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1.

Introduction

We work over the ﬁeld C of complex numbers. Recall that a prime Fano threefold is a smooth projective
variety of dimension 3 with Pic(X)  ZKX and −KX ample. The genus g(X) is deﬁned by the equality
(−KX )3 = 2g(X) − 2. We refer to [IP99] for the general theory of Fano varieties and their classiﬁcation in
dimension 3.
In this paper we discuss prime Fano threefolds of genus 12, which means (−KX )3 = 22. Speciﬁcally, we
give an explicit description of those of them that admit a faithful action of a one-dimensional torus Gm .
Thus, this paper complements to [Pro90], [KPS16, §§5.3–5.4], [DKK17], and [D08, D17, CS18]. To state the
main result, we introduce some notation.
Consider the projective four-space P4 with a Gm -action with weights (0, 1, 3, 5, 6) and let y0 , y1 , y3 , y5 , y6
be the corresponding coordinates. Consider the map P1 → P4
(t0 : t1 ) 7−→ (y0 : y1 : y3 : y5 : y6 ) = (t06 : t05 t1 : t03 t13 : t0 t15 : t16 ),

(1.1)

and let Γ ⊂ P4 be its image. This is a smooth rational sextic curve.
Consider the pencil of quadrics in P4 generated by
Q0 = {y0 y6 − y32 = 0}

and

Q∞ = {y32 − y1 y5 = 0}.

(1.2)

For u = (u0 : u1 ) ∈ P1 denote by Qu = u0 Q0 + u1 Q∞ the corresponding quadric in the pencil. All
quadrics Qu pass through Γ and Qu is smooth if and only if u ∈ P1 \ {0, 1, ∞}.
Theorem 1.3. There is a natural bijection between isomorphism classes of prime Fano threefolds of genus 12 with
a faithful Gm -action, and the set P1 \ {0, 1, ∞} of smooth quadrics Qu passing through the curve Γ .
Set u = u0 /u1 . If X m (u) denotes the threefold corresponding to the quadric Qu , then



if u = −1/4,
PGL2 ,
Aut(X m (u))  

Gm o Z/2Z, if u ∈ P1 \ {0, 1, −1/4, ∞},
where the action of Z/2Z on Gm in the semidirect product is given by the inversion.
In particular, X m (−1/4)  X MU is the Mukai–Umemura threefold.
The proof of the theorem takes the rest of the paper. We compute the automorphisms in Corollary 3.9,
establish the bijection of isomorphism classes in Corollary 4.2, and identify the Mukai–Umemura threefold
in Proposition 4.4.

A. Kuznetsov and Y. Prokhorov, Prime Fano threefolds of genus 12 with a Gm -action

2.

3

A birational transformation

The proof of Theorem 1.3 is based on a Sarkisov link described in Theorem 2.2 below. To state it we need
to remind the notion of quadratical normality for projective curves.
Recall that a curve in a projective space is called quadratically normal if restrictions of quadrics form a
complete linear system on the curve. We will need the following evident observation.
Remark 2.1. A rational sextic curve Γ ⊂ P4 is quadratically normal if and only if the linear system of
quadrics passing through Γ is one-dimensional. Indeed, this follows immediately from the exact sequence
0 → H 0 (P4 , IΓ (2)) → H 0 (P4 , OP4 (2)) → H 0 (Γ , OΓ (12))
since dim H 0 (P4 , OP4 (2)) = 15 and dim H 0 (Γ , OΓ (12)) = 13. In particular, a quadratically normal rational
sextic curve in P4 is not contained in a hyperplane.
The next result is the base of our construction.
Theorem 2.2. ([Tak89], [IP99]) Let X be a prime Fano threefold of genus 12 and let C be a smooth conic on X.
Then there exists the following commutative diagram of birational maps
X0

χ

σQ

σX

X



/ Q0

ξ



(2.3)

/Q

where
• Q is a smooth quadric in P4 ,
• σQ is the blow up of a smooth rational quadratically normal sextic curve Γ ⊂ Q,
• σX is the blow up of C,
and χ is a ﬂop.
Furthermore, let HX and HQ be the ample generators of the Picard groups Pic(X) and Pic(Q), respectively,
0
:= σQ∗ HQ . Let EC := σX−1 (C) and EΓ := σQ−1 (Γ ) be the exceptional divisors
and denote HX0 := σX∗ HX and HQ
of σX and σQ , respectively. Then
(i) The map σQ ◦ χ : X 0 d Q ⊂ P4 is given by the linear system |HX0 − 2EC | and contracts the unique divisor
from |2HX0 − 5EC |.
0
(ii) The map σX ◦ χ−1 : Q0 d X ⊂ P13 is given by the linear system |5HQ
− 2EΓ | and contracts the unique
0
divisor from |2HQ
− EΓ |.

Proof. Let X 0 be the blowup of X along C. The linear system | − KX 0 | is base point free and deﬁnes a
morphism that does not contract divisors by Lemma 2.4 below. Therefore, [Tak89] or [IP99, Theorem 4.4.11]
applies and gives the diagram, and most of the details of the theorem. The only thing left is to show that
the curve Γ is quadratically normal.
The argument of Remark 2.1 shows that the curve Γ is quadratically normal if and only if the linear
0
system |2HQ
− EΓ | is zero-dimensional. On the other hand, the map χ−1 identiﬁes this linear system
with |2(HX0 − 2EC ) − (2HX0 − 5EC )| = |EC |, which consists of a single divisor, hence the claim.

