers A;, for all m
sufficiently large such that mKy is Cartier and for all ¢ > 0 we have

HO(Y,Q} (log ¥ E;) ® Oy (m(r*Kx + ¥ A;E;))) = 0.

In particular,
HO(Y, QY (log ¥ E;) ® Oy (mKy)) = 0

Sfor m sufficiently large such that mKy is Cartier and g > 0.

Now we are ready to state the first corollary of Theorem 4.3. The details are taken from [DPSO],
Theorem 2.14], but we include the proof for the benefit of the reader.

Corollary 4.5. Assume the existence of good models for kit pairs in dimensions at most n — 1. Let X be a
projective terminal variety of dimension n with Ky pseudoeffective. Suppose that Ky has a metric with algebraic
singularities and semipositive curvature current. If x(X,Ox) = 0, then x(X,Kx) > 0.
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Proof. Again, we may assume that X is Q-factorial. Choose a resolution 77: Y — X such that for some pos-
itive integer ¢ the divisors {Kx and €Ky are Cartier, and there exists a metric & with algebraic singularities
on 17" Ox(CKx) as in §2.D. Then the local plurisubharmonic weights ¢ of h are of the form

,
¢ = ZA]' loglgj|+ O(1),
j=1

where /\j are positive rational numbers and the divisors D]- defined locally by g form a simple normal
crossing divisor on Y. We have

Z(h®™) = Oy( - -, LmA;]D;). (4.24)

Assume that x(X, Kx) = —co. Then by Theorem 4.3, for all p > 0 and for all m sufficiently divisible we
have
HO(Y, Ql;v ® T(*Ox(mng)) =0,

and thus
HO(Y,Qf @ 1*Ox (mtKy) @ Z(h®™)) = 0.

Theorem 2.11 implies that for all p > 0 and for all m > 0 sufficiently divisible,
HP(Y,Oy(Ky + mér*Kx) @ Z(h®")) =0,
which together with (4.24) and Serre duality yields
x(Y,0y( Lj_, LmA;ID; - mem*Ky )) = 0 (4.25)
for all m > 0 sufficiently divisible. There are integers p; and gq; # 0 such that A; = p;/g;, and denote
q=[1qjand D = qu—’ijj —g¢1t" K. Then (4.25) implies
x(Y,Oy(mD))=0 for m > 0 sufficiently divisible.

But then x(Y,Oy(mD)) = 0 for all integers m, and hence x(Y,Oy) = 0. Since X has rational singularities,
this implies x(X,Ox) = 0, a contradiction which finishes the proof. O

When Ky is hermitian semipositive, the conclusion is much stronger.

Corollary 4.6. Assume the existence of good models for klt pairs in dimensions at most n—1. Let X be a projective
terminal variety of dimension n. Assume that there is a positive integer m and a desingularisation 7t: Y — X
such that " Ox ((Kx) has a singular metric h with semipositive curvature current and vanishing Lelong numbers.
If the numerical polynomial

P(m) = x(X,Ox(mlKx))

is not identically zero, then Ky is semiample. In particular, the result holds when Ky is hermitian semipositive.

Proof- We follow closely the proof of Corollary 4.5. We may assume that X is Q-factorial. By [GM17,
Theorem 5.1], it suffices to show that x(X, Kx) > 0.

Arguing by contradiction, assume that x(X, Kx) = —co. There exists a resolution 7t: Y — X such that
for some positive integer ¢ the divisors {Ky and ¢Ky are Cartier, and there exists a smooth hermitian
semipositive metric h on 7*Ox (¢Kx). Note that

Z(h®") =0y for all positive integers .
Then by Theorem 4.3, for all p > 0 and for all m > 0 sufficiently divisible we have

H(Y,Qf ® m*Ox (mtKy)) = 0,
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which together with Theorem 2.11 and Serre duality implies
H"P(Y, 7" Ox(-mlKx)) =0,
hence )((Y, n*OX(mZKX)) = 0 for all m. Since X has rational singularities, we deduce

x(X,0x(mtKx)) =0 for all m,
a contradiction. O

Remark 4.7. The proof of Corollary 4.6 actually gives more: if Ky is not semiample, then for all g and all
m sufficiently divisible we have
HY(X,0x(-mKx)) = 0.

5. Semiampleness

In this section we prove Theorem C(i) as a corollary of the following more general result.

Theorem 5.1. Assume the existence of good models for kit pairs in dimensions at most n—1. Let (X,A) be a
projective terminal pair of dimension n such that k(X,Kx) > 0. Let w: Y — X be a sufficiently high resolution
of X, fix a tensor representation £ of Q3 (log[ ;' A1), and let q be the rank of £. If there exist mo > 0 such that
my(Kx + A) is Cartier and such that

W(Y,£ @Oy (mom(Kx +A))) 2 g +1,
then (X, A) has a good model.

