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1. Introduction

1.1. Background and motivation

Let X be a topological space endowed with the action of a finite automorphism group G. We consider
1t : X — X/G the quotient map. It is quite easy to compute the cohomology of X/G with rational coefficients
since it is isomorphic to the invariant cohomology H*(X/G, Q) ~ H*(X,Q)°. However, switching to integral
coefficients, several complications appear. Let Y be a topological space. We denote by H}‘-(Y,Z) the
torsion-free part of the cohomology (see Section 1.4 (vi) for the notation).

(i) The first problem is to determine the torsion of H*(X/G,Z).
(ii) The second problem is to find a basis of H}(X/ G,Z). We are also interested in the ring structure of

H}(X/G,Z) which differs from the one of H;(X,Z)G.

No existing theory solves these problems; nevertheless, we mention a result of Smith which is an important
tool for our purpose. Smith in [Smi83] (see also [Bre72, Section III.7] and [AP06]) has constructed a
push-forward map 7, : H*(X,Z) — H*(X/G, Z) with the following properties:

(1Y) T, 0T = didH*(X/G,Z)’ T oTm, = Zg*,
geG

where d is the order of the group. We approach the problem by considering groups of prime order p as
a fundamental case before investigating more complicated frameworks. Then, much information can be
obtained from these equations in order to simplify problems (i) and (ii). We denote by H,_,(Y,Z) the torsion
part of the cohomology without the p-torsion part. The first property that we can deduce is:

Hy(X,2)° = Hy_(X/G, 2)
Moreover, we can understand the effect of 7, on the cup-product in H}(X/ G,Z) ([Menl8, Lemma 3.6]):
n*(xl) P n*(xq) = pq_ln*(xl e e xq),

with (x;)1<i<4 being elements of H}(X,Z)G. We can rewrite the problems (i) and (ii) as follows.

(i) First of all, we wonder what the p-torsion of H*(X/G,Z) is.
(ii) Let 0 < k. From (L.1), there exists aj(X) € IN such that:

(1.2) 0 — . (H (X, 2))y — H}(X/G,Z) — (Z/pZ)*) —0,
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with T(*(Hk(X,Z))f := 1t,(H¥(X, Z))/tors (see Section 1.4 (iv) for the notation). The second problem
concerns the computation of the integers a(X) called coefficients of surjectivity which were introduced
for the first time in [Menl8]. Assume that X is connected, then we can already notice by a direct
computation that a((X) = 1.

The main purpose of this paper is to solve the mentioned problems when X is a compact complex manifold
and G is an automorphism group of prime order p having only isolated fixed points (Theorem 1.1 gives an
almost complete picture apart that the p-torsion of odd degree cohomology groups is only provided for the
combinations of two complementary degrees). First of all the provided result represents a first step before a
more general theory since cyclic groups can be used as elementary bricks to construct more complicated
groups. Secondly, it can be seen as a generalization of the equivariant spectral sequence technique which
provides the cohomology of a quotient by a free group action.

The original motivation for studying this problem is the computation of Beauville-Bogomolov forms for
primitively symplectic orbifolds (see [Menl5], [KM18] and [Menl8]). Many aspects of the theory of irreducible
symplectic manifolds have been extended for spaces admitting some singularities. In particular, the second
cohomology group can still be endowed with a lattice structure given by the Beauville-Bogomolov form (see
[NamO1] and [Kirl5]). Moreover, the global Torelli theorem, which allows to recover some of the geometry of the
manifold from the Hodge structure and the lattice structure of the second cohomology group, has also been
generalized (see [Men20] and [BL18]). It is one of the reasons to compute the Beauville-Bogomolov forms of
the known primitively symplectic complex spaces. Let X be an irreducible symplectic manifold endowed
with a symplectic automorphism group G of prime order. The space X/G is a primitively symplectic orbifold
and the coefficient a,(X) is required in order to compute its Beauville-Bogomolov form. Theorem 1.1 gives a
criterion for having a,(X) = 0. From this result, we compute the first Beauville-Bogomolov forms of singular
primitively symplectic complex spaces of dimension greater than 4. To do so, we consider the quotient of a
Hilbert scheme of n < p —1 points on a K3 surface by an automorphism of order p =5 or 7 (Theorem 1.2
and 1.3).

The method to determine the integral cohomology of the quotient X/G is based on the information
provided by the Poincaré duality applied to a resolution X/G. Indeed, the Poincaré duality says that
H} (%,Z) is an unimodular lattice (see Section 1.6 for the definition of unimodular). This information

allows us to compute the coefficients of surjectivity when we are able to express H} (X/ G,Z) as function of

H}(X/ G,Z). In [Menl8], this technique was used when X/Gisa blow-up. However, not all singularities can
be resolved with a single blow-up. To get around this problem, we consider toric blow-ups. If G is a linear
abelian group acting on C", the quotient C"/G is a toric variety and we can resolve its singularities via a
toric blow-up (see for instance [Dan78, Section 8.2]). When the action of G on X has only isolated fixed
points the notion of toric blow-up can easily be extended to the quotient X/G (see Section 3.2). The first
main result of this paper is a partial description of the integral cohomology of the toric blow-up C"/G of
C"/G (see Section 3.3). Afterwards, we apply this result to obtain a better understanding of H* ()’(/‘G/,Z)
(see Section 3.4).

The toric blow-ups are used in order to prove Theorem 1.1 which provides H*(X/G, Z) when the spectral
sequence of equivariant cohomology degenerates at the second page. This hypothesis is studied in the second
important result of this paper which gives necessary and sufficient conditions, in term of the Z[G]-module
structure of H*(X,Z), for having this spectral sequence which degenerates at the second page. It can also be
of independent interest for readers that are concerned with spectral sequences.

1.2. The main results

The main results are the following.
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[F,[G]-module structure.— Theorem 2.10 shows the specificity of the IF,[G]-module structure of T ® F,
for T a free Z-module endowed with the action of an automorphism group G of prime order p. It is a
generalization of [BNS13, Proposition 5.1] in the case p > 19. In particular, it allows to state all the results of
[Menl8] without any restriction on the prime number p.

Cohomology of toric blow-ups.— Proposition 3.13 shows that the cohomology H* (([/:”\/-é,Z) of a toric
blow-up of C"/G is torsion-free and concentrated in even degrees. Among others, Theorem 3.17 computes
the discriminant of the lattice generated by the exceptional cycles.

Integral cohomology of the quotient X/G.—

Theorem 1.1. Let X be a compact complex manifold endowed with the action of an automorphism group G of
prime order p with only a finite number of fixed points 11(G). We assume that H*(X,Z) is p-torsion-free and that
the spectral sequence of equivariant cohomology with coefficients in IF, degenerates at the second page. Then:

() ap(X) =0 forall1 <k <2n,
(ii) H**(X/G,Z) is p-torsion-free for all 0 < k < n,
(iii) tors,(H X/G,Z)® H" X/G, = Y foralll <k <n-1.
» 2k+1 /G, Z) 2n 2k+1( /G,Z) Z/pz)q(G) 02%(X) 1l k

The integers £2X(X) are among what we call the Boissiére-Nieper-Wisskirchen—Sarti invariants which
characterize the IF,[G]-module structure of H}(X,Z) ®IF,. They were first introduced, in this context, by

[BNSI3]. We recall their definition in Section 2.2. The invariant £2%(X) can be shortly expressed as the
number of trivial irreducible representations that compose the representation given by the action of G on
H*(X,Z).

Theorem 1.1 is a simplification of Theorem 4.12 where the condition on the spectral sequence can be
replaced by conditions on the Boissiére-Nieper-Wisskirchen-Sarti invariants. Moreover, we do not need a
complex structure on all X, but only around the fixed points of G (¢f Remark 4.2).

This theorem can be applied to a large class of examples as complete intersections (see Section 5.5).

Degeneration of the spectral sequence of equivariant cohomology.— Theorem 4.9 provides necessary
and sufficient conditions for the degeneration of the spectral sequence of equivariant cohomology at the
second page in terms of the Boissiére-Nieper-Wisskirchen-Sarti invariants and the number of fixed points of
G. It is in the same spirit as [BNSI13, Corollary 4.3].

New Beauville-Bogomolov forms of primitively symplectic orbifolds.— A hyperkihler manifold is
said of K 3[m]-type when it is equivalent by deformation to a Hilbert scheme of m points on a K3 surface.

Theorem 1.2. Let X be a hyperkihler manifold of K3 -type and G a symplectic automorphism group of order 5.
We denote MY := X/G. Assume that 2 < m < 4, then the Beauville-Bogomolov lattice H*(MY',Z) is isomorphic

to U(5)® U?®(~10(m —1)) and the Fujiki constant of M is 5" (2m)!

mi2m

Theorem 1.3. Let X be a hyperkihler manifold of K3 -type and G a symplectic automorphism group of order 7.
We denote M := X/G. Assume that 2 < m < 6, then the Beauville-Bogomolov lattice H*(MY', Z) is isomorphic

4 —_— m—
to Uea(_3 43)69(—14(141 — 1)) and the Fujiki constant of M7" is %

We underline that these theorems give the first examples of Beauville-Bogomolov forms of singular
primitively symplectic varieties of dimension strictly bigger than 4 (see [KM18], [Menl5] and [Menl8| for
other examples in dimension 4).
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1.3. Organization of the paper

In Section 2, we define and study the basic properties of the Boissiére-Nieper-Wisskirchen-Sarti invariants
which characterize the Z[G]-modules and the IF,[G]-modules when G is a group of prime order. These
invariants are one of the main tools of this paper. In particular, they allow to describe the second page of
the spectral sequence of equivariant cohomology with coefficients in Z (¢f. Proposition 2.19) and in I, (¢f.
Proposition 2.4). In Section 2.5, we also remark that all the results of [Menl8] can be generalized to the case
when p > 19.

In Section 3, we examine the integral cohomology of toric blow-ups of C"/G and P" /G, for G a linear
action of prime order (¢f Proposition 3.13 and Theorem 3.17). As an application we show how toric blow-ups
of isolated quotient singularities in complex spaces modify the integral cohomology (cf. Corollaries 3.19,
3.20 and 3.21).

In Section 4, we apply the previous results to compute the integral cohomology of quotients. In Section 4.2,
we compute explicitly the odd coefficients of surjectivity. In Section 4.4, we provide a general expression of
the even coefficients of surjectivity and provide an upper bound in terms of the Boissiére-Nieper-Wisskirchen-
Sarti invariants (¢f. Proposition 4.8). Section 4.5 is devoted to the proof of Theorem 4.9 and Section 4.6 to
the proof of Theorem L1.

In Section 5, we give examples of applications. In Section 5.1, we describe the integral cohomology of
X/G for X a K3 surface and G an automorphism group of prime order with only isolated fixed points. In
Section 5.3, we give examples of spectral sequences which degenerate at the second page and Section 5.4
is devoted to the proof of Theorems 1.2 and 1.3. Finally, in Section 5.5, we show that Theorem 1.1 can be
applied to the quotients of complete intersections.

1.4. Notation about Z-modules and integral cohomology

Let T be a Z-module and G a finite group of prime order p acting on T linearly.

(i) We denote by TC the invariant submodule of T,

)
(i)
(ili) by tors, T the submodule of T generated by the elements of p-torsion,
(iv) by Tf the torsion-free part of T, that is Tf = L

~ torsT*

(v) We define the rank of T as the rank of Ty and we denote rk T := rk T}.

by tors T the submodule of T generated by the torsion elements,

Let Y be a topological space and G an automorphism group. Let k € IN.

(vi) We denote by H;(Y,Z) the torsion-free part of HY(Y,Z).

(vii) H*(Y,Z) denotes the direct sum of all the cohomology groups, H**(Y,Z) the direct sum of all the
cohomology groups of even degrees and H>**1(Y,Z) the direct sum of all the cohomology groups of
odd degrees. We adopt the same notation for coefficients in [F,.

(vii) (Y, Z) :=rk H*(Y,Z), h**(Y,Z) :=rk H*(Y,Z) and h**1(Y,Z) := tk H***!(Y,Z). We adopt the

same notation for coefficients in IF, replacing rk by dimp,.

(ix) When tors, H k(Y,Z)is a IF, -vector space of finite dimension, we denote:

t(Y) := dimg, tors, H'(Y, Z).

1.5. Convention on automorphisms

Let C be a category. Let X be an object of C. In this paper, an automorphism ¢ on X refers to an
invertible morphism of C from X to itself. For instance, if X is a C*°-manifold, an automorphism ¢ on X is
a C*-diffeomorphism.
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1.6. Small reminder on lattices

We recall some basic notions regarding lattices which are used in this paper (see for example [Doll2,
Chapter 8.2.1] for more details). A lattice T is a free Z-module endowed with a non-degenerate bilinear
form T x T — Z (symmetric or skew-symmetric). Without an explicit mention, the bilinear form of the
lattice will be denoted by "-". We denote by discr T the discriminant of T, which is the absolute value of the
determinant of the bilinear form of T. We say that T is unimodular if its discriminant is 1. A sublattice N of
T is said to be primitive if T/N is torsion-free.

Let NV := Hom(N, Z) be the dual lattice of N; it can be seen as a sub-module of N ® Q via the natural
isomorphism N ® Q » Hom(N,Q): x+> (y — x-y). We also denote by Ay := NV/N the discriminant
group of N. Let N be a sublattice of a lattice T; the saturation of N in T is the primitive sublattice N of T
containing N and such that N/N is finite.

If N is a sublattice of a lattice T of the same rank, we have the basic formula:

T [discr N
1.3 #— = .
(13) N discr T
If T is an unimodular lattice and L is a primitive sublattice, then

(1.4) discr L = discr L*.

We still assume that T is unimodular. Then, the map defined by the composition T C (L&L+)®Q —» LR Q
provides the following isomorphism:

T

(13) ey

—)AL.

1.7. Main idea and sketch of the proof of Theorem 1.1

Let X be a complex manifold and G an automorphism group of prime order. Let M := X/G. Let
7 : X — M be the quotient map. Let r : M — M be a resolution of singularities of M. To simplify the
exposition, we assume in this section that X is a surface. The main idea is to deduce the integral cohomology
of M from the integral cohomology of M via the Poincaré duality.

1.7.1. The exceptional lattice.— By Poincaré duality, the group HJ% (1\71,2) endowed with the cup-product
is a unimodular lattice. From this fundamental information, the objective will be to obtain information on
H?(M,Z). We define the second exceptional lattice of r by:
. 1
Ny, :=r [n*(HZ(X,Z))] ,
see [Menl8, Section 5.1]. The lattice N, , is the primitive lattice generated by the exceptional divisors of r

and the lattice NzJ:r is the saturation of r* [7{,,(H2(X,Z))]. The unimodularity of HJ% (1\7[,2) connects N, ,

and Nzl’r by the following equation (see (1.4)):

(1.6) discrN,, = discerl’r.

The objective will be to compute discr N, , and discr Nir separately to obtain information on the coefficient
of degeneration a;(X) (see (1.2)).

1.7.2. Toric blow-up.— Now, we explain how to compute discr N, ,. We assume that G has only isolated

fixed points. Let V := X \ FixG and U := V/G. We have the following exact sequence:

H2(M,U,2) - H2(M,2) —~ H2(U, 2).

We are going to connect N, , with Img. To do so, we want a good understanding of g and f. We remark
that this is possible if we choose for r a toric blow-up (see Section 3.2). The main objective of Section 3
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is to understand Im g and Im f. Corollary 3.19 shows that g is injective and f is surjective. Moreover,
Corollary 3.20 leads to the following exact sequence:

0 Img N,, d (Zz/pzZ)N — 0.
By (1.3) it follows that:
discrl
discrN, , = %
p

By Corollary 3.21, we have that:
discrIm g = p"'©),

where 7/(G) is the number of fixed points by G. Moreover from Corollary 3.20, we can expressed N in terms
of the torsion of H? (M,Z) and H?(U,Z). We have:

N =£2(U)-t3(M),

(see Section 1.4 (ix) for the notation). Hence:

logp discr N, » = 1(G) - 2t§(U) + 2t§ (]\7[)

1.7.3. Spectral sequence of equivariant cohomology.— The torsion of H%(U,Z) can be computed using
the spectral sequence of the equivariant cohomology. This is one of the objective of Section 2. The
second page of the spectral sequence of the equivariant cohomology can be expressed in terms of the
Boissiére-Nieper-Wisskirchen-Sarti invariants (see Proposition 2.4 and 2.19).