Lemma 2.4. Let X 0 be the blowup of X along a smooth conic C. The linear system | − KX 0 | is base point free and
deﬁnes a morphism that does not contract divisors.
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Proof. Recall that HX = −KX is very ample,
dim H 0 (X, OX (−KX )) = 14,

(2.5)

see [IP99, Corollary 2.1.14(ii)], and so | − KX | embeds X into P13 . Note that X ⊂ P13 does not contain
planes (because Pic(X) = ZHX ) and is an intersection of quadrics (see [Isk80, Proposition IV.1.3 and
Theorem II.3.4]).
Note that | − KX 0 | = |HX0 − EC | is the strict transform of the linear system of hyperplane sections of X
passing through the conic C. Their scheme-theoretic intersection is the intersection of the linear span of C
with X. Since X is an intersection of quadrics and does not contain planes, this is equal to C. Therefore,
the linear system | − KX 0 | on X 0 is base point free (moreover, it follows that the morphism deﬁned by this
linear system is birational, although we do not need this). In particular, −KX 0 · γ ≥ 0 for any curve γ on X 0 .
Assume γ is contracted by | − KX 0 |, so that −KX 0 · γ = 0. Then HX0 · γ , 0, since γ is an eﬀective curve,
so since HX0 is nef we have HX0 · γ > 0. Therefore EC · γ > 0 and so
(HX0 − 2EC ) · γ < (HX0 − EC ) · γ = 0,
which means that γ is contained in the base locus of the linear system |HX0 − 2EC |. The natural exact
sequences
0 → H 0 (X, IC (HX )) → H 0 (X, OX (HX )) → H 0 (C, OC (2))
and

0 → H 0 (X, IC2 (HX )) → H 0 (X, IC (HX )) → H 0 (C, IC /IC2 (2))

and equalities
dim H 0 (X, OX (HX )) = 14,

dim H 0 (C, OC (2)) = 3,

dim H 0 (C, IC /IC2 (2)) = 6

(the ﬁrst equality is (2.5), the second is evident, and the third follows from (5.2)) imply that we have an
inequality
dim |HX0 − 2EC | ≥ 13 − 3 − 6 = 4.
Since moreover Pic(X) = ZHX , every hyperplane section of X is irreducible, and since the linear system |HX0 − 2EC | is of positive dimension, the only possible divisorial component of its base locus is EC .
Thus, it remains to check that EC is not contracted by | − KX 0 |. This, however, easily follows from the

equality (−KX 0 )2 · EC = (HX0 − EC )2 · EC = 4.
The construction of Theorem 2.2 can be reversed:
Theorem 2.6. Let Q ⊂ P4 be a smooth quadric and let Γ ⊂ Q be a smooth rational quadratically normal sextic
curve. Then there is a smooth prime Fano threefold X of genus 12 and a smooth conic C ⊂ X related to (Q, Γ ) by
the diagram (2.3).
0
Proof. Let Q0 be the blowup of Q along Γ . By Lemma 2.7 below the linear system | − KQ0 | = |3HQ
− EΓ |
0
on Q is base point free. So, according to [IP99, §4.1] we have to show that the morphism deﬁned by this
linear system does not contract divisors. The argument is analogous to that of Lemma 2.4.
0
Assume γ is a curve on Q0 contracted by the linear system |−KQ0 |, so that −KQ0 · γ = 0. Then HQ
·γ , 0,
0
0
since γ is an eﬀective curve, so since HQ is nef we have HQ · γ > 0. Therefore EΓ · γ > 0 and so
0
0
(2HQ
− mEΓ ) · γ < (3HQ
− EΓ ) · γ = 0,

for all m ≥ 1.

0
0
Take m to be the maximal such that |2HQ
− mEΓ | , ∅ (by Remark 2.1 we have m ≥ 1). Let F ∈ |2HQ
− mEΓ |
be any member. Then γ ⊂ F. Since Γ does not lie in a hyperplane (Remark 2.1), such F is irreducible, and

A. Kuznetsov and Y. Prokhorov, Prime Fano threefolds of genus 12 with a Gm -action

5

thus it remains to show that the morphism deﬁned by the linear system | − KQ0 | does not contract F. This
follows from
0
0
0
(−KQ0 )2 · (2HQ
− mEΓ ) = (3HQ
− EΓ )2 · (2HQ
− mEΓ ) = 24 − 20m.
Now, we can make a ﬂop Q0 d X 0 and consider the Mori contraction X 0 → X. Solving Diophantine
equations, as in [IP99, §4.1] (see also [CM13]) one can show that X 0 → X is the blowup of a smooth conic
on a prime Fano threefold X of genus 12.

Lemma 2.7. Let Γ ⊂ P4 be a smooth rational quadratically normal curve of degree 6. Then Γ is a schemetheoretic intersection of cubics.
Proof. By Remark 2.1 the curve Γ is not contained in a hyperplane. Hence [GLP83, Corollary] applies to Γ
and shows that Γ is an intersection of cubics, unless it has a 4-secant line. It remains to show that a curve Γ
with a 4-secant line is not quadratically normal.
Indeed, let L ⊂ P4 be a 4-secant line and denote by D := L ∩ Γ the scheme-theoretic intersection (it is
a zero-dimensional subscheme in Γ of length at least 4). Let IL ⊂ OP4 and ID ⊂ OΓ be the ideal sheaves.
The space H 0 (P4 , IL (2)) of quadrics in P4 containing L has codimension 3 in the space of all quadrics. On
the other hand, its image in the space H 0 (Γ , OΓ (12)) is contained in the subspace H 0 (Γ , ID (12)), which has
codimension at least 4. Therefore, the map H 0 (P4 , O (2)) → H 0 (Γ , OΓ (12)) is not surjective.

