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Abstract. We develop a theory of modulus sheaves with transfers, which generalizes Voevodsky’s theory of
sheaves with transfers. This paper and its sequel are foundational for the theory of motives with modulus,
which is developed in [KMSY20].
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Motifs avec modules, I : faisceaux avec transferts pour les couples modulaires non propres

Résumé. Nous présentons une théorie de faisceaux modulaires avec transferts qui généralise la théorie des
faisceaux avec transferts de Voevodsky. Cet article et celui qui lui fait suite sont les fondements d’une théorie
de motifs avec modules, qui est développée dans [KMSY20].
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Introduction

The aim of this paper is to lay a foundation for a theory of motives with modulus, which will be completed
in [KMSY20], generalizing Voevodsky’s theory of motives. Voevodsky’s construction is based on Al-
invariance. It captures many important invariants such as Bloch’s higher Chow groups, but not their natural
generalisations like additive Chow groups [BE03, Par09] or higher Chow groups with modulus [BS19]. Our
basic motivation is to build a theory that captures such non A'-invariant phenomena, as an extension of
[KSYI16].

Let Sm be the category of smooth separated schemes of finite type over a field k. Voevodsky’s con-
struction starts from an additive category Cor, whose objects are those of Sm and morphisms are finite
correspondences. We define PST as the category of additive presheaves of abelian groups on Cor (i.e.
functors Cor — Ab that commute with finite sums). Let NST C PST be the full subcategory of those objects
F € PST whose restrictions Fx to Xyjs is a sheaf for any X € Sm, where Xy;;; denotes the small Nisnevich
site of X, that is, the category of all étale schemes over X equipped with the Nisnevich topology. Objects of
NST are called (Nisnevich) sheaves with transfers. For F € NST, we write

HIiIis(XIF) = Hi(XNisx FX)

The following result of Voevodsky [Voe00, Theorem 3.1.4] plays a fundamental réle in his theory of
motives.

Theorem 1 (Voevodsky). The following assertions hold.

(1) The inclusion NST — PST has an exact left adjoint al‘\/ﬁs such that for any F € PST and X € Sm,
(aKiSF )x is the Nisnevich sheafication of Fx as a presheaf on Xyjs. In particular NST is a Grothendieck
abelian category.

(2) For X € Sm, let Z,.(X) = Cor(—, X) € PST be the associated representable additive presheaf. Then we
have Z.(X) € NST and there is a canonical isomorphism for anyi > 0 and F € NST:

Hi; (X, F) ~ Extigp(Zy(X), F).

Our basic principle for generalizing Voevodsky’s theory of sheaves with transfers is that the category
Cor should be replaced by the larger category of modulus pairs, MCor: objects are pairs M = (M, M*)
consisting of a separated k-scheme of finite type M and an effective (possibly empty) Cartier divisor M® on
it such that the complement M° := M \ M® is smooth over k. The group MCor(M, N) of morphisms is
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defined as the subgroup of Cor(M °,N°) consisting of finite correspondences between M° and N° whose
closures in M x; N are proper' over M and satisfy certain admissibility conditions with respect to M* and
N (see Definition 1.1.1). Let MCor C MCor be the full subcategory consisting of objects (M, M*) with M
proper over k.

We then define MPST (resp. MPST) as the category of additive presheaves of abelian groups on MCor
(resp. MCor). We have a functor

w : MCor — Cor, (M,M‘X’) — M — |M*|,
and two pairs of adjunctions

. o
MPST <" MPST, MPST ¢ "PST,

— —

where 7 is induced by the inclusion 7 : MCor — MCor and 7, is its left Kan extension, and w* is induced
by w and w; is its left Kan extension (see Propositions 2.4.1 and 2.2.1).
The main aim of this paper is to develop a sheaf theory on MCor generalizing Voevodsky’s theory. For
= (M,M®) € MCor and F € MPST, let F; be the presheaf on My;s which associates F(U, M* x5 U)
to an étale map U — M.

Definition 1. We define MNST to be the full subcategory of MPST of objects F such that F); is a Nisnevich
sheaf on M for any M € MCor.

For F € MPST and M = (M, M%), let (Fyf)nis be the Nisnevich sheafication of the preshseaf Fy; on
Myjis. Let Eﬁn be the subcategory of MCor which has the same objects as MCor and such that a morphlsm
f € MCor(M, N) belongs to 21 if and only if f© € Cor(M®, N°) is the graph of an isomorphism M° — N°
in Sm that extends to a proper morphism f : M — N of k-schemes such that M® = ]_‘*N ®. (See Theorems
4.5.5, 4.6.3 and Lemma 4.5.3.)

Theorem 2. The following assertions hold.
(1) The inclusion MNST — MPST has an exact left adjoint ayy;, such that
(anisF) (M) = lim  (Fy)nis(N)
Nexfin M
for every F € MPST and M € MCor. In particular MNST is a Grothendieck abelian category. (See §A.7
for the comma category ¥ | M)

(2) For M € MCor, let Z.(M) = MCor(—, M) € MPST be the associated representable presheaf Then we
have Z.(M) € MNST and there is a canonical isomorphism for any i > 0 and F € MNST:

Extynst(Zu(M),F) =~ lim  H{ (N, Fy).
Nexfin | M
Remark 1. Theorem 2 (2) describes the extension groups in MNST in terms of classical cohomology. It also
implies that the formation
M lim  Hy (N, Fy)
Nexfin | M

is contravariantly functorial for morphisms in MCor, which does not follow immediately from the definition.

The preprint [KSY15] contained a mistake, pointed out by Joseph Ayoub: namely, Proposition 3.5.3 of
loc. cit. is false. Theorem 2 (1) shows that the only false thing in that proposition is that the functor b™* of

loc. cit. is not exact, but only left exact (see Proposition 4.5.4 of the present paper.) This weakens [KSY15,
Proposition 3.6.2] into Theorem 2 (2); see however Question 1 below. What we gain in the present correction

IHere we stress that we do not assume it is finite over M.
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is that the notion of sheaf, which was artificially developed in [KSY15] for MCor, corresponds now to a
genuine Grothendieck topology.

Another proposition incorrectly proven in [KSY15] was Proposition 3.7.3. In Part II of this work [KMSY21],
we correct this proof and recover the proposition in full, hence get a good sheaf theory also for proper
modulus pairs. This allows us to develop the categories of motives again in [KMSY20].

In the last part of this introduction, we raise the following question. Its affirmative answer would simplify
the right hand side of Theorem 2 (2) under two additional conditions (i) and (ii) below. (These conditions
turn out to be essential in [Sai20].)

Question 1. Assume that F € MNST satisfies the following conditions:

(i) F is O-invariant, namely, for any M = (M, M®) € MCor the map F(M) — F(M ®0) is an isomor-
phism, where

O=(P!,o0), M®T=(MxP,,M®xP! +M x (c0)).

(ii) F lies in the essential image of 7, : MPST — MPST.
Then, is the map
HY(Myis, Fpi) = lim - H(Nyis, Fy)
Nexfin | M
an isomorphism for M € MCor,.;? Here MCor,, denotes the full subcategory of MCor consisting of the
objects M = (M, M*) such that M € Sm and [M*| is a simple normal crossing divisor on M.

If ch(k) = 0, by resolution of marked ideals ([BM08, the case d = 1 of Theorem 1.3]), the above question
is reduced to the following.

Question 2. Let the assumptions be as in Question 1 and M = (M, M*) € MCor,. Let Z C M* be a regular
closed subscheme such that, for any point x of Z, there exists a system zy,...,z; of regular parameters of M

at x (with d = dim, M) satisfying the following conditions:
e Locally at x, Z = {z; =--- =z, = 0} for r = codimy;Z.
e Locally at x, [M®| = {l_[je]Zj =0} for some J C{1,...,7}.
Consider 77 : N =Bl (M) - M and N® = NXMMOO. Then, is the map

HY(Muyjis, Far) > HY(Nyis, Fn)-

an isomorphism?
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Notation and conventions

In the whole paper we fix a base field k. Let Sm be the category of separated smooth schemes of finite type
over k, and let Sch be the category of separated schemes of finite type over k. We write Cor for Voevodsky’s
category of finite correspondences [Voe00].

1. Modulus pairs and admissible correspondences

1.1. Admissible correspondences

Definition 1.1.1.
(1) A modulus pair M consists of M € Sch and an effective Cartier divisor M*® C M such that the open

subset M© := M — |[M®| is smooth over k. (The case [M*| = is allowed.) We say that M is proper if
M is proper over k.
We write M = (M, M), since M is completely determined by the pair, although we regard M° as

the main part of M. We call M the ambient space of M and M° the interior of M.

(2) Let My, M, be modulus pairs. Let Z € Cor(M7,M3) be an elementary correspondence (i.e. an
integral closed subscheme of Mf X Mg which is finite and surjective over an irreducible component of

M?). We write ZN for the normalization of the closure Z of Z in M| x M, and p; : ZN — M, for the
canonical morphisms for i = 1,2. We say Z is admissible for (M, M;) if p] M{° > p5M3°. An element
of Cor(M7, M3) is called admissible if all of its irreducible components are admissible. We write
Cor,gm(M;, M;) for the subgroup of Cor(M7, M?) consisting of all admissible correspondences.

Remarks 1.1.2.

(1) In [KSY16, Definition 2.L1], we used a different notion of modulus pair, where M is supposed proper,
M° smooth quasi-affine and M is any closed subscheme of M. Definition 1.11 (1) is the right one for
the present work. Definition 1.11 (2) is the same as [KSY16, Definition 2.6.1], mutatis mutandis. An
analogous condition was considered much earlier in the context of the additive Chow groups (see, e.g.
[BEO3, (6.4)], [Par09, Definition 2.2], [Riil07, Definition 3.1)).

(2) In the first version of this paper, we imposed the condition that M is locally integral; it is now
removed. The main reason for this change is that this condition is not stable under products or

extension of the base field. The next remark shows that this removal is reasonable (see also Remark
1.3.8).

(3) Let M be a modulus pair. Then M° is dense in M, since the Cartier divisor M® is everywhere of
codimension 1. Moreover, M is reduced. (In particular, M has no embedded component.) Indeed,
take x € M and let f € Oy« be a local equation for M. Then f is not a zero-divisor (since M is
Cartier), and hence Oy; . — Oj; ([1/f] is injective, but Oy [1/f] is reduced as M® is smooth. In
particular, M is integral if M© is.

(4) Let M be a modulus pair, and let f : M; — M be a morphism such that f(T) ¢ |M®| for any
irreducible component T of M| and M? := M —|f*M®| is smooth. Then M; = (M, f*M®) defines
a modulus pair. We call it the minimal modulus structure induced by f. We shall use this construction
several times. Also, f defines a minimal morphism f : M; — M in the sense of Definition 1.3.4 below.

(5) If Z is an admissible elementary correspondence as in Definition 1.1.1 (2), then

since Z" — Z is surjective. On the other hand, the inequality (M{° x M,)|7 > (M| x M5°)|7 may

2

fail. As an example, let C be the affine cusp curve Speck[x,v]/(x> —?). Its normalization is A!,
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via the morphism t - (¢3,t2). Let M; = (C,(x)) and M, = (C,()). Then 1 defines an admissible
correspondence M| — M, even though (x) > (v) does not hold on C.

The following lemma will play a key réle:

Lemma 1.1.3. Let X € Sch and let X be an open dense subscheme of X. Assume that X € Sm and that X — X is
the support of a Cartier divisor. Then for any modulus pair N we have

U Cor,g,(M,N) = Cor(X,N°),
M

where M ranges over all modulus pairs such that M = X and M°® = X. (Note that by definition we have
Cor,gm(M,N) C Cor(X,N°).)

Proof. This is proven in [KSY16, Lemma 2.6.2]. In loc. ¢cit. X and N© are assumed to be quasi-affine, and X
and N proper and normal (see Remark 1.1.2). But these assumptions are not used in the proof. (Nor is the
assumption on Cartier divisors, but the latter is essential for the proof of Proposition 1.2.4 below.) n

1.2. Composition

To discuss composability of admissible correspondences, we need the following lemma of Krishna and Park
[KP12, Lemma 2.2].

Lemma 12.1. Let f : X — Y be a surjective morphism of normal integral schemes, and let D, D’ be two Cartier
divisors on Y. If f*D’ < f*D, then D’ < D.

We also need the following “containment lemma” from [KP12, Proposition 2.4], [BS19, Lemma 2.1], [Miyl9,
Lemma 2.4]. We provide a proof for self-containedness.
Lemma 1.2.2. Let M = (M, M%) be a modulus pair. Let V' C'V C M° = M —|M®| be two integral closed

— — — —N — —N —

subschemes. Let V and V' be their closures in M and V-° — V, V' — V' the normalizations. I_fMOO|VN is
. A oo

effective, so is M|y .

Proof- Set Z := v XVW and consider the following commutative diagram:

f
N —N
z) Z, z v
fin. surj. l h fin. surj.\\x \ =] l \
7 V——=V—=M.
incl. incl.