Proof. Step 1. We argue by contradiction, i.e. we assume that (X,A) does not have a good model. By
passing to a Q-factorialisation, we may assume that X is Q-factorial. Since x(X,Kx) > 0, there exists a
Q-divisor D > 0 such that Kx ~g D. For a rational number 0 < ¢ < 1, denote A’ = (1 + £)A + eD and
D’ =(1+¢)(D+A), so that [A’| =0, D" >0, SuppA’ = Supp D’, the pair (X,A’) is terminal, and we have

(1+¢e)(Kx+A)~gKx+A"~g D"
Let 7t: Y — X be a log resolution of (X,A’), and write
Ky +T =1"(Kx +A)+E~o "D’ +E,

where I' and E are effective and have no common components. Then the pair (Y,I') does not have a
good model by [HX13, Lemma 2.10]. Note that SuppI' C Supp(rc*D’ + E) since (X, A’) is terminal, and let
I'y = (17*D’ + E)¢q. Denoting Dy = w*D’+ E +Iy =T > 0, we have

Ky +Ty ~q9 Dy and Supply =SuppDy = Supp(r*D’+E). (5.26)

Then the pair (Y,Iy) is dlt, and x(Y,Ky +Iy) = x(Y,Ky +T) and v(Y,Ky +Iy) = v(Y,Ky +T') by [DL15,
Lemma 2.9], hence
K(Y,KY + ry) * V(Y,KY + ry)

by Lemma 2.7. Let & be a tensor representation of QY (logl'y) corresponding to £. Observing that
[1*A] < Iy, we have an inclusion

5®Oy(m0rc*(KX + A)) — 5’®(9y(m0(Ky + ry)),
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hence
W(Y,€' @Oy (mo(Ky +Ty))) 2 q+1.

Step 2. Let F be the subsheaf of £’ ® Oy (m((Ky +Iy)) generated by its global sections, and let r be the
rank of F. Then

.
det F C /\5'®(9y(rm0(KY +1y)),

and there exists a Cartier divisor N such that Oy (N) is the saturation of det F in A" £’®Oy (rmy(Ky +Iy)).
By Proposition 2.9 we have
n(Y,N)>2, (5.27)

and denote
_FY =N - Tﬂ’lo(KY + ry) (528)

Then we have the exact sequence

.
0—>(9y(—Fy)—>/\5’—>Q—>O.

Since Oy (—Fy) is saturated in A" E’, the sheaf Q is torsion-free, and hence F = ¢1(Q) is pseudoeffective by
Theorem 2.10. From the above exact sequence, there exists a positive integer £ such that {(Ky+Iy) ~ F—Fy.
Let d be the smallest positive integer such that H(Y,d(Ky+TIy)) # 0. Denote S = {rmg+id |i e N} C Z
and
Nyie =N+ (m—rmg)(Ky +Iy) formeS.

From (5.27), for every m € S we have «(Y,N,,.¢) > 1, and (5.28) gives
Nyse+ F~(m+€)(Ky +1Iy).

For a rational number 0 < 6 < 1, denote I, =Ty — eDy, and note that [T} | = 0 by (5.26). Therefore, the
pair (Y, Ty) is klt by [KM98, Proposition 2.41]. We have (1-0)(Ky +Iy) ~q Ky +Iy by (5.26), and therefore

5 Nysg + 75 F ~q (m+0)(Ky +17).
Now Theorem 3.4 gives a contradiction. O

Corollary 5.2. Assume the existence of good models for klt pairs in dimensions at most n—1. Let (X,A) be a
Q-factorial projective terminal pair of dimension n such that x(X,Kx) > 0. Suppose that

h1(X,0x) > (Z) for some q.

Then (X, A) has a good model. In particular, if |x (X,Ox)| > 2"~1, then (X, A) has a good model.

Proof. Let 1t: Y — X be a sufficiently high resolution of X. Applying Theorem 5.1 with m = 0 we obtain
hO(Y Q)> (n) for all
s Y q q’

hence the first statement follows from Hodge symmetry, since X has rational singularities. O
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6. Numerical dimension 1

In this section we show that some of the previous results hold unconditionally in every dimension, if one
assumes that the numerical dimension of the canonical class is 1. The following is the key technical
observation.

Theorem 6.1. Let X be a projective Q-factorial variety of dimension n, and let L be a nef divisor on X such that
v(X,L) = 1. Assume that there exist a pseudoeffective Q-divisor F and a non-zero Q-divisor D > 0 on X such
that

D+F ~0Q L.

Then there exists a Q-divisor E > 0 such that
L=E and x(X,E)>x(X,D).

Proof. Let f: Y — X be a resolution of X, and denote L’ = f*L, D’ = f*D and F’ = f*F, so that D'+ F’ ~q
L’. Let P=P,(F’) and N = N,(F’) > 0, so that we have the Nakayama-Zariski decomposition

F'=P+N.

Assume first that P Z 0. Let S be a surface in Y cut out by n — 2 general hyperplane sections. Then
P|s is nef by [Nak04, Remark III.2.8 and paragraph after Corollary V.1.5], and in particular

(Pls)* > 0. (6.29)
On the other hand, since v(Y,L’) = 1, we have
0=(Ls)*=Lls-Pls+Ls-Nls+L'|s-D’ls,
hence
L'ls-Pls =L'ls-Nls =L|s-D’|s = 0.

Now the Hodge index theorem implies (P|g)? < 0, and hence (P|s)? = 0 by (6.29). Then Lemma 2.2 yields
P|s = AL’|s for some real number A > 0, and hence P = AL’ by the Lefschetz hyperplane section theorem.
Note that D’ # 0 implies A < 1. Therefore, setting

E/:%(N'FD,)—ED/ZO

for a rational number 0 < € <« 1, we obtain
L'-eD'=E.