1.7.4. Conclusion.— Finally, discr 7t,(H?(X,Z)) can also be expressed in terms of the Boissiére-Nieper-
Wisskirchen-Sarti invariants by Proposition 2.34:

discr mr,(H%(X, Z)) = p %),
In Section 4.1, we define the coefficient of resolution p,(X) which allows to complete the computation:

13 (71.7)

r(HAM,2)

B2(X) := dim]Fp tors

Then by (1.3):
log, discr N3, = £,(X) = 2(B2(X) + aa(X))-

Considering all the ingredients mentioned previously, we are able to extract from (1.6) the results of
Theorem 1.1. This is done in Section 4.
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2. Invariants of a Z[G]-module

2.1. Definition of the Boissiére-Nieper-Wisskirchen-Sarti invariants

We recall here the definition of invariants introduced by Boissiére, Nieper-Wisskirchen and Sarti in [BNS13].

Let p be a prime number, T a IF,-vector space of finite dimension and G = (¢) an automorphism group of
prime order p. The minimal polynomial of ¢, as an endomorphism of T, divides X -1 = (X -1)? € IFp[X],
hence ¢ admits a Jordan normal form. We can decompose T as a direct sum of some IF,[G]-modules N, of
dimension ¢q for 1 < g < p, where ¢ acts on N, in a suitable basis by a matrix of the following form:

0
0

1

1 1

Definition 2.1. We define the integer {,(T) as the number of blocks of size q in the Jordan decomposition

(T
of the IF,[G]-module T, so that T ~ @gle;B /0

If T is a finitely generated Z-module endowed with the action of an automorphism group of prime order,
we define €,(T) := {4(T ® F,). We call the {,(T) the Boissiére-Nieper-Wisskirchen-Sarti invariants.

One of the uses of these invariants is the computation of the cohomology of the group G with coefficients
in a IF,-vector space of finite dimension.

Lemma 2.2 (¢f. [BNSI3, Lemma 3.1]).
(i) For q < p, we have H'(G,N,) =, fori > 0.
(ii) Forq =p, H(G,N,) =F, and H'(G,N,) = 0, for all i > 0.

Notation 2.3. Let X be a topological space endowed with the action of an automorphism group G of prime
order p. Assume that H*(X, [F,) has finite dimension for all k > 0. Then, for all k € N and all 1 <q <p, we
denote:

C5(X) = €,(H*(X, ), and £} ,(X) := £, (tors, H*(X, Z)).
We also set £5(X) := ) 0 €§(X).

From Lemma 2.2, we can express the cohomology of G with coefficients in H*(X,IF,) as follows.

Proposition 2.4.
(i) Fori> 0, we have dim]Fp Hi(G,Hk(X,IFp)) = Zq<p €§(X), forallk > 0.
(ii) Fori =0, we have dimp, HY(G,HN(X,E,)) = ¥4, €5(X), for all k > 0.

2.2. Boissiére-Nieper-Wisskirchen-Sarti invariants of a free Z-module

In this section we are going to provide properties of the Boissiére-Nieper-Wisskirchen-Sarti invariants
when T is free Z-module (Theorem 2.10). To do so, we introduce some additional invariants €, (T) and
¢_(T) which are intrinsically defined from the Z-module structure of T and we show that there are equal to
the Boissiére-Nieper-Wisskirchen-Sarti invariants £1(T) and £, 1(T) apart for p = 2. The invariants ¢, (T)
and ¢_(T) are needed in the case p = 2; for this reason they will be more convenient to use as notation.

Let &, be a primitive p™ root of unity. We set K := Q(&p) and O := Z[&,]. Let G = (¢) be a group of
prime order p. Let A be an O-ideal in K, the Z[G]-module structure of A is defined by ¢ -x = &,x for
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x € A. For any a € A, we denote by (A, a) the Z-module A@® Z whose Z[G]-module structure is defined by
¢ (x, k) = (Epx + ka, k).
The following result is a slight adaptation of [CR88, Theorem 74.3].

Theorem 2.5. Let T be a free Z-module of finite rank and G an automorphism group of prime order p. Then, we
have an isomorphism of Z[G|-modules:
r r+s
2.) T ~ @(A,-,a,-) @ A; @z%
i=1 i=r+1
wherer, s, t are integers, A; are ideals of O and a; ¢ (ép —1)A;, forall 1 <i <r+s. Moreover, the integersr, s
and t are uniquely determined by the Z|G|-module structure of T.

Proof. The previous result is [CR88, Theorem 74.3] where the assumptions on the ideals A; have been
modified. Indeed, in [CR88, Theorem 74.3], the ideals A; are assumed to be only O-ideals in K. We show
that the A; can be chosen as ideals of O without lost of generality.

Let A be an O-ideal in K. Let g be a common denominator of the elements of A (this exists since A is
a finite Z-module). Then, the map a — ga is an isomorphism of Z[G]-module from A to gA, gA being
an ideal of O. Similarly, let b € A such that b is not in (¢, —1)A. Then the map (a,k) — (ga,k) is an
isomorphism of Z[G]-module between (A, b) and (gA, gb). O

Notation 2.6. We set {_(T):=s and €, (T):=t.

Lemma 2.7. Let A be an ideal of O and a € A such that a & (&, —1)A. Then:
(A,a)®F, ~ N,.

Proof. Let 0 = P! +---+ ¢ +id. If p = 2, we have 0 - (0,1) = (a,2). Since a & 27Z, the image o - (0,1) in
(A,a) ® F, is non-zero. Since N1 C Ker o, necessarily (A,a)® F, = N,.
Now we assume that p > 3. We can compute that:

p-2 )
SN |

=0

If 0 - (0,1) was divisible by p, we would have:

p-2 )
[Z(p—j— 1)65]61 =Py,

j=0

for y € A. However, we have (Zf:_g(p -j- 1)5};)(5,) —1) = —p. Hence, we would have a € (£, — 1)A which is

a contradiction. Therefore, o - (0,1) is not divisible by p. So its image o - (0,1) in (A,4) ® F, is non-zero.
Moreover, we can apply the Jordan decomposition to (A,a) ® IF,. Since for all g < p, we have N, C Kero,
necessarily (A,4) ® F, > N,. However since O/A is finite, A is a free Z-module of rank p—1 and (A, a) is a
free Z-module of rank p. It follows that dim]Fp (A,a)®TF, = dimle N, = p; therefore (A,a)®F, = N,. [

Let A be a non trivial ideal of O. Then, the group O/A is a finite group and the norm N(A) of A is
defined by N(A) := #O/A.

Lemma 2.8. Let P be a prime ideal of O such that p divides N(P), then P = (&, — 1).

Proof. 1f p = 2, then O = Z and the prime ideals of O are given by p’Z with p” a prime number. If 2 divides
N(P) then P =27Z.
Now we assume that p > 3. First note that P N Z is a prime ideal of Z. Hence:

PNZ=p'Z,
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with p” a prime number. Moreover, since (1,51,,52,..., 5572) is a basis of O as a Z-module, we have:
(2.2) O/p'O~Z/p’' Z|&, = (Z/p" Z[X)/(D,)
where CITP € Z/p’Z[X] is the reduction modulo p’ of the p™™ cyclotomic polynomial. In particular:

(23) N(p'O)=p¥~L,

Since p’O C P, we have that N(P)|N(p’O). Since p divide N(P), we have by (2.3) that p” = p. Therefore
CD = (X - 1)P~L. In particular, (Z/p Z[X]) ( ) has only one prime ideal which is (X — 1), with X — 1 the
reductlon modulo p of X —1. By (2.2), it means that O/pO has only one prime ideal which is (£, —1)/pO.
Since P/pQ is a prime ideal of O/pQ, it follows that (¢, —1)/pO = P/pO. Since both (£, —1) and P are

ideals containing pO, we obtain that:

P=(5,-1).

Lemma 2.9. Let A be an ideal of O then, we have an isomorphism of F,[G]-module:
A® IFp = Np—l

Proof: When p = 2, we have O = Z and A is principal, so the result follows immediately.
We assume that p > 3. We know from the proof of [BNSI3, Proposition 5.1] that:

(2.4) O®F, =N, |

If p does not divide N(A), the map A®F, > O®IF, ~ N,_; induced by the inclusion A C O is an injection.
Hence by a dimension argument, it is an isomorphism. So by (2.4), we have our result in this case.

Now assume that p|N(A). By [CR88, Theorem 18.10], A can be written as the product of prime ideals
Py, ..., P;. Moreover by [CR88, Theorem 20.2], we have:

N(A)=N(P)---N(P).

Therefore, there exists 1 < j <i such that p divides N(P;). Then by Lemma 2.8, P; = (£, — 1). We can
consider A" =Py ---P;_1Pj,1 - P;. Since P; is principal, we have an isomorphism of Z[G]-modules A ~ A".
By induction, we will obtain A” an ideal of O isomorphic to A as a Z[G]-module and such that p does not
divide N(A”). Then, we are back to the first case. O

As a consequence, we obtain the following generalization of [BNSI13, Proposition 5.1] for p > 19. The main
improvement is that Lemmas 2.7 and 2.9 are proven without assuming Z[&,] being a PID.

Theorem 2.10. Let T be a free Z-module endowed with the action of an automorphism group of prime order p.
Let r be the integer obtained by applying the decomposition of Theorem 2.5 to T. Then:

(1) €p(T) =T,

(i) if p = 3, €,(T) = (,(T) and €_(T) = €, ,(T),
(i) if p = 2, €4(T) = C.(T) + C(T),

(iv) forall2<q<p-2,€,(T)=0,

() kT =L, (T)+ (p—1)¢(T) +ply(T) and tkTC = (T)+ (7).

Proof. Tensorizing (2.1) by F,, we obtain (i), (ii), (iii) and (iv) from Lemmas 2.7 and 2.9. Statement (v) is
proved in the proof of [MTW18, Lemma 1.8]. O

Remark 2.11. Let T be a free Z-module. From the previous theorem, we see that the integers ¢, (T) and
{_(T) are more relevant in the case p = 2; for this reason, it will be use preferentially in the rest of the paper.
The integers ¢, (T) and {_(T) are also designated as Boissiére-Nieper-Wisskirchen-Sarti invariants of T.
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When T is a lattice, there is an easy technique to compute the Boissiére-Nieper-Wisskirchen-Sarti
invariants in practice. Assume that we know rk T, rk TG, discr T and discr(TC)*, then the Boissiére-
Nieper-Wisskirchen-Sarti invariants can be computed using (1.3), Theorem 2.10 (v) and the proposition

below.

Proposition 2.12 (¢f [MTW18, Lemma 1.8]). Let T be a lattice endowed the action of an automorphism group
G ={¢) of prime order p. Then:

T €T
— ~(Z/pZ o ),
Too Kerg ~ \2/P%)
where 0 = PP~ + .- + P +id.

As previously, these invariants can be used to compute the cohomology of G. The following proposition is
given in [Menl8, Proposition 4.1] for p < 19.

Lemma 2.13. Let T be a p-torsion-free Z-module of finite rank endowed with the action of an automorphism
group G of prime order p. Then for all i € IN*:
() H (G, T)=T®C,
(i) H*"Y(G,T) = (z/pz)"-""),
@iii) H*(G,T) = (2/pZ)*T7).

Proof. The proof of (i) and (ii) is identical to the one given in [Menl8, Proposition 4.1]. The proof of statement
(iii) can be copy word by word from the proof of [Menl8, Proposition 4.1 (iii)] considering Lemma 2.7 instead
of [Menl8, Proposition 2.2 (ii)). g

We adopt the specific following notation when T is a cohomology group.

Notation 2.14. Let X be a topological space endowed with the action of an automorphism group G of
prime order p. We assume that H¥(X,Z) is finitely generated for all k > 0. Then, for all k € N, we denote

K (X) = &(HJ’[‘(X,Z)), K (X) = €+(HJ’§(X,Z)) and e’;, £(X) = ep(H}‘(X,Z) ®TF,).

Notation 2.15. We also set £5(X) 1= ¥ 150 5(X), €2(X) := ¥ oo 2K(X) and £271(X) := Y jso 2K 1(X),
where e = —+ or p, f.

All the invariants €3(X) are designated as Boissiére-Nieper-Wisskirchen-Sarti invariants of X for all
possible e.

Warning 2.16. The invariant legf(X) is denoted €]I§(X) in [Menl8, Notation 2.8]. It is relevant to distinguish
both of them when considering the p-torsion of H*(X,Z).

Remark 2.17. Note that @(H}((X,Z)QZ)IFP) =0forall 1 <g<p-1 because of Theorem 2.10 (iv). Hence there

is no interest to define f’t;’f(X) for 1 < g <p—1. Also the terms ¢ (H}‘(X,Z)@]Fp) and fp_l(H]]f(X,Z)(X)IFp)

are not relevant because they coincide when p = 2 leading to a loss of information. This is why we use £X(X)
and di(X ) instead (see the proposition below for the different relations between the invariants).

The universal coefficient theorem and Theorem 2.10 provide the following proposition.

Proposition 2.18. For all k € IN, we have:
(i) whenp > 3, €5(X) = €5(X)+€5 ,(X)+6551(X) and forp = 2, £5(X) = €5(X)+ X (X)+ 65 (X)+ 6551 (X),
(ii) when p > 3, €’I§_1(X) =(X)+ 5, (X)+ €51 (X),

p—1,t p—1,t
(iii) for all prime number p, £5(X) = e}ﬁy £(X)+ €5 (X) + €531 (X),

(i0) forall 2 < q < p -2, £5(X) = € ,(X) + €551 (X).
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Proof. By the universal coefficient theorem, we have, for all k € IN, the following two exact sequences:

(2.5) 0 — Ext!(H;_;(X),Z) — HN(X,Z) — Hom(H(X),Z) — 0,
(2.6) 0 — Ext! (Hy_(X),F,) — H*(X,F,) — Hom(H(X), F,) —= 0.

Moreover, the maps of these exact sequences are morphisms of G-module (see for instance [Hat01, p. 196]).
Furthermore, we have the canonical isomorphisms (which respect the G-module structure):

Ext' (Hi_1(X), Z) ~ Ext! (Hy_; (X),,) ~ Hom(tors, H_; (X),,),
Hom(H(X),IF,) ~ Hom(H(X), F,) ® Hom(tors, Hi(X), [E,),
Hom(H(X)f, F,) ¥ Hom(H(X)f, Z) ® IF, ~ Hom(Hi(X), Z) ® IF,.
Moreover from (2.5), we have the following isomorphisms of G-module:

tors, H'(X, Z) = Ext' (Hy_ (X), Z) and HJ’E (X,Z) ~ Hom(H(X), Z).

So, we obtain with (2.6) the following isomorphism of G-module:

(2.7) H*(X, ) ~ tors, HY(X, Z) ® H{ (X, Z) ® F, @ tors, H*! (X, Z).

Then, the results follow from Proposition 2.10. ]
We can also express the cohomology of G with coefficients in H*(X, Z).

Proposition 2.19. For all k > 0 and i > 0, we have:
(i) H(G,H"(X,Z)) = H¥(X,Z), i.e. tors, H(G,H"(X, Z)) = (Z /pZ)Zqué’SAX),
(ii) H*Y(G,H"(X,2)) = (Z/p Z)E X+ Lgep Cas(X),
(iii) HY (G, H(X, Z)) = (Z/p Z)"* XL s X),

Proof- Since HJIE(X,Z) and tors, H¥*(X,Z) are stable under the action of G, we have:

H'(G,H"(X,Z)) = H (G, H}‘(X,Z)) ®H' (G, tors, H'(X,2)),
for all k and 7 in IN. Then, the result follows from Lemmas 2.2 and 2.13. O

2.3. Boissiére-Nieper-Wisskirchen-Sarti invariants and Lefschetz fixed point theorem

The following proposition is due to Simon Brandhorst. Among others, it has allowed to simplify the proof
of Theorem 4.9 via Corollary 2.23.

Proposition 2.20. Let X be a compact complex manifold and G an automorphism group of prime order p. Then
x(Fix G) = €2*(X) + 0> H(X) - €2 1(X) - £>(X),
where x (Fix G) is the Euler characteristic of Fix G.