Remark 2.8. The constructions of Theorem 2.2 and Theorem 2.6 are mutually inverse. Moreover, these
constructions are functorial. In other words, let ϕ : X1 → X2 be an isomorphism of prime Fano threefolds of
genus 12 and let C1 ⊂ X1 and C2 = ϕ(C1 ) be smooth conics on them. If (Qi , Γi ) is the quadric with a sextic
curve associated to the pair (Xi , Ci ) then the isomorphism ϕ extends in a unique way to an isomorphism
of diagrams (2.3). In particular, it induces an isomorphism ψ : Q1 → Q2 such that ψ(Γ1 ) = Γ2 .
Conversely, let ψ : Q1 → Q2 be an isomorphism of smooth quadrics, and let Γ1 ⊂ Q1 and Γ2 = ψ(Γ1 )
be smooth rational quadratically normal sextic curves on them. If (Xi , Ci ) is the prime Fano threefold of
genus 12 with a conic associated to the pair (Qi , Γi ) then the isomorphism ψ extends in a unique way to an
isomorphism of diagrams (2.3). In particular, it induces an isomorphism ϕ : X1 → X2 such that ϕ(C1 ) = C2 .
In particular, if the pair (Q, Γ ) corresponds to a pair (X, C), we have an isomorphism
Aut(X, C)  Aut(Q, Γ ),

(2.9)

where Aut(X, C) ⊂ Aut(X) is the group of automorphisms of X that preserve the conic C and similarly Aut(Q, Γ ) ⊂ Aut(Q) is the group of automorphisms of Q that preserve the sextic Γ .
Remark 2.10. By using a relative version of MMP one can see that the constructions of Theorem 2.2 and
Theorem 2.6 work in smooth families. Namely, if X → S is a smooth morphism whose ﬁbers are prime
Fano threefolds of genus 12 and C ⊂ X is a subscheme which is smooth over S and whose ﬁbers are
conics, there is a relative over S version of the diagram (2.3) with the same description of ﬁbers. Similarly,
if Q → S is a smooth morphism whose ﬁbers are three-dimensional quadrics and Γ ⊂ Q is a subscheme
which is smooth over S and whose ﬁbers are rational quadratically normal sextic curves, there is a relative
over S version of the diagram (2.3) and again with the same description of ﬁbers.

3.

Automorphisms

To apply the results of Section 2 for a description of prime Fano threefolds X of genus 12 with a Gm action and of their automorphism groups, we need to show that any such X has a smooth conic that
is Aut(X)-invariant. For this we will need a description of Gm -invariant lines from [KPS16]. Recall the
Mukai–Umemura threefold X MU , see [MU83].
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Automorphisms

Lemma 3.1. Let X be a prime Fano threefold of genus 12 with a faithful Gm -action which is not isomorphic to
the Mukai–Umemura threefold X MU . There are exactly two Gm -invariant lines L1 and L2 on X, these lines are
the only special lines on X, i.e.,
NLi /X ' OLi (1) ⊕ OLi (−2),
and they do not meet.
Proof. By [KPS16, Theorem 5.3.10] the variety X belongs to the family X m (u) that was described in [KPS16,
Example 5.3.4]. Its Hilbert scheme of lines Σ(X) was described in [KPS16, Proposition 5.4.4] as the union
of two smooth rational curves with two points of tangency as shown on a picture below:

Let L1 and L2 be the lines on X corresponding to the singular points of Σ(X). Clearly, these lines are
Gm -invariant. By [KPS16, Corollary 2.1.6] the lines L1 and L2 are special, and they are the only special
lines on X. Finally, the lines L1 and L2 on X do not meet, see [KPS16, Proposition 5.4.3].
It remains to show that the lines L1 and L2 are the only Gm -invariant lines on X, i.e., that the natural
Gm -action on both components of the Hilbert scheme Σ(X) is nontrivial. For this we recall from [KPS16,
Proposition 5.4.4] the isomorphism of Σ(X) \ {[L1 ]} with a locally closed subset ΣZ (Y ) \ ` of the Hilbert
scheme of lines on a Fano threefold Y of index 2 and degree 5. This isomorphism is Gm -equivariant
by construction and the set ΣZ (Y ) \ ` is described explicitly in [KPS16, Lemma 5.4.1]. In particular, the
Gm -action on its components is indeed nontrivial.