Here, Z,, C Z is an irreducible component of Z such that the composite map
Zy,—>Z—> v’

is finite surjective. To see that such a ZV exists, it suffices to note that VN — V is finite surjective, hence so
is its base change Z — v’ (recall that for any scheme S of finite type over k, the normalization SN 5 S is
a finite surjective morphism). Then Z)]Y is also irreducible. Since Z;\] — V"’ is dominant, the vertical map
h on the left exists by the universal property of normalization, and is finite surjective. Note that we can
pullback the Cartier divisor M* to any scheme except for Z in the diagram, since none of their irreducible
components maps into the support [M*| C M. Since the pullback of an effective Cartier divisor is effective,
the assumption that M|z~ is effective implies that

FAM®|w) = M = (M} )

is effective. By Lemma 1.2.1, M°°|VN is effective since h is surjective. This finishes the proof. ]
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Definition 1.2.3. Let M, M;, M3 be three modulus pairs, and let us consider a € Cor,q4,,(M;,M;) and
B € Corygm(Mp, M3). We say that a and f are composable if their composition fa in Cor(M7, M3) is
admissible.

Proposition 1.2.4. With the above notations, assume o and 3 are integral and let & and f3 be their closures in
M x M, and M, x M3 respectively. Then a and b are composable provided the projection & XM, B — M;xMj
is proper. This happens in the following cases:
(i) a— M is proper.
(ii) B — Ms is proper.
(iii) M, is proper over k.

Proof. Note that a x5 f is a closed subscheme of (M7 x M3) X9 (M3 x M3) = M7 x M3 x M3; we have
|Ba| = |p13.(@ xpp5 B)| where py3 : MY x M3 x M3 — MY x M3 is the projection. Let  be a component of
a Xpp9 B. We have a commutative diagram

Y @ xpgg B MO X M x M§ — 1 M x M§ <5

R

')7(%02XM2EC—>M1 Xﬂz XM:), gﬂl XMg, 'QS

where pij - M| xM, x M3 — M; XM]' denotes the projection, 6 = p13(y), and ~ denotes closure. The

hypothesis implies that y — d is proper surjective. The same holds for 7{% appearing in the second of the
two other commutative diagrams:

N e

] — = O
o M1XM2 94 éM1XM2XM3

Tya Tﬁlz Ln;ja Lﬁl.%

Py

Q

y—— N == M xMyxM; 6N —"— M, x M;
T8 jﬁ%
p—— N — M, x M5
where ¥ means normalisation. (Note that Tyq and 70,5 need not extend to the normalisations, as they need

not be dominant.) We have the admissibility conditions for a and f:
(121) o1 (M) x M) < 93 (M5° x M)
(12.2) Pp(Ma x MS) < 3(M5° x M3).
Applying? Lemma 1.2.2, we get inequalities
@y (M1 x My x M5°) < @5, (M x M5° x M3) < @, (M}° x M3 x M3),
which implies by the right half of the above diagram
(12.3) (1005)" @3 (M x MS®) < (1055)" 03 (M x M)

hence (pg(Ml x M3°) < @5 (M° x M3) by Lemma 1.2.1.
Finally, one trivially checks that (i) or (ii) implies that the projection X3, B — M, x M35 is proper, and
that (iii) implies both of (i) and (ii). g

2To apply this lemma, factor 7,4 and 7,4 into dominant morphisms followed by closed immersions.
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Example 12.5. Let My = M3 = P!, M, = A', M; = A, M® = 00, M® = 0, ML = 2-co0, and a = f =
graph of the identity on A!. Then @ and $ are admissible but f o & is not admissible because co > 2 - co
does not hold. (Note that neither of @ = & or = § is proper over P1))

Definition 1.2.6. Let M,N be two modulus pairs. A correspondence a € Cor(M° N°) is left proper
(relatively to M, N) if the closures of all components of a are proper over M; this is automatic if N is proper.

Proposition 1.2.7. Let My, My, M3 be three modulus pairs and let a € Cor(M7, M?3), p € Cor(M53, M3) be left
proper. Then Pa is left proper.

Proof. We may assume « and f3 are irreducible. The assumption on n ff means B — M, is proper, hence so is
its base change @ xg7, B — @. The assumption on a means @ — M is proper, hence so is @ X3, B— M,

as a cornposmon of proper morphisms. This implies the left properness of fa, since ﬂa is the image of
a X37 M, ﬁ in M x M. g

1.3. Categories of modulus pairs

Definition 1.3.1. By Propositions 1.2.4 and 1.2.7, modulus pairs and left proper admissible correspondences
define an additive category that we denote by MCor. We write MCor for the full subcategory of MCor
whose objects are proper modulus pairs (see Definition 1.1.1 (1)).

In the context of modulus pairs, the category Sm and the graph functor Sm — Cor are replaced by the
following:

Definition 1.3.2. We write MSm for the category with the same objects as MCor, and a morphism
of MSm(M;, M,) is given by a (scheme-theoretic) k-morphism f : M{ — M3 whose graph belongs to
MCor(M;, M;). We write MSm for the full subcategory of MSm whose objects are proper modulus pairs.

We will need some variants of these categories.

Definition 1.3.3.

(1) We write MCor™™ for the subcategory of MCor with the same objects and the following condition on
morphisms: @« € MCor(M, N) belongs to MCorf"(M,N) if and only if, for any component Z of «,
the projection Z — M is finite, where Z is the closure of Z in M x N. The same argument as in the
proof of Proposition 1.2.7 shows that MCor'™™ is indeed a subcategory of MCor. We write MCor'™™
for the full subcategory of MCor whose objects are proper modulus pairs.

(2) We write MSmfi™ for the subcategory of MSm with the same objects and such that a morphlsm
f M — N belongs to MSmf™ if and only if f©: M® — N° extends to a k- -morphism f:M—N.
Such extension f is unique because M° is dense in the reduced scheme M and N is separated
([Har77, Chapter II, Exercise 4.2]). This yields a forgetful functor MSm'i™ — Sch, which sends M to
M.

We write MSm'™ for the full subcategory of MSm whose objects are proper modulus pairs.
(3) We write
¢ : MSm — MCor,
(1.3.0) ¢:MSm — MCor,
" MSmf™ — MCorf™™
for the functors which are the identity on objects and which carry a morphism f to the graph of f°.

Let f : M — N be a morphism in MSm'". Since f(M®) C N°, none of the images of the generic points
of the irreducible components of M is contained in |N |, hence the pullback of the Cartier divisor f TN is
well-defined. For ease of notation, we simply write it f*N .
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Definition 1.3.4. A morphism f : M — N in MSm™ is minimal if we have f*N* = M,

Remark 1.3.5. We remark the following.

(1) Assume that M is normal. Then Zariski’s connectedness theorem implies that for any N
MSm(M, N)NMCor (M, N) = MSm™ (M, N).

(Indeed, given an elementary correspondence belonging to the left hand side, its closure in M x N is
birational and finite over an irreducible component of M, but such a morphism is an isomorphism if
M is normal by [EGA3, corollaire 4.4.9]). If f°: M° — N° extends to a morphism between ambient
spaces f M — N, then the graph of f° is admissible if and only if we have M > f N,

(2) For M € MSm'™" set MN := (M ,M°°|MN) where p : M" = M is the normalization and MOO|MN
is the pull-back of M to M" . Then p:MN — M is an isomorphism in MCor™ and MSm (but
not in MSm'™" in general).

(3) Let M = (M,M*) and N = (N, N*) be two modulus pairs and let Z C M x N be an integral closed
subscheme which is finite and surjective over an irreducible component of M, such that Z ¢ M x N
and that M °°|7N >N O"| N, where Z" is the normalization of Z. Then Z = Z N (M° x N) belongs to
Cor(M®,N°) and its closure in M x N is Z: this follows from Remark 1.1.2 (4).

(4) For any morphism f : M — N in MSm, there exists a morphism M’ — M in MSmf™ which is
invertible in MSm such that the induced morphism M’ — N is in MSm'i®. More generally, we have
the following lemma.

Lemma 1.3.6 (The graph trick). Let f : M — N be a morphism in MSm. Then there exists a minimal morphism
p:M; = M in MSmA™ such that it is invertible in MSm and the composite f op : My > M — N isa
morphism in MSmﬁn Moreover, if f©: M® — N° extends to a morphism U — N for an open subset U C M,
then we can choose M, such that M, — M is an isomorphism over U (note that we can always take U = M°).

Proof. Let T be the graph of the morphlsm U — N, and let T be its closure in M x N. Then we have natural
projections p; : T — M and p, : T — N. Since we have I' = U, Lemma 1.3.7 below implies that p; is an
isomorphism over U and we have Py LU)=r. Defining M; := (r,le“’), the morphism p; induces a
morphism p; : My - M in MSmf™ such that fopi:M; > M — N comes from MSmf" defined by p».
Also note that T — M is proper since f is, which implies that p; : M; — M is an isomorphism in MSm.
This finishes the proof. g

Lemma 1.3.7 (No extra fibre lemma). Let f : X — Y be a separated morphism of schemes, and let U C X be an
open dense subset. Assume that the image f (U) of U is open in Y, and the induced morphism U — f(U) is proper
(e.g., an isomorphism). Then, we have f~1(f(U)) = U.

Proof. Consider the commutative diagram

U U)X
lsep. O f[sep.
f(U) Y

where all the horizontal arrows are open immersions, the square is cartesian and the two vertical morphisms
are separated. The triangle diagram on the left implies that j is proper ([Har77, Chapter II, Corollary 4.8]),
hence it is a closed (and open) immersion. Since U is dense in X, it is dense in f ! (f(U)) as well, hence

proper

the conclusion. 0
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Remark 1.3.8. Let M € MCor™. Assume that M° = M7 LIMZ; let M, be the closure of M? in M and M
be the pull-back of M® to M;. Then M; = (Mi,Mfo) are modulus pairs, the inclusions M? < M® yield
morphisms M; — M in MSm'™", and the induced morphism in MCorfin

Ml@Mg - M

is an isomorphism in MCorf™. The proof is easy and left to the reader.
This remark may help in reducing some reasonings to the case where M° is irreducible.

1.4. The functors (—)™
Definition 1.4.1. Let > 1 and M = (M, M®) e MCor. We write
M = (M, nM®).
This defines an endofunctor of MCor. These come with natural transformations
(1.4.1) M™ - MU if m <,
Lemma 1.4.2. The functor (—)™) is fully faithful.

Proof. This follows from the definition and the fact that if A is an integral domain with quotient field K,
then a € K is integral over A if and only if so is a”. O

1.5. Changes of categories

We now have a basic diagram of additive categories and functors

T

(1.5.1) MCor MCor
X A
A

t(M)=M; w(M)=M% oM)=M% AX)=(X,0).

All these functors are faithful, and 7 is fully faithful; they “restrict” to analogous functors 7,, w, w,, A

with

between MSm, MSm and Sm. Note that w o (—)™ = @ for any 1. Moreover:

Lemma 1.5.1. We have wt = w. Moreover, A is left adjoint to w, and the restriction of A to CorP™P (finite
correspondences on smooth proper schemes over k) is “right adjoint” to w. (i.e., Cor(w(M), X) = MCor(M, A(X))
for M € MCor and X € CorP™P.) The same statements are valid for T5, ws, w,, As when restricted to MSm,
MSm and Sm.

Proof- The first identity is obvious. For the adjointness, let X € Cor, M € MCor and a € Cor(X,M°)
be an integral finite correspondence. Then « is closed in X x M, since it is finite over X and M is

separated; it is evidently finite (hence proper) over X. It also satisfies g*M > = 0 where g is the composition

aN — a — M° — M, because M®|js0 = 0. Therefore a € MCor(A(X), M).

For the second statement, assume X proper and let f € Cor(M?©, X) be an integral finite correspondence.
Then B is trivially admissible, and its closure in M x X is proper over M, so f € MCor(M, A(X)). The last
claim is immediate. g

The following theorem is an important refinement of Lemma 1.5.1. The proof starts from §1.7 and is
completed in §1.8.

Theorem 1.5.2. The functors w, T, w, and Ts have pro-left adjoints ', T', w} and T\ (see §4.2).

General definitions and results on pro-objects and pro-adjoints are gathered in §§A.1 and A.2. We shall
freely use results from there.
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1.6. The closure of a finite correspondence
We shall need the following result for the proof of Theorem 1.5.2.

Lemma 1.6.1. Let X be a Noetherian scheme, (10, : Z; — X)1<ij<, a finite set of proper surjective morphisms
with Z; integral, and let U C X be a normal open subset. Suppose that 1; : ni_l(U) — U is finite for every i.
Then there exists a proper birational morphism X' — X which is an isomorphism over U, such that the closure of
;1 (U) in Z; xx X’ is finite over X’ for every i.

Proof. By induction, we reduce to n = 1; then this follows from [RG71, Corollary 5.7.10] applied with
(5,X,U)=(X,Z1,U) and n = 0 (note that a morphism is finite if and only if it is quasi-finite and proper,

and that an admissible blow-up of an algebraic space is a scheme if the algebraic space happens to be a

scheme). g

Theorem 1.6.2. Let X,Y € Sch. Let U be a normal dense open subscheme of X, and let a be a finite
correspondence from U to Y. Suppose that the closure Z of Z in X x Y is proper over X for any component Z of .
Then there is a proper birational morphism X' — X which is an isomorphism over U, such that o extends to a
finite correspondence from X’ to'Y.