Proof. Let n = dimg X and g € G be a generator, the Lefschetz fixed point theorem provides:

2n

(2.8) X(FixG) = ) (~1) tr(gpre (o m))-
k=0

By Theorem 2.5, we have an isomorphism of Z[G]-modules:

r

P;.a)

j=1

HJ’E(X,Z) ~ ® 7%,

D
i=1
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where 7, s, t are integers, A;, A]' are ideals of O and aj & ((fp - 1)A]~, forall1<j<rand1<i<s. By
definition of the Boissiére-Nieper-Wisskirchen-Sarti invariants (Notation 2.6, 2.14 and Theorem 2.10 (i)), it
can be rewritten:
5 ¢ (X) ok (X)
K
H}’g(x,z) ~ (Aj,a) |® @Ai @70 (X)
j=1 i=1

Hence, after tensorizing by R, we obtain an isomorphisms of IR[G]-module:

65X K (X)
H*(X,R) ~ (Aj,a)®R|® @Ai ®R |@ RS X),
j=1 i=1
Since AQ R =0 ®RR for all ideal A, we have:
¢ (%)
H*(X,R) ~ (0,a;)®R ® (O R)AX) g REEX)
j=1

Furthermore, the minimal polynomial of gpgr is XP~1 4+ XP=2 4+ ... +1 and the minimal polynomial of
8(0,a,)@R 18 XP —1 for all j. Because of their degrees the previous polynomials are also the characteristic
polynomials and we obtain:

tr(gogr) = —1 and tr(gjo,q)er) = 0.

Then (2.8) becomes:
2n

x(FixG)= ) (~DNEE(X) = 5(x).
k=0
U

Remark 2.21. Note that Proposition 2.20 remains true if we assume that X is a 2n-dimensional compact
connected orientable C*-manifold and G an automorphism group of prime order p with only isolated
fixed points such that X behaves around the fixed points of G = (g) as a complex manifold and G as
a biholomorphic morphism group (i.e.: for each fixed point x there exists an open set x € U, and a
diffeomorphism f : U, — U, C C" such that f o go f~! is biholomorphic).

Remark 2.22. Note that we can find again the generalized Hurwitz formula x(X) = px(X/G)+(1-p)x(FixG)
by combining Proposition 2.20 and Theorem 2.10 (v).

The next corollary is a direct consequence of Proposition 2.20. It will be very useful in practice to deal
with the spectral sequence of equivariant cohomology (see Section 4.5).

Corollary 2.23. Let X be a compact complex manifold and G an automorphism group of prime order p with only
1(G) isolated fixed points. Then:

H(G) = (X)+ £ (X) & 2 (X)) =>(X)=0.
2.4. Application to the degeneration of the spectral sequence of equivariant cohomology

Let X be a CW-complex and G an automorphism group on X (G permutes the cells). Let EG — BG be
an universal G-bundle in the category of CW-complexes. Denote by X5 = EG x5 X the orbit space for the
diagonal action of G on the product EG x X and f : X — BG the map induced by the projection onto
the first factor. The map f is a locally trivial fiber bundle with typical fiber X and structure group G. We
define the G-equivariant cohomology of X with coefficients in a ring A (in this paper A is Z or IF, with p
a prime number) by H5(X, A) := H*(EG X X, A). In particular, observe that if G acts freely on X, then
the canonical map EG Xg X — X/G is a homotopy equivalence and so we obtain H5(X,A) = H*(X/G, A).
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Moreover, the Leray-Serre spectral sequence associated to the map f gives a spectral sequence converging
to the equivariant cohomology (see [Bro82, Chapter VII, Section 7]):
+
EY?:= HP(G;HY(X,A)) = HEM(X, A).

In particular, the degeneration of this spectral sequence at the second page has interesting consequences
(see for instance [Menl8, Theorem 1.1]). We also recall the following result of Boissiére, Nieper-Wisskirchen
and Sarti which will be used several time in this paper.

Proposition 2.24 (¢f [BNSI3, Corollary 4.3]). Let X be a compact connected orientable C* -manifold of
dimension n and G an automorphism group of prime order p. If the spectral sequence of equivariant cohomology
with coefficients in IF, degenerates at the second page, then:

h*(Fix G, IF,) Z €*
1<gq<p

It is interesting to compare the previous equation with the equation provided by the Lefschetz fixed point
theorem (Proposition 2.20).

Corollary 2.25. Let X be a compact complex manifold and G an automorphism group of prime order p. We
assume that the spectral sequence of equivariant cohomology with coefficients in IF, degenerates at the second page.

Then:

h**(Fix G, ) > (2°(X) + €2*1(X), and h** (Fix G, F,) > €31 (X) + €2*(X).
If moreover H*(X,Z) is p-torsion-free:

h*(Fix G, T,) = (3°(X) + (2"1(X), and h***! (FixG,F,) = (1 (X) + £2"(X).
Proof. By Propositions 2.24 and 2.18 (resp. if H*(X,Z) is p-torsion-free), we get:

I (Fix G, IF,) Ze z (X) +£%(X).
1<g<p =)

Adding or subtracting the equation of Proposition 2.20, we obtain our result. O

We have the following particular case when G has only isolated fixed points (this result will be useful in
Section 4.5).

Corollary 2.26. Let X be a compact complex manifold and G an automorphism group of prime order p with
only isolated fixed points. We assume that the spectral sequence of equivariant cohomology with coefficients in IF,
degenerates at the second page. Then:

2H(X) = 0(X) = 0.

Using Propositions 2.4, 2.19 and 2.18, we can compare the spectral sequences with coefficients in Z and
IF,. The end of this section is devoted to the proof of the following proposition.

Proposition 2.27. Let X be a CW-complex endowed with the action of an automorphism group G of prime order
p. We assume that H*(X,Z) is finitely generated for all k € IN.The following statements are equivalent.

— The spectral sequence of equivariant cohomology of (X, G) with coefficients in IF, degenerates at the second
page.

— The spectral sequence of equivariant cohomology of (X, G) with coefficients in Z degenerates at the second
page.

From now and until the end of this section, X is a CW-complex endowed with the action of an
automorphism group G of prime order p, with H*(X,Z) finitely generated for all k > 0. We first introduce
a tool to measure the degeneration of our spectral sequence. We define the dimensions of degeneration as
follows. Let E, ., = H%(G,H%(X,Z)) (resp. E;l,q := HY(G,HY(X, IF,))) be the second page of the spectral
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sequence of equivariant cohomology with coefficients in Z (resp. in IF,). Similarly, we denote by Efl A (resp.

=4 N . . . .

E, q) the space of the ! page of the sequence of equivariant cohomology with coefficients in Z (resp. in
. =49 . T . . dgq .

IF,). By Proposition 2.4, E, Tisa IF,-vector space of finite dimension. By Proposition 2.19, E, s also a

IF,-vector space when d > 0. Moreover, we set tpEg'k = dimIFp tors, Eg'k and tpEg{,k = dim]pp tors, E%F,

Definition 2.28. We define the k" dimension of degeneration for Z -coefficients (resp. for IE, -coefficients) by
the non-negative integer uy(X):

up(X) = dimlpp[ P E?’q]—dimﬂap[ P Ei;q] + (b, ES* — 1, EQF).
d+q=k,d>0 d+q=k,d>0
(resp. Uy (X) such that):

(X) = dimp, [ @ E’j"’] —dimp,

d+q=k

D Ef;"].

d+q=k

Remark 2.29. As, we will see below, the role of these integers will be to measure the distance of the
spectral sequence from being degenerate at the second page. Note that the terms with d = 0 is slightly
different between uk(X) and ﬁk(X). It is because, the Eo’k are not IF,-vector spaces. We can write

EY ok (E0 k/torsp EY )eatorsp E” ¥ When r > 2, the terms rk(EO k/torsp ) do not bring 1nformat10n on

the degeneration of the spectral sequence. Indeed, we have rk(E}" /torsp EO k) = rk(E”, /k /tors, E ) for all

r+1
r > 2. Hence, it is more practical to avoid these terms in the definition of uy(X).

For a better understanding, we recall the shape of the second page of our spectral sequence.

(2.9)

\\\\\
\\\\\
\\\\\
\\\\\

Lemma 2.30. The spectral sequence of equivariant cohomology with coefficients in Z (resp. in IF,) degenerates at
the second page if and only if up(X) = 0 (resp. up(X) = 0) for all k € N.

Proof. We prove the result for the spectral sequence of equivariant cohomology with coefficient in Z (the
proof is identical for the spectral sequence with coefficient in IF,). One direction is trivial, if the spectral
sequence degenerates at the second page then u;(X) =0 for all k € IN.
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Now, we assume that the spectral sequence does not degenerate at the second page and we will show that
there exist k € IN such that u;(X) > 0. First note that (dim]Fp Ef’q)r is a decreasing sequence for all d >0
and g > 0. If the spectral sequence does not degenerate at the second page then there exists a differential at
a page E,, r > 2, which is not trivial:

(d,q) d—-r,q+r—1 d,q
5(d rq+r-1) ° tEr —E".
If 5Ed r)qH Vi is not trivial it means that Im 5Ed qr) A=) # 0. However
dq _ (d+r,q-r+1) -(d,q)
Er+1 - Keré(d,q) /Ima(d—r,q+r—1)’
with the differential 5(d+r) A=+l : Ef'q — Ef”’q_rﬂ Since Im 6(d r)q+r H 7 0, this means that
dimp, E;} <dimp, Ker afd“) A7 < dimg E/ < dimy, 5",
. d,q . d,q
Hence dlm]Fp Eo' < dlmmp E;™. So ug.4(X)>0. O

We also mention the following property which will be used in Section 4.5.

Lemma 2.31. Letk > 1. If up_1(X) = U, 1(X) = 0 then up(X) = 0.

—d, —d,
Proof- We have to show that E, 1-E Ooq for all d, g such that d + q = k. To do so we prove recursively that
Ez'q = Ef'q for all r > 2. Of course it is true for r = 2. Assume that it is true for r, we will prove it for r + 1.
We have:

—d-rg+r-1 0, —=d,q O =d+rg-r+l
E. " “E E.TT

Since uy_1(X) = 0, we have 0, = 0. Indeed, if it was not the case, Ker o, would be a proper sub-vector space

—d-r,q+r-1
of E, A . Hence, we would have:

—d-r,q+r—1 —d-r,q+r—1

. —d-r,g+r—1
< dlmu:p E,.;

—d-r,q+r— 1

dlmﬂ:' E dlm]F E, < dim[F E,

This contradicts Ur_1(X) = 0. With exactly the same argument, we have that 6; = 0. It follows that

Ef = which ends the proof. U

r+1’

Lemma 2.32. Assume that there exists n € N such that HY(X,Z) = 0 for all k > n. Let k > n+2, if
Up_1(X) = tup1(X) = 0 then up(X) = 0.

Proof. Let r > 2. The proof is exactly the same as the one of Lemma 2.31 with an additional complication

which imposes k > 1+ 2. Indeed, as explain in Remark 2.29, knowing that u;_;(X) = 0 does not imply
anything on EX, tors, EX* since this group is not "encoded" in uy_1(X). In particular, we can have
up_1(X) = 0 and the dlfferentlal o: EOk_1 - Err’k_r which is not trivial (note that even if we would have
added the term rk( -l tors, EO ok 1) in the definition of u;_;(X) it would not have solved this problem).

To avoid this problem, we need that Eg’k_l = 0. This is the case if k > n+ 2 by Proposition 2.19 (i). O

We can express the difference between the two kinds of dimensions of degeneration using our invariants.

Lemma 2.33. We have:

for all k e N.
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Proof. The equation of the lemma is a consequence of the universal coefficient theorem and our computations
of the cohomology of the group G. By Proposition 2.4:

(2.10) Z Zel )+ £5(X) - dimp HY(Xg, ).

i=0 q9<p
By Proposition 2.19:

k-1 k-1
(2.11) Uy (X) = Zezi (X) + Zf%i“ + ZZe X)+ 25 (X) - 12K(X;),
i=0 i=0 i=0 g<p
k ‘ k-1 ‘ 2k+1
(212) wpa(X)= ) 2X)+ ) G0+ ) ) GuX)+ G- 55 (Xe)
i=0 i=0 i=0 q<p

where the notation tlg is defined in Section 1.4 (ix). Moreover the universal coefficient theorem provides a
relation between the two kinds of dimensions of degeneration. Indeed, by (2.7), we have for k € IN:

dimy, H*(Xg, B,) = t;(Xg) + 1" (Xg) + rk H} (Xg, 2).
By Proposition 2.19 (i) and Theorem 2.10 (v), we have:
rkH}'ﬁ(XG,Z) = rkH}’ﬁ(X,Z)G = (x )+£’I§f( ).
It follows from (2.11), (2.12) and Proposition 2.18 that:

dimy, H*(Xg, ) = £55(Xg) + £, (Xg) + 1k HJ%k (Xg, 2).

k-1 k-1 2k
=) G0+ ) CFX) ) Y G (X)+ ) - un(X)
i=0 i=0

i=0 4<p
k . k-1 2k+1
— tpps1(X) + Zf%l(X) + Zﬁ’”( Z Zg +€2k+1( X)
=0 i=0 i=0 q<p

+EHX) + (%)

2k
=) ) G+ EFX) — ugp(X) = iz (X).

i=0 4<p

We obtain the same result for odd degrees, hence we have for all k > 0:

dimp, H*(Xg, F,) = ZZel — 1 (X) = gy (X).
i=0 q<p
Then, we obtain our result by (2.10). O

Finally, Proposition 2.27 is a direct consequence of Lemmas 2.33 and 2.30.

2.5. Application to the cohomology of quotients when p > 19

Because of Theorem 2.10, all the statements of [Menl8] can be stated without any restriction on the prime
number p. In particular, we have the following propositions which will be used several times in the paper.

Proposition 2.34. Let X be a compact connected orientable manifold and G be an automorphism group of prime
order p. We denote by 1 : X — X/G the quotient map. Let T be a unimodular sublattice of H*(X,Z) stable under
the action of G, then:

discr i, (T)y = p&(T)_
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Proof. 1t is a direct consequence of [Menl8, Corollary 3.8], since we have shown in Theorem 2.10 (v) that
tk TG —{,(T) =€,(T) for all prime number p. i

Proposition 2.35. Let X be a compact connected orientable manifold of dimension n and G be an automorphism
group of prime order p. For all 0 < k < n, we have:

@k (X) + ay4(X) < 5(X).
Moreover, if X/G is smooth the previous inequality becomes an equality.

Proof. As before, it is a direct consequence of [Menl8, Corollary 3.10], since we have shown in Theorem 2.10

(v) that rkHjlﬁ(X,Z)G —5’;’)((}() = d‘r(X) for all prime number p. O

Remark 2.36. More generally, in all the statements [Menl8, Propositions 2.9, 3.14 and 5.2], the assumption
on the prime number p can be removed.

The main results of [Menl8] can also be stated without any restriction on the prime number p. We recall
the definition of simple fixed points of an automorphism group of a complex manifold [Menl8, Definition 5.9].
A fixed point x is said to be simple if the local action of G around x corresponds to the action of one of
the diagonal matrices diag(1,..., 1,5p,..., Ep) in 0 € C" with Ep a pth root of the unity. If Fix G has several
connected components, we denote by Codim Fix G the codimension of the component of higher dimension.

Theorem 2.37. Let X be a compact complex manifold of dimension n and G an automorphism group of prime
order p. Let c := Codim Fix G. Assume that
(i) H(X,Z) and H*(Fix G, Z) are p-torsion-free,
(i) h*(Fix G, Z) > U (X) + 02 (X),
(iii) all fixed points of G are simple,
(iv) c> 5 +1.
Then, for all 2n—2c+1 <k < 2c—1, the k™ coefficient of surjectivity oy (X) of X vanishes.

The condition on the codimension of Fix G can be slightly improved (we can allow that Fix G contains a
connected component of codimension I-%-I)

Theorem 2.38. Let X be a compact complex manifold of dimension n and G an automorphism group of prime
order p. Assume that:
(i) H(X,Z) and H*(Fix G, Z) are p-torsion-free.
(ii) h**(Fix G, Z) > €2*(X) + £>*Y(X) if n is even and h***1(Fix G, Z) > €21 (X) + €%*(X) if n is odd.
(iii) All fixed points of G are simple.
(iv) CodimFix G = [%-I
(v) When n is even, we assume that Fix G contains only one connected component of dimension 7, denoted by
A. Let j : Fix G < X be the inclusion. Let [A] := j,(1), with j, : HY(A, Z) — H"(X,Z). We assume that
[A] is not of p-torsion and is not divisible by p.
Then the n'™ coefficient of surjectivity a,,(X) of X vanishes.