Now we can pass to conics. Recall that a conic on a projective variety X ⊂ PN is a subscheme C ⊂ X
with Hilbert polynomial pC (t) = 1 + 2t. There are three types of conics — smooth conics, i.e., curves
isomorphic to the second Veronese embedding of P1 , reducible conics, i.e., unions of two lines meeting at a
point, and non-reduced conics, i.e., non-reduced schemes C such that Cred = L is a line and IL /IC  OL (−1),
see [KPS16, Lemma 2.1.1(ii)].
Proposition 3.2. Let X be a prime Fano threefold of genus 12 with a faithful Gm -action which is not isomorphic
to the Mukai–Umemura threefold X MU . Then X contains a smooth Aut(X)-invariant conic.
In Lemma 4.1(ii) we will show that an Aut(X)-invariant conic on such X is unique.
Proof. By [Pro90] or [KPS16, §5.4] the identity component of Aut(X) is exactly the torus Gm . Consider the
Hilbert scheme S(X) of conics on X. We have
S(X)  P2

(3.3)

by [KS04] or [KPS16, Proposition B.4.1]. The Gm -invariant lines L1 and L2 on X are special, hence
by [KPS16, Remarks 2.1.2 and 2.1.7] there are non-reduced conics C1 and C2 such that (Ci )red = Li , and
these are the only non-reduced conics on X. Clearly, these conics are Gm -invariant.
Let S(X)Gm ⊂ S(X) be the ﬁxed point locus of Gm ⊂ Aut(X). Since the natural Gm -action on S(X) is
faithful by [KPS16, Lemma 4.3.4], there are two possibilities:
either S(X)Gm = {c1 , c2 , c3 }

or S(X)Gm = {c0 } ∪ `,

(3.4)

where ` is a line on S(X) = P2 and the points c1 and c2 correspond to the non-reduced conics C1 and C2 .
In the ﬁrst case the conic corresponding to the third point c3 is Aut(X)-invariant. In the second case, if the
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points c1 and c2 lie on `, the conic corresponding to the point c0 is Aut(X)-invariant. Finally, if only one
of the points c1 and c2 lies on `, then this point is Aut(X)-invariant, hence the ﬁnite group Aut(X)/Gm
acting on ` has an invariant point, hence Aut(X)/Gm is a cyclic group, hence it has yet another ﬁxed
point on `, which then corresponds to an Aut(X)-invariant conic. Thus, in all these cases we have found
an Aut(X)-invariant conic C on X that is distinct from the non-reduced conics C1 and C2 . The only thing
left is to show that C is non-singular.
Indeed, as we mentioned above X has no non-reduced conics distinct from C1 and C2 . On the other
hand, if a Gm -invariant conic C is a union of two distinct lines meeting at a point then each of these lines
is Gm -invariant, hence C = L1 ∪L2 by Lemma 3.1. But the Gm -invariant lines L1 and L2 do not meet (again
by Lemma 3.1), so this is also impossible.

By Remark 2.8, if X is a prime Fano threefold of genus 12 with a faithful Gm -action and C ⊂ X is a
smooth Aut(X)-invariant conic, the corresponding pair (Q, Γ ) has a faithful Gm -action. We show below
how Γ and Q look like.
Lemma 3.5. Assume Gm acts faithfully on P4 and Γ ⊂ P4 is a Gm -invariant smooth rational quadratically
normal sextic curve. Then in suitable coordinates Γ is the image of the map (1.1).
Proof. By Remark 2.1 the curve Γ does not lie in a hyperplane. Therefore, we can assume that the action
of Gm on Γ is faithful and that the image of Gm in Aut(Γ )  PGL2 is the standard torus. Since Γ spans P4
the embedding Γ → P4 canonically factors as
v6

Γ −−−→ P6 d P4 ,
where the ﬁrst arrow is the Veronese embedding of degree 6 and the second arrow is a linear projection with
center a line. Since the composition is Gm -equivariant, the line is Gm -invariant. If y0 , y1 , y2 , y3 , y4 , y5 , y6
are the standard weight coordinates on P6 , the line is given by equations yi = 0 for i ∈ I, where I ⊂ {0, . . . , 6}
is a subset of cardinality 5. Since the image of Γ is a smooth curve, this line does not intersect the tangent
lines to Γ at 0 and ∞, hence the set I contains {0, 1, 5, 6}. If the ﬁfth element of I is 2 or 4, the curve Γ
has a 4-tangent line and so is not quadratically normal by the proof of Lemma 2.7. Hence the ﬁfth element
in I is 3.

Lemma 3.6. Quadrics passing through the curve Γ deﬁned by (1.1) form a pencil generated by the quadrics (1.2).
A quadric Qu = u0 Q0 + u1 Q∞ from this pencil is smooth if and only if u = u0 /u1 < {0, 1, ∞} ⊂ P1 .
Proof. Straightforward.



Lemma 3.7. If Γ ⊂ P4 is the curve deﬁned by (1.1) and Q is a quadric from the pencil generated by the
quadrics (1.2), then Aut(Q, Γ )  Gm o Z/2Z.
Proof. Since Γ spans P4 , we have Aut(Q, Γ ) ⊂ Aut(Γ )  PGL2 . Furthermore, it is easy to see that the
points (1 : 0 : 0 : 0 : 0) and (0 : 0 : 0 : 0 : 1) are the only points on Γ that lie on the singular locus of one of
the quadrics passing through Γ . Therefore,
Aut(Q, Γ ) ⊂ Gm o Z/2Z,
where Gm is the torus that acts on Γ preserving the above two points (by rescaling one of the coordinates t0
and t1 ), and Z/2Z is generated by the involution
ι ∈ Aut(Γ ),

ι : (t0 : t1 ) 7−→ (t1 : t0 )

(3.8)

that normalizes this torus. On the other hand, it is easy to see that both the torus and the involution
preserve any quadric in the pencil passing through Γ , hence the claim.
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Isomorphism classes

Now we are ready to prove the claim of Theorem 1.3 concerning automorphism groups.
Corollary 3.9. Let X be a prime Fano threefold of genus 12 with a faithful Gm -action which is not isomorphic
to the Mukai–Umemura threefold. Then Aut(X)  Gm o Z/2Z.
Proof. By Proposition 3.2 there is a smooth Aut(X)-invariant conic C ⊂ X, hence
Aut(X, C) = Aut(X).
Let (Q, Γ ) be the smooth quadric and the sextic curve associated with (X, C) by Theorem 2.2. By Lemma 3.5
the curve Γ is given by (1.1) and by Lemma 3.6 we have Q = Qu for some u ∈ P1 \ {0, 1, ∞}. Finally, by
Lemma 3.7 we have Aut(Q, Γ )  Gm o Z/2Z. Combining this with (2.9) and the above equality, we deduce
the corollary.