Proof. Apply Lemma 1.6.1, noting that Z = Z xx U by [KSY16, Lemma 2.6.3]. O
The following lemma also relies on [RG71]: it will be used several times in the sequel.

Lemma 1.6.3. Let f : U — X be an étale morphism of quasi-compact and quasi-separated integral schemes.
Let g:V — U be a proper birational morphism, T C U a closed subset such that g is an isomorphism over
U-T and S the closure of f(T) in X. Then there exists a closed subscheme Z C X supported in S such that
U xx Blz(X) — U factors through V.

Proof. The following argument is taken from the proof of [SV00, Proposition 5.9]. Noting V is étale over
X — S, we apply the platification theorem [RG71, Corollary 5.7.11] to V — X and conclude that there exists
a closed subscheme Z supported in S such that the proper transform V’ of V under X’ = Bl,(X) — X is
flat over X’. By the construction the induced morphism ¢ : V' — U xx X’ is proper birational. On the
other hand @ is flat since it becomes flat when composed with the étale morphism U xx X’ — X’ ([Har77,
Chapter II, Proposition 8.11 and Chapter III, Exercise 10.3]). Hence it is an isomorphism. This proves the
lemma since V' — U factors V — U. 0

1.7. Proof of Theorem 1.5.2: case of w and w;
We need a definition:

Definition 1.7.1. Let X be the class of all morphisms M; — M, in MCor given by the graph of an
isomorphism M? — MY in Sm.

In view of Proposition A.6.2, the existence of the pro-left adjoint of w is a consequence of the following

more precise result:

Proposition 1.7.2.
a) The class X enjoys a calculus of right fractions.

b) The functor w induces equivalences of categories
¥~ MCor — Cor.

The same statement holds for ws : MSm — Sm.

Proof. a) We check the axioms of Definition A.5.1:
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(1) Identities, stability under composition: obvious.
(2) Given a diagram in MCor
My

l

Ml L) M2
with M9 = M,°, Lemma 11.3 provides a M;" € MCor such that M]"* = M and @ € MCor(M;’, M}).

We may choose M|’ such that M; = M;. Then M, = (M, M;) with any M, such that M;* >
M52, M{® > M{* allows us to complete the square in MCor.

(3) Given a diagram
M LM, S M,
8
with My, M,, M) as in (2) and such that sf = sg, the underlying correspondences to f and g are
equal since the one underlying s is 1)9. Hence f = g.

The above proof of (2) also shows that we have

li_r)n MCor(M’,N) = Cor(M,N).
M’exIM

for any M, N € MCor.

Point b) now follows from a) and Corollary A.5.5, noting that w is essentially surjective. Indeed, any
smooth k-scheme X admits a compactification X by Nagata’s theorem; blowing up X — X, we then make it a
Cartier divisor. The case of w; is exactly parallel. il

Let «': Cor — pro-MCor be the pro-left adjoint of w. By Proposition A.6.2, we have for X € Cor:

1 .
wX="lim”M.
H
MeX|X

and the same formula for the pro-left adjoint a)!s of wg. Let us spell out the indexing set MSm(X) of these
pro-objects, and refine them:

Definition 1.7.3.

(1) For X € Sm, we define a subcategory MSm(X) of MSm as follows. The objects are those M € MSm
such that M° = X. Given M;, M, € MSm(X), we define MSm(X)(M, M,) to be {1x} if 1x belongs
to MSm and @ otherwise.

(2) Let X € Sm and fix a compactification X such that X — X is the support of a Cartier divisor (for short,
a Cartier compactification). Define MSm(X!X) to be the full subcategory of MSm(X) consisting of
objects M € MSm(X) such that M = X.

Lemma 1.7.4. a) For any X € Sm and any Cartier compactification X, MSm(X) is a cofiltered ordered set, and
MSm(X!X) is cofinal in MSm(X).
b) Let X € Cor, and let M € MSm(X). Then {M™),~, defines a cofinal subcategory of MSm(X).

Proof. a) “Ordered” is obvious and “cofiltered” follows from Propositions 1.7.2 and A.5.2 a); the cofinality
follows again from Lemma 1.1.3.

b) Let M = (X, X°). By a) it suffices to show that (M"),; defines a cofinal subcategory of MSm(X!X).
If (X,Y) e MSm(X!X), Y and X* both have support X — X, so there exists 7 > 0 such that nX® >Y. O
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1.8. Proof of Theorem 1.5.2: case of T

We need a definition:

Definition 1.8.1. Take M = (M, M*) € MSm. Let Comp(M) be the category whose objects are pairs (N, j)
consisting of a modulus pair N = (N, N®) € MSm equipped with a dense open immersion j : M <> N such
that N*® = MY + C for some effective Cartier divisors MY, C on N satisfying N \ |C| = j(M) and j induces
a minimal morphism M — N in the sense of Def. 1.3.4. Note that for N € Comp(M) we have j(M°) = N°
and N is equipped with j € MSm!"(M,N) c MSm(M, N) which is the graph of j|p0 : M® = N°. For
N;,N, € Comp(M) we define

Comp(M)(Ny,Np) ={y e MSm(N,No) | ¥ o jn, = jn,}-
Note that any y as above induces an isomorphism N7 > N3 in Sm.
Lemma 1.8.2. The category Comp(M) is a cofiltered ordered set.

Proof. That it is ordered is obvious as Comp(M)(Ny,N,) has at most 1 element for any (Ny,N,). For
“cofiltered”, we first show that Comp(M) is nonempty. For this, choose a compactification jy : M <> N,
with N € Sch proper. Let N| = BI(WO_M)red (VO);_then_jO lifts to j; : M <> N by the universality of the
blowup [Har77, Chapter II, Proposition 7.14], and N — M is the support of an effective Cartier divisor Cj.
Consider now the scheme-theoretic closure N of M* in Ny, and define N = Bly« (Ny), My’ = pull-back
of N;°, C = pull-back of C;, N® = My + C and N = (N,N*): then j; lifts to j : M <> N (by the same
reason as jg), which defines an object of Comp(M).

Let N; and N, be two objects in Comp(M). Let T be the graph of the rational map N --> N, given
by 1p0. Then we have morphisms of schemes p: T — N and q: T — N, and there exists a natural
open immersion M — I'. Note that (I, p*N;°) and (I',q*N;°) are objects of Comp(M). Since (I, p*N;°)
dominates N; and (I',q"N5°) dominates N, we are reduced to the case that N; and N, have the same
ambient space N. Let C be the effective Cartier divisor on N such that |C| = N — M, which exists since
N; € Comp(M). Then for a sufficiently large 1 we have N{° + nC > N5° since N°NM = Ns°NM = M.
Therefore N3 = (N, N;° +nC) dominates both N; and N;. This finishes the proof. 0

For M € MCor and L € MCor we have a natural map
D h_r)n MCor(N,L) —» MCor(M, tL),
NeComp(M)
which maps a representative @y € MCor(N, L) to ay o jiy. We also have a natural map for M,L" € MCor
W : MCor(L',M) — lim MCor(L’,TN),
NeComp(M)
which maps f to {jy o B}N-

The following is an analogue to Lemma 1.1.3:

Lemma 1.8.3. The maps © and \V are isomorphisms. In other words, the formula

M= “lim”N ,
h
NeComp(M)
defines a pro-left adjoint to T, which is fully faithful.

Proof- We start with @. Injectivity is obvious since both sides are subgroups of Cor(M®,L°). We prove
surjectivity. Choose a dense open immersion j; : M < N with N| proper such that N| — M is the support
of an effective Cartier divisor C;. Let M{° be the scheme-theoretic closure of M* in N;. (This may
not be Cartier.) Let 77 : N, — N be the blowup with center in M7{° and put M3° = M}° XN, N, and
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Cy =Crxy, N,. Note that M5° and C, are effective Cartier divisors on N,. By the universal property of

the blowup [Har77, Chapter II, Proposition 7.14], j; extends to an open immersion j, : M — N, so that
ji = 1jo. Then N, — M is the support of the Cartier divisor N5° := M5° + C, so that

((N2,N3°), j2) € Comp(M).
Now the claim for @ follows from the following:
Claim 1.8.4. For any a € MCor(M, L), there exists an integer 7 > 0 such that a € MCor((ﬁz,Mzoo +nC,),L).

Indeed we may assume « is an integral closed subscheme of M° x L°. We have a commutative diagram

N Ji —N hd —N
a ay a,

W w] w

MxL—~N,xL<"—N,xL

where @™ (resp. Ell\], resp. EIZ\[) is the normalization of the closure of & € M°®x L% in MxL (resp. N XL, resp.
N, xf), and j; and 7 are induced by j; :M —>N;and 7:N, > N, respectively. Now the admissibility of
a € MCor (M, L) implies
9 (M x L) < g5, (M= x I,

Since @} — j, (@) is supported on (p;ﬁl(Cl x L), this yields an inclusion of closed subschemes

Pa, (N1 X L®) C @ (M7° +nCy)x L)
for a sufficiently large n > 0. Applying 7c* to this inclusion, we get an inequality of Cartier divisors

P, (N2 X L) < @7, (M5° +1Cy) x L)

which proves the claim.

Next we prove that W is an isomorphism. Injectivity is obvious since both sides are subgroups of
Cor(L°, M°). We prove surjectivity. Take

VAS h(_m MCor(L,N).
NeComp(M)
Then y € Cor(L°, M°) is such that any component 6 C L® x M° of y satisfies the following condition: take
any (N, j) € Comp(M) and write N = My’ + C as in Definition 1.8.1. Let " be the normalization of the
closure of 6 in L x N with the natural map ¢ : 5" - IxN. Then we have
P5(Lx (MF +nC)) < p5(L® xN)

for any integer 71> 0. Clearly this implies that [5| does not intersect with Lx|C| so that 6 C L x M. Since 9 is
proper over L by assumption, this implies & € MCor(L, M) which proves the surjectivity of W as desired. [

We come back to the proof of Theorem 1.5.2. It remains to consider ;. The natural maps
Q: h_)m MSm(N,L) > MSm(M, tL),
NeComp(M)
Y :MSm(L, M) — h(_rn MSm(L’,TN)
NeComp(M)

are also bijective for any M,L’ € MCor and L € MCor. The proof is identical to Lemma 1.8.3. In particular,
the inclusion functor 7, : MSm — MSm admits a pro-left adjoint given by

M= “lim”N ,
NeComp(M)
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which commutes with the inclusions MSm < MCor and MSm < MCor. This completes the proof of
Theorem 1.5.2. O

1.9. More on MSmf™ and MCor'"

Definition 1.9.1. A morphism f : M — N in MSm'™" is in ;ﬁn if it is minimal (Definition 1.3.4), T :M >N
is a proper morphism and f© is an isomorphism in Sm. We write »fin for the class of morphisms in Zﬁn
that belong to MSm.

In particular, we have yfn -y (see Definition 1.7.1) and ;ﬁ“ I M= yfin | M for M € MSm. Let us
consider the inclusion functors

(1.9.1) b, : MSmf" - MSm, b:MCor™ — MCor.

The following commutative diagram of categories will become fundamental (cf. (2.7.1)):

b .
(1.9.2) MCor —— MCor <—— MCor'™”

T

MSm i MSm

Proposition 1.9.2.
a) The class 5™ enjoys a calculus of right fractions within MSm'™ and MCor"i".
b) The functors b, and b are localisations having left pro-adjoints b, and b'. They induce equivalences of
categories . . ' .
(M IMSmAi" = MSm  and (") MCorf™ = MCor.
¢) A morphism in MCor'i® (resp. MSmf") is invertible in MCor (resp. MSm) if and only if it belongs to
0. A morphism f in MCor (resp. MSm) is an isomorphism if and only if it can be written as s = s;s;"
for some 5,5, € 21
All statements hold for X5 (without an underline) as well.

Proof. a) Same as the proof of Proposition 1.7.2 a), except for (2): consider a diagram in MCorfi®
MI
2

/|

Ml L) Mz
with f € £fi" (in particular f° is an isomorphism). By the properness of f, the finite correspondence
a®: M? — Méo_s,atisﬁf the hypothesis of Theorem 1.6.2. Applying this theorem, we find a proper birational
morphism f’: M; — M, which is an isomorphism over M and such that a° defines a finite correspondence

a’: M; — M,. If we define M{® = f”"M;°, then f’ exfinand o’ e MCori"(M{, M}).

Ifae MSmﬁn(Ml,Mz), then a’ is not in MSmﬁn(M{,Mé) in general (unless M is normal, see Remark
1.3.5 (1)). However, write M{' for the closure of the graph of the rational map a’: M{ --> Mé, and 7t for the

projection M — M/: by hypothesis, 7 is finite birational. Define a modulus pair M} = (M, M]"*) by
putting M{"® := 7*M{*. Then 7 defines a minimal morphism M{" — M in MSmﬁn, hence the morphism
a” : M| — M) determined by &’ is in MSm™.

For b), all assertions are obvious except for the equivalences, for which it suffices as in Corollary A.5.5 to
show that for any M, N € MCor, the obvious maps

lim MCor™(M’,N) — MCor(M,N)
M’exfin | M
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and the corresponding map for b, are isomorphisms. These maps are clearly injective, and its surjectivity
follows again from Theorem 1.6.2. It then follows from Proposition A.6.2 they have pro-left adjoints.