Proof of Theorems 2.37 and 2.38. This is the version of [Menl8, Theorems 6.1 and 6.12] without the assumption
p < 19. Because of Propositions 2.34, 2.35 and Remark 2.36, the proof given in [Menl8] remains valid
without any assumption on p.

Moreover, the Kihler condition can also be removed. Indeed, this condition was needed to compute the
integral cohomology of blow-ups of X using [Voi03, Theorem 7.31] which is stated for a Kihler manifold.
However [Vo0i03, Theorem 7.31] can be replaced by [DL09, Theorem 4.1] which provides the integral
cohomology of a blow-up of an almost complex manifold without any Kihler assumption.

Furthermore, the condition on [A] in [Menl8, Theorem 6.12] have been slightly weakened (in [Menl8], A is
denoted by ¥). In [Menl18, Theorem 6.12], it is assumed that [A] is primitive in H"(X,Z); however assuming
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that [A] is not divisible by p is enough without any change in the proof. Indeed, this condition on [A] is
only used in [Menl8, Lemmas 6.13] to show that H"(X \ Fix G, Z) is p-torsion-free. i

Remark 2.39. By Corollary 2.25, the numerical condition (ii) of the previous theorems can be replaced by
"the spectral sequence of equivariant cohomology with coefficients in IFp degenerates at the second page".

3. Toric blow-up

3.1. Reminders on toric geometry

Our main references are [Dan78], [Ful93] and [Oda88].

Let M be a lattice. A set 0 in Mg := M ®Q is called a cone, if there exist finitely many vectors
v1,...,V, € M such that 0 = Q*v +---+ Q*v,,. The dimension of o is defined to be the dimension of
the subspace Vect(c). If H C Mg is a hyperplane which contains the origin 0 € Mg such that o lies in
one of the closed half-spaces of Mg bounded by H, then the intersection o N H is again a cone which is
called a face of 0. If {0} is a face of 0, we say that o has a vertex at 0. Let 0 be a cone, we denote by
oV = {f € Hom(Mg, Q) | f(o)= 0} the dual cone of 0.

Definition 3.1 (Fan). Let M be a lattice. A fan ¥ in Mg is a finite set of cones which satisfies the following
conditions:

— every cone 0 € X has a vertex at 0;
— if T is a face of a cone 0 € X, then T € ¥;
— if 0,0’ € X, then 0 N ¢’ is a face of both ¢ and ¢”’.

Definition 3.2 (Vocabulary on Fan). Let ¥ be a fan in M.

— We define the support of ¥ by |X| = (J,cy 0 and we say that ¥ is complete if |X| = Mq.

— Let ¥’ be another fan such that every cone of ¥’ is contain in some cone of ¥ and |X’| = |X|; we call
Y a subdivision of ¥.

— Let 0 € ¥ be a cone. We say that o is regular according to M if it is generated by a subset of a basis
of M. We say that ¥ is regular according to M if every o € ¥ is regular according to M.

— Let X(1) be the cones of ¥ of dimension 1. The Stanley-Reisner ring Ry of ¥ is the commutative
ring generated by elements x;, with o € ¥(1) and the relations x; x,, - - - x5 = 0 for all distinct
01,07,...,0, € ¥(1) that do not generate a cone of ¥.

Definition 3.3 (Affine toric variety). Let M be a lattice and 0 C Mg a cone. We denote by C[o N M] the set
of all the expressions ) ,,c;qm @mX™ with almost all a,, = 0. The affine scheme Spec C[o N M] is called an
affine toric variety, it is denoted by X;.

Definition 3.4 (7oric variety). Let M and N be lattices dual to one another, and let ¥ be a fan in Ng. With
each cone 0 € © we associate an affine toric variety X,v = SpecC[o¥ N M]. By [Dan78, Section 2.6.1], if T
is a face of o, then X;v can be identified with an open subvariety of X,v. These identifications allow us to
glue together the X ;v (as o ranges over ¥) to form a variety, which is denoted by Xy and is called the toric
variety associated to X and N.

Theorem 3.5 (¢f [Oda88, Theorems 1.10 and 1.11]). Let N be a lattice and let Xy be a toric variety determined
by a fan ¥ in Ng. Then:

(1) Xy is complete if and only if ¥ is complete.

(2) Xy is smooth if and only if ¥ is regular according to N.

In this section we will be interested in the integral cohomology of toric varieties, for this reason we recall
the following well known result.
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Theorem 3.6 (¢f. [Dan78, Theorem 10.8]). Let X be a complete smooth toric variety. Then H*(X,Z) is
torsion-free and concentrated in even degrees.

As mentioned in [Dan78, Section 5.7], toric varieties can also be characterized by a torus action. For
each o € ¥, we have an inclusion C[oY N M| C C[M] which provides an action of 7 := Spec C[M] =~ (C*)™
on X,v, with m = dim M. These actions are compatible on each X;v and give an action of 7 on all Xj.
It can be shown that this property characterizes toric varieties: if a normal variety X contains a torus 7
as dense open subvariety, and the action of 7 on itself extends to an action on X then X is of the form
Xy. Considering this action, an important tool is the equivariant cohomology of Xy under the action of 7
denoted by H7(Xy,Z) (see Section 2.4 for the definition of equivariant cohomology). This tool is used to

prove the next proposition which will be needed in Section 3.3.

Proposition 3.7. Let ¥ and ¥ be two regular fans such that ¥’ C ¥. Let Xy and Xy be the associated toric
varieties. Let j : Xy < Xy be the natural embedding. Assume that H* (Xy,Z) and H* (Xy/,Z) are concentrated
in even degrees, then j* : H* (Xy, Z) — H* (Xy/, Z) is surjective.

Proof. The proof is based on a well known result that we will recall here. For each I-dimensional cone o € ¥,
we can construct a 7 -invariant divisor V(o) in Xy (see for instance [Ful93, Section 3]). Let R(X) be the
Stanley-Reisner ring of X. Then there is a natural ring morphism:

Cy: R(Z) - H;-(X):,Z)

defined on the 1-dimensional cones, by sending x,, to the equivariant cohomology class associated to the
divisor V(o). When Xy is smooth, cy is an isomorphism (this is due to [Bri96, Section 2.2] where the result
is stated with rational coefficients, however the proof is still true considering integral coefficients; see [Fra06,
Sections 2.3 and 3| for the same result in a more general setting). Then, we have the following commutative
diagram:

R(Y) == H}(Xy,Z) — H*(Xy,Z)

R

R(E’) T H;—(XZ/,Z) —> H*(le, Z)

Cy/
The map R(X) — R(X) is surjective because ¥’ C X. Moreover, the maps H}(Xy, Z) — H*(Xy,Z) and
H7(Xy,Z) — H*(Xy/,Z) are surjective because the cohomologies of Xy and Xy are concentrated in

even degrees (see for instance [Fral0, Lemma 5.1]). By commutativity of the diagram, it follows that
j"tH(Xy,Z) - H*(Xy/, Z) is surjective. O

3.2. Definition of toric blow-ups

For toric varieties.— Let Xy be a toric variety. By Theorem 3.5 (2), to resolve the singularities of Xy, we
only need to consider X’ a regular subdivision of ¥. In [Dan78, Section 8.2], Danilov explains that we can
always find a regular subdivision X’ such that f : Xy, — Xy verifies the following properties:

— f is an isomorphism over the smooth locus of Xy;
— f is a projective morphism.

Such a transformation f is called a toric blow-up of Xy.

Example 3.8. The variety C" is an affine toric variety given by the lattice M := Z" and the cone
o =(Q")". Let G c GL(n,C) be a finite abelian group with n > 1. Since G is finite abelian group,
there exists a basis of C" in which all the elements of G can be expressed as diagonal matrices. Let
g € G, we have g = diag(&™,..,E%), with & an m'™ root of unity and 0 < a; < m. Let MS$ :=
{(xl,...,xn) eM| Y, xa =0 mod m} and MC := NgecM$. The quotient C"/G is also an affine toric
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variety given by the lattice M© and the cone o. In particular, C"/G is the toric variety associated to the fan
Y in (MG)Q\/2 containing the cone 0¥ and all its faces. Hence, the singularities of C"/G can be resolved by a
toric blow-up.

For isolated quotient singularities.—

Definition 3.9. Let X be a topological space. A point x € X is called an isolated complex quotient point if there
exists W, C X an open set containing x, Y C C" with n > 1 an open set containing 0, G an automorphism
group of finite order on W which acts freely on W \ {0} and h : W, — WW/G an homeomorphism with
h(x) = 0. The quadruple (W,,W, G, h) is called a local uniformizing system of x.

Let X be a topological space. Let x € X be an isolated complex quotient point and (W,,W, G, h) a local
uniformizing system of x such that G is an abelian group. Let f : C"/G — C"/G be a toric blow-up of
C"/G. We can glue f~(W/G) to X in W\ {0}/G = W, \ {x}. We obtain a map X — X that we call a toric
blow-up of X in x according to (W,, W, G, h).

Remark 3.10. As defined here, a toric blow-up is not unique. In order to define the toric blow-up of an
orbifold with any singularities, we would need to require some universal properties for our toric blow-up.

3.3. Integral cohomology of toric blow-ups of C"/G, with G a cyclic group

In this section, we use the notation of Example 3.8. Let n > 1 and G C GL(#,C) be a finite group of
prime order p with only 0 as fixed point. The action of G extends to an action on IP". Let &, be a ph
root of the unity. Without loss of generality we can assume that G = (¢) with ¢ = diag(&,",...,&,") and
1<a;<p-1forallie{l,...,n}. It provides:

P P
(ag:a; :---:an)»—>(a0:£gla1 :---:ég”an).

Then (1:0:---:0) is an isolated fixed point of the action of G on IP"; we denote 0:=(1:0:---:0). If
we identify C" with the chart ag # 0, this action on IP” is an extension of the action on C". Hence, if we
denote by ¥ the fan of P"/G the natural embedding C"/G < IP" /G corresponds to the inclusion of the
fans L C X.

Let f : C"/G - C"/G and f: P"/G — IP"/G be toric blow-ups of C"/G and IP"/G respectively such
that they coincide in 0; that is the cone ¢V is subdivided in the same way in ¥ and ¥. Let T and X’ be the
fans of P"/G and €7/G, it follows an inclusion ' C ¥ and an open embedding j : C"7G — P1/G.

Let £, = X\ {oV}; it is the fan of IP"/G \ {0}. We consider E; the regular subdivision of X, such that
E; CE’; it is the fan of P7/G := 11%\]_( _1(0) = P77G N j(f~1(0)). We denote i : P1/G < P/G the
inclusion. We also denote (C"/G)* := C/G \ f~1(0) = C"/G \ {0}.

Remark 3.11. By Theorem 3.6, H* (H/’?/_(/},Z) is torsion-free and concentrated in even degrees.

Proposition 3.12. We have:

z Jork =0,

0 fork=2m-1,1<m<n-1,
H"(CY/G),2)={Z/pZ fork=2m, 1<m<n-1,

V4 fork=2n-1,

0 Jork =2n.

Proof. The space (C"/G)" is homotopy equivalent to $2"~!/G. The space $?""!/G is the lens space
L(n—1,p) and its cohomology is well known. g
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As a consequence, we also obtain the relative cohomology H*(C"/G, (C"/G)", Z).
Proposition 3.13. We have:
0 fork e{0,1},
Z/pZ fork=2m-1,2<m<n,

fork=2m, 1<m<n-1,
V4 fork =2n.

H*(C"/G,(C"/G),Z) =

Proof. The quotient C"/G is contractible, so its cohomology is concentrated in degree 0:
H*(C"/G,Z)=H"C"/G,Z)=Z.
Then, the result can be obtained from the exact sequence of relative cohomology of the pair (C"/G, (C"/G)*):
HXC"/G,7) — H*((C"/G)*,Z2) — H*(C"/G,(C"/G)",Z) — H*"*1(C"/G,Z),
Hence for k > 1, we have:
H*(C"/G)", Z) ~ H*(C"/G,(C"/G)", Z).
We obtain our result for k > 1 using Proposition 3.12. It only remains to compute H(C"/G, (C"/G)*,Z) and
H(C"/G,(C"/G)*,Z). The previous exact sequence provides:
H%C"/G,(C"/G),Z) — H°(C"/G,Z) — H’((C"/G)*,Z) — H'(C"/G,(C"/G)",Z) — 0.

Since H(C"/G,Z) — H((C"/G)*,Z) is not trivial, we have H*(C"/G, (C"/G)*,Z) = 0. Furthermore, since
HY(C"/G,(C"/G)*, Z) is torsion-free, we have H!(C"/G,(C"/G)*,Z) = 0. O

—~——

Proposition 3.14. The cohomology groups H* (H/’—’V(/}*,Z) and H* (C”/G,Z) are torsion-free and concentrated
in even degree.

Proof. We first show that H2k-1 (II/)”\/-G*,Z) = H2k-1 (([/7‘\/_(/?,2) =0 for all 1 <k < #n. The main idea of the
proof is to apply Proposition 3.12 and Remark 3.11 to the long exact sequence of relative cohomology of the
couples (ll%, ]I%*) and (([%,(C”/G)*).

Assume first that k < n.— We consider the following commutative diagram of embeddings:

(3. /C”/ G)*\‘

w76

which induces the following commutative diagram on the cohomology:
0
I

2 (BTG, PTG, Z) — H (P76, Z) — H2 (PTG, 2) — 1P (5776, PT7C, 2)

[ b v [
H*=1(CG, (C"/G), Z) — H*(C7/G, z) — H**'((C"/G)", Z) — H**(C"/G,(C"/G), Z).

I
0
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By Remark 3.11, we have:
g2k-1 (W,Z) -0

and by Proposition 3.12, we have:

H*(C"/Gy,z) = 0.
By commutativity of the diagram, the map H2<! (Il/’?/-é*,Z) — H%* (W;, HS”\/-(/;*,Z) is necessarily 0. It
follows that:

H*(P77G,z) = 0.
For the same reason, the map H2k-1 ((E”\/-é, ((E”/G)*,Z) — HZk-1 ((IE?/_G,Z) is also trivial. So
H2k-1 ((’:n\/é’z) —

When k = n— The exact sequence obtained from (3.1), is slightly different. (The coefficient ring of the
cohomology is Z; we do not write it to avoid a too large diagram.)

0 Z
[ _ |
g2n- 1(]1)71/(; PG )Q_HZn 1(1[/)”\/(/;) _o g2l (]I/)”\/é*) _b> 2" (W’Hf)n\/é*) & gon (H’m\/é) -0
|| | ! ﬁ || |
g2n-1 (C”/G (C"/G) ) 21 ( ) — g2l (C"/G)') — 21 (é"\/é,(CH/G)*) N
I
Z
We have H?" (113”\/(/3,2) = Z because P"/G is smooth and compact; ([/:”\/-é and II/)”\/G* being open sub-

manifolds of a compact complex manifold of dimension 1, we get H>" (II/)”\/-G*,Z) = H?>" ((:n\/é,z) =
Necessarily, we have:

(3.2) Ima=2.
Hence:
(3.3) Imp="72.

This proves:

(3.4) H?" (P76, PG, Z) =2,
and
(3.5) 5=0.

So H"1 (W*,Z) = 0. By commutativity of the diagram, we also have y = 0. So (3.3) implies that
12 (&7, Z) = 0

The cohomology is torsion-free— The varieties P/G" and C"/G are smooth toric varieties. Moreover we
have seen that their integral cohomology of odd degrees is trivial. Therefore, [Fral0, Proposition 1.5] shows
that H* (H/’-’T/-é*,Z) and H” ((I%,Z) are torsion-free. OJ

Remark 3.15. In [BBFK98], more general results related to the cohomology with rational coefficients of toric
varieties can be found.

Lemma 3.16. The natural map H**(C"/G,(C"/G)",Z) — H>" C"/G, (C"/G)*, Z) is an isomorphism.
p 4
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Proof. Indeed, using Propositions 3.12, 3.13 and 3.14, the relative cohomology exact sequences of the pairs
(C"/G,(C"/G)*) and (C” /G, (C" /G)*) provide the following commutative diagram:

0 —= H?""l((C"/G)", Z) — H?*"(C"/G,(C"/G)",Z) — 0

| l

0 H>1((C"/G),Z) —= H?" (W;, (c" /G)*;Z) —0.

The last result of this section makes precise how a toric blow-up modifies the cohomology.