4.

Isomorphism classes

Now we switch to the proof of the part of Theorem 1.3 describing isomorphism classes of prime Fano
threefolds X of genus 12 with a faithful Gm -action. For this we will need a couple of observations about
the action of Aut(X) on X. We denote by
ιX : X → X
the involution corresponding to (3.8) under the isomorphism (2.9). Recall that, as it was explained in the
proof of Proposition 3.2, if X is not the Mukai–Umemura threefold X MU , there are precisely two special
lines L1 and L2 on X.
Lemma 4.1. Let X be a prime Fano threefold of genus 12 with a faithful Gm -action which is not isomorphic to
the Mukai–Umemura threefold.
(i) The involution ιX swaps the special lines L1 and L2 on X; in particular X has no Aut(X)-invariant lines.
(ii) An Aut(X)-invariant conic on X is unique.
(iii) The non-reduced conics C1 and C2 supported on the Gm -invariant lines L1 and L2 , and the smooth
Aut(X)-invariant conic C are the only Gm -invariant conics on X.
Proof. The ﬁrst part of the lemma follows immediately from [KPS16, Proposition 5.4.6], where it was checked
that Aut(X, L1 )  Gm . In a combination with Lemma 3.1 this proves that there are no Aut(X)-invariant
lines on X.
To prove the uniqueness of the Aut(X)-invariant conic constructed in Proposition 3.2 we have to show
that the action of the involution ιX on the Gm -ﬁxed locus S(X)Gm in the Hilbert scheme of conics S(X) has
a single ﬁxed point. Recall that we have two possibilities (3.4).
In the ﬁrst case the points c1 and c2 correspond to the non-reduced conics supported on L1 and L2 ,
hence they are swapped by the involution ιX . Thus the third point c3 is the only point in S(X)Gm ﬁxed
by ιX . Moreover, in this case there are exactly three Gm -invariant conics on X. So, it remains to show that
the second case of (3.4) does not occur.
In the second case the point c0 is ﬁxed by ιX , hence the points c1 and c2 corresponding to the nonreduced conics belong to the line `. The involution ιX preserves `, hence has two ﬁxed points c0 and c00
on it, which are thus Aut(X)-invariant. So, we have a triple (c0 , c0 , c00 ) of Aut(X)-invariant points on S(X),
hence the image of Aut(X) in Aut(S(X))  PGL3 is abelian. But the action of Aut(X) on S(X) is faithful
by [KPS16, Lemma 4.3.4], so this contradicts the fact that the conjugation by ι acts on Gm as inversion
(see (3.8)).
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Most of things we discussed so far were related to all X with a faithful Gm -action except of the Mukai–
Umemura threefold X MU . Now we note that the latter can also be covered by the same approach. We refer
to [MU83] for a description of X MU and of its Hilbert schemes of lines.
Recall that Aut(X MU )  PGL2 which acts on the Hilbert scheme of conics S(X MU )  P2 as on the
projectivization of an irreducible representation. In particular, there are two Aut(X MU )-orbits on S(X MU ).
One of them is a conic Snr ⊂ S(X MU ) that parameterizes non-reduced conics in X MU (thus Snr also
parameterizes lines on X MU , all of which are special). The complement S(X) \ Snr parameterizes smooth
conics on X MU . In particular for every smooth conic C ⊂ X MU we have
Aut(X MU , C)  Gm o Z/2Z,
the normalizer of a torus in PGL2 . So, applying the construction of Theorem 2.2 to the pair (X MU , C)
we obtain a pair (Q, Γ ), where Γ is the curve deﬁned by (1.1) and Q is a smooth quadric from the pencil
generated by (1.2). Moreover, since the group Aut(X MU ) acts transitively on smooth conics in X MU ,
Remark 2.8 shows that diﬀerent choices of a smooth conic C produce the same pair (Q, Γ ). Thus, there is a
particular quadric in the pencil corresponding to the Mukai–Umemura threefold. We will call it the Mukai–
Umemura quadric and denote by QMU . In Proposition 4.4 below we show QMU = Q−1/4 . And meanwhile,
we observe that the above argument proves the ﬁrst part of Theorem 1.3.
Corollary 4.2. Let X be a prime Fano threefold of genus 12 with a faithful Gm -action. We associate with X
the quadric Q = Qu from the pencil (1.2) produced by the construction of Theorem 2.2 applied
• to the unique Aut(X)-invariant smooth conic on X, if X  X MU , or
• to an arbitrary smooth conic, if X  X MU .
This deﬁnes a bijection between isomorphism classes of such X and the set P1 \ {0, 1, ∞} of smooth quadrics in the
pencil.
Remark 4.3. Most probably, the punctured line P1 \ {0, 1, ∞} is the coarse moduli space for prime Fano
threefolds of genus 12 with a faithful Gm -action. This should follow from our results in view of Remark 2.10.
To ﬁnish the proof of Theorem 1.3 it remains to identify the Mukai–Umemura quadric.
Proposition 4.4. The quadric QMU ⊂ P4 associated with a pair (X MU , C), where X MU is the Mukai–Umemura
threefold and C is any smooth conic on X MU is the quadric
Q(−1:4) = {−y0 y6 − 4y1 y5 + 5y32 = 0}.
Proof. Recall the constructions of the Mukai–Umemura threefold X = X MU from [MU83]. Let Md denote
the vector space of degree d homogeneous polynomials in two variables x and y with its natural GL2 -action.
Then X can be realized inside P(M12 ⊕ M0 )  P13 as the closure of a PGL2 -orbit:
X = PGL2 ·(φ12 , 1),

where φ12 = xy(x10 + 11x5 y 5 + y 10 ).