The first statement of c) is clear, and the second follows from b).

The same proof works for X", U

Corollary 1.9.3. For any M € MCor, the category L™ | M is cofiltered.
Proof. This follows from Propositions 1.9.2 and A.5.2. g

Corollary 1.9.4. Let C be a category and let F : MCor™ — C, G : MSm — C be two functors whose restrictions
to the common subcategory MSm'™ are equal. Then (F,G) extends (uniquely) to a functor H : MCor — C.

Proof. The hypothesis implies that F inverts the morphisms in Zﬁn; the conclusion now follows from
Proposition 1.9.2 b). U

Corollary 1.9.5. Any modulus pair in MSm is isomorphic to a modulus pair M in which M is normal. Under
resolution of singularities, we may even choose M smooth and the support of M™ to be a divisor with normal
Crossings.

Proof. Let My € MSm. Consider a proper morphism 7 : M — M, which is an isomorphism over M.
Define M* := M. Then the induced morphism 7w : M — M of MSm'™" is in ;ﬁn, hence invertible in
MSm. The corollary readily follows. g

We also have the following important lemma:

Lemma 1.9.6. Let M,L,N e MSm. Let f : L — N be a minimal morphism in MSm™ such that f : T — N is
faithfully flat. Then the diagram

MCor(N, M) f—> MCor(L, M)

| |

Cor(N°, M°) ———- Cor(L%, M°)

is cartesian. The same holds when MCor is replaced by MCor'™,

Proof. As the second statement is proven in a completely parallel way, we only prove the first one. Take
a € Cor(N°, M°) such that (f°)*(a) e MCor(L, M). We need to show a € MCor(N, M).

We first reduce to the case where « is integral. To do this, it sufﬁces to show that for two distinct integral
finite correspondences V,V’ € Cor(N°, M°), (f°)* (V) and (f°)*(V’) have no common component. For this,
we may assume M and N© integral. By the 1nJect1V1ty of Cor(NO,MO) — Cor(k(N°), M°), this can be
reduced to the case where N° and L° are flelds, and then the claim is obvious.

Now assume « is integral and put  := (f°)"(a). We have a commutative diagram
Pp a
B BT ~IxM—>1
A

Here @ (resp. f8) is the closure of a (resp. f) in N x M (resp. L x M) and @ a™ (resp. EN) is the normalization
of a (resp. /3) By hypothesis 4" is proper and f is faithfully flat. This implies that a is proper [SGAL,
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exposé VIII, corollaire 4.8]. We also have

—_—

(FN) (@a(N® xM)) = @i (f (N®)x M)
= @p(L= x M) 2 @p(Lx M=) = (fN) (¢ (N x M)

(the second equality by the minimality of f). Note that fV is surjective since f is. Hence Lemma 1.2.1 shows
that @ (N x M) > @%(N x M*), and we are done. O

1.10. Fiber products and squarable morphisms
We need the following elementary lemma.

Lemma 110.1. Let X be a scheme. For two effective Cartier divisors D and E on X, the following conditions are
equivalent:

(1) D xx E is an effective Cartier divisor on X.
(2) There exist effective Cartier divisors D’,E’ and F on X such that D = D’+F, E = E’+F and |D’|N|E’| = 0.
Moreover, the divisors D’,E’ and F satisfying the conditions in (2) are uniquely determined by D and E.

Proof. We may suppose X = SpecA is affine and D, E are defined by non-zero-divisors d, e € A, respectively.
Suppose (1). This means that (d,e) = (f) for some non-zero-divisor f € A, because D xy E = SpecA/(d, e).
Thus there are d’,e’ € A such that d =d’f and e = ¢’f. Since (f) = (d’,¢’)(f) and f is a non-zero-divisor,
we have (d’,e’) = A. Now (2) holds by taking D’,E’, F to be the Cartier divisors defined by (d’), (¢’) and (f).
(2) immediately implies F = D xx E, whence (1). This formula also implies the uniqueness of F, hence
D’=D—F and E’ = E — F are unique as well. O

Definition 1.10.2. Let D and E be effective Cartier divisors on a scheme X. If the conditions of Lemma
1.10.1 hold, we say that D and E have a universal supremum, and write

sup(D,E):=D’+E’ +F(=D+E—F).

Remark 1.10.3. Let D and E be effective Cartier divisors on X having a universal supremum. The following
are obvious from the definition.

(1) We have |sup(D,E)| = |D|U|E|.

(2) If f : Y — X is a morphism such that f(T) ¢ |D|U |E| for any irreducible component T of Y, then

f*D and f*E have a universal supremum which is equal to f*sup(D, E) (hence the name “universal”).

(3) If moreover Y is normal, then f*sup(D, E) agrees with the supremum of f*D and f*E computed as
a Weil divisor on Y.

Let u; : U; — M be morphisms in MSmﬁn for i = 1,2 with projections p; : Wy = Uy Xﬁﬁz - U,;.
Denote by W the union of irreducible components T of W, such that p;(T) ¢ |U?| for each i = 1,2.
Observe that W is the closure of U := U xp0 US in Wy. Indeed, let Z be the closure of U in W,.
Then any irreducible component T of Z meets U, which implies that T C W;. Conversely, any irreducible
component T of W meets U, hence T N U is dense in T and thus T C Z.

We write g; : W, — U; for the composition of the inclusion W; — W, and pi- By definition, we have
effective Cartier divisors q;(U:®) on W and g X g, restricts to an isomorphism

(110, W0\ g} (U) + g3(US) = UP e U,
Proposition 1.10.4. Suppose that U} xppo U3 is smooth over k.
() If g1 U;° and q5U5° have a universal supremum, then

Wi = (Wy,sup(q; U, 45 Us°)) € MSm ™
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represents the fiber product of Uy and U, over M in MSm™ as well as in MSm. If further Uy, Uy, M €
MSm™, then it holds in MSmI™ as well as in MSm.

) Ifu, is minimal and U, is normal, then q1Uy” and q,U5° have a universal supremum, namely q>U5°,
and the morphism Wy — U, is a minimal morphism in MSm™™. If moreover u; is ﬂat‘)’, we have
Wl = Wo.

(3) In general, there is a proper birational morphism 10 : Wy — W which restricts to an isomorphism over

Wi\ lg1 (UT°) + q5(U3°)|, and such that r{U° and r5U5° have a universal supremum, where r; := q;1t
fori=1,2. For such Wz,

W, := (Wy,sup(r; U, r5Us°)) € MSm

represents the fiber product of Uy and U, over M in MSm. If further Uy, Uy, M € MSm, then it holds in
MSm.

Proof: (1) Let f; : N — U; be morphisms in MSmf™ for i = 1,2 such that Uy fi = uy fr. Then the morphisms
fi:N —TUj for i = 1,2 induce a unique morphism 4 : N — W with f = p;h for i = 1,2. Since f; are
morphisms in MSmf", for any irreducible component T of N we have f(T) ¢ |U*|, and hence h factors
though g: N — W so that we have 71- = ¢q,8. It remains to prove V*"N® > v*g"W*°, where v N SN is
the normalization. As we have v'g"W® = v*g"sup(q] U;°,q5U5°) = sup(v*]_(; ur, V*]_(: U3°) by definition
and Remark 1.10.3, this follows from the admissibility of f;, that is, v*]_(: U™ < v*N®. We have shown that
W represents the fiber product in MSmf™. Propositions 1.9.2 and A.5.6 show that the same holds in MSm
as well. (This also follows from (3) below.) The last statement is an immediate consequence of the first.

(2) Let pw Wll\l — W, and pu, Uzl\] — U, be the normalizations. By the minimality of u#;, we have
U = qui M® = g5u;, M™ < q5U5°, where the last inequality holds by the admissibility of u, and
the normality of U,. Then ¢} U and q5US° have a universal supremum since g} U® C q5U5° implies
Condition (1) of Lemma 1.10.1, which also implies that W = sup(q] U;°,q5U5°) = q5U;°. This shows the
minimality of W; — U,.

Suppose now 1 flat, and let T be an irreducible component of W,. Then p, : Wy — U, is also
flat, hence T dominates an irreducible component E of U, [Har77, Chapter III, Proposition 9.5] and we
cannot have p,(T) C |U;°| since U;° is everywhere of codimension 1 in U,. Suppose that p;(T) C U
By the minimality of 1, this implies up,(T) = u1p1(T) C M|, hence uy(E) C [M*|, contradicting the
admissibility of u,.

(3) If 7t is the blow-up of W; with center q;(U®) W, q5(U7°), then r]U® W, ryU5° is precisely the
exceptional divisor by definition, which is therefore an effective Cartier divisor, showing the first assertion.
Note that W3 = U} xpp U3 by (L10.1).

Now let f; : N — U; be morphisms in MSm for i = 1,2 such that u; f; = u,f,. Then the morphisms
f?:N°®— U for i = 1,2 induce a unique morphism h°®: N® — W2 with f,° = p;h° for i = 1, 2. It suffices
to prove that h° defines a [unique] morphlsm in MSm. By the graph trick (Lemma 1.3.6), we may assume
that f° and h° extend to morphisms fZ N - U, and h: N — W,. Moreover we may assume that N is
normal by Remark 1.3.5 (2). It remains to prove N > n W3°. As we have n W3° = Sup fl ur ’fl >°) by
the assumption and Remark 1.10.3, this follows from the admissibility of f;, that is, fi U™ <N®. ]

Remark 1.10.5. Tf W represents a fiber product U; x); U, (either in MSm or in MSm'™"), then we have
WO = U? xpp0 US. Indeed, the functors MSm — Sm and MSm‘i" — Sm given by M +> M have the left
adjoint X — (X, 0) (Lemma 1.5.1), hence commute with limits.

Examples 1.10.6. Let B = k[x;,x,], A®> = SpecB, D; = Spec(B/x;B) and P = D; N D,. Let now M =
(D UD,,P) and U; = (D;,P) for i = 1,2. Then W is a point but W, = @, and W; = (0,0) indeed

3By the local criterion of flatness [Har77, Chapter III, Lemma 10.3.A], this is equivalent to the flatness of Ul00 — M,
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represents the fiber product Uy x); U,. In particular, fiber products do not commute with the forgetful
functor M — M from MSm'™ to Sch of Definition 1.3.3 (2). Another counterexample: let M = (A2, D;),
U, = Blp(A?), uy : U = M be the minimal induced modulus structure, U, = (D,,P) and U, — M be
given by the inclusion. Then W, C Wy is the proper transform of u;. See however Corollary 1.10.7 (1).

Recall [SGA3, exposé IV, définition 1.4.0] that a morphism f : M — N in a category C is squarable if, for
any ¢: N” — N, the fibred product N’ xy M is representable in C. We have:

Corollary 110.7. The following assertions hold.

() Iff : U - M is a minimal morphism in MSm®™ (see Definition 1.3.4) such that f° is smooth, then f
is squarable in MSm™™. If f € MSm®™, it is squarable in this category. If moreover f is flat, then the
pull-back by f of morphisms from normal modulus pairs commutes with the forgetful functor M + M from
MSm'™ 0 Sch of Definition 1.3.3 (2).

) If f : U — M is a morphism in MSm such that f° is smooth, then f is squarable in MSm. If f € MSm,
it is squarable in this category.

Proof. (1) follows from Proposition 1.10.4 (1) and (2); (2) follows from Proposition 1.10.4 (3). g
Corollary 110.8. Finite products exist in MSm and MSm.
Proof. This is the special case M = (Speck, ) in Corollary 1.10.7 (2). O

2. Presheaf theory

2.1. Modulus presheaves with transfers
Definition 2.1.1. By a presheaf we mean a contravariant functor to the category of abelian groups.
(1) The category of presheaves on MSm (resp. MSm, MSm'™) is denoted by MPS (resp. MPS, MPS'™).
(2) The category of additive presheaves on MCor (resp. MCor, MCor'™") is denoted by MPST (resp.
MPST, MPSTf")

All these categories are abelian Grothendieck, with projective sets of generators: this is classical for those
of (1) and follows from Theorem A.10.2 for those of (2). (See also proof of Proposition 2.6.1 below.)

Notation 2.1.2. We write
Z. :MCor — MPST, MCor — MPST,
Zfin :MCor™ — MPSTf",
Z, :Cor — PST

for the associated representable presheaves (i.e. Z(M) e MPST is given by Z;,(M)(N) = MCor(N, M),
etc.) We shall use the common notation Z;, but they will be distinguished by the context.

We now briefly describe the main properties of the functors induced by those of the previous section.

2.2. MPST and PST
We say (f1, f2,..., fu) is a string of adjoint functors if f; is a left adjoint of f;,; foreachi=1,...,n—1.

Proposition 2.2.1. The functor w : MCor — Cor of §1.5 yields a string of three adjoint functors (wy, ©*, w,):
w

MPST & PST,

w,
—
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where w* is fully faithful and w,, w, are localisations; w, has a pro-left adjoint ', hence is exact.
Similarly, ws : MSm — Sm yields a string of three adjoint functors (ws), W}, ws.); W5 is fully faithful and
Wy, ws, are localisations; wq has a pro-left adjoint w}, hence is exact.