Theorem 3.17. We consider the following exact sequence:

72k
H2* (PG, P77G', Z) S H?* (PG, Z) — H?* (PTG, Z) — H?M! (PTG, PTG, Z),
with1 <k <n-1. Then:

(i) g% is injective,

(i) H¥+1(P77G, P7/G, Z) = 0,
(iii) H2k (113-”\/-(/}, H/m\/C/}*,Z) is torsion-free and H?2" (113”\/-@, H/W\/-(/?*,Z) =7,
(iv) Im g'>* & Tm ¢"~2k is a sublattice of H?* (H/’-’Vé, Z) @ H2"-2k (]I/’-’Vé, Z) of discriminant p?.

(v) If n is even, then Im g’ is a sublattice of H" (II%,Z) of discriminant p.

Outline of the proof.— The statements (i), (ii) and (iii) will be easily obtained from Proposition 3.14 and
the long exact sequence of relative cohomology of (]13-’7(/3, ]13-’7(/3*) We provide an outline of the proof of (v);
the proof of (iv) being similar.
— Using the long exact sequence of relative cohomology of (W, W*) and Proposition 3.14, we can
show that: Im ¢’ is primitive in H" (W,Z).
— However, using long exact sequence of relative cohomology of (113”\/-@, (c"/ G)*) and Proposition 3.12,

we can show that Im g"" @ (Im ¢”")* is not primitive in H" (W,Z). We have:
H"(P"/G,2)/Img" & (Img")* = Z/pZ.
— Since H" (H/)”\/(/},Z) is unimodular, we are able to deduce (v) from the lattice results of Section 1.6.

Proof of (i), (ii) and (iii). Let 1 <k < n—1. The statement (i) is a direct consequence of Proposition 3.14
looking at the following exact sequence:

2k
H*H(PT7G, 2) —— H* (P76, PG, 2) —5—— H*(P/G, 2) j

it

L H*(P7/G,2) ——— H¥*1(P7/G, PG, Z2) — 0.
Moreover, from Proposition 3.7 and 3.14, we know that the map i* is surjective. It follows:
(3.6) H* (PG, P77G, Z) = 0.

The previous exact sequence also provides that H2 (H/)”\/-é, H/m\/-é*,Z) is torsion-free since H2 (H/)”\/-G,Z)
is torsion-free by Remark 3.11. In addition, we have H?" (H%,H%*,Z) =Z by (3.4). O
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Proof of (iv) and (v). Using the exact sequence of relative cohomology of the couple (H/m\/é,m), we prove
exactly as previously that:

(3.7) H* (PG, €77G, z) = 0.

Moreover:

(3.8) H (PG, (C"/G), zZ) = H*¥ (PG, PTG, Z) @ H***! (PG, €77G, Z) = 0,
and

(3.9) H?*(P77G,(C"/GY', z) = H?* (PG, P7/G, Z) & H?* (PG, €7/G, Z).

Now, (iv) follows from the following commutative diagram:

0 0

\ 1
-2k

H2 (PTG, (C"/G)", Z) +*— H* (PTG, €76, Z) «——— 0
p’ZkT g* 7

0 —— HH (PG, PG, 2) —— H (PTG, 2) ——— H*(P77G',2) — 0

o —

H?(C77G,z) H2(C"/GY', Z)
0 \‘ 0.

The zeros in the diagram come from (3.6), (3.7), (3.8), Propositions 3.12 and 3.14, and Remark 3.11. Moreover
the diagram shows that the exact sequence

H? (PG, P7/G, Z)

\2

0 —— H*(E77G,(C"/G), Z) ~—— H* (PTG, (C"/GY, Z) < HP (PTG, €776, Z) < 0

splits. Hence the maps p* and p’?¥ are the natural embeddings:
p% B2 (BTG, PTG 2) — 1P (PG, BT 2) 0 H2 (9776, 67, 2)
ﬁZk - 2k (W}m,z) BN & 2 (W,H%*,Z)GBHZIC (W,W,Z)
By commutativity of the diagram, it follows:
(3.10) Im g% = Im g @ Img*.

By Proposition 3.14, HZk (W*,Z) and HZ%k (([%,Z) are torsion-free. It follows from the diagram
that Im g’>f and Im§2k are primitive sub-groups in H2 (W,Z). However, H**((C"/G)",Z) = Z/pZ
according to Lemma 3.12. This means that:

H? (PTG, 2)

=Z/pZ.
Imgzk /P
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So by (3.10):
H (P75, 2)

=Z/pZ.
Im g2k @ Im g P

We are considering 1 <k <n—1, so in particular, the same result is true for Im g’>"~) and Im§2(”_k) in
H2(n=k) (Il/m\/_C/;,Z). This means:
H (PTG, 7) & 20 (F77G, 7)
(Imglzk @Img’z(”_k)) ®L (Im§2k €Bh,n§2(n—k))

=(Z/p2),

with the orthogonality which is due to P/G = P77G UC"/G. Indeed the cup-product in relative cohomology
is a map:

1 (P76, B77G, 2) & 209 (P76, €77, 7) — 12 (776, P76 U €776, Z) = 0.
By Poincaré duality, H2 (113”\/-(/;,2) ® H2("k) (HS”\/-(/;,Z) is unimodular, it follows from (1.3), (1.4) and the
primitivity of Im ¢” and Img that:
discr (Img'zk ® Img'z(”_k)) = discr (Im§2k ® Imgz(”_k)) =p°.

The statement (v) is a particular case of statement (iv) when 7 is even. Assume 7 is even, we also get that
Img” and Img" are primitive in H" (H%,Z) with Im ¢g" which admits a primitive element divisible by p.
Hence:

H" (PG, z)

Img”" @+ Img"

=Z/pZ.

As before, the unimodularity of H" (II/)?/_G,Z) provides:
discrIm g™ = discrImg" = p.
O

Remark 3.18. We can also mention that H° (H/)—’VG,H/’—”\/G*,Z) = H! (]I%, ]I/’-’V(/}*,Z) = 0 because the map
i*:HO (II/)”\/(/},Z) — HO (Il/)"\/é*,Z) is an isomorphism.

3.4. Application to the integral cohomology of the toric blow-up of isolated quotient
singularities
Now, we apply the previous result to understand better how a toric blow-up modifies the cohomology.
Corollary 3.19. Let M be a topological space with an isolated complex quotient point x € M. We assume that x

admits a local uniformizing system (Wy, W, G, h) with G of prime order. Let r : M — M be a toric blow-up of M
in x. We denote U, := M \ r~1(x) and n := dimW. We consider the following exact sequence:

2k
H*(M,U,,Z) 3 g (M,z) —= H*(U,,2) — H**' (M, U,, Z),
with1 <k <n-1. Then:
(i) g)%k is injective,
(i) H**1 (M, U,, Z) =0,
(iii) H?* (M, UX,Z) is torsion-free and H>" (ZVI, UX,Z) =7Z.
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Proof. The statements (ii) and (iii) are immediate consequence of the excision theorem:
H*(M,U,, Z) = H*(P"/G, PG, Z)

and Theorem 3.17 (ii), (iii). The statement (i) is a consequence of the following commutative diagram and
Proposition 3.12.

(3.10) 0 = H*-1(C"/Gy,2) — H*(E7G, (C"/G), Z2) — H*(C/G, z)

| [ }

HZk—l(Ux,Z) H2k (M, lez) 8x H2k (]VI,Z) - HZk(Ux,Z).

0

The previous corollary allows to describe the integral cohomology of a toric blow-up in several isolated
points.

Corollary 3.20. Let n > 2 and p be a prime number. Let M be a topological space and F C M be a finite
set of isolated complex quotient points. For all x € F we assume that there exists a local uniformizing system
(W, W, G, h) withdimW =n and #G = p. Let r: M — M be a toric blow-up of M in F. We state U := M \F
and j: U <> M. Then for all 1 <k <n—1, there exists an integer 0 < d",f < #F such that we have the following
exact sequences:

i) 0 —— H*M,Z) ——~ HXU,2) —— (Z/p2)% — 0,

T’*+g2k

(i) 0 — H*M,Z)o H*(M,U,Z) —— H* (M, Z) — (Z/p z)y% 0,
with H (M, U,Z) which is torsion-free.
(ii)) 0 —— (Z/pZ)*T % —— H™ (M, Z) —— H?**! (M, Z) — 0.
(iv) Moreover, r*: Hl(M,Z) — H! (]\71,2) is an isomorphism,
() r*: H*(M,Z) — H*" (M,Z) is an isomorphism.

Proof- For 1 <k <n-—1, we consider the following exact sequence (the coefficient ring Z is omitted for
clarity sake).
(3.12)

(z/pz)**

HZk—l(U) ) )H2k(M) Jak y H2k(U) y H2k+1(M,U)

H ! L |

H*(U) — H¥*(M,U) —£— H* (M) —2— H*(U) ——— 0 5

[_> H2k+1(M) : s H2k+l(U) s H2k+2(M, U) _ Zék,n—l#F
J2k+
H2k+1 (M’) . sz”(U) | H2k+2(M,U) 70k #F

J2k+1
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where 0y ,_; is the Kronecker delta. The relative cohomology groups in the sequence are given by
Corollary 3.19 and Proposition 3.13. The following part of (3.12) provides (i):

0 — H*(M) — H?(U) — (Z/pZ)**.

By commutativity of (3.12), the maps r*: H*(M) — H?* (1\71 ) and g?* are injective. Hence, we can extract
from (3.12), the following exact sequence:

0 —= H*(M,U) — H* (M) — H>*(U) — 0.

This means that the map };k induces the following isomorphism:

-~ H¥(M) 2
Jok — — H*(U).
2k 2k
g (H* (M.U))
By commutativity of (3.12), we obtain the following isomorphism:
. H (M) H(U)
Jok ¢ E—

g2k (H2 (M, U))@r (H* (M) jor (H2K(M))
Hence (ii) follows from (i).
By Lemma 3.16, the map f2**? is always an isomorphism. It follows from the commutativity of Diagram
(3.12) that:
Im jos1 =~ Imjopyq = H2kH (M)
Therefore (iii) follows from (i) and the following part of (3.12):

j2k+1

sz(U) F2k+1 (M, U) H2k+1 (M) H2k+1(U)_
Moreover, since g is injective by Corollary 3.19, by Proposition 3.13 and Remark 3.18, we also obtain the
following diagram:
0 — H'(M)— H (U)—0
0 — H' (M) — HY(U) — 0
which provides (iv).
Statement (v) can also be proved using the commutativity of (3.12) and the bijectivity of f2" looking at
this part of the diagram:

H?*(M,U) — H**(M) — H*(U) — 0

b | [

H?"(M,U) — H>"(M) — H>(U) — 0.

The d;f will be explicitly computed when M is a quotient in the proof of Theorem 4.12.

Corollary 3.21. Let M be a topological space with an isolated complex quotient point x € M. We assume
that x admits a local uniformizing system (W,, W, G, h) with G of prime order p. Let r : M — M be a toric
blow-up of M in x. We assume that M is an 2n-dimensional compact connected orientable manifold. We denote
U,:=M~r1(x) and g, : H*(]VI, Ux,Z) — H*(Z\7I,Z). Then forall1 <k <n-1:

(i) Im g2* @ Im g2"~2k is a sublattice of H?X (]\Z, Z) @ H?2k (M, Z) of discriminant p>.

(ii) If n is even, then Im g is a sublattice of H" (1\7[,2) of discriminant p.
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Proof. This corollary is also a consequence of the excision theorem and Theorem 3.17 (iii), (iv) and (v). By
construction of the cup product, we have a commutative diagram (see for instance [Hat01, p. 209]):

sz(W,W*,Z)QoH?l (H%,W*,z) — Y s g2AKD (W,W*,z)
l/gak@g/zz J/gIZ(kH)
H2* (Iﬁn\/f;,z)@Hﬂ (H’)n\/“G,Z) Y s {2(k+D) (113'?/6,2),

where "U" is the cup product. Since H" (H/)”\/-é, II/)”\/-G*,Z) = H?" (]\71, Ux,Z) = Z by Theorem 3.17 and

Corollary 3.19, the cup product on H* (Il%, Il/"’\/-é*,Z) and on H?* (M, UX,Z) can be seen as a bilinear
form.
By (3.2) and (3.5), ¢’*" : H?" (II%, m*,Z) — H?" (W,Z) is an isomorphism. Therefore, the

commutativity of the previous diagram shows that g'Z* : Hz*(ﬂsn\/é, HG”\/(/}*,Z) — H* (II/)”\/(/},Z) is an
isometry.

We show that the same property also holds for g2*: H?* (1\71, UX,Z) — H* (1\71,2). As before, we have a
commutative diagram:

H?* (M, U, Z)®H? (M, Uy, 2) —2— H*®)(M,U,, Z)

2(k+!
Jgpres Jgze

H2k (AZ,Z)@HZI (AZ,Z) Y s H2Kk+H) (M,Z).

Moreover, we have the following exact sequence:
—~ 2n —_~
H?(M,U,,z) - H> (M,z) — H™(U,, 2).

Since M is an 2n-dimensional compact connected orientable manifold, we have H>"(U,,Z) = 0. Since
H2" (M, UX,Z) = Z, we have that g2" is necessarily bijective. Therefore, g2 : H** (M, UX,Z) — H*> (Z\Z,Z)
is an isometry.

Finally, the excision theorem provides an isometry H 2 (113”\/_(/;, 113”\/-(/}*,2) ~ H* (M, UX,Z). Hence
Theorem 3.17 (iv) and (v) conclude the proof. g

4. Integral cohomology of quotients by cyclic groups with only isolated
fixed points

4.1. Notation, hypothesis and definition

In this section X is a compact complex manifold of dimension # such that H*(X,Z) is p-torsion-free and
G an automorphism group of prime order p with only isolated fixed points.

Notation 4.1. We set M := X/G and 7w : X — M the quotient map. We define the subsets V := X \ Fix G,
U := M\ SingM and consider j : U <> M. We also denote by #(G) := #Fix G the number of fixed points.
We consider r : M — M a toric blow-up of M in Sing M.

Remark 4.2. Actually, all the results of this section remain true if we choose for X a 2n-dimensional compact
connected orientable C*-manifold, with H*(X,Z) p-torsion-free, with G an automorphism group of prime
order p which respects an orientation which has only isolated fixed points and such that all points of Sing M
are isolated complex quotient points (see Definition 3.9).
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We also use the notation of Section 1.4. The main idea is to obtain information on H}(M,Z) from
the Poincaré duality on H* (M,Z) (see Section 1.7). To do so, we need to understand the behaviour of
r*(H*(M,Z)) inside H* (Z\7I,Z). This information will be provided by the coefficient of resolution. We have

f
seen from Corollary 3.20 (ii) that H)%k (M,Z)/r*(H;k(M,Z)) can only have p-torsion, moreover its torsion

is a IF,-vector space of finite dimension.
Definition 4.3. We define the coefficient of resolution:
H# (M, Z)

. f
X):=dimp tors ————"—.
ﬁZk( ) ]Fp r*(H}%k(M,Z))

A priori, the coefficient of resolution depends of (X,G) and the choice of the toric blow-up M. It
corresponds to the number of primitive linearly independent elements in H }( (M, Z) which become divisible

by p inside Hf (M, Z)

4.2. The cohomology in odd degrees

Theorem 4.4. Let X be a compact complex manifold of dimension n endowed with the action of an automorphism
group of prime order p with only isolated fixed points. We assume that H*(X,Z) is p-torsion-free. Then:

ka1 (X) + @pygp1 (X) = €31 (X), Y O<k<n-1.
Proof. We have by (1.2):
H*'(M,z)e Hf" ' (M, Z)
. (H2k+1 (X,Z) ® H2n—2k-1 (X,Z))

=(Z/p Z)azkH(X)"'aZn—Zk—l(X).
f

By Corollary 3.20 (iii), we have an isomorphism:

(4.0) ' HP (M, Z2) ~ P (M, z).