We consider the standard torus Gm ⊂ PGL2 and set
C = Gm · (φ12 , 1) = {(xy(t −1 x10 + 11x5 y 5 + ty 10 ), 1) | t ∈ C× } ⊂ P(M12 ⊕ M0 ),

(4.5)

to be the closure of the Gm -orbit of the point (φ12 , 1) ∈ X. Clearly, C is a smooth Gm -invariant conic on X.
We apply the construction of Theorem 2.2 to the pair (X, C).
Consider the linear functions zi on P(M12 ⊕ M0 ) that take (f , c) ∈ M12 ⊕ M0 to the coeﬃcient of f
at x12−i y i (then its Gm -weight is i −6). Let also z̄ be the linear function that takes (f , c) to c (its weight is 0).
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4.

Isomorphism classes

We claim that the double projection ξ : X d Q ⊂ P4 of Theorem 2.2 is deﬁned (in appropriate coordinates
on P4 ) by the map


(f , c) 7−→ z3 (f , c), z4 (f , c), z6 (f , c) − 11z̄(f , c), z8 (f , c), z9 (f , c) .
(4.6)
Indeed, we know that the map should be Gm -equivariant, and we know from Lemma 3.5 that the weights
of Gm on P4 should be (−3, −2, 0, 2, 3). Clearly, the functions z3 , z4 , z8 , and z9 are the only linear functions
of weights −3, −2, 2, and 3 respectively. On the other hand, there are two functions z6 and z̄ of weight
zero, so we should take an appropriate linear combination of those. But this function should vanish at the
point (φ12 , 1) ∈ C, and so it remains to note that z6 (φ12 , 1) = 11, while z̄(φ12 , 1) = 1.
To ﬁnd the quadric Q and the curve Γ we apply the map (4.6) to the boundary divisor


D = PGL2 · (xy 11 , 0) = X ∩ P(M12 ) = X \ PGL2 · (φ12 , 1) ⊂ X.
This is an anticanonical divisor; furthermore it is a non-normal surface, whose normalization is isomorphic
to P(M1 ) × P(M1 ) via the map
ν : P(M1 ) × P(M1 ) −→ D,

((a0 x + a1 y), (b0 x + b1 y)) 7−→ (a0 x + a1 y)(b0 x + b1 y)11 ,

and whose singular locus is the image of the diagonal in P(M1 ) × P(M1 ) (see [MU83, Lemmas 1.6, 6.1
and Remark 6.5]). Restricting to the aﬃne chart A2 ⊂ P(M1 ) × P(M1 ) deﬁned by a0 , 0, b0 , 0 with
coordinates a = a1 /a0 , b = b1 /b0 , and composing the map ν with ξ : X d Q ⊂ P4 (see (4.6)), we ﬁnd


z3 (x + ay)(x + by)11 , 0 = 55(a + 3b)b2 ,


z4 (x + ay)(x + by)11 , 0 = 165(a + 2b)b3 ,


z6 (x + ay)(x + by)11 , 0 = 462(a + b)b5 ,
(4.7)


z8 (x + ay)(x + by)11 , 0 = 165(2a + b)b7 ,


z9 (x + ay)(x + by)11 , 0 = 55(3a + b)b8
 11
11
0
4
(here 55, 165 and 462 are the binomial coeﬃcients 11
2 , 3 , and 5 ). Denote by D the closure in P of
the image of A2 under the map (4.7). It is easy to check that the quadric
1764z3 z9 − 784z4 z8 + 125z62 = 0

(4.8)

is the only quadric containing D 0 . Moreover, denoting the golden ratio by
√
1+ 5
,
φ=
2
one easily checks that for any t ∈ Gm one has
ξ(ν(−φ2 t, t)) =


5(3 − φ2 ) : 15(2 − φ2 )t : 42(1 − φ2 )t 3 : 15(1 − 2φ2 )t 5 : 5(1 − 3φ2 )t 6 =
ξ(ν(t, −φ2 t)) (4.9)
(for the ﬁrst equality one has to rescale each coordinate by t 3 and for the second by −φ10 t 3 ). It follows
that the two irreducible components of the curve in P(M1 ) × P(M1 ) given (in the aﬃne coordinates) by the
equation
a2 + 3ab + b2 = (a + φ2 b)(a + φ−2 b) = 0
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are mapped bijectively onto the curve in D 0 , given by the middle line of (4.9).
Since the normalization ν : P(M1 ) × P(M1 ) → D is bijective, this curve must be contained in the
indeterminacy locus of the map ξ −1 . The description of ξ in Theorem 2.2 shows that this curve should
coincide with Γ . Comparing (4.9) with (1.1) we ﬁnd the relation between the weight coordinates zi and yi :
z3 = 5(3 − φ2 )y0 ,
z4 = 15(2 − φ2 )y1 ,
z6 = 42(1 − φ2 )y3 ,
z8 = 15(1 − 2φ2 )y5 ,
z9 = 5(1 − 3φ2 )y6 .
Substituting this into (4.8) and canceling the common factors, we deduce
QMU = −Q0 + 4Q∞ ,
i.e. QMU = Q(−1:4) .