Proof. This follows from Theorems 1.7.2 and A.6.5. O

Let X € Sm and let M € MSm(X). Lemma 17.4 and Proposition A.4.1 show that the inclusions
(M | n>0} c MSm(M!X) c MSm(X) induce isomorphisms (see Definition 1.7.3)

(2.2.1) w(F)(X)~ lim F(N)=~ lim  F(N)=limFM").
— — —
NeMSm(X) NeMSm(M'X) n>0

2.3. MPST and PST

Proposition 2.3.1. The adjoint functors (A, w) of Lemma 1.5.1 induce a string (A, = ', \* = w,, A, = 0", w,) of
four adjoint functors:

MPST — PST,

[ETE |IETE.

where w,, w, are localisations while ' and w* are fully faithful. Moreover, if X € Cor is proper, we have a
canonical isomorphism w*Z.(X) ~ Z(X,0).

Proof. The only non obvious statement is the last claim, which follows from Lemma 1.5.1. g

2.4. MPST and MPST
Proposition 2.4.1. The functor T : MCor — MCor of (1.5.1) yields a string of three adjoint functors (1), T*, T,):

T

MPST © MPST,
T,

where T, T, are fully faithful and T* is a localisation; T, has a pro-left adjoint T', hence is exact. There are natural
isomorphisms

| 1o
WEWT, W0,2WT, O =T,

The same holds for the functor T, from Theorem 1.5.2. Namely, we have a string of three adjoint functors (T, T}, Tss)
and they satisfy

Wgl = W Tsly,  Wee = W, Ty W, = Ts!Q!s-
Proof. This follows from Theorem 1.5.2 and Proposition A.4.1. O
Lemma 2.4.2.
(1) For G € MPST, G’ € MPS and M € MSm, we have

lim  G(N)=~1tG(M), lim  G'(N)=1yG'(M).
— —
NeComp(M) NeComp(M)
(2) The unit maps1d — t°1, and 1d — ;74 are isomorphisms.

(3) There is an natural isomorphism 1yw* ~ w*.



Motives with modulus, I 21

Proof- (1) This follows from Lemma 1.8.3, Theorem 1.5.2 and Proposition A 4.1
(2) This follows from (1) since Comp(M) = {M} for M € MSm.
(3) For F € PST and M € MCor, we compute
tw'F(M)= lim @'F(N)= lim F(N°)=F(M°)=w'F(M).
RN _ =
NeComp(M) NeComp(M)
We are done. O

Remark 2.4.3. By Lemma 1.8.3 we have the formulas

TZy(M)= “lm” Zu(N), TZgM)= lim  Zu(N),
NeComp(M) NeComp(M)

where the latter inverse limit is computed in MPST.

Question 2.4.4. Ts T' exact?

2.5. MPST!™ and MPST

Proposition 2.5.1. Let b, : MSmf™ — MSm and b : MCor™ — MCor be the inclusion Sfunctors from (1.9.1).
Then b, and b yield strings of three adjoint functors (b, b, b,,) and (b, b",b,):

Zslr Zs7
bsz Q!
MPSfi® b MPS, MPSTf" ¥ MPST,
b, b,
where by, b,, b, b, are localisations; b;, b are exact and fully faithful; b, b, have pro-left adjoints, hence

are exact. The counit maps by,b; — Id and b,b" — 1d are isomorphisms. For Fs € MPS F e MPSTH" and
M € Ob(MSm) = Ob(MCor), we have (see Def- 1.9.1)

(25.1) bF(M)= lim E(N), bF(M)= lim F(N).
Nexfn | M Nexfin | M
Proof- This follows from the usual yoga applied with Proposition 1.9.2 and Lemma A.3.1 OJ

2.6. With and without transfers

Proposition 2.6.1. Let ¢ : MSm — MCor be the functor from (1.3.1). Then c yields a string of three adjoint

Junctors (c,, ¢, c,):
4]

MPS £ MPST,
c
where c* is exact and faithful (but not full). We have
(26 2P (M) = Zy(M)

for any M € MSm, where ZP (M) is * the presheaf N — Z[MSm(N, M)].

The same statements hold for c : MSm — MCor and c™;MSm'™ — MCor™ from (1.3.1). Precisely, they
yield strings of three adjoint functors (c,,c*,c,) and (g!ﬁn,gﬁn*,gfn); ¢* and ™ are exact and faithful. (The
analogue of (2.6.1) also holds for c and c™, but we will not need it.)

Proof. To define ¢, ¢* and c,, we use the free additive category ZMSm on MSm [Mac98, Chapter VIII,
Section 3, Exercises 5 & 6]: it comes with a canonical functor y : MSm — ZMSm and is 2-universal for
contravariant functors to additive categories. In particular:

e The functor ¢ induces an additive functor ¢ : ZMSm — MCor.

4We put a superscript p to distinguish it from its associated sheaf Z(M), to be introduced in (4.4.1).
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e By the 2-universality, the functor  induces an equivalence y* : Mod -ZMSm = MPS, where
Mod -ZMSm denotes the category of additive contravariant functors ZMSm — Ab

e For M, N € MSm, we have a canonical isomorphism
ZMSm(y(N),y(M)) ~ Z[MSm(N, M)].

As usual, ¢ induces a string of three adjoint functors (¢,,¢%,C,) (see §A.4). We then define ¢, as ¢, o (y*)71, etc.
Everything follows from this except the faithfulness of c¢*, which is a consequence of the essential surjectivity
of c. The cases of ¢f™ and ¢ are dealt with similarly. U

Lemma 2.6.2. (1) We have

(26.2) MY =bic, b =gby, by =byc™
(2) We have
(2.6.3) ctt=1ict, 'n=r14c, gﬁn*rlﬁn = g“cﬁ“*.

Proof. The first two equalities of (1) follows from the equality b ¢ = ¢ b, (see (1.9.2)). Similarly, the first
equality of (2) follows from 7c = ct7. By (2.5.1), we have

(MF(M)

S!

b F(M)= lim F(N)=b
) -
Nexfn | M
for any F € MPST and M € MSm. (Note that all morphisms of Zﬁn | M are in MSmﬁn, and that both

of by and b, can be computed by using the same Eﬁn 1 M.) This proves the last formula of (1). Lemma 2.4.2
(1) shows that

't F(M) = h_r)n F(N) = t,c'F(M)

NeComp(M)
for any F € MPST and M € MSm. The last one of (2) is similar. O
2.7. A patching lemma

By the previous lemma, we obtain a commutative diagram of categories (cf. (1.9.2)):

| b* X
MPST ——~ MPST —~ MPSTf"

2.7.1) ‘C* LC* lcﬂ

T ks fi
MPS MPS Mmpsfin,

All vertical arrows are faithful and horizontal ones fully faithful.

Lemma 2.7.1. Both squares of (2.7.1) are “2-Cartesian”. More precisely, the following assertions hold.

(1) Let MPS xy1pgiin MPSTH" pe the category of pairs (Fs, F;) consisting of F; € MPS and F; € MPSTin

such that their restriction to the common subcategory MSmM™ are equal. The functor
MPST — MPS xypgin MPST'?,

defined by F v (c*F,b"F) is an equivalence of categories.

(2) Let MPS xyps MPST be the category of triples (Fg, Fy, @) consisting of F; € MPS, F, € MPST and an
isomorphism @ : T3 F; = c*F; in MPS. The functor

MPST — MPS xpps MPST,

defined by F — (c*F,v,F, OF), where O : t4c'F = c*1,F is from (2.6.3), is an equivalence of categories.
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Proof. (1) is the content of Corollary 1.9.4. We show (2). Given (F;, F;, ), we shall construct F € MPST as
follows. Set F(M) := Fs(cM) for any M € MCor. Since M is proper, we have an isomorphism

F(M) = Fy(eM) = 1y Fy(t,cM) 25 ¢*F,(ctM) = Fy(tM),

which we denote by @,. For y € MCor(M, N), we define F(y) := (ﬁ@} Fi(y)@n. It is straightforward to see
that (Fs, F;, @) — F gives a quasi-inverse. g

2.8. The functors 1, and n*

As in §A 4, the functor (—)(”) of Definition 1.4.1 induces a string of adjoint endofunctors (1, n*,n,) of MPST,
where n* is given by n*(F)(M) = F(M ™). We shall not use 7, in the sequel.

Lemma 2.8.1. The functor n, is fully faithful.
Proof. This follows formally from the same properties of (). O
Proposition 2.8.2. For any F € MPST, there is a natural isomorphism
w W F ~ co*F,
where co*F(M) := li_)mnF(M(”)) (for the natural transformations (1.4.1)).
Proof. Let M € MCor and X = wM. Then

w'w F(M) = h_)m F(M'),
M’eMSm(X)

and the claim follows from Lemma 1.7.4. O
Proposition 2.8.3. Foralln > 1, the natural transformation w, — wn* stemming from (1.4.1) is an isomorphism.
Proof. Let F € MPST. For X € Cor, we have

on'F(X)= lim n'F(M)= lim F(M™) = lim  F(M),
MeMSm(X) MeMSm(X) MeMSm(X)

where the last isomorphism follows from Lemma 1.7.4. g

3. Sheaves on MSm®" and MCor™"

3.1. Nisnevich topology on MSmfi"

Definition 3.1.1. We call a morphism p: U — M in MSmf™ a Nisnevich cover if

(i) p:U — M is a Nisnevich cover of M in the usual sense;

(ii) p is minimal (that is, U® = p*(M*)).
Since the morphisms appearing in the Nisnevich covers are squarable by Corollary 1.10.7 (1), we obtain a
Grothendieck topology on MSmf™. The category MSm'™ endowed with this topology will be called the big
Nisnevich site of MSm®™ and denoted by MSmIf\lI?s.

Definition 3.1.2. Let us fix M € MSmfi™, Let My; be the category of minimal morphisms f : N — M in
MSmf™ such that f is étale, endowed with the topology induced by MSmfI\ifi‘S.

The following lemma is obvious from the definitions:
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Lemma 3.1.3. Let M € MSm™. Let (M)ys be the (usual) small Nisnevich site on M. Then we have an
isomorphism of sites

Myjis — (M)Nisl NN,
whose inverse is given by (p : X — M) > (X, p*(M®)). (This isomorphism of sites depends on the choice of
M®*.) O

Lemma 3.1.4. Let a : M — N be a morphism in MCor'™ and let p: U — N be a Nisnevich over in MSm'™.
Then there is a commutative diagram

’

v - u
ST
M=
where a’ : V — U is a morphism in MCorf™ and p’: V — M is a Nisnevich cover in MSmf™,

Proof We may assume « is integral. Let @ be the closure of @ in M x N. Since @ is finite over M, we may
find a Nisnevich cover p’: V — M such that j in the diagram (all squares being cartesian)

Vxﬁx(axﬁ) — axgU — U

d

V x

|

%ﬁ

xXa —

S

<| —
§|<— Q| «——

_—
p/

has a splitting 5. Put V := (V,p”*(M>)) € MSm. The image of s gives us a desired correspondence a’. [

Remark 31.5. One can also define the Zariski and étale topologies on MSmfi™. Most results of this section
(notably Theorems 3.4.1, 3.5.3, and Corollary 3.5.6) remain true for the étale topology, but not for the Zariski
topology (e.g. Lemma 3.1.4 already fails for it).

However, from the next section onward we will make essential use of cd-structures. As the étale topology
cannot be defined by a cd-structure, we decide to stick to the Nisnevich topology from the beginning.

3.2. A cd-structure on MSmf"

Let Sq be the product category of [0] = {0 — 1} with itself, depicted as
00 — 01
10 ——11.

For any category C, denote by C59 for the category of functors from Sq to C. A functor f : C — C’ induces a
functor £59: (81 — 59,
We refer to §A.7 for the notion of cd-structure, and its properties.

Definition 3.2.1.
(1) A Cartesian square

(3.2.) ql pl
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in Sch is called an elementary Nisnevich square if p is étale, p1 (X \ U)req — (X \ U)req is an
isomorphism and u is an open embedding,. In this situation, we say U LIV — X is an elementary
Nisnevich cover. Recall that an additive presheaf is a Nisnevich sheaf if and only if it transforms any
elementary Nisnevich square into a cartesian square [VoelOa, Corollary 2.17], [VoelOb, Theorem 2.2].

(2) A diagram (3.2.1) in MSm'™ is called an MV -sguare if all morphisms are minimal and it becomes
an elementary Nisnevich square (in Sch) after applying the forgetful functor of Definition 1.3.3 (2).
Lemma 3.2.2. A MV square (3.2.1) is cartesian in MSmfin,

Proof. The last part of Proposition 1.10.4 (2) shows that no irreducible component of X has its image inside
|U®| or V| (i.e. W, in loc. cit. agrees with W), and then Proposition 1.10.4 (1) shows that X is the fiber
product since g*U® = v*V*> = W by minimality. U
Proposition 3.2.3. The following assertions hold.
(1) The topology on MSmfI\iI?S (¢f. Def. 3.11) coincides with the topology associated with the cd-structure Pyytin
consisting of MV _squares.
(2) The cd-structure Py a0 is strongly complete and strongly regular in the sense of Definition A.7.4, hence
complete and regular in the sense of [VoelOa] (¢f- Definition A.7.1).