Hence:
H¥ (M, z)e HP' ! (M, Z)
r (H* (X, 2) 0 H1(X,2),

=(Z/p Z)%2ks1 (X) @, o 1(X)

By Corollary 3.20 (v), ', (H2k+1(X,Z) @HZ"—Zk—l(x,Z)) ; and 7o, (H*1(X,Z)® H*"2*1(X,Z)) are

isometric lattices. Moreover by Proposition 2.34 and [Menl8, Proposition 3.9], we have:

log, discr 7, (H**!(x,z)@ H>" 2+ (X,Z))f = 21 (X) 4+ 021721 (X) = 202K (X).

Since H)%kH (1\71,2) GBH}%”_M_1 (1\71,2) is unimodular, by (1.3) we have:

4.3. Expression for the dimensions of degeneration

The p-torsion of H*(U,Z) can be computed using the spectral sequence of equivariant cohomology since
the action of G on V is free (see Section 2.4). For this purpose, we need the Boissiére-Nieper-Wisskirchen-
Sarti invariants of V' to be able to use Proposition 2.19.

Lemma 4.5. We have:
(i) €5(V) = 5(X) for all 0 <k < 2n -2, with + = p,— or +;
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(ii) H*"=Y(V,Z) is p-torsion-free.
Proof. Statement (i) follows immediately from the fact that H*(V,Z) = H*(X, Z) for all k < 21n—2. Moreover,
we have the following exact sequence:

0 H2”‘1(X,Z) . H2”_1(V,Z) - s H2n(x} V’Z) - HZH(X,Z) _— HZn(V’Z).

Since H2""1(X,Z) is p-torsion-free and by Thom’s isomorphism H*"(X,V,Z) = 7 H2=1(y,Z) is also
p-torsion-free. We obtain (ii). O

From Lemma 4.5 (i) and (ii), we see that the spectral sequences of equivariant cohomology of (X, G) and
(V,G) coincide sufficiently to obtain the following expressions for the dimensions of degeneration. We recall
that the notation tgk“(Y) for a topological space Y is defined in Section 1.4.

Lemma 4.6. We have forall1 <k <n-1:
(1) up(X) = LA25 02(X) + Y iy 027 1(X) - 12K(U);
(1) tppe1 (X) = LI €21(X) + Liog 271(X) - 241 (),

Proof- We prove (i), the proof of (i) is identical. By Definition 2.28, we have:

i 4, i d, 0,2k )
upk(X) = dimp, [ @ E, q] - dlmlpp[ @ Eooq] + (tpE2 - tpESOZk);

d+q=2k,d>0 d+q=2k,d>0

where E;i,q is the second page of the spectral sequence of equivariant cohomology of (X, G) with coefficient

in Z (see Section 2.4). First note that tpEg’Zk = 0 by Proposition 2.19 since H*(X,Z) is p-torsion-free. Hence

also tpEka = 0. By Proposition 2.19,

k-1 k-1
. d, i i
dlmlpp[ @ Ezq]:E e? (X)+§ £21(X).
i=0 i=0

d+q=2k,d>0

Moreover, by convergence of the spectral sequence:

dim]pp[ EB Ei;q] = 12K(X).

d+q=2k,d>0

Hence it only remains to show that:
th(Xg) = t5(U), ¥ k<2n-1.

It can be seen as follows. We have the convergence of the following spectral sequence (see [Bro82, Chapter VII,
Section 7]):

HY(G,HY(X,V,2)) = H"(X¢, Vi, Z).
However by Thom’s isomorphism, we have Hk(X, V,Z)=0for all k <2n-1 and HZ”(X, V,Z)= 716 1t
follows that H*(X¢, Vi, Z) = 0 for all k < 2n—1 and H?*"(X¢, Vg, Z) is torsion-free. Hence the long exact
sequence of the relative cohomology of (Xg, V5) provides that H¥(X¢,Z) = HX(Vg, Z) for all k < 2n—2.

Moreover, we have:
42) 00— H X, Z)— H* Y(V5,Z) — H*(Xg, Vg, Z) — H* (X, Z) — H*(Vi, Z).

Since H?"(X¢, Vi, Z) is torsion-free tg”_l(XG) = tl%”_l (Vg). Finally the fact that H*(V,Z) = H*(U, Z) for
all k concludes the proof. 0
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4.4. General expression for the coefficients of surjectivity in even degrees

In this section we follow the method which has been sketched in Section 1.7. We recall the definition of the
exceptional lattice from [Menl8, Definition 5.1]. Let 1 <k < n—1. The k'™ exceptional lattice of r is defined
by:

Ny, i=r'[m (H' (X, 2) e H(x,2))] .
We remark that NkJ,_r is the saturation of r* [7(* (Hk(X,Z) @Hzn*k(X,Z))]f. By Poincaré duality, the lattice
ka (M,Z) @Hon—zk (M,Z) is unimodular. Hence from (1.4), we have:
(4.3) discr Ny, = discerlk,r.

We are going to compute log, discr Ny, and log, discr N3; , to obtain our general equation.
We recall the exact sequence obtained from Corollary 3.19:

(4.4) 0 —= H*(M,U, z) ~— H*(M,Z) — H™(U,Z2) — 0.
We can prove using the projection formula for orbifolds (see [Men20, Remark 2.8]) that:
Img>* 1 r(H> (M, z)),

according to the pairing H2k (Z\~/I,Z)><H2”_2k (M,Z) — H2 (M,Z). Then, the lattice Ny , is the saturation
of Im g2* @ Im g2"~2k,
By Corollary 3.21 (i), we have

log,, discr (Imgzk ® Ing”_zk) =21(G).

Then (4.4) and (1.3) provide:

(4.5) log,, discr Noy,, = 2(17(G) = ;" (U) - 5" 2K (U) + 55 (M ) + £5" 2K (M)).
By Proposition 2.34 and [Menl8, Proposition 3.9], we have:
(4.6) log, discr . (H(X, Z) & H2”‘2k(X,Z))f = 02K(X) + 022K (X) = 2025 (X).

Then by (1.2), Definition 4.3 and (1.3), we obtain:

(4.7) log, discr N . = 2(€2(X) = api(X) = @2u-2t(X) = ok (X) = Bau-2k(X)).
Then (4.3) and (4.5) give the following relation:
C2() ~ (@ar(X) + @202k (X)) = (B2r(X) + Pou-2t(X)) =
1(G) = (t55(U) + 5" 2K(U) ) + (15 (M) + 152 (M) ).
We rewrite this equation adding £2(X) + ¢>*1(X) — £2¥(X) on each sides of the equality:

CF(X)+2(X) = (@ (X) + aap-ok(X)) - <ﬁ2k< )+ Ban—2k(X)) =
(4.8) 1(G) + (€3(X) + €21 (X) - 62K(X) - 55 (U) - 52K (U) ) + (15 (M) + 152 (M) ).

However, from Lemma 4.6 and [Menl8, Proposition 3.9], we have:
CX)+ 2771 (X) = EHX) = 55 U) = 15" H(U) = ugp(X) + 14220 X).
Hence from (4.8), we have:

CF(X) + 2 (X) = 1(G) = (t(X) + g (X)) + (15 (M) + 157K (M) ) +
(a2k(X) + a2p—2k (X)) + (B2k(X) + Bon—2k(X))-

So by Proposition 2.20, we obtain the following lemma.
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Lemma 4.7. We have forall1 <k <n-1:

CFHX) + 024(X) = (ugp(X) + gk (X)) + (tz%k (M) + tl%n_zk (M)) *

(aok(X) + azn-2k(X)) + (Bak (X) + Ban-2k (X))
In particular, we can state the following proposition.

Proposition 4.8. Forall 1 <k <n-1, we have:

ok (X) + ok (X) < €FFHX) + €2(X).

4.5. Degeneration of the spectral sequence of equivariant cohomology

Theorem 4.9. Let X be a compact complex manifold of dimension n and G an automorphism group of prime
order p with only isolated fixed points. We assume that H*(X,Z) is p-torsion-free and €;,(X) = 0. Then, the
Jollowing statements are equivalent:
(1) the spectral sequence of equivariant cohomology of (X, G) with coefficients in I, degenerates at the second
page,
@) 1(G) =¥(X) +£**(X),
@) ¥ 1(X)=*(X) =0,
(4) the spectral sequence of equivariant cohomology of (X, G) with coefficients in Z degenerates at the second
page.

Proof. By Corollary 2.23, (2) & (3), by Corollary 2.26, (1) = (3) and by Proposition 2.27, (1) & (4). Hence,
we only have to prove that (3) = (4).

By Lemma 4.7, t5;(X) =0 for all 0 <k < n—1. Since £2**1(X) = 0 and £2*(X) = 0, tupj1(X) = 0 for all
k € N by Lemma 4.6 (ii). Hence by Lemma 2.32, 115, (X) = 0 for all k > n+1. Because of Lemma 2.30, it only
remains to show that u,, = 0. The problem is similar to the one encounter in the proof of Lemma 2.32. The
only differentials that can still be non trivial are d; : H*(G, H**"}(X,Z)) — H(G,H*""(X,Z)) at the page
t > 2. However, by [Menl8, Proposition 3.9], the additional hypothesis Q,(X) = 0 implies that 55”_1()() =0.
Then applying Proposition 2.19 (i) and Theorem 2.10 (v), we obtain that H*(G, H*"~!(X,Z)) = 0. O

Remark 4.10. 1 conjecture that the condition 5;(X ) = 0 can be removed.

Remark 4.11. We can notice that statement (2) is necessarily wrong if G does not have at least 2 fixed points.
Indeed £9(X) = £2"(X) = 1. Therefore, when 7(G) < 2, the spectral sequence of equivariant cohomology of
(X, G) with coefficients in Z or IF, cannot degenerate at the second page. Actually, it can be seen with a direct
computation. We use the notation from (4.2). If the spectral sequence of equivariant cohomology of (X, G)
with coefficients in Z degenerates at the second page, we have H> (X, Z) = Z&(Z/p Z)2 X (X1,
Note that £2*1(X)+¢%(X)—1 > 1. Moreover H*"(X¢, Vg, Z) = Z"©). Since H*"(V,Z) = H*(U,Z) = 0.
The exact sequence (4.2) provides that:

2 (X) + 04(X) < 5(G).

Hence:
2 <n(G).

The proof is similar if we consider the spectral sequence of equivariant cohomology with coefficients in IF,.

4.6. Main theorem

Theorem 4.12. Let X be a compact complex manifold of dimension n such that H*(X,Z) is p-torsion-free. Let G
be an automorphism group of prime order p on X with only isolated fixed points.
Assume, in addition, one of the following statements:
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(1) the spectral sequence of equivariant cohomology of (X, G) with coefficients in I, degenerates at the second
page, or
(2) 1(G) = £1(X) + £2*1(X) or,
3) £271(X) = 2(X) = 0 or,
(4) the spectral sequence of equivariant cohomology of (X, G) with coefficients in Z degenerates at the second
page.
Then:
(i) ap(X) =0 forall 1 <k <2n,
(ii) H2k(M,Z) is p-torsion-free for all 0 < k < n,
(iii) 25 (M) + 2251 (M) = (G) - €25(X), for all 1 <k <n-1.

Outline of the proof.— We assume hypothesis (3), because of Theorem 4.9, Proposition 2.27, Corollar-
ies 2.23 and 2.26, it is enough to prove our result with this assumption (in particular, hypothesis (2) is also
verified in this case).

The statements (i) and (ii) will be easily obtained from Theorem 4.4 and Lemma 4.7. The statement (iii)
will be deduced from Corollary 3.20 via the integers d;f . Corollary 3.20 (iii) allows to relate tl%kﬂ(M ) to dll,f.

Moreover, the integer d;f can computed using Corollary 3.20 (iii) and our lattice knowledge on H* (M,Z).
Proof of (i) and (ii). Because of hypothesis (3) and Theorem 4.4, we have:
(4.9) ak11(X) =0,
foral 0 <k <n-1.
Moreover, Lemma 4.7 and hypothesis (3) provide:
(4.10) upk(X) = toy (M) = ap(X) = or(X) = 0,

for all 1 <k <n-—1. This provides (i) with (4.9) and Remark 4.13.
By Corollary 3.20 (ii), we know that (M) <tk (M) Hence we obtain (ii) from (4.10), (H>"(M,Z) = Z
by Corollary 3.20 (v)). 0

Proof of (iii). By hypothesis (3) and Lemma 4.6 (ii), we know that tﬁk“(U) = 0. Moreover by (3.12) and
Corollary 3.20 (i), we have:

0 S (Z/p Z)"I(G)—d},f H2k+1 (M, Z) H2k+1 ( U, Z),
where 0 < dll,f <1(G). Hence:

(4.11) (M) = 4(G) - dp.

However, d]; + dl’;_k can be computed. Indeed by Corollary 3.20 (ii), we have:

- o2k .
0 — H*(M,Z)® H* (M, U,Z) "~ H* (M, 2) —— (Z/p2)% —— 0.
We obtain:
H*(M,z)eH?"-2k(M,Z o
(412) ( ) ( ) — (Z/p Z)d§+dp k‘
r*(sz (M,Z))® Imgzk ® r*(H2”—2k(M, Z))® Ingn—zk

Moreover, we know from (4.7), (4.3), (4.10) and (1.3) that:

H2k (z\71 Z) @ H2n-2k (Z\7I,Z)
NZk,r 2] Nzlk’r

(4.13) =(Z/pz)* X,
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By (4.7), (4.6) and (4.10), we have:

(4.14) N} =r'(H*(M,2)er(H" M, 2).
However, we have by (4.4) and (4.10):
Nog,r

(415) — (Z/p Z)t;k(U)+t§’172k(U).

It follows from (4.12), (4.13), (4.14), (4.15), that:

df+dy* = 2KU) + 7K (U) + 2024(X).

Hence by (4.11):

£ (M) + 1572 (M) = 21(G) - (£35(U) + 572K (U) + 2025(X)).
Applying Lemma 4.6 (i) with (4.10) and hypothesis (2), we obtain:
oL (M) + 1572 (M) = 1(G) - £24(X).
O

Remark 4.13. Let X be a connected topological space endowed with an automorphism group of prime order.
By definition of 7, in [AP06], we always have a((X) = 1. Hence, if in addition X is a compact connected
orientable manifold of dimension 7, we always have a,(X) = 0 by Proposition 2.35.

Remark 4.14. We could also have provided an expression for t;k”(M ) + tg”_Zk“(M ) in full generality
without assumption on the spectral sequence using the coefficients of surjectivity, the coefficients of resolution
and the dimensions of degeneration. However, it was very technical and the author has preferred not to
bother the reader with such a computation.

It would be interesting to know how the torsion is shared between H2k+1(M,Z) and HZ”_2k+1(M,Z).

Conjecture 4.15. We have tgk”(M) = Z?;é fij(X) + Z?;é 221 X).

5. Examples of applications

5.1. Quotients of surfaces by automorphism groups of prime order

Proposition 5.1. Let X be a surface endowed with the action of an automorphism group G of prime order p.
We assume that H*(X,TF,) is concentrated in even degrees and that Fix G is finite and non-empty. We denote
n(G) := #Fix G. Then:
(i) ay(X) =0,
(ii) H*(X/G,Z) and H*(X/G, Z) are torsion-free and H3(X/G,Z) = Z/pZ.
(iii) discr H*(X/G, Z) = p"\©)2,
Proof- By [BNS13, Proposition 4.5], we know that the spectral sequence of equivariant cohomology of (X, G)

1(6)-62(X)

degenerates at the second page. Then, Theorem 4.12 provides our result with H3(X/G,Z) = (Z/pZ)™ >
However, by Theorem 4.9, we have:

(5.0) 17(G) = €3(X) + 2 and £2(X) = 0.
Hence H3(X/G,Z) = Z/pZ. Moreover, we obtain (iii) from (i), (5.1) and Proposition 2.34. O
Remark 5.2. Note that by the generalized Hurwitz formula (Remark 2.22), we have
o) +2-9(G)
p

b5(X/G) = 1(G) -2
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In particular the previous proposition can be applied to a K3 surface. Let L;; be the lattice

2 1 0 1
1 -2 0 0
Li» =
7710 o -2 1
1 0 1 -4

Corollary 5.3. Let X be a K3 surface endowed with the action of an automorphism group G of prime order p.
Assume that Fix G is finite and non-empty. Then for each p, the lattice H*(X/G,Z) is given by:

p (H*(X/G,Z),") #Sing X/G
3 U®Es 3
p | (HX(X/G,Z),") | #SingX/G 2 5
2| Eg(-1)@U(2)3 8 g 5 10)®4 4
3 UB)eU’aA; 6 -4 3
71 U 3
5] UG)eU? 7 ®l3 4
4 -3 71 U 2
7
U®(—3 4) I 17| U(17)eLy,(17) 7
Symplectic quotients 9 U19e (—;0 _?0) 5

Non-symplectic quotients

Proof. The automorphisms of prime order on a K3 surface were classified in [GS07] and [AST1l]. For all
possible automorphism group G, the invariant lattice H 2(X,2Z)C is computed. Applying Proposition 5.1
(i) and [Menl8, Proposition 3.5], we obtain the previous tables (the case of the symplectic involution have
already been studied in [Menl5, Proposition 1.1]). g

For instance, Proposition 5.1 can also be applied to hypersurfaces in P> (see Proposition 5.19). We propose
an example.