Remark 4.10. One can check that the surface D 0 is given by two equations: (4.8) and
32z42 z6 z82 − 630z32 z83 + 81z3 z4 z6 z8 z9 − 630z43 z92 + 2187z32 z6 z92 = 0.
Its singular locus consists of two lines {z9 = z8 = z6 = 0}, {z6 = z4 = z3 = 0}, the rational sextic curve (4.9),
and another rational sextic curve
(t0 : t1 ) 7−→ (z3 : z4 : z6 : z8 : z9 ) = (20t06 : 45t05 t1 : 84t03 t13 : 45t0 t15 : 20t16 )
which is the image of the diagonal of P(M1 ) × P(M1 ). The singularities of D 0 along the last curve are
cuspidal.
This computation completes the proof of Theorem 1.3.

5.

Concluding remarks

To ﬁnish the paper we provide some extra details for the birational transformations of Theorems 2.2
and 2.6.
Proposition 5.1. Let X be a prime Fano threefold of index 12 with a faithful Gm -action and let C ⊂ X be the
smooth Gm -invariant conic on X. The ﬂopping locus of the map χ in (2.3) is the union of the strict transforms
in X 0 of the two Gm -invariant lines L1 and L2 , and the ﬂop is given by Reid’s pagoda.
Proof. Since the Hilbert scheme of conics on X is smooth (see (3.3)), the normal bundle of the smooth
Gm -invariant conic C (and, in fact, of any smooth conic on X) is
NC/X ' OC (a) ⊕ OC (−a),

a = 0 or 1

(5.2)

(see [KPS16, Lemma 2.1.4, Corollary 2.1.6]). Therefore by [IP99, Proposition 4.4.1] the ﬂopping locus of χ
in (2.3) consists of the strict transforms of lines meeting C and strict transforms of smooth conics meeting C
at two points, all of which are automatically Gm -invariant.
If X  X MU the conic C is the unique smooth Gm -invariant conic and L1 , L2 are the only Gm -invariant
lines on X by Lemma 4.1. Therefore, the ﬂopping locus of the map χ : X 0 d Q0 is the union of the strict
transforms of the lines L1 and L2 . Note that the lines L1 and L2 do not meet by Lemma 3.1.
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Concluding remarks

If X  X MU the explicit description of the Hilbert schemes of conics and lines shows that C is still the
unique smooth Gm -invariant conic and there are precisely two Gm -invariant lines on X; for instance, if the
curve C is given by (4.5), these lines are
L1 = {(a1 x + a2 y)x11 }

and

L2 = {(a1 x + a2 y)y 11 }.

Clearly, these lines do not meet.
Note that in both cases L1 ∩ L2 = ∅ and the lines L1 and L2 are special, hence the normal bundles of
their strict transforms in X 0 are isomorphic to O ⊕ O (−2), hence the ﬂop χ is given by Reid’s pagoda. 
In the following remark we describe the ﬂopping locus and the exceptional divisor of the rational
map ξ −1 : Q d X.
Remark 5.3. The base locus of the pencil of quadrics hQ0 , Q∞ i is a surface F ⊂ P4 of degree 4. This
surface is the exceptional divisor of the map ξ −1 : Q d X by Theorem 2.2 (ii). The singular locus of F
consists of four ordinary double points
P0 := (1 : 0 : 0 : 0 : 0),

P6 := (0 : 0 : 0 : 0 : 1),

P1 := (0 : 1 : 0 : 0 : 0),

P5 := (0 : 0 : 0 : 1 : 0),

and F contains exactly four lines
`0,1 = hP0 , P1 i,

`1,6 = hP1 , P6 i,

`6,5 = hP6 , P5 i,

`5,0 = hP5 , P0 i.