Proof- (1) follows from Lemma 3.1.3 and [VoelOb, Remark after Proposition 2.17]. The first assertion of
(2) follows from (the proof of) [VoelOb, Theorem 2.2]. The second assertion of (2) follows from [VoelOa,
Lemma 2.5, Lemma 2.11] g

3.3. Sheaves on MSm™
Definition 3.3.1. We define MNS'I" to be the full subcategory of MPSf™ consisting of Nisnevich sheaves.

Theorem 3.3.2. Let F € MNST™. Then HIiHS(X,F) =0 forany X € MSmA® and i >dim X (where dim X is
defined as dim X := dim X° = dim X).

Proof- This is clear from Lemma 3.1.3 and the known properties of the Nisnevich site. OJ

Definition 3.3.3. An additive functor F between additive categories is strongly additive if it commutes with
infinite direct sums.

This property is not used in the present paper, but it will be essential in [KMSY21] when we deal with
unbounded derived categories.

Lemma 3.3.4. The category MNST™ is closed under infinite direct sums and the inclusion functor denoted by
ifin - MNS™ — MPSAi" s strongly additive.

Proof- Indeed, the sheaf condition is tested on finite diagrams, hence the presheaf given by a direct sum
of sheaves is a sheaf (small filtered colimits commute with finite limits, [Mac98, Chapter IX, Section 2,
Theorem 1]). O

Proposition 3.3.5. For any M € MSm we have
T M), D Zy(M) € MNST,

where Zfirn,Ztr are the representable presheaves (notation 2.12) and the functors b* and c™ are from Propositions
2.5.1, 2.61.
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Proof. We show the stronger statement that Z,.(M) restricts to an étale sheaf on N, for any N € MCorﬁn.
Let p: U — N be an étale cover and let U := (U, p*N®). We have a commutative diagram

—M or' , —M or' , —M or' xy U,
0 MCorf™"(N, M MCorf™(U, M MCorf™(U xn U, M

| | |

0 —— MCor(N,M) —— MCor(U, M) MCor(U xy U, M)

| | |

0 —— Cor(N°, M°) Cor(U° M°) —— Cor(U° xpo U°, M°).

The bottom row is exact by [MVWO06, Lemma 6.2]. The exactness of the top and middle row now follows
from Lemma 1.9.6. U

3.4. Cech complex

Let p: U — M be a Nisnevich cover in MSm'i". We write U x,; U for the modulus pair corresponding to
U x37 U under the isomorphism of sites from Lemma 3.1.3. Note that it is a fibre product in MSm®" and in
MSm, thanks to Proposition 1.10.4. Iterating this construction, we obtain the Cech complex

(34.) s MZENU xpy U) - M ZENU) - 2N (M) - 0
in MNSfin,
Theorem 3.4.1. The complex (3.4.1) is exact in MNSfi?,

Remark 3.4.2. This result will be refined several times, see Corollary 3.5.6 and Theorem 4.5.7. Its proof is
adapted from [Voe00, Proposition 3.1.3].

Before starting the proof of Theorem 3.4.1, it is convenient to generalize the notion of relative cycles to
the modulus setting.

Definition 3.4.3. Let S = (S,D), Z = (Z,Z%) be two pairs formed of a scheme and an effective Cartier
divisor, and let f : Z — S be a morphism. (We don’t put any regularity requirement on S —|D| or Z —|Z%|))
We write L(Z/S) for the free abelian group with basis the closed integral subschemes T C Z such that T is
finite and surjective over an irreducible component of S and D|pn > Z%|7~, where TN — T is normalization
and (—)|7~v denotes pull-back of Cartier divisors.

Example 3.4.4. If S is a modulus pair and M = (M, M*) is another modulus pair, then we have a canonical
isomorphism MCorﬁn(S,M) ~ L(S x M/S), where S x M is the modulus pair (S x M, S x M*): this follows
from Remark 1.3.5 (3).

Define a category D(S) as follows: objects are pairs (Z, f) as in Definition 3.4.3. A morphism in D(S),
(Z,f)— (Z’,f’), is a minimal morphism ¢ : Z — Z’ such that f = f” o p. Composition is obvious.

Lemma 3.4.5. The push-forward of cycles makes (Z, f) — L(Z/S) a covariant functor on D(S).

Proof. Let ¢ : (Z,f) — (Z’,f’) be a morphism in D(S), and let T € L(Z/S). Then ¢(T) is still finite and
surjective over a component of S [MVWO06, Lemma 1.4]. Moreover, it still verifies the modulus condition:
this follows from the minimality of ¢ and from Lemma 1.2.1. We set as usual @, T = [k(T) : k(p(T))]p(T):
this defines @, : L(Z/S) — L(Z’/S), and the functoriality (¢ o @), = ¥, o ¢, is obvious. g

Proof of Theorem 3.4.1. In view of Lemma 3.1.3, it suffices to show the exactness of (3.4.1) evaluated at S

(3.4.2) .+~ > MCor™(S, U x,; U) > MCor™(S, U) - MCor™(S,M) — 0
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for the henselisation S = (S, D) of any modulus pair N = (N, N®) at any point of N. As in [Voe00], the
strategy is to write (3.4.2) as a filtered colimit of contractible chain complexes.

Write £(S, M) for the collection of integral closed subsets of S° x M° which belong to MCorf"(S, M)
(this is the canonical basis of MCorﬁn(S,M)). Let C(M) be the set of closed subschemes of S x M that are
quasi-finite over S and not contained in S x M, viewed as an (ordered, cofiltered) category. To Z € C(M)
we associate the subset £(Z) C £(S, M) of those F such that F C Z.

Provide Z € C(M) with the minimal modulus structure induced by the projection Z — M (in a sense
slightly generalized from Remark 1.1.2 (4), as in Definition 3.4.3: the open subset Z — Z is not necessarily
smooth). This yields a functor

C(M) — D(S)

where D(S) is the category defined above. In particular, we have a subgroup L(Z/S) C MCor"(S, M): it is
the free abelian group on £(Z).

Let u : M" — M be an étale morphism in MSmfi", as in Definition 3.1.2. For Z € C(M), define
wzZ==2 XMM,. Then u*Z € C(M’), and there is a commutative diagram

L(wz/S) —— L(Z/S)

l l

MCori"(S, M) LI MCor™(S, M),
where the bottom horizontal map is composition by the graph of u. This yields subcomplexes
(3.4.3) o > L(Z x37 (U35 U)) > L(Z x37 U) > L(Z) = 0

of (3.4.2), for Z € C(M).
Let C¢(M) C C(M) be the subset of those Z which are finite over S. It is a filtered subcategory, and we
have

£(S,M') = U E(u*Z).
ZeC (M)
Indeed, for Z’ € C(M’), let Z = (Idg xu)(Z’) and let Z; = (Jpeg(z)F- Then E(Z') C E(u*Zy) since
(Idg xu)(F) is finite over S for Fe £(Z).
This proves that (3.4.2) is obtained as the filtered inductive limit of the complexes (3.4.3) when Z ranges
over C¢(M). It suffices to show the exactness of (3.4.3) for such a Z.

Since Z is finite over the henselian local scheme S, Z is a disjoint union of henselian local schemes. Thus
the Nisnevich cover Z xﬁﬁ — Z admits a section sy: Z — Z xﬁﬁ. Define for k > 1

sk = soxprldge i Z xﬁﬁk — Zxg U xﬁﬁk =Z xMUkH

where U := ﬁxﬁ--- XMU- Then the maps
k
)

LZ x5 U) > LZ x5z U

induced by s; via Lemma 3.4.5 give us a homotopy from the identity to zero. O
3.5. Sheafification preserves finite transfers

Let gﬁiﬁis : MPSfi" — MNSf" be the sheafification functor, that is, the left adjoint of the inclusion functor

i?lilfis : MNSfi" < MPS®i", It exists for general reasons and is exact [SGA4, exposé II, théoréme 3.4].

Definition 3.5.1. Let MNSTﬁrl be the full subcategory of MPSTﬁn consisting of all objects F € MPSTfin
such that ¢i™F € MNS'™™ (see Proposition 2.6.1 for cfi™).
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Lemma 3.5.2. The category MNST™ is closed under infinite direct sums in MPSTR™, and the inclusion functor
1{{{1‘5 : MNSTA™ — MPST®" is strongly additive (Definition 3.3.3). The objects Z™(M) and b*Z.(M) belong
to MNST'™ for any M € MCor.

Proof. This follows from Lemma 3.3.4, because c™ is strongly additive as a left adjoint. The last claim

follows from Proposition 3.3.5. g
We write ¢fi"Nis : MNST — MNS for the functor induced by cfin*, By definition, we have

fin+:fin _ :fin _finNis
(3.5.0) INis = LsNis€ '

1

Theorem 3.5.3. The following assertions hold.

(1) Let F € MPST!™. There exists a unique object Fys € MPST™ such that cfi™*(Fyys) = g?ﬁis(gﬁn*(l:))
and such that the canonical morphism u : cfin*(F) — g?ﬁis(gﬁn*(f")) = cfin*(Frs) extends to a morphism
in MPST",

(2) The functor ig?s has an exact left adjoint glf\ifi‘s : MPSTfi" — MNSTfi satisfying

finNis _fin _ fin fin*
(3.5.2) "y = A

In particular the category MNST™ is Grothendieck (§A.10).

(3) The functor c"™NS has a left adjoint gfl\iﬁ‘s = gfl\il?sg!ﬁnigiﬁis. Moreover, ™IS s exact, strongly additive
(Definition 3.3.3), and faithful.

Proof. This can be shown by a rather trivial modification of [Voe00, Theorem 3.1.4], but for the sake of
completeness we include a proof. To ease the notation, put F’ := g?ﬁisgﬁml: € MPS'™™. First we construct a

homomorphism

@y : F'(M) —» MPS (i zfin (M), )
for any M € MSm. Take f € F/(M). There exists a Nisnevich cover p : U — M in MSm™ and
g € ™ F(U) = F(U) such that f|y = u(g) in F/(U). There also exists a Nisnevich cover W — U xy U
such that gl = 0 in F(W). We have ait. cfimzfin(M) = cfimzin (M) because fi™zin(M) e Mpﬁsngf;sﬁzy

Proposition 3.3.5. Thus we get a commutative diagram in which the horizontal maps are induced by a ;¢

0

MPSfin(cfinZEn (M), F)
S

MPSsfin(finzin (), F) MPSTA™(ZEM(U), F)

l

MPS (M ZEN (U xpg U), F') <— MPSTR(ZE(U xp U),F) )57

MPST i (Zin (W), F).

—

MPsin (i Zin (W), ')

Since F’ is a sheaf, Theorem 3.4.1 implies that the left vertical column is exact except at the last spot, and
that the map [ is injective. Since g € F(U) = MPST™(Zi"(U), F) satisfies 5s”(g) = glw = 0, there exists a
unique h € MPSﬁn(C*Zgn(M),F’) such that s(h) = s’(g). One checks that & does not depend on the choices
ofp:U—>M, geF(U)and W — U x); U by taking a refinement of covers. We define @p(f) := h.
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Now we define G. On objects we put G(M) = F/(M) for M € MSm. For a € MCor™ (M, N), we define
a*: F'(N) — F’(M) as the composition of
D ) ) . . . )
F'(N) = MPS™ (M ZEN(N), ') — MPSE (I ZEN M), F') — F'(M),
where the middle map is induced by ™ (a) : gﬁ“*Zgn(M ) — gﬁ“*Zfirn(N ), and the last map is given by
f + fu(Idpr). One checks that, with this definition, G becomes an object of MPSTfin,

To prove uniqueness, take G, G’ € MPST® " which enjoy the stated properties. For any M € MSm we have
G(M) = G'(M) = F’(M). We also have G(cf™(q)) = G'(c"™(q)) = F'() for any morphism g in MSmf™.
Let @ : M — N be a morphism in MCor™™ and let f € F/(N). Take a Nisnevich cover p: U — N of
MSm'™" and g € ™ F(U) = F(U) such that f|y = u(g) in F/(U). Apply Lemma 3.1.4 to get a morphism
a’:V — U in MCorf™ and a Nisnevich cover p’: V — M of MSmfi" such that ap’ = pa’. Then we have

G(p')G(@)(f) = G(@)G(p)(f) = Gla)u(g)) = u(F(a’)(g)
= G'(a’)(u(g)) = G'(a")G'(p)(f) = G'(p")G'(a)(f) = G(p")G'(a)(f)-
Since p’: V — M is a Nisnevich cover and G is separated, this implies G(a)(f) = G’(a)(f). This completes
the proof or (1).

(2) is a consequence of (1) and the fact that MPSTf" is Grothendieck as a category of modules (see
Theorem A.10.1 d)). Then (3) follows from Lemma A.8.1. g

Remark 3.5.4. A different argument may be given by mimicking the proof of [Ayol5, Corollary 2.2.26].

Definition 3.5.5. An additive functor ¢ : C — C’ between abelian categories is faithfully exact if a complex
F’— F — F” is exact if and only if pF’ — ¢F — @F” is.