Example 5.4. Let X be the hypersurface of dimension 2 and degree p with equation:

xg+xf+x§+xéJ =0.
Let g be the automorphism on X induced by the following automorphism on P3:

H)2n+1 H)2n+1

(ag:ay:ap:az) —(ag:&pay : 5,17012 1 az),

with &, a p™ root of the unity and I z 1 or 0 mod p. We denote G = (g). Then:
(i) a2(X) =0,
(i) H*(X/G,Z) and H*(X/G, Z) are torsion-free and H*(X/G,Z)=Z/pZ.
(iti) bo(X/G)=p?-3p+3.
(iv) discr H%(X/G,Z) = pP~2.

Proof. Statements (i) and (ii) are direct consequence of Proposition 5.1. The fixed points of G are given by
X N V(x1,x,) which consists in p isolated points. The point (iv) follows from Proposition 5.1. Finally, by

Remark 5.2, we have by(X/G) =n(G) -2+ w and by Riemann-Roch theorem (see Remark 5.20):

by(X)=p> —4p>+6p-2.

We obtain statement (iii). O
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5.2. An example with a group of order higher than 19

As an application of Theorem 2.10, we investigate an example when the order of the group is higher
than 19. A hyperkihler manifold equivalent by deformation to a Hilbert scheme of m points on a K3 surface
will be called a hyperkihler manifold of K3["]-type.

Proposition 5.5. Let X be a hyperkihler manifold of K 32! -type endowed with an automorphism group of order
23 (it exists by [BCMSI16, Theorem 1.1]). Then:

(i) the spectral sequences of equivariant cohomology of (X, G) with coefficients in Z and in IF,5 degenerate at
the second page;
(ii) Fix G = {pty, pt,} or Fix G = R, where pt| and pt, are two isolated points and R is a rational curve.
(iii) a(X)=0 forall1 <k <8;
(iv) tk H*(X/G,Z) =1, Tk H*(X/G,Z) = 12 and x(X/G) = 16;
(v) H}(X/G,Z) is unimodular.

Proof. The second cohomology group H?(X,Z) endowed with the Beauville-Bogomolov form By is a lattice
of discriminant 2. By [BCMS16, Corollary 5.4], we have H?(X,Z)® = Z D with Bx (D, D) = 46. Hence by
Theorem 2.10 (v), €§S(X) +02(X) = 1. It follows by Proposition 2.12 and (1.3) that:

(5.2) £35(X) =1 and ¢3(X) = 0.
Therefore, by Theorem 2.10 (v):
(5.3) £2(X) = 0.
prL
Since Sym? N, =N,* for all prime number p, we obtain by [BNSI3, Proposition 6.6] that:
(5.4) £4(X) = ¢4(X) = 0 and €5,(X) = 12.

Moreover by [Menl8, Proposition 3.9]:
(5.5) €8(X) = £5(X) = 0 and €5,(X) = 1.

We recall that the cohomology of X is torsion-free by [Totl6, Theorem 2.2]. It follows from Propositions 2.4
and 2.19 that the second page of the spectral sequence of equivariant cohomology of (X, G) (with coefficients
in Z or Fy3) is "almost trivial": i.e. only the terms Eg’Zk and E;k’o are not trivial for all kK € IN. Hence, this
spectral sequence necessarily degenerates at the second page. This prove (i).

Then, it follows from Proposition 2.24, (5.2), (5.3), (5.4) and (5.5) that:

h*(Fix G, IF3) = 2.
By the universal coefficient theorem (see (2.7)), we have:
h*(Fix G, F,3) = 2t55(FixG) + rkH}(Fix G,Z),
where t35(Fix G) = dimg,, tors;3 H*(Fix G, Z). So:

(5.6) 2635 (Fix G) + rk H} (Fix G, Z) = 2,
Moreover, by Proposition 2.20 and (5.2), (5.3), (5.4), (5.5), we have:

(5.7) x(FixG) = 2.

If we add (5.6) and (5.7), we obtain:

(5.8) dimp , tors,3 H*(Fix G, Z) + rk H}*(Fix G7Z)=2.

In particular Fix G cannot contain any surface because if S is a Kéhler surface then:

rkH}*(s,Z) > 3.



38 G. Menet

If Fix G contains a curve then it is a rational curve. Indeed let C be a curve, then rk H ]%*(C,Z) = 2. Hence,

we obtain by (5.7) that H'(C,Z) = 0. Moreover in this case, by (5.8), Fix G cannot have any other connected
component. If Fix G contains only isolated points, then (5.7) provides:

#FixG = 2;

that is Fix G contains only two isolated points. It proves (ii).

Since the odd cohomology of X is trivial, we only need to show the statement (iii) for k even. By (5.2),
(5.4), (5.5) and Proposition 2.35, we obtain that a,(X) = a4(X) = ag(X) = 0. Moreover, by Remark 4.13,
ag(X) =1 and ag(X)=0.

The statement (iv) is a direct consequence of (5.2), (5.4), (5.5) and Theorem 2.10 (v) because we have
rk HX*(X/G,Z) = rk H*(X,Z)C, for all 0 < k < 8.

We have found with statement (iii) that:

8

%n*(HO(X,Z))@ . (H*(X,2))
k=1

Hence statement (v) follows from (5.2), (5.4) and Proposition 2.34. ]

;= H;(X/G,2)

5.3. Examples of degenerations at the second page of equivariant cohomology spectral

sequences

Let S be a K3 surface. We denote by S[™] the Hilbert scheme of m points on S. We recall that an
automorphism group G on St s said to be natural if it is induced by an automorphism group on the K3
surface S. Let X be a hyperkihler manifold of K3["]-type (equivalent by deformation to a Hilbert scheme
of m points on a K3 surface). A pair (X, G) is said to be standard if it is deformation equivalent to a pair
(S!"], G) with G a natural group.

Corollary 5.6. Let X be a hyperkihler manifold of K3U"™-type and G an automorphism group of prime order
3 < p such that (X, G) is a standard pair. Assume that G has only isolated fixed points, then the spectral sequence
of equivariant cohomology with coefficients in It, degenerates at the second page.

Remark 5.7. When m = 2, this theorem is a particular case of [BNS13, Theorem 1.1].

Remark 5.8. Especially, when G verifies the hypothesis of Corollary 5.6, we can apply Theorem 4.12. So
ap(X) =0, for all 1 <k <4m and H**(X/G,Z) is torsion-free.

To prove this corollary we need to recall the integral basis of H*(S"], Z) constructed in [QWO05]. Let
Q[”q’l] = {(é,x,q) e slal x5« S[”|E D1, Supp(l,/Ig) = {x}},
with [ > 0 and g > 0. We set
a_g(a)(A) = pr.([Q"] - 5a Py A),
for A € H*(S!"l) and a € H*(S) , where p, D, P are the projections from S[*4l x § x Sl to Sl s,

st respectively. We also set |0) € H*(8[01,Z)) the unit and 1 € H(S,Z), x € H*(S,Z) the generators.
For a partition A = (1*1,2%2,...), with ), the number of parts equal to r, we consider |A| = D s1TAr

21 =151 ¥ A,! and
aa(a)=] [arar.

r>1

.....

the classes
22
1

(5.9) Za_,\(l)a_,,(x)m,,l,al sz g [0), AL+ ||+ Z|vf| =m
i=1
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form an integral basis of H*(S["],Z), where myi 4, is a polynomial of the a_j(a;), j > 0 with rational
coefficients (for instance m ; , = %(.:I_l(ct)2 —a_y(a)); see [QWO05, Section 4] or [Kapl6, Section 1] for the
precise construction).

Let ¢ be an automorphism on S. For simplicity, we also denote by ¢ the induced automorphism on S9!

for all d > 0 and on SU x § x S,
Lemma 5.9. We have ¢*(a_g(a)(A)) = a_4(¢p*(a))(P*(A)).

Proof. Since ¢ is an automorphism on a compact complex manifold, we have ¢* = (¢~!),. Moreover,

¢*[Q[l+‘7'l]] = [Q[l+‘7'l]]. Hence:
¢ P (@] 5 a5y A) =P ([ !] - ¢ e Py A)
=i ([Q" ] -5 ¢ a By ¢rA).

Now, we are ready to prove Corollary 5.6.

Proof of Corollary 5.6. Let (X, G) be a standard pair. We are going to prove that £2*"1(X) = 0 and apply
Theorem 4.9 (iii). The Z[G]-module structure of H*(X,Z) is invariant under deformation. Hence the £X are
also independent under deformation for all integer k. Hence, without loss of generality, we can assume that
X =Sl and G is natural.

Since H*(S!",Z) is torsion-free by [Tot16, Theorem 2.2], we have H*(S[m],IFp) = H*(Sl", z) ®IF,. Then
by (5.9) the classes

1 22

(5.10) —ay(Da,(x)my g - my2 4 0Y®1, |A|+ |y| + Z|vi| =m

z
A )

form a basis of the IF,-vector space H*(S[m],IFp), with 1 the unit in [F,. Moreover by Lemma 5.9,

L1 - 1 _
¢ Za—/\(l)a—y(x)lnvl,al M2 ), 0)®1= Za—/\(l)ﬂ—y(x)lnvl,d)*al sy 22 ey, 0)®1,
where we use the notation ¢ for the morphism on S and on stml,

Let p = (1#1,2/2,..) and A = (1’\1,2"2,...) be two partitions; their sum is defined by the formula
p+ A= (1#1+A et A2 ) Let A, p and v be three partitions such that |A| + |y| + |v| = m. We consider
the IF,-vector space V) ,,, generated by all the elements %J_/‘\(l)J_H(X)mvl’al my22 4. [0)®1 such that

212:21 v = v. Note that V), v is stable under the action of ¢ and we have an isomorphism of IFp[G]—modules:

(5.11) Vijow = ® Sym¥ H(S,IE,),
i

122

where v = (1"1,2"2,...). Moreover by (5.10), we have an isomorphism of IF,[G]-modules:

(5.12) H*(S"LE,) ~ @ Vi o

AL+ || +lol=m

To end the proof our objective is to prove that the Jordan decomposition of H *(S[m],le) does not contain
any N,_; term (where the N, where introduced in Section 2.1); then we will have shown that 2 (stmy = o.
We can compute that:

prl
2

(5‘13) N;i®N; =N, N ®Np = Np and Np ®Np = Np .



40 G. Menet

Hence it is enough by (5.11) and (5.12) to show that the Jordan decomposition of Symj HZ(S,IFP) does not
contain any N,,_; term for all j € IN. We know by [BNSI3, Proposition 4.5] and Theorem 4.9 that 02(S) =

Hence, HZ(S,IFP) = NI&(S) @Nﬁp(s). We have Sym/ N = N;. Moreover by [AF77, Proposition 3.2 and 3.3):
d (0
(5.14) Sym“N, = N, ,
if p does not divide d and
! p[ 1+1 ]_1
(5.15) Sym”’ N, = N; &N, ,

Thus, we can prove recursively on £, (S) +¢,(S) that the Jordan decomposition of Symj H 2(S,IFP) does not
contain any N, term. If £,(S)+¢,(S) =1, this is a direct consequence of (5.14) and (5.15). We assume the
result for £, (S) +€,(S) = n and we prove it for £, (S) +€,(S) = n+ 1. We can write

,(5)-1 — ,(5)-1
HZ(SIIFP):(NIZ+(S)€BNPP( ) )@Np or HZ(S,IFP):(N15+(S) 1®Npp( ) )@Nl.
Hence, we can write:
/ 6,(5)- -
Sym/ H?(S, F,) = [Sym ( GBN ’ )®Sym]_kNp], or:
k=0

]
k=0

In both cases the recursive hypothesis, (5.13), (5.14) and (5.15) show that the Jordan decomposition of
Symj HZ(S,IFP) does not contain any N,,_; term for £,(S)+€,(S) = n+ 1. This proves the result for any
nelN.

Finally, we have shown that £2*(S["]) = 0. Then, the result is a consequence of Theorem 4.9. g

Remark 5.10. Let G be an automorphism group of prime order p on X a hyperkihler manifold of K 3[m]—type.
Note that p < 23, with 23 possible only for non-standard automorphisms. Indeed, we can write from
Theorem 2.10 (v):

(5.16) 23 = C3(X) + (p - 1)E2(X) + ply(X).

By [Bea83a, Proposition 10], £2(X) or fg(X) is non-trivial. Hence 23 > p —1, so for p prime p < 23. If G is
standard, then by Theorem 2.10 (v): £2(X) +€§(X) > 2, hence (5.16) implies that p < 19.

We can also provide another example of application of Theorem 4.9 when the odd cohomology of the
manifold is not trivial. The following proposition is a direct consequence of Theorem 4.9 (iii) and [KM20,
Proposition 1].

Proposition 5.11. Let A be a 2-dimensional complex torus. We consider the following embedding:
JiAXA—>AxAXA, (x,9)= (x,9,—x-7).

The action of the alternating group N3 on A x A x A provides an action on A X A via the embedding j. Then, the
spectral sequence of equivariant cohomology with coefficients in I3 of (A x A, R3) degenerates at the second page.
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5.4. Quotients of K 3[m]-type hyperkédhler manifolds by symplectic automorphisms of
order 5 and 7

If we consider ¢ a symplectic automorphism of order 5 (resp. 7) on S, then the fixed locus of the induced
automorphism ¢[m] on SI" has only isolated fixed points when m < 4 (resp. m < 6). Moreover, it is shown
in [Monl3a, Theorem 7.2.7, Section 7.3] and [Monl3b, Theorem 2.5] that all the symplectic automorphisms
of order 5 and 7 on a hyperkihler manifold of K 3[m]—type with m < 6 are standard. So by Remark 5.8, we
obtain the following result.

Corollary 5.12. Let X be a hyperkihler manifold of K3 -type with m < 4 (resp. m < 6) and G a symplectic
automorphism group of order 5 (resp. 7). Then ak(X) =0 forall 1 <k < 4m and H*(X/G,Z) is torsion-free.

We can also compute the torsion of H>*1(S["1/¢[™], Z) (hence also the torsion of H>**1(X/G, Z)) if we
are patient enough using (5.10), [Menl8, Proposition 3.9], and Theorem 4.12 (iii). We also find the number of
fixed points 77(¢["]) by Theorem 4.9. For instance, we give the computation for m = 2 and 3:

Remark 5.13.
m =2 and p = 5: we have £2(S[2)) =2+ 1 =3 and ¢4(5[?l) =3+ 2+1 = 6. Hence, 1(¢!?) = 14 and:
H3(sPgl2L zye H (512912, z) = (z/52)"", B3 (S92, Z) = (Z/5 Z2)*.
m =2 and p = 7: we have 52(5[2]) =1+1=2and €4(S[2]) =1+1+1=3. Hence, 17((])[2]) 9 and:
Rl zye H (S92, z) = (zZ/72), H> (S92, Z) = (/7 Z2)3.
m =3 and p = 5: we have £2(S13]) = 241 =3, €j‘;(S[ )= 342424141 =9 and £9(SB)) = 44442424141 =
14. Hence, 1(¢13]) = 40 and:
H3(SB¢BL zye H' (sBY¢P, z) = (z2/52)77, H(sB/¢lP), Zz)e HO(SBl/¢PP, z) = (2 /5 2)!
H7(sB¢3), z) = (z/52)"3.
m=3and p=7: wehave £2(SB) = 1+1 =2, £3(SB)) = 1+1+141+1 = 5and €0(SB)) = 141 +1+1+1+1 =
6. Hence, 1(¢!3]) = 22 and:
H3(sBY¢BL zye H (5913 Z) = (2/72)20 H3(sPBY¢l zye HO(SBY/¢3, z) = (z/7 2)"7
H(sBY¢Bz) = (z/72)®.