Let Ey,..., E, be the components of E’ and let 7t: Divg(Y) — N!(Y)R be the standard projection. Then
n_l(n(L' - eD')) N Y R,E; is a rational affine subspace of ) RE; C Div(Y)r which contains E’, hence
there exists a rational point

0<E”en (L’ -eD))N ZREZ..

Setting E = f,(E” + ¢D’), we have L = E and E > ¢D, which proves the result in the case P z 0.
If P =0, denote E’ = N + (1 —¢&)D’ > 0 for a rational number 0 < ¢ < 1, so that L’—¢D’ = E’. We
conclude as above. O

Corollary 6.2. Let (X,A) be a Q-factorial projective klt pair such that Kx + A is nef and v(X,Kx + A) = 1.
Assume that there exist a pseudoeffective Q-divisor F and a non-zero Q-divisor D > 0 on X such that Kx + A ~q
D +F. Then x(X,Kx +A) > (X, D).
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Proof. By Theorem 6.1 applied to L = Kx +A, there exists an effective Q-divisor E on X such that Kxy+A = E
and k(X, E) > k(X, D). By [CKP12, Theorem 0.1] we have x(X,Kx +A) > k(X, E), and the result follows. O

Theorem A(ii) is now a special case of:

Theorem 6.3. Let X be a minimal projective terminal variety of dimension n. Assume that v(X,Kyx) = 1. Let
1. Y — X be a resolution of X and assume that there is a positive integer p such that

H(Y,(Q})® ® Oy (mm*Kx)) = 0
Jor infinitely many m such that mKy is Cartier. Then x(X,Kx) > 0.

Proof. The proof is the same as the proof of Theorem 4.3, by invoking Corollary 6.2 instead of Theorem
3.3. ]

Corollary 6.4. Let X be a minimal projective terminal variety of dimension n such that v(X,Kx) = 1. Assume
that Kx has a singular metric with algebraic singularities and semipositive curvature current. If x(X,0Ox) = 0,
then k(X,Kx) > 0. In particular, the result holds if Kx is hermitian semipositive.

Proof. The proof is the same as that of Corollary 4.5, by invoking Theorem 6.3 instead of Theorem 4.3. O

Theorem 6.5. Let X be a Q-factorial projective variety and let L be a nef divisor on X with v(X,L) = 1.
Assume that there exists a resolution 7: Y — X and a singular metric h on 77*Ox (L) with semipositive curvature
current such that the multiplier ideal sheaf I (h) is different from Oy. Then there exists a Q-divisor D > 0 such
that

L=D and x(X,D)>0.

Proof- Let V C'Y be the subspace defined by Z(h), and let y be a closed point in V' with ideal sheaf 7,

in y. Let u: Y — Y be the blow-up of Y at y and let E = n_l(y) be the exceptional divisor. Let & be the
induced metric on (7 o 4)*Ox(L). By [Dem01, Proposition 14.3], we have

I(h) S p ' Z(h)- Oy S 'L, - Oy = Og(-E).

By Lemma 2.12, the divisor (7t o y)’L — E is pseudoeffective. Then by Lemma 6.1 there exists a Q-divisor

—~

D >0 on Y such that (mrou)’L =D, and we set D = (o y),j)\. |

Corollary 6.6. Let (X,A) be a projective kit pair such that Kx + A is nef and v(X,Kx + A) = 1. Assume that
there exist a resolution 7t: Y — X, a positive integer m such that m(Ky + A) is Cartier, and a singular metric h
on T(*OX(m(KX + A)) with semipositive curvature current, such that the multiplier ideal sheaf I(h) is different
Jfrom Oy. Then k(X,Kx +A) > 0.

Proof. By passing a to Q-factorialisation, we may assume that X is Q-factorial. By Theorem 6.5 applied
to L = m(Kx + A), there exists an effective Q-divisor D on X such that Ky + A = D and x(X,D) > 0. By
[CKP12, Theorem 0.1] we have x(X,Kx + A) > (X, D), and the result follows. O

The following is the main result of this section.

Theorem 6.7. Let X be a minimal projective terminal variety such that v(X,Kx) = 1. If x(X,Ox) # 0, then
k(X,Kx) > 0.



V. Lazi¢ and T. Peternell, Abundance for varieties with many differential forms 23

Proof. If there exist a resolution 7t: Y — X, a positive integer m such that mKy is Cartier, and a singular
metric h on ©*Ox(mKy) with semipositive curvature current, such that the multiplier ideal sheaf Z(h) is
different from Oy, then the result follows from Corollary 6.6.

Otherwise, pick a resolution 77: Y — X, a positive integer m such that mKy is Cartier, and a singular
metric h on 17°Ox(mKy) with semipositive curvature current. Then the result follows from Corollary 6.4;
note that since Z(h®¢) = Oy for all £, here the hypothesis in Corollary 6.4 that h has algebraic singularities
is not necessary. O

Remark 6.8. Theorem 6.7 gives a new proof of the hardest part of nonvanishing for minimal terminal
threefolds. Indeed, if X is a minimal terminal threefold, we only need to check the cases v(X,Kx) € {1, 2}.
If the irregularity g(X) is positive, then the nonvanishing follows from known cases of litaka’s conjecture
C,,m applied to the Albanese map, see for instance [MP97, pp. 73-74]. The case v(X,Kx) = 2 is a relatively
quick application of Miyaoka’s inequality for Chern classes and the Kawamata-Viehweg vanishing, see
[MP97, pp. 83-84]. The remaining case v(X,Kx) = 1 is the most difficult. Since we may assume that
q(X) =0, we are reduced to the case that x(X,Ox) > 0. Then the nonvanishing follows from Theorem 6.7.