The curve Γ passes through P0 and P6 and does not pass through P1 and P5 . The lines `0,1 and `6,5 are
3-tangent to the curve Γ . The surface F can be realized as the quotient of P1 × P1 by the involution
(w1 , w2 ) 7→ (−w1 , −w2 ) with the quotient map P1 × P1 → F ⊂ P4 given by
(w1 , w2 ) 7−→ (y0 : y1 : y3 : y5 : y6 ) = (1 : w12 : w1 w2 : w22 : w12 w22 ).
In particular, F is a toric del Pezzo surface with Pic(F)  Z2 and Cl(F)  Z2 ⊕ Z/2. One can also realize F
as the anti-canonical image of the blowup F 0 of P1 × P1 at four points (0, 0), (0, ∞), (∞, ∞), (∞, 0).
The two 3-tangent lines `0,1 and `6,5 are contained in the ﬂopping locus for χ−1 . Since by Proposition 5.1 the ﬂopping locus consists of two irreducible components, the strict transforms in Q0 of these two
lines form the whole ﬂopping locus of χ−1 .
Finally, we give a description of one of the boundary points in the family P1 \ {0, 1, ∞} of Gm -invariant
threefolds X. Note that the quadric Q1 = {y0 y6 − y1 y5 = 0} is a cone over a smooth quadric surface and
contains Γ . Its vertex
P3 = (0 : 0 : 1 : 0 : 0)
is an ordinary double point on Q1 that lies away from the surface F described in Remark 5.3. In particular,
the point P3 lies away from Γ and away from the ﬂopping lines of χ−1 . Therefore, the construction of
Theorem 2.6 can be applied to (Q1 , Γ ) and produces a prime Fano threefold X m (1) of genus 12 with one
ordinary double point and a faithful Gm -action.
On the other hand, Fano threefolds of genus 12 with a single ordinary double point were classiﬁed
in [Pro16]. In the next proposition we identify X m (1) with a threefold of type (IV); a detailed description of
such threefolds is given in [Pro16, §7].
Proposition 5.4. The threefold X m (1) is a threefold of type (IV) from [Pro16, Theorem 1.2].
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Proof. A general plane Πλ in the pencil
{y5 = λy0 , y6 = λy1 }
is contained in Q1 , meets Γ at 5 distinct points, passes through P3 , and does not meet the ﬂopping locus
of χ−1 (see Remark 5.3). Let Π0λ ⊂ Q10 be the strict transform of Πλ (it is isomorphic to the blowup of Πλ
at 5 points). The composition σX ◦ χ−1 is regular near Π0λ and it is easy to see that deg(σX (χ−1 (Π0λ ))) = 5
(the map σX ◦ χ−1 contracts the strict transform of the conic Πλ ∩ Q0 ). Therefore, σX (χ−1 (Π0λ )) generates
a pencil of quintic del Pezzo surfaces on X m (1) with a base point P3 which is singular on X m (1). Blowing
up the Weil divisor σX (χ−1 (Π0λ )) (this blowup is a small resolution of X m (1)) we obtain a base point free
pencil of quintic del Pezzo surfaces. By [Pro16, Theorem 1.2] this property characterizes the case (IV).

It would be interesting to understand degenerations corresponding to the other two boundary points of
the family P1 \ {0, 1, ∞} of Gm -invariant threefolds X.

Acknowledgements
The authors were partially supported by the Russian Academic Excellence Project “5-100”, by RFBR grant
15-01-02164, and Program of the Presidium of the Russian Academy of Sciences No. 01 “Fundamental Mathematics and its Applications” under grant PRAS-18-01. A.K was also supported by the Simons foundation.
Y.P. was also supported by RFBR grant 15-01-02158.
The authors are grateful to Costya Shramov for useful discussions, to Izzet Coskun for explaining the
proof of Lemma 2.7, and to the referee for comments.

References
[CS18]

I. Cheltsov and C. Shramov, Kähler–Einstein Fano threefolds of degree 22, preprint, 2018.
arXiv:1803.02774

[CM13]

J. W. Cutrone and N. A Marshburn, Towards the classiﬁcation of weak Fano threefolds with ρ = 2,
Cent. Eur. J. Math. 11 (2013), no. 9, 1552–1576. MR-3071923

[DKK17] S. Dinew, G. Kapustka, and M. Kapustka, Remarks on Mukai threefolds admitting C∗ action, Mosc.
Math. J. 17 (2017), no. 1, 15–33. MR-3634518
[D08]

S. Donaldson, Kähler geometry on toric manifolds, and some other manifolds with large symmetry.
In: Handbook of geometric analysis, no. 1, pp. 29–75, Adv. Lect. Math. (ALM), vol. 7, Int. Press,
Somerville, MA, 2008. MR-2483362

[D17]

S. Donaldson, Stability of algebraic varieties and Kähler geometry, preprint, 2017. arXiv: 1702.05745

[GLP83] L. Gruson, R. Lazarsfeld, and C. Peskine, On a theorem of Castelnuovo, and the equations deﬁning
space curves, Invent. Math. 72 (1983), no. 3, 491–506. MR-0704401
[Isk80]

V. A. Iskovskikh, Anticanonical models of three-dimensional algebraic varieties, J. Sov. Math. 13 (1980),
no. 6, 745–814. MR-0537685

[IP99]

V. A. Iskovskikh and Yu. Prokhorov, Fano varieties. Algebraic geometry V, Encyclopaedia Math. Sci.,
vol. 47, Springer, Berlin, 1999. MR-1668579

[KPS16] A. Kuznetsov, Y. Prokhorov, and C. Shramov, Hilbert schemes of lines and conics and automorphism
groups of Fano threefolds, Japanese J. Math. 13 (2018), no. 1, 109–185. MR-3776469

14

[KS04]

References

J. Kollár and F.-O. Schreyer, Real Fano 3-folds of type V22 . In: The Fano Conference, pp. 515–531.,
Univ. Torino, Turin, 2004. MR-2112589

[MU83] S. Mukai and H. Umemura, Minimal rational threefolds. In: Algebraic geometry (Tokyo/Kyoto,
1982), pp. 490–518, Lecture Notes in Math., vol. 1016, Springer, Berlin, 1983. MR-0726439
[Pro90] Yu. Prokhorov, Automorphism groups of Fano 3-folds, Russian Math. Surveys 45 (1990), no. 3, 222–
223. MR-1071944
[Pro16]

Yu. Prokhorov, Singular Fano threefolds of genus 12, Sb. Math. 207 (2016), no. 7-8, 983–1009.
MR-3535377

[Tak89] K. Takeuchi, Some birational maps of Fano 3-folds, Compositio Math. 71 (1989), no. 3, 265–283.
MR-1022045