Now, we are going to prove Theorem 1.2 and 1.3. To prove these two theorems, we first need an analogous
of [Menl8, Lemma 7.11]. We recall the the discriminant group of a lattice L is denoted by A (see Section 1.6).

Lemma 5.14. Let G = () be a natural automorphism group of prime order p on SU). We endow H?(S!", Z)
with the Beauville-Bogomolov form. We have:
[m]
() Atp(sinze = (Z/2(m=1)Z)& <Z/pZ> S,
(i) discr H2(S["], 7)G = 2(m 1)p%s™.
(iii) We denote App2(sim z)6 , == (Z/p Z) £(st) . Then, the projection

H2 (sl 7)
H2(SIm, Z)C @ kerp
is an isomorphism, where p =id +¢* + -+ (¢*)P7L.
(iv) Moreover, let x € H?(S!", ). We have % € (H2(8!™,2)°)" if and only if there is z € H*(SI"), Z)
such that x = z+ ¢*(z) + -+ + (¢*)P~(2).
(v) Also:

d AHZ(S[’”],Z)G,p

. (H2(S™, 7))
. (H?(SM, Z)G)

— (Z/pz)fg(S[m]).
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Proof. We denote by & half the class of the diagonal in H2(S["], Z). We endow H?(S, Z) with the cup-product.
Since our automorphism is natural, we have an isometry and an isomorphism of Z[G]-modules:

(5.17) H2(s!",z)~H*(S,z)eZ5,
with G which acts trivially on & and 6% = —2(m — 1) (see [Bea83b, Proposition 6 and Remark 1 (§9)]). Hence:
(5.18) H*(s!",7)¢ ~H%*(5,2)° @25,

and 5!2)(5[’”]) = 53(3). Therefore, we obtain (ii) by [Menl8, Proposition 2.15].
From (5.18), we also have:

(519) AHZ(S['"],Z)G = (Z/Z(m - 1)Z) ®AH2(S,Z)G'

However by Proposition 2.12:

2/ c[m] 2
H2(Slm,7)Gokerp H?(S,Z)C @kerp

Since H%(S,Z) is unimodular, we obtain by (1.5) that Ams,zye = (Z/p Z)eﬁ(s). Hence (i) and (iii) follow
from (5.19).
Then (iv) and (v) are proved exactly as (iv) and (v) of [Menl8, Lemma 7.11]. O

Now we are ready to prove Theorem 1.2 and 1.3. The proof is very similar to the proof of [Menl8,
Theorems 1.2 and 1.3]. We only prove Theorem 1.3, the proof of Theorem 1.2 is identical.

Proof of Theorem 1.3. The Beauville-Bogomolov form is invariant by deformation, hence we can assume
without loss of generality that X = Sl and G is natural.
From [GS07, Theorem 4.1] and (5.17), there is an isometry of lattices

H?(sl, 7)C ~ U(7)ea(‘1L ;)@(—2(711— 1)).
In the rest of the proof, we identify H2(S™, Z)G with the lattice U(7) & (411 ;) & (-2(m—1)).

By Lemma 5.14 (iv), we have:

(5.20) ;n*(U(7)) c HX (M}, Z).

Let (a,b) be an integral basis of the lattice (LlL ;), with Bgm(a,a) =4, Bgim(b,b) = 2 and Bgim(a,b) = 1.

Idem, by Lemma 5.14 (iv), we have:

7t.(a) + 37, (b)
— 5 € HZ(Mén,Z).
. - . [ 4x7  =3x7\ (4 -3
The lattice generated by a + 3b and a — 4b is isomorphic to A(7) := (_3 W7 Ax7 ), with A := (_3 4 )
We have:
1
(5.21) ST(A(7)) € H*(MJ',Z).

Then, by (5.20) and (5.21):

. (H*(S", 2)) > n*(;U(7) o ;Am@ (—=2(m - 1))).

Therefore, by (ii) and (v) of Lemma 5.14, we obtain:

n (H2(s1",2)) = m(;U(7)€B ;A(7)€B(—2(m - 1))).
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So by Corollary 5.12,

H2(MI", Z) = n*(;U(7)€D ;A(7)® (=2(m - 1))).

Then, by [Menl8, Proposition 7.10], the Beauville-Bogomolov form of H 2(M;",Z) gives the lattice

1 2m)!72m-1 1 2m)!72m-1 2m)!72m-1
—_Ul7m™ ( m) @_A 7 m ( m) @ _z(m_l)m ( m)
(2m)!7m-1 (2m)!7m-1 (2m)17m-1
— U m A m _14 _ 1 m ,
( mi2mCopr | mi2"Copr | (m=1) M2 Cppy
where C M is the Fujiki constant of M;” . Then, knowing that the Beauville-Bogomolov form is integral and
m—1
indivisible, we have Cp» = % and we get the lattice:

U A®(-14(m-1)).

We can also compute the Betti numbers. We provide the computation for m = 2 or 3.

Proposition 5.15. We have:

X/G | by | by | b | #SingX/G
M: | 7|60| 7 Z
Mz | 542 5 9
M: | 767|522 40
M3 | 547|370 22

Proof. In Remark 5.13, we have computed the £ (S[") for p = 5,7 and m = 2,3. Moreover in the proof of
Corollary 5.6, we have seen that £*(S!"]) = 0 for p = 5 (resp. 7) and m < 4 (resp. m < 6). The Betti numbers
of S["] are well known and were determined by Géttsche [G6t94] (see, for instance, [Kapl6, Remark 2.1] for
the explicit values). Hence, we can deduce 5;(5[’”]) from the following equation of Theorem 2.10 (v):
rk H* (S0, Z) = 3.(81™) + (p - )€ (SU™) + pe(stm)),
Then, we deduce the Betti number from Theorem 2.10 (v):
rk H(SU"/g", Z) =tk H* (S, 2)?™ = £3(5 1)) + €351,
O

With the same method, we can also provide the Betti numbers of MZ" and M7" when m > 4. With enough
patience or a computer, we compute the £*(S!"]) directly from (5.11) (see [Kapl6] for similar techniques).

5.5. Quotients of projective manifolds

Definition 5.16. Let X be a smooth projective manifold of dimension n. Let p be a prime number. We
denote u := ¢;(Ox(1)) € H*(X, ;). Let Lk H" kX, E,) — H"k(X, IF,) be the Lefschetz maps given by
LK(x)=x-uk forall 1 <k <n.

We say that X is Lefschetz p-torsion-free if L¥ is an isomorphism for all 1 <k < n.

Definition 5.17. Let p : X < PN be a projective manifold. An automorphism group on X is said linear
according to p if it extends to an automorphism group of PV,

Proposition 5.18. Let X be a smooth projective manifold endowed with a finite automorphism group G which is
linear according to some embedding. Let p be a prime number such that X is Lefschetz p-torsion-free. Then the
spectral sequence of equivariant cohomology of (X, G) with coefficients in IF, degenerates at the second page.
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Proof. The proof of this proposition is very similar to the one of [BNS13, Proposition 4.6]. We refer to [BNSI3,
Section 4.3] for the notion of G-linearisation. Since G is a linear automorphism group, the line bundle
L := Ox(1) is G-linearisable. Hence, we can consider L := L x5 EG, with EG — BG an universal G-bundle.
Let f : Xg — BG be the projection. We set u := ¢;(Lg) € H*(Xg, [F,) and q := Rf,u : R F, — RAIE,[2].
Let 7 be the dimension of X. By [Del68, Proposition 2.1], if g : R”’kf*IFp — R”*kf*IFp is an isomorphism
for all k, then the spectral sequence of equivariant cohomology with coefficients in [F, degenerates at the
second page. Since we are considering direct images of constant sheaves along locally trivial fibrations,

we can check that the g¥ are isomorphisms fibrewise. That is, we need to prove that the Lefschetz maps
Lk H"k(X, F,) — H"™k(X, IF,) are isomorphisms. This is given by hypothesis. g

The condition on Lefschetz maps can easily be verified for smooth complete intersections. Let X be
a smooth complete intersection of multidegree (ay,...,a;). We call ]_[? a; the degree of X. We recall the
following well known result.

Proposition 5.19. Let X be a smooth complete intersection of dimension n and degree d. Let D := c1(Ox(1)).
Then:
Z7.Dk/2 if k is even and k < n,

HYX,Z)=10 ifk is odd and k = n,
Z# if k is even and k > n.

Moreover H" (X, Z) is torsion-free.

Remark 5.20. Let X be a smooth complete intersection of dimension 7 and degree d. Note that b,(X) can
be computed via Riemann-Roch theorem. For instance if X is a hypersurface

b (X) = i(_l)k(n ;{- Z)dn+1—k £ (=1y12 [Ew

2
k=0

It follows from the following corollary.

Corollary 5.21. Let X be a smooth complete intersection of degree d endowed with a finite automorphism group G
which is linear according to some embedding. Let p be a prime number which does not divide d. Then the spectral
sequence of equivariant cohomology of (X, G) with coefficients in I, degenerates at the second page.

Then, we are going to see that Theorem 2.37 and 2.38 can easily be applied to complete intersections.

Lemma 5.22. Let X be a smooth complete intersection endowed with a finite abelian group G which is linear
according to some embedding. Then H*(Fix G, Z) is torsion-free.

Proof. Let X < PN be an embedding such that the automorphism group G extends to an automorphism
group G on PV, Then we have:

(5.22) Fix G = FixG N X.

Let Y be a connected component of Fix G. By (5.22), there exists a connected component H of Fix G such that
Y c HNX. Since H have degree 1, we can write H as an intersection of hyperplanes H = H; N---NHj. Then
we can prove recursively that X N H; N---N H; has its cohomology torsion-free; moreover X N Hy N --- N Hj
is connected or of dimension 0. It is true for X, we assume that it is true for X " H; N---N H; and we
prove it for X N Hy N---N H;,1. There are two possibilities or X N Hy N---N H;,4 is a hyperplane section of
XNH;N---NH; or XNH;N---NH; C H;,;. In the second case XNH;N---NH; =XNH;N---NH; NH;;;
and there is nothing to prove. In the first case, this is a consequence of the hyperplane Lefschetz theorem
and the universal coefficient theorem.

Hence Y is a point or Y = H N X. In the both cases, H*(Y,Z) is torsion-free. U



Integral cohomology of quotients via toric geometry 45

Lemma 5.23. Let p: X <> PN be a smooth complete intersection of dimension 2n and degree d in PN, endowed
with a finite abelian automorphism group G which is linear according to p. We assume that Fix G contains A a
connected component of dimension n. Let j : A < X be the embedding and [A]:= j.(1). Let p be a prime number.
Ifp does not divide d then [A] is not divisible by p in H*"(X,Z).

Proof. We have D = p*(c1(Opn(1))). Let P := (D) be the lattice orthogonal to D" in H**(X,Z). Let
v € P. By projection formula, we have: 0 = p,(y - D") = p.(v) - c1(Opn(1))". It follows that p,(v) = 0 for
all y € P. Moreover H?"(X,Z) is a unimodular lattice, hence by (1.5), we have [A] = aDd+y, withae Z. It

follows by projection formula that:

a

p-([A]) = 51 (Opn (1) [X] = acy (Opx ()N

However as in the previous proof, A = X N H with H of degree 1 in PN, Then a divides d. That is d = qa
with g € Z. Hence [A] cannot be divisible by p since p does not divide d. O

As a consequence of Corollary 5.21 and Lemmas 5.22, 5.23, we can state the following conclusion.

Corollary 5.24. Let p : X < PN be a smooth complete intersection of dimension n and degree d in PN, endowed
with an automorphism group G of order p which is linear according to p. We assume that p does not divide d.
Then:

(i) If G has only isolated fixed points then the consequences of Theorem 4.12 are verified for H(X/G,Z).
(i) If all fixed points of G are simple then the consequences of Theorem 2.37 and 2.38 are verified for
H*(X/G,Z).

Remark 5.25. Note that in the framework of complete intersections of dimension 2, Proposition 5.1 can
directly be applied.

When X is a hypersurface the linear condition on G is verified in most cases.

Remark 5.26. Let p : X < P""! be a smooth hypersurface of dimension n and degree d. If n>2, d = 2
and (n,d) # (2,4), then an automorphism group of X is always linear according to p by [MM64, Theorem 2].
The case (n,d) = (2,4) is the case of K3 surfaces and have been treated in Section 5.1.

We propose an example of use of Theorems 2.38 and 4.12.

Example 5.27. Let X be the hypersurface of dimension 21 > 4 and degree p + 1 with equation:

n

n
p+1 P _
z xXpoo* z XiXpe1+i = 0.
i=0

i=0

Let g be the automorphism on X induced by the following automorphism on p2n+l.

H)2n+1 H)2n+l
(ag:ap:--tay)——(ag:ap:---:a;: (Sparwl : 5pﬂn+2 Pt ‘SpaZnH)l

with &, a p™ root of the unity. We denote G = (g). Then:
(i) a2,(X) =0,
(ii) if n is even:
log, discr H*'(X/G,Z) = 1,
if n is odd:

n—1

log, discr H*"(X/G, Z) = L

(—1)’<(”Jr 1)(p + 1)”"‘] e+l

k=0
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Proof. Statement (i) is a direct consequence of Corollary 5.24 (ii). To obtain (ii), we need to determine
FixG. Let Hy := V(xq,x1,...,x,) and Hy := V(X4 1,X,42,...,X2,,41)- The space H; can be identified to the
projective space IP". Then Fix G has two connected components H, =~ IP" and a hypersurface in P" of

equation:
n

fo oo,
i=0
Furthermore, by Proposition 2.25, we have:
h**(Fix G, Z) = £ (X) + £(X).
If n is even, it implies:
(n+1)+n=0"X)+2n.
If n is odd by Remark 5.20, it implies:

(n+1)+ (—1)"(”+ 1)(p 1) = 2(X) 1 2m.

However by Proposition 2.34:
discr H*"(X/G) = pﬁ"(x).
O

Remark 5.28. Note that b,,(X/G) can also be computed in the previous example via the generalized Hurwitz
formula. For instance if 7 = 2 and p = 3, Fix G has two connected components a IP?> and a plane curve of
degree 4. It follows that:

x(FixG)=3+2-6=-1.
Moreover by Remark 5.20:

Xx(X)=188.
So by Remark 2.22, we obtain:
X(X/G) = 62.
So:
by(X/G) = 58.

Example 5.29. Let X be the hypersurface of dimension 5 and degree 3 given by the equation:
x(z)xl + X%Xz + X%X3 + X§X4 + Xﬁx5 + x§x6 + xng =0.
Let g be the automorphism of order 43 on X induced by the following automorphism on IP°:

P® P°

.cd4l o4 o .35, . cl6, . cll . 21
(ag:ay:ap:az:ag:as:ag) — (E43a0: Eg3a1 1 4500 1 EJ5a3 1 E43ay 1 Ey3as : E4346),

with &43 a 43 root of the unity. We denote G = (g) and D a generator of H*(X,Z). Let 1: X — X/G be
the quotient map. Then:

() H**(X/G,Z) = Z 1, (D¥) for all 1 <k <5.

(i) H¥(X/G,Z)®H%(X/G,Z) = (Z/43Z)° and H>(X/G,Z)® H”(X/G,Z) = (Z/43Z)°.

Proof. Indeed, G has only 7 isolated fixed points. Hence by Corollary 5.24 (i), the coefficients of surjectivity
ag(X) =0 for all k > 1. Moreover the cohomology of even degree is torsion-free. By Remark 5.20, we have
bs(X) = 42. By Proposition 5.21, the spectral sequence of equivariant cohomology with coefficients in IF, of
(X, G) degenerates at the second page. Hence by Corollary 2.25:

£°(X)=1, and £2(X) = 0.
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So by Theorem 2.10 (v), we have b5(X/G) = 0 (we could also have used the generalized Hurwitz formula).
Finally, as stated in Theorem 4.12, we have that H*(X/G,Z)® H®(X/G,Z) = (Z /43 Z)L&(X) =(Z2/437)°

and H3(X/G,Z)®H”(X/G,Z) = (Z/43Z)7-6:X) = (2 /43 Z)°. O
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