Theorem 6.9. Let X be a minimal projective terminal pair of dimension n such that v(X,Kyx) = 1. Let
7. Y — X be a resolution of X, fix a tensor representation £ of 0%, and let q be the rank of £. Suppose that

W(Y,£ @Oy (monKy)) > q+1
Jor some mq such that myKy is Cartier. Then Ky is semiample.

Proof. We follow the proof of Theorem 5.1 closely. Let F be the subsheaf of £ ® Oy (mym*Kx) generated by
its global sections, and let r be the rank of . Then

.
det F C /\5®Oy(rmon*Kx),

and there exists a Cartier divisor N such that Oy (N) is the saturation of det F in A" € ® Oy (rmyn*Kx).
By Proposition 2.9 we have
(Y,N)>2, (6.30)

and denote
—Fy =N —rmymc*Kx. (6.31)

Then we have the exact sequence

0—>Oy(—FY)—>/\€—>Q—>O.

Since Oy (—Fy) is saturated in A" &, the sheaf Q is torsion-free, and hence F = ¢;(Q) is pseudoeffective by
Theorem 2.10. From the above exact sequence, there exists a positive integer ¢ such that {Ky ~ F—Fy, and
(6.31) gives

N +F ~ Ky + rmym* K.

Pushing forward this relation by 7, we obtain
TC*N + T(*F ~Q (Tm() + €)KX

Since 7t F is pseudoeffective and x(X,7,N) > 1 by Lemma 2.8, Corollary 6.2 implies that x(X,Kx) > 1,
and hence x(X,Kx) = v(X,Kx) = 1. Now conclude by Lemma 2.7. O

Corollary 6.10. Let X be a minimal projective terminal variety of dimension n such that v(X,Ky) = 1.
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@) Iflx(X,0x)| > 2"}, then Kx is semiample.
(b) If k(X,Kx) > 0, 711 (X) is infinite and x(X,Ox) # 0, then Kx is semiample.

Proof. For (a), let 7t: Y — X be a resolution. If | x(X,Ox)| = |x(Y,Oy)| > 2""!, then there exists q such that
n
h(Y,Q%) = h(Y,0y) > (q)

The result follows by Theorem 6.9.

For (b), by Lemma 2.7 it suffices to show that x(X,Kx) = v(X, Kx). Arguing by contradiction, assume
that ©(X,Kx) = 0. Let t: Y — X be a resolution of X. Note that |x(X,Ox)| = |x(X,Ox)| # 0 since X has
rational singularities, and that 771 (Y) is infinite by [Tak03, Theorem 1.1]. In order to derive contradiction,
by [Cam95, Corollary 5.3] it suffices to show that for any g and for any coherent subsheaf 7 C Qtz, we have
x(Y,detF) <0.

To this end, we follow the proof of Theorem 6.9. Fix g, and assume that there exists a coherent subsheaf
FcC Q{Z, of rank r such that x(Y,detF) > 0. Then

detfg/\Qq,

and there exists a Cartier divisor N > 0 such that Oy (N) is the saturation of detF in /\TQ{Z, Then we
have the exact sequence

T
O—>OY(N)—>/\Q§1,—>Q—>0,

where the sheaf O is torsion-free, and hence F = ¢ (Q) is pseudoeffective by Theorem 2.10. From the above
exact sequence, there exists a positive integer ¢ such that N + F ~ {Ky. Pushing forward this relation by 7,
we obtain

N + 1 F ~q (K,
hence Corollary 6.2 and Lemma 2.8 imply

0<x(Y,detF)<«x(Y,N)<«x(X,nt,N)<«(X,Kyx)=0,
a contradiction which finishes the proof. O

We also notice:

Theorem 6.11. Let X be a minimal projective kit variety of dimension n such that v(X,Kx) = 1. If for some
q > 0 there exists

se HO(X, QE?])
which vanishes along some divisor, then (X, Kx) > 0.

Proof. Suppose that s vanishes along a divisor D > 0, and let 7: Y — X be a resolution. Then by [GKKPII,
Theorem 4.3], the pullback sy € HO(Y,Q{{,) of s exists, and vanishes along the divisor Dy = 7t; ! D. There
is a Cartier divisor D’ > Dy such that Oy (D’) is the saturation of Oy (Dy) in Qz,, hence we have an exact

sequence
0—0y(D) - Q% 500,

where Q is torsion-free. The divisor ¢;(Q) is pseudoeffective by Theorem 2.10, and there exists a positive
integer ¢ such that
gKY ~Q D’ +C (Q)

By Theorem 6.1, this implies x(X,Ky) > x(Y,Ky) = x(Y,D’) > 0, which finishes the proof. ]
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7. Uniruled varieties

When the underlying variety of a klt pair (X, A) is uniruled, which - as explained in the introduction - is
equivalent to the canonical class not being pseudoeffective on a terminalisation of X, we can show that the
pair in many circumstances has a good model. The following is Theorem E.

Theorem 7.1. Assume the existence of good models for kit pairs in dimensions at most n—1. Let (X, A) be a kit
pair of dimension n such that X is uniruled and Kx + A is pseudoeffective. If |x (X, Ox)| > 2", then (X, A) has
a good model.