This happens if ¢ is exact and either faithful or conservative. By Theorems 3.5.3 and 3.4.1, we get:

Corollary 3.5.6. The functor (™ is faithfully exact. In particular, if p: U — M is a Nisnevich cover in
MSmP™, then the Cech complex

(3.5.3) oo ZIN (U xpy U) - 28N U) - ZiM(M) - 0

is exact in MNSTf",
3.6. Cohomology in MNSTfi"

Notation 3.6.1. Let M € MSmf™ and let F € MNS™ (resp. F € MNST™). We write F); for the sheaf on
(M)yis induced from F (resp. gﬁnoF) via the isomorphism of sites from Lemma 3.1.3. (Note that F; depends
not only on M, but also on M*.) We thus have canonical isomorphisms

(3.6.1) Hy (M, F) = Hi; (M, Fpy),
(3.6.2) Hi, (M, NsSEy ~ HiL (M, Fyy),

where the right hand sides denote the cohomology of the (usual) small site (M )yjs-

Definition 3.6.2.

(1) Let S be a scheme. We say a sheaf F on Syjs is flasque if F(V) — F(U) is surjective for any open
dense immersion U — V. Flasque sheaves are flabby in the sense of Definition A.9.4 (see [Rio02,
lemme 1.40]).

(2) We say F € MNS'™ is flasque if Fy; is flasque for any M € MSmfin (see Notation 3.6.1). Again,
flasque sheaves are flabby by (3.6.1).

Lemma 3.6.3. Let | € MNST™ be an injective object. Then c™15(1) e MNST™ is flasque, and hence flabby.
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Proof. Let j: U <> M be a minimal open immersion of modulus pairs in MSmf". The morphism of sheaves
Zflrn( j) is a monomorphism, hence j*: I(M) — I(U) is surjective. Alternatively, one can apply Lemma A.9.5
with (3.5.3) to show that ¢fi"7(I) is flabby. (This proof also works for the étale topology.) O

4. Sheaves on MSm and MCor

4.1. A cd-structure on MSm

Let Pyiv be the collection of commutative squares in MSm which are isomorphic in MSm®1 to stq(Q) for
some wﬁn—square Q in Definition 3.2.1. Then Pyy defines a cd-structure on MSm (see §3.2).

Definition 4.11. The squares which belong to Pty are called MV -squares.

Theorem 4.1.2. The cd-structure Py is strongly complete and strongly regular, in particular complete and regular
(see Definitions A.7.7 and A.7.4).

Proof- This follows from Propositions 3.2.3 and A.7.6. O

4.2. Sheaves on MSm

Definition 4.2.1. Consider the Grothendieck topology on MSm generated by the squares in Byy. The
resulting site will be denoted by MSmy;;,. We write MNS for the full subcategory of sheaves in MPS. We
denote by iy, : MNS — MPS the inclusion functor.

By the general properties of Grothendieck topologies [SGA4, exposé2], we have:

Theorem 4.2.2. The inclusion functor i y;;, : MNS — MPS has an exact left adjoint a ;. The category MNS
is Grothendieck (§A4.70). O

Lemma 4.2.3. The following conditions are equivalent for F € MPS.

() FeMNS.
(i) bIF € MNSH"; in other words, (b%F)y; is a Nisnevich sheaf for any M € MSm (see (1.9.2) for b, and
Notation 3.6.1 for (—)pp)-
iii) F transforms any MV square
(iid) y MV™ s

Wo —Wo
(4.2 Qo: l l
Uy——M
into an exact sequence
0 — F(M) — F(Up) x F(Vy) — F(Wy).

Proof- In view of Theorem 4.1.2 and [VoelOa, Corollary 2.17], we have (i) <= (iii). On the other hand, (ii)
&= (iii) by adjunction and Proposition 3.2.3. U

Corollary 4.2.4. The category MNS is closed under infinite direct sums in MPS and iy

is 18 strongly additive
(Definition 3.3.3).

Proof. This follows from Lemmas 3.3.4, 4.2.3 ((i) <= (ii)) and A.8.1 (2) because b} is strongly additive as a
left adjoint. O



Motives with modulus, I 31

4.3. The adjunction (b

Nis
s,Nis’ Qs )

Definition 4.3.1. A map in MSmy; is called a strict Nisnevich cover if it is the image of a cover of MSmﬁI\.I?S
by b, :MSm'™™ — MSm.

By definition, a strict Nisnevich cover is evidently a cover in MSmy;,. Up to isomorphism, any cover of
MSmy; can be refined to such a cover. More precisely, we have the following lemma.

Lemma 4.3.2. Any cover U — M in MSmy;, admits a refinement of the form V. — N — M, where V. — N s
a strict Nisnevich cover and N — M is a morphism in Zﬁn (see Definition 1.9.7).

Proof. By Definition 4.2.1 and Proposition 1.9.2, there is a refinement of U — M of the form

05U Ey vy,
where for each i we have either (i) f; € yfin, (i) f; = g~! for some g € 2fin or (iii) f; is a strict Nisnevich
cover. We proceed by induction on 1, the case n = 0 being trivial. Suppose n > 0. By induction, we have a
refinement of U,, — Uj of the form V' — N’ — U; where V' — N’ is a strict Nisnevich cover and N — U,
is in Eﬁn.

If f, € ;ﬁn, then we can take V =V’ and N = N’, as the composition N” — U; — Uy belongs to Zﬁn.
Next, suppose f; = g~ with g € A" Then we can take V = V’ xy, Up and N = N’ xy;, Uy, where Uy is
regarded as a U;-scheme by g. Finally, suppose f; is a strict Nisnevich cover. By Lemma 1.6.3, we may
find a morphism N — Uj in A" such that N” := N xy, Up — Uj factors through N’. Then we can take
V =V’ xyn N”. This completes the proof. O

We define Qi\ﬁs : MNS — MNSf™ to be the restriction of b}, cf. Lemma 4.2.3 (ii). By definition, we have

. *» _ -fin Nis
(4.3.0) YlsNis = lsNist .

Proposition 4.3.3. The following assertions hold.
(1) We have QS!(MNSﬁn) C MNS. In particular, b, restricts to b g : MNSi" — MNS so that we have

. i .
(4"3'2) Qsllsﬁis = lSNiSQSNiS'
(2) The functor by is an exact left adjoint of Qi\ﬁs. The functor Qi\ﬁs is fully faithful and preserves injectives.
The counit map QsNiSQ?hS — Id is an isomorphism and QsNiSRqQ?hS =0 forg>0.

Proof Let F € MNSf™ and take M € MSm. We shall show that (bsb, F)p is a Nisnevich sheaf on M. For a
given MV ﬁn-square in MSmf»
w 1%

U——M

_

its pullback via (N — M) € fin | M (which exists by Corollary 1.10.7 (1))

WXMN—>-VXMN

| |

Uxy N N

is also an MVf"-square. By Proposition 3.2.3 (2) and by [VoelOa, Corollary 2.17], the sequence
0—>F(N)=>FUxyN)®F(VxyN)—F(WxyN)
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is exact. By Lemma 1.6.3, the pullback of Zﬁn ! M via U — M is cofinal in Zﬁn l U, and similarly for
V — M and W — M. Hence, by taking its colimit over N € 2fin | M, the above exact sequences and (2.5.1)
imply the desired exact sequence

0 —= by F(M) = by F(U) @ bs F(V) = by F(W).

In view of Lemma 4.2.3, this finishes the proof of (1).
(2) The adjunction (bles’ bN %) follows from the adjunction (b, b}) (see Proposition 2.5.1), by the full

faithfullness of i y;; and i’} iNjis» and by the formulas (4.3.1) and (4.3.2). The full faithfulness of bN'® follows

les

benishs © — 1d is an isomorphism

from that of b (see Proposition 2.5.1), 7 ;s and ifl iNis- Then the counit map b
by Lemma A.3.1.

We prove the exactness of b y;, as follows. Since it is right exact as a left adjoint, it suffices to show its
left exactness.

Assume given an exact sequence in MNSfin:

0->F—>G—>H-—>DO.

Applying the left exact functor ift TNis : : MNSi" — MPSfi™ and the exact functor by : MPS" — MPS and
using (4.3.2), we get an exact sequence

0 = iNisDsnisE = Lonisbonis G = LsnisbsnisH-
For every Q € MNS, this gives rise to an exact sequence

0 — Hommps (Znis @ Lsnisbsnis ) = Hommps (74nis Q@ EsnisUsnis G)
- HomMPS (isNis Q’ isNishsNisH)‘

Since iy, is fully faithful, this gives an exact sequence

0 - HomMNS(Q' QsNisF) - HomMNS(Q’ QijsG) - HomMNS(QI QsNisH)'
which shows the exactness of
0— QsNisF - QsNisG - QsNisH
as desired. Therefore, by, is exact.

Then bNis preserves injectives since it has an exact left adjoint b y;,. Moreover, applying R7 (g > 0) to the

bNIS — Id, we have

bonis RIBNES = RY (b bN) ~ R1d ~ 0,

counit isomorphism b ;b

by Example A.9.2 and the exactness of b, This concludes the proof. n

Corollary 4.3.4. We have a natural isomorphism a ;o =~ b ;@ ?ﬁls b;.

Proof: By the uniqueness of left adjoints, it suffices to check that the right hand side is also left adjoint to

1.Nis- We first apply double adjunction by (b yje bs *) (Proposition 4.3.3 (2)) and (a ?ﬁls,_les) then use (4.3.1)

and the full faithfulness of b} (Proposition 2.5.1). U

4.4. Cohomology in MNS
Notation 4.4.1. (1) Let M € MSm and F € MNS. Using Notation 3.6.1, we define Fy; := (leSF)
which is a sheaf on (M)yjs.

(2) For M € MSm, let ZP(M) € MPS be the associated representable additive presheaf (see (2.6.1)) and
let

(4.4.0) Z(M) = ag\;sZP (M) € MNS

be the associated sheaf.
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Proposition 4.4.2. For M € MSm, F € MNS and i > 0, we have a natural isomorphism

(4.4.2) Extyns(Z(M),F) = lim  Hy (N, Py) = lim - Hy (N, (53°F)y).
Nexfin|m Nexfin|m

Moreover, we have

(4.4.3) lim  Hy (N, (RIbYSF)y) = 0 for all g > 0.
Nexfin | m

Proof. Define functors I’Al/l : MNSf™ — Ab and Iy, : MNS — Ab by
1 - T _
[4(G)= lim G(N), Ly(F)=F(M).

Nezfin|m
We have TI\iA =T \;b.nis- By Theorem A.9.1 and Lemma 4.4.3 below, we get (RPT, /)b ;s = RPFAL/I for any
p > 0 since by is exact. Thus, by Lemma 4.4.4 below we obtain
Extyns (Z(M), by G) = lim HE, (N,Gy)
Nexfin | Mm

for any G € MNS™ and p > 0. Setting G = thi\“SP, we get (4.4.2) for g = 0 (resp. (4.4.3) for g > 0) thanks
to Proposition 4.3.3 (2). O
Lemma 4.4.3. For an injective I € MNSfin, bonis] € MNS is flabby (see Definition A.9.4).

Proof Write F = by;[. By Lemma A.9.3, it suffices to show the vanishing of the canonical map
H(U/M,F) — H(M,F) for any cover U — M in MSmy;, and any q > 0. By Lemma 4.3.2, we may
assume U — M is a strict Nisnevich cover (as any morphism in Lﬁn is an isomorphism in MSm). Denote
by Uy, € MSm the n-fold fiber product of U over M in MSm (which exists by Corollary 1.10.7 (1)). Then
HY9(U/M, F) is computed as the cohomology of the complex whose term in degree g is given by
li_r)n I(Ly).
Leexf U

By Lemma 1.6.3, for any integer 7 >0 and given L, € sfin | U]?/IH for 0 < g < n, there exists L € 2" | M in
such that L xy, UZ,IH - UX/IH factor through L, for all g =0,...,n. This implies that for 0 < g <n—1 the
canonical map H1(U/M, bonisl) = I—VI‘?(M,QSNiSI) factors through

i 74

h__)m H(U xp; L/L,1),

Lexfin | M

where HI(U xp; L/L,I) is the Cech cohomology of I with respect to the cover U xj; L — L in MSm'™, but

it vanishes since [ is injective in MNSH", This proves the desired vanishing and completes the proof of
Lemma 4.4.3. O]

Lemma 4.4.4. For any G € MNS™™ and p > 0, we have
! ~ 1 Py
RITY(G)=  lim  HE (N, Gy).
Nexfn | M
Proof. Take an injective resolution G — I* in MNSf". Then we have
RPTY,(G) = HP(T,I*) = HP( lim I*)= lim HP(I*(N)= lim HE, (N,Gy),
Nexfin | M Nexfn | M Nexfn | M

where we used Corollary 1.9.3 for the last-but-one isomorphism, and (3.6.1) for the last one. 0
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4.5. Sheaves on MCor
Lemma 4.5.1. For F € MPST, one has c*F € MNS if and only if b*F € MNSTfn,
Proof. This follows from (2.6.2) and Definitions 3.5.1 and 4.2.1. g

Definition 4.5.2. We define MNST to be the full subcategory of MPST consisting of those F enjoying the
conditions of Lemma 4.5.1. We denote by iy, : MNST — MPST the inclusion functor.

Lemma 4.5.3. The category MNST is closed under infinite direct sums in MPST, and iy, is strongly additive
(Definition 3.3.3). It contains Z.(M) for any M € MCor.