Proof- We follow closely the proof of [DL15, Theorem 1.3]. First of all, by passing to a resolution and by
[DL15, Lemma 2.9], we may assume that the pair (X, A) is log smooth, the divisor A is reduced, and there
exists a Q-divisor D > 0 such that Kx + A ~g D and Supp A = Supp D. Then the proof of [DL15, Theorem
3.5] shows that there are proper maps

T hwix 5y,

where 7t and p are finite and g is birational, and a Q-divisor At on T such that (T,Ar) is a log smooth
klt pair with |K7|# 0 and

K(T,KT +AT) = K(X,KX + A) and V(T,KT +AT) = V(X,KX +A)

We argue by contradiction and assume that (X, A) does not have a good model. Then the pair (T, Ar) does
not have a good model by Lemma 2.7, hence

W(T,0r) < (Z) for all g (7.32)

by Corollary 5.2. Since Oyy is a direct summand of ¢, O7 and since Oy is a direct summand of 7,0 by
[KM98, Proposition 5.7], by the Leray spectral sequence we have for each g
h(T,Or) > h1(W,Oy) and h1(X’,0x)>h1(X,0Ox). (7.33)

We claim that X’ is a klt variety. The claim immediately implies the theorem: indeed, since then X’ has
rational singularities, we have h1(W,Oy ) = h1(X’,Ox), which together with (7.32) and (7.33) gives

n

h1(X,0x) < ( ) for all g,
q

and hence x(X,0x) < 2" 1.

To show the claim, by the proof of [DL15, Theorem 3.5] there exists a Q-divisor A" on X’ such that
Kx + A" = *(Kx + A) and SuppA’ = Supp7*A. Then for a rational number 0 < ¢ < 1, denoting
AN’ =N —ert*A, we have A” > 0 and

KXf + A” = T(*(KX + (1 - €)A)

Since the pair (X, (1 —¢)A) is klt, so is the pair (X’,A”) by [KM98, Proposition 5.20], hence so is X’, which
finishes the proof. O
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8. Nonvanishing on Calabi-Yau varieties

As mentioned in the introduction, similar techniques as those used above can be applied in the context of
nef line bundles on varieties of Calabi-Yau type. In particular, Theorem 8.1 generalises [LOP16, Proposition
3.4] and [Wil94, 3.]] to any dimension. An immediate corollary is Theorem F.

Theorem 8.1. Assume the existence of good models for klt pairs in dimensions at most n—1. Let X be a projective
klt variety of dimension n such that Kx ~g 0, and let L be a nef Cartier divisor on X. Let t: Y — X be a
resolution of X. Assume that for some positive integer p we have

H(Y,(Q})® ® Oy (mm'L)) 0 (8.34)
Jor infinitely many m. Then 1(X,L) > 0.

Proof. First assume that L = 0. If H'(X,Ox) = 0, then L is torsion, i.e. there is a positive integer m such
that mL ~ 0. Hence, we may assume that H'(X,Ox) # 0. Then X has a non-trivial Albanese variety A
and there exist a finite quasi-étale cover 77: X — X and a variety Z with canonical singularities such that

HY(Z,04)=0 and B
X>~ZxA,

see [GKP16, Corollary 3.6], [Drul7, Proposition 9.1]. By further replacing X by a suitable finite étale cover,
we may assume that Oz(*L) ~ Oy. Now, consider a desingularisation 7 — 7 and set Y = Z x A, so that
we obtain a desingularisation 77: Y — X. By possibly blowing up further, we may assume that 7 factors
through the natural projection XxxY —>X.

Then by [Har77, Exercise II1.12.6] there exists a line bundle M on A such that

OF(TT’"L) = py M,
where py: Y — A is the second projection, and note that M = 0. Furthermore, (8.34) gives
HO(Y,(QL)®P @ pi M®™) = H(Y,(QL)® @ Og(mTn"L)) # 0 (8.35)

for infinitely many m. If M is torsion, then L is also torsion. Otherwise, let p>: Y — Z denote the first
projection, and for every positive integer m consider the sheaf

Fon = p7.((QL)% @ py M=),

Then, since every fibre of p> is isomorphic to A, we obtain H 0(Z, F,,) = 0, which contradicts (8.35).

From now on we assume that L # 0 and follow closely the proof of Theorem 4.3. We may assume that
X is Q-factorial. Then there is an infinite subset 7 C IN such that (8.34) holds for all m € 7. We then
apply Lemma 4.1 to £ = (Q%,)g’p and £ = Oy(r*L), and then Proposition 4.2 as in Theorem 4.3 to obtain a
positive integer ¢, a pseudoeffective divisor F and integral divisors N,, > 0 such that

N,, + F ~mm’L + {Ky
for infinitely many positive integers m. Pushing forward this relation to X, we get
T(*Nm + TC*P ~Q mL,

and conclude by Theorem 8.2. O
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Theorem 8.2. Assume the existence of good models for kit pairs in dimensions at most n —1. Let X be a Q-
Jfactorial projective kit variety of dimension n such that Kx ~q 0, and let L be a nef divisor on X. Assume that
there exist a pseudoeffective Q-divisor F on X and an infinite subset S C N such that

Ny +F ~g mL, (8.36)

Jorallme S, where Ny, > 0 are integral Weil divisors. Then

x(X,L) = max{x(X,N,,) | meS}>0.

Proof. The proof is very similar to that of Theorem 3.1.
Step 1. Note first that (8.36) implies

N,-Ng~q(p—9q)L forallp,g€eS. (8.37)

There are three cases to consider. First assume that N, is big for some p € S. Then (8.36) implies that
L is big, and the result is clear.

Step 2. Now assume that x(X,N,) = x(X,Ny) = 0 for some distinct p,q € S. Let r € S be such that
r > g. Then by (8.37) we have

1 1
L~p—(N,—N,) and L~
Qu—pia7p Q.

p(Nr _Np)t

so that
(r=p)Ng ~q (9 —=p)N; +(r—¢q)N, > 0.

Since x(X, Ny) = 0, we have (r—p)N, = (9—p)N,+(r—q)N,, and hence Supp N, C Supp N, and «(X,N,) =
0. Therefore, for r > g, all divisors N, are supported on a reduced Weil divisor. By Lemma 2.1, there are
positive integers k # € larger than g in S such that Ny < Ny, and hence by (8.37),

(C—k)L ~Q Ny,—N; >0,
which shows that «(X, L) > 0. Moreover, since then x(X, L) < (X, N;) = 0 by (8.37), we have
x(X,L)=0.

If m is an element of S with m > g, then x(X, Ny,;) = 0 by above, and if m < g, then 0 = x(X, Ny) > ®(X, N,,)
by (8.37), which yields the result.

Step 3. Finally, we may assume that
0<x(X,Np)<n foreverypeS. (8.38)
Fix integers { > k in S and fix 0 < ¢,0 < 1 such that:
(a) the pair (X, eNy) is Klt,
(b) &(¢—k)>2n, and
(c) the pair (X,0Ny) is klt.

Fix an ample divisor A on X, and we run the MMP with scaling of A for the kit pair (X, 0Ny). Since we are
assuming the existence of good models for kit pairs in lower dimensions, by Theorem 2.5 our MMP with
scaling of A terminates with a good model for (X, 0Ny).

We claim that this MMP is L-trivial, and hence the proper transform of L at every step of this MMP is
a nef Cartier divisor. Indeed, it is enough to show the claim for the first step of the MMP, as the rest is
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analogous. Let cg: X — Z be the contraction of a (Kx + 0N¢)-negative (hence Ny-negative) extremal ray R
in this MMP. Since by (8.37) we have
Ny ~Q N + (f—k)L

and as L is nef, the ray R is also Nj-negative. By the boundedness of extremal rays [Kaw91, Theorem 1],
there exists a rational curve C contracted by cg such that eNy - C = (Kx + eNg) - C > —2n. If cg were not
L-trivial, then L- C > 1 as L is Cartier. But then the condition (b) above yields

ENy-C=eNp-C+e(l-k)L-C>0,
a contradiction which proves the claim, i.e. the MMP is L-trivial.

Step 4. In particular, the numerical Kodaira dimension and the Kodaira dimension of L are preserved
in the MMP, see [KM98, Theorem 3.7(4)] and §2.B. Hence, L is not big by (8.37) and (8.38). Furthermore,
the proper transform of F is pseudoeffective. Therefore, by replacing X by the resulting minimal model, we
may assume that Ny is semiample. Note also that x(X,N,,) > 0 for all m € S by Lemma 2.8.

Fix m € § such that m > ¢. Then the divisor

Ny ~o N+ (m—0)L

is nef. Notice that N,, is not big, since otherwise L would be big as in Step 1. Therefore, we have
0 < x(X,N,,) <n, and pick 0 <7 < 1 so that the pair (X, #7N,,) is klt. Since we are assuming the existence
of good models for klt pairs in lower dimensions, by Theorem 2.5 the divisor #/N,, is semiample.

Let ¢y: X — Sp and @,,,: X — S, be the litaka fibrations associated to Ny and N,,, respectively. Then
there exist ample Q-divisors Ay on Sy and A, on S,, such that

N¢~q ¢pA¢ and Ny ~q @ An
If € is a curve on X contracted by ¢,,, then by (8.37) we have
0=N,,-E=Np-E+(m—-L)L-&,

hence Np-& = L-& = 0. In particular, £ is contracted by @, which implies that there exists a morphism
Yp: S, = S¢ such that ¢y = 1 o @,,,. Therefore, denoting B = ﬁ(Am —1*Ay), we have
1 )
L~q m(Nm —N¢) ~q ¢mB.
Denoting By = mB—A,,, it is easy to check from (8.36) that
F ~q ¢uBo,
and hence By is pseudoeffective. Therefore the divisor A,, + By is big on S,,;, and

mL ~Q N,,+F ~0Q QD*m(Am + B())

This yields

k(X,L) = k(Sy, Ay + Bg) =dim S, = (X, N,,,), (8.39)
and note that this holds for m € S sufficiently large. In particular, x(X,L) > 0, and then x(X,L) > x(X, N,)
for all p € S by (8.39) and (8.37), which finishes the proof. O

Theorem 8.3. Assume the existence of good models for kit pairs in dimensions at most n—1. Let X be a projective
klt variety of dimension n such that Kx ~q 0, and let L be a nef Cartier divisor on X such that x(X,L) > 0. Let
7. Y — X be a resolution of X. Fix a tensor representation £ of L, and let q be the rank of £. Assume that
there is a positive integer m such that

h(Y,£ @Oy (monL)) 2 g +1.

Then L is semiample.
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Proof. We follow closely the proof of Theorem 5.1. Then, analogously as in that proof, there exist a Cartier
divisor N and an integer 1 < r < n such that Oy (N) is a saturated subsheaf of \" £ ® Oy (rmyn*L) and

n(Y,N)>2. (8.40)
Denote
—Fy =N —-rmyrc’L. (8.41)

Then we have the exact sequence

0—>OY(—FY)—>/\E—>Q—>O.

Since Oy (—Fy) is saturated in /\" &, the sheaf Q is torsion-free, and hence Fy = ¢;(Q) is pseudoeffective by

Theorem 2.10. From the above exact sequence, there exists a positive integer £ such that Ky ~ Fy — Fy.
Let d be the smallest positive integer such that H(Y,dn*L) # 0. Denote S = {rmy+id |i € N} C Z

and N,,, = N +(m—rmg)1c*L for m € S. From (8.40), for every m € S we have «(Y,N,,) > 1, and (8.41) gives

N, + Fy ~ mr'L+ (Ky. (8.42)

Denote N, = N*Nm and F = ﬂ*ﬁy. Then F is pseudoeffective, and by Lemma 2.8 we have x(X,N,,) >
k(Y,N,,) > 1. Pushing forward the relation (8.42) to X, we get

Ny, +F ~g mL.
As in Steps 1, 3 and 4 of the proof of Theorem 8.2, we conclude that
x(X,L) = max{x(X,N,,) |me S} > 1.

Pick a rational number 0 < ¢ < 1 such that the pair (X, L) is klt. Then ¢L ~qg Kx + €L is semiample by
Theorem 2.5, a contradiction which finishes the proof. m|

Remark 8.4. Let X be a projective canonical variety of dimension 7 such that Ky ~g 0. Then we have
q _ 10 (9] n
h(X,0x) = (X, Q") < ] for all g,

and in particular, |x(X,Ox)| < 2"~!. Indeed, assume that there exists q such that h9(X,0Ox) > (Z), and
note that h1(X,Ox) = hO(X,QE?]) by [GKP16, Proposition 6.9]. Then by Proposition 2.9 there is a positive

integer N and a line bundle £ C (/\N QE?])H with h%(X,£) > 2. Let C C X be a curve obtained as
complete intersection of n — 1 high multiples of a very ample divisor. By Miyaoka’s generic semipositivity

[Miy87a, Miy87b], the sheaf ( AN Qg?])*jc is nef, and hence semistable with respect to any polarisation

since det(AN QE?] )** = Ox. Therefore, (/\NQE?])“ is semistable with respect to any polarisation by
the theorem of Mehta-Ramanathan [MR82, Fle84]. However, the slope of £ with respect to any ample
polarisation is positive, a contradiction.

In the more general setting when X has kit singularities, the techniques from Sections 5 and 7 show
that |x(X,Ox)| < 2"~! assuming the Minimal Model Program in dimensions at most 7 — 1.

Corollary 8.5. Assume the existence of good models for klt pairs in dimensions at most n—1. Let X be a projective
klt variety of dimension n such that Kx ~q 0, and let L be a nef line bundle on X.

(i) Assume that L has a singular hermitian metric with semipositive curvature current and with algebraic
singularities. If x(X,Ox) = 0, then x(X, L) > 0.
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(i) If L is hermitian semipositive and if x(X,Ox) = 0, then L is semiample.
Proof. The proof is similar to that of Corollaries 4.5, 4.6 and 5.2, so we will be quick on the details. By
passing to a Q-factorialisation and replacing £ by its pullback, we may assume that X is Q-factorial.

For (i), choose a resolution 7t: Y — X as in §2.D, and let /i denote the induced metric on 77*£. Then
the local plurisubharmonic weights ¢ of h are of the form

r
¢ =) Ajloglgjl+O(1),
i=1

J

where /\j are positive rational numbers and the divisors Dj defined locally by g form a simple normal
crossing divisor on Y. We have

Z(h®™") = Oy( - Y JDj). (8.43)
Assume that x(X, £) = —co. Then by Theorem 8.1, for all p > 0 and for all m sufficiently divisible we have
Ho(Y,Qf @ £8™) =0,
and thus
HY(Y,Qf @ i L& @ Z(h®™)) = 0.
Theorem 2.11 implies that for all p > 0 and for all m sufficiently divisible,
HP(Y,Oy(Ky) @1 L2 QL (h®™)) = 0,
which together with (8.43) and Serre duality yields
X(Y,OY(Z;Zle/\jJDj)@n*[@fm) =0
for all m sufficiently divisible. As in the proof of Corollary 4.5, this then implies x(X,Ox) = 0, which proves
(i)-
Now assume that £ is hermitian semipositive and that x(X,Ox) = 0. By (i) we have x(X,£) > 0, and

choose a Cartier divisor L > 0 such that £ ~ Ox(L). Pick a rational number 0 < ¢ < 1 such that the pair
(X, eL) is klt. Then [GMI17, Theorem 5.1] implies that L ~g Kx + €L is semiample, which proves (ii). O

Remark 8.6. Let X be a projective kit variety of dimension 7 such that Ky ~gq 0. If we drop the assumption
X(X,0x) # 0, then Corollary 8.5 fails in general: for instance, X could be a torus. However, one might
expect that there is a line bundle £’ numerically equivalent to £ such that the conclusion remains true.
Furthermore, note that if Ky ~ 0 and if # is odd, then we always have x(X,Ox) = 0 by [GKP16, Corollary
6.11].

Recall that a Calabi-Yau manifold of dimension # is a simply connected projective manifold X such
that Kx ~ 0 and h9(X,0x) =0 for all g = 1,...,n—1. By the Beauville-Bogomolov decomposition theorem,
Calabi-Yau manifolds are the building blocks for all manifolds with Kx = 0, together with hyperkahler
manifolds and abelian varieties.

Theorem 8.7. Let X be a projective manifold with Kx ~g 0 and 111 (X) finite. Let L be a nef line bundle on X
with v(X,L)=1. Let 1: X — X be the universal cover and assume that the Beauville-Bogomolov decomposition

is of the form
=] [x;

where all irreducible components X; are even-dimensional. Then x(X, L) > 0.
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Proof. Replacing X by X and observing that x(X, £) = K()?,q*[l) and v(X, L) = v(X, n*L), we may assume
that X is simply connected. Since all X]- are even-dimensional Calabi-Yau or hyperkidhler manifolds, we
have )((X]',OX],) > 0 for all j, hence x(X,0Ox) > 0. Since h!'(X,0Ox) = 0, numerical and linear equivalence
of divisors on X coincide.

If there exist a positive integer m and a singular metric i on £®" with semipositive curvature current,
such that the multiplier ideal sheaf Z(h) is different from Oy, then the result follows from Corollary 6.6.

Otherwise, pick a singular metric & on £ with semipositive curvature current. Then the result follows
from the proofs of Corollary 8.5(i) and Theorem 8.1, by invoking Theorem 6.1 instead of Theorem 8.2 in
the proof of Theorem 8.1. Note that since Z(h®) = Oy for all £, the hypothesis in Corollary 8.5(i) that h
has algebraic singularities is not necessary. O

Remark 8.8. Note that if in the theorem above X; is a hyperkihler manifold of dimension > 4 for some j,
then 1" L]x, >~ Ox, by [Mat99, Lemma 1].

We also have the following generalization of Theorem 8.7.

Theorem 8.9. Let X be a projective manifold with Ky ~g 0 and let L be a nef line bundle on X with
v(X,L)=1. Let : X — X be a finite étale cover such that the Beauville-Bogomolov decomposition is of the form

X=Tx| |x;
where the X; are even-dimensional Calabi-Yau manifolds or hyperkihler manifolds, and T is an abelian variety.
Then there exists a line bundle L' numerically equivalent to L such that k(X, L") > 0.

Proof. Denote Y =[[X;, and let p;: Y xT — Y and py: Y xT — T be the projections. Since Y is simply
connected, by [Har77, Exercise II1.12.6] there exist line bundles M and N on Y and T, respectively, such
that

n'L=piMepyN.

By restricting this relation to fibres of p; and p;, we obtain that M and A are nef. As T is an abelian
variety, there exists a semiample line bundle A" on T numerically equivalent to A/, and since v(Y, M) <1,
we have k(Y, M) > 0 by Theorem 8.7. Therefore, there exists a divisor D on X with x(X,D) > 0 such that
n*L = Oz(D), hence L£8degr = Ox(n.D). This finishes the proof. |

Following [GKPI16, §8], we say that a canonical variety X of dimension 7 and with Kx ~ 0 is a Calabi-
Yau variety if for every quasi-étale cover X — X we have HO(X,Q;”) =0forg=1,...,n—1; and that it
is a singular irreducible symplectic variety if there is a non-degenerate reflexive holomorphic 2-form w on
X such that for every quasi-étale cover f: X — X, every reflexive holomorphic form on X is of the form
cf *w!P) with a constant c. These, together with abelian varieties, are conjecturally the building blocks of

singular varieties with trivial canonical class. Then we have:

Theorem 8.10. Let X be a normal projective kit variety such that Kx ~q 0. Suppose that there exists a quasi-

étale cover 1: X — X, such that X is either a Calabi-Yau variety of even dimension or a singular irreducible
symplectic variety. Let L be a nef line bundle on X with v(X,L)=1. Then x(X,L) > 0.

Proof. By [GKP16, Proposition 6.9] we have

H(X,0Y) =~ H9(X, 0).
Therefore (X, Ox) > 0, and we conclude as in Theorem 8.7 that x(X, £) = K()?,n*ﬁ) >0. O

We also note:
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Corollary 8.11. Let X be a projective kit variety of dimension 4 such that Kx ~q 0, and let L be a nef line
bundle on X with v(X,L) =1. Let 1: X — X be the canonical cover and assume that h* (X, Ox)=0. Then
K(X, L) > 0. If L is hermitian semipositive, then it is semiample.

Proof. By |[GKPI16, Proposition 6.9 and Corollary 6.11], we have
n(X,05) = h'(X,0%) = 0.

This implies (X, £) > 0 as in the proof of Theorem 8.10. The last claim follows as in the proof of Corollary
8.5(ii). ]

Remark 8.12. Several results of this section can be stated appropriately for klt pairs (X,A) such that
Kx + A ~q 0; they are often called varieties of Calabi-Yau type. The proofs of those generalisations are
straightforward adaptations of the proofs presented above.
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