Proof. This follows from Lemma 3.5.2, because b is strongly additive as a left adjoint. The last statement
follows from Lemma 3.5.2. O

By Definition 4.5.2 and Lemma 4.5.1, the functors b* and ¢* restrict to NS . MNST — MNST! and
cNis : MNST — MNS. It holds that

* - _ fin 3 Nis * _ Nis
(4.51) Dlinis =inisl Cinis = LinisC
QEISENIS — Eﬁansths, QsNisgﬁans — ENISQNis’

where for the last two formulas we used (2.6.2).

Proposition 4.5.4. The following assertions hold.
(1) We have b,(MNST'") c MNST.
(2) Let by, MNSTA™ — MNST be the restriction of b, so that we have

(45.2) byings = ixisbis
Then, the functor by is an exact left adjoint of NS, which is fully faithful.

(3) The functor b™' preserves injectives.

Proof- (1) 1t suffices to show that g*Q!(MNSTﬁn) C MNS. By (2.6.2), we have c*b, = Qslgﬁn*. Moreover,
cfin* MNSTfi" ¢ MNSf" by Definition 3.5.1 and b, MNSf" ¢ MNS by Proposition 4.3.3 (1). In (2), the
adjointness and the full faithfulness are seen by using Proposition 2.5.1, (4.5.1) and (4.5.2). This proves that
by is right exact, and it is also exact by (4.5.2) and Proposition 2.5.1 (see also the proof of the exactness of
b i in Proposition 4.3.3 (2)). (3) is a consequence of (2). U

Theorem 4.5.5. The inclusion functor iy;, : MNST — MPST has the exact left adjoint ay;, = QNisgfI\iIIilSQ*. In
particular, MNST is Grothendieck.

Proof. The formula defining ay;, yields a left adjoint to iy;, by the full faithfulness of b* (Proposition 2.5.1)

and the adjunctions (gfl\ilri‘s, gf{ﬁ‘s) and (b, QNiS) (use (4.5.1)). Its exactness follows from the exactness of the

three functors. O

Proposition 4.5.6. We have

c fin _ * _ _Nis
(4.5.3) bnisnis = Onisly AaNis€ =€ aNis:
Moreover, ' is faithful, exact, strongly additive (Definition 3.3.3) and has a left adjoint ¢y = AnisCignis SUCh

that C\is@sNis = INisC1-
Proof. The first equality follows from the first formula of (4.5.1) by adjunction. For the second, we use

Theorems 4.2.2 and 4.5.5, together with (2.6.2), (3.5.2) and (4.5.1). The last statement follows from Lemma
A.8.1(3). O
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Theorem 4.5.7. Ifp: U — M is a cover in MSmy,, then the Cech complex

(4.5.4) o Zy(UxpU) > Zy (U) > Z,(M) — 0

is exact in MNST. (Note that the fiber products exist in MSm by Corollary 1.70.7 (1).) Moreover, the sequence
0> Zy(W) > Zy(U)®Zy(V) > Zy(X) > 0

is exact in MNST for any MV square (3.2.1) in MSmf™.

Proof. By Lemma 4.3.2, we may assume M — U is a strict Nisnevich cover. Then, by (3.5.3) the complex
o ZE(U Xy U) > Z(U) = ZE(M) > 0

is exact in MNST'". Applying the exact functor by, we get (4.5.4). The second statement follows from the
first and a small computation (¢f [MVWO06, Proposition 6.14]). U

4.6. Cohomology in MNST

Lemma 4.6.1. Let I € MNST be an injective object. Then cNiS(I) € MNS is flabby.
Proof. This follows from Lemma A.9.5 and Theorem 4.5.7. O

Notation 4.6.2. Let M € MCor and F € MNST. Using Notation 3.6.1, we define Fy; := (b™'SF)yy, which is

a sheaf on (M)ys-
Theorem 4.6.3. Let F € MNST, and let M € MCor. Then there are canonical isomorphisms for any i > 0:

Extynst(Zer (M), F) = Extyyng (Z(M), NSF) = lim Hiy (N, Fy).
Nexfr | M

(See (4.4.1) for Z(M).) Moreover, we have

lim  H{ (N, (R1(63%) N F)n) = 0 for all > 0.
Nexfin | M

Proof. Applying the last identity of Proposition 4.5.6 to ZP (M), we get
nisZ(M) = ayi 0 ZP (M) = ayis Ziy(M) = Zy (M)

where the second equality follows from (2.6.1), and the third one holds by Lemma 4.5.3. This yields an
isomorphism

MNS(Z(M),NSF) ~ MNST(Z,, (M), F)

which is the case i = 0 of the first isomorphism in the proposition. The general case i > 0 then follows from

Theorem A.9.1, Lemma 4.6.1 and the exactness of ¢ (Proposition 4.5.6), and the second isomorphism

follows from Proposition 4.4.2 and (4.5.1). The last assertion follows from (4.4.3). O

A. Categorical toolbox, I

This appendix gathers known and less-known results that we use constantly.
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A.1. Pro-objects ([SGA4, exposé 1, §8], [AM69, Appendix 2])

Recall that a pro-object of a category C is a functor F : A — C, where A is a small cofiltered category (dual
of [Mac98, Chapter IX, §1]). They are denoted by {X,},ca or by "h(_m”ae 4X, (Deligne’s notation), with
X, = F(a). Pro-objects of C form a category pro-C, with morphisms given by the formula
pro-C({Xa}ae (Yplpep) = imlim C(X,, V).
BEB acA

There is a canonical full embedding c : C < pro-C, sending an object to the corresponding constant
pro-object (A = {*}).

For the next lemma, we recall a special case of comma categories from Mac Lane [Mac98, Chapter II,
§6]. If ¢ : A — B is a functor and b € B, we write b | ¢ for the category whose objects are pairs
(a,f) € Ax B(b,(a)); a morphism (ay, f1) — (ay, f») is a morphism g € A(ay,a;) such that f, = P(Q)f;.

The category 1 | b is defined dually (objects: systems ¢)(a) i) b, etc.) According to [Mac98, Chapter IX,
83|, ¥ is final if, for any b € B, the category 1 | b is nonempty and connected; here we shall use the dual
property cofinal (same conditions for b | 1). As usual, we abbreviate Id4 | a and a | Id4 by A | a and
al A.

Let F=(F:A—C)={X,}aeca € pro-C. For each a € A, we have a “projection” morphism 7, : F — ¢(X,)
in pro-C. This yields an isomorphism in pro-C

FS lime(X,)
acA
(explaining Deligne’s notation) and a functor
QZA—)F\LC, Q(Q)Z(Xa;na)l

where we take A =C and B = pro-C in the above setting.

Lemma A.11. The functor 6 is cofinal.

Proof. Let F i) c(Y) (Y €C) be an object of F | c. An object of 8 | (F i) c(Y)) is a pair (a, ), with a € A
and @ : F(a) — Y such that f = c(¢)m,. This category is nonempty because an object @ € A and the
morphism f yield the object f(a): F(a) — c(Y)(a) =Y, and we have (a, f(a)) €0 | (F L c(Y)). Note also
that it is cofiltered, because A is. Since any cofiltered category is obviously connected, we are done. O

(Warning: the use of co in (co)final and (co)filtered is opposite in [Mac98] and in [KS06]. We use the
convention of [Mac98].)

A.2. Pro-adjoints [SGA4, exposé I, §8.11.5]

Let u : C — D be a functor: it induces a functor pro-u : pro-C — pro-D.
Recall standard terminology for the functoriality of limits (=inverse limits) and colimits (= direct limits):

Definition A.2.1. A functor u : C — D is left exact (vesp. right exact, resp. exact) if it commutes with finite
limits (resp. finite colimits, resp. finite limits and colimits).

Proposition A.2.2 (dual of [SGA4, exposé I, proposition 8.11.4]). Consider the following conditions:
(i) The functor pro-u has a left adjoint.
(ii) There exists a functor v : D — pro-C and an isomorphism

pro-C(v(d), ¢) = D(d, u(c))

contravariant in d € D and covariant in c € C.
(iii) u is left exact.
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Then (i) < (ii) = (iii), and (iii) = (i) if C is essentially small and closed under finite inverse limits. U

(The condition on finite inverse limits appears in [AM69, p. 158], but is skipped in [SGA4, exposé I,
proposition 8.11.4].)

Definition A.2.3. In Condition (ii) of Proposition A.2.2, we say that v is pro-left adjoint to u.

A 3. Localisation ([GZ67, Chapter I, see also [KS06, Chapter 7])

Let C be a category, and let ¥ C Ar(C) be a class of morphisms: following Grothendieck and Maltsiniotis,
we call (C,Y) a localiser. Consider the functors F : C — D such that F(s) is invertible for all s € 3. This
“2-universal problem” has a solution Q : C — C[X~!']. One may choose C[£~!] to have the same objects as C
and Q to be the identity on objects; then C[X~!] is unique (not just up to unique equivalence of categories).
If C is essentially small, then C[X7!] is small, but in general the sets C[X1](X,Y) may be “large”; one can
sometimes show that it is not the case (Corollary A.5.4). A functor of the form Q : C — C[X~!] will be called
a localisation. We have a basic result on adjoint functors [GZ67, Chapter I, Proposition 1.3]:

Lemma A.3.1. Let G:C < D : D be a pair of adjoint functors (G is left adjoint to D). Then the following
conditions are equivalent:

(i) D is fully faithful.
(ii) The counit GD = Idp is a natural isomorphism.
(iii) G is a localisation.
The same holds if G is right adjoint to D (replacing the counit by the unit).

Definition A.3.2. Let (C,Y) be a localiser, and let Q : C — C[~~!] be the corresponding localisation functor.
We write

sat(X) = {s € Ar(C) | Q(s) is invertible}.
This is the saturation of ¥; we say that ¥ is saturated if sat(¥) = X.

Lemma A.3.3 ((GZ67, Chapter I, Lemma 1.2]). Let (C,Y) be a localiser, D a category, F,G : C[X™'] — D two
functors and u : Fo Q = G o Q a natural transformation, where Q : C — C[X7'] is the localisation functor.
Then u induces a unique natural transformation 1i : F = G.

Proof: Define iix = uy : F(X) — G(X) for X € ObC[X '] = ObC. We must show that i commutes with the
morphisms of C[X7!]. This is obvious, since # commutes with the morphisms of C and the morphisms of
C[X7'] are expressed as fractions in the morphisms of C. O

A 4. Presheaves and pro-adjoints

Let C be a category. We write C for the category of presheaves of sets on C (i.e. functors C°P — Set); it
comes with the Yoneda embedding

p:C—C
which sends an object to the corresponding representable presheaf. If u : C — D is a functor, we have the
standard sequence of three adjoint functors

C L ¢
|
D lj——) D

where u, extends u through the Yoneda embeddings [SGA4, exposé I, proposition 5.4]; u, and u, are
computed by the usual formulas for left and right Kan extensions (loc. cit., (5.1.1)). If u has a left adjoint v,
the sequence (u;, ", u,) extends to

(vi,v" = u, v, =u*,u,)



38 B. Kahn, H. Miyazaki, S. Saito, and T. Yamazaki

(ibid., Remark 5.5.2).
Let A be an essentially small additive category. Instead of presheaves of sets on A, one usually uses the
category Mod -A of additive presheaves of abelian groups; the above results transfer to this context, mutatis

mutandis.

Proposition A 4.1.

a) The functor uy (resp. u,, u*) commutes with all representable colimits (resp. limits, limits and colimits). If
u has a left adjoint, then u, also commutes with all limits. If u has a pro-left adjoint v (Definition A.2.3),
5o does uy which is therefore exact. Moreover, u, is then given by the formula

(F)(Y) =lim(Fov(Y)), Fe C,YeD.

b) If u is fully faithful, so is u,.
¢) If u is a localisation or is full and essentially surjective, then u, is a localisation.

d) In the case of ¢), for C € C the following conditions are equivalent:
@) The representable functor yo(C) € C induces a functor on D via u.
(i) The unit map yo(C) — u*uyye(C) =~ u*yp(u(C)) is an isomorphism.
(i) For any C' € C, the map C(C’,C) — D(u(C’), u(C)) induced by u is bijective.

Proof. a) follows from general properties of adjoint functors, except for the case of a pro-left adjoint. Let u
admit a pro-left adjoint v, and let Y € D: so there is an isomorphism of categories Y | u ~v(Y) | c. Hence,
we get by Lemma A.11 a cofinal functor

A=Y lu,

where A is the indexing set of v(Y). Thus, for F € C, u F(Y) may be computed as

wF(Y) = lim F(v(Y)(a)) = pro-C(yc(v(Y)), ¢(F)).

acA

The first equality is the formula in the proposition. The second one shows that the pro-left adjoint v, of
uy is defined at yp(Y) by ye(v(Y)); since any object of D is a colimit of representable objects, this shows
that v, is defined everywhere.

For b), see [SGA4, exposé I, proposition 5.6]. In c), it is equivalent to show that u” is fully faithful by
Lemma A.3.1. Let F,G € D, and let @ : u*F — u*G be a morphism of functors. In both cases, u is essentially
surjective: given X € D and an isomorphism & : X — u(Y), we get a morphism

ax—l Qy a*
Py F(X) — F(u(Y)) — G(u(Y)) — G(X).

The fact that 1y is independent of (Y, &) and is natural in X is an easy consequence of each hypothesis
(see Lemma A.3.3 in the first case).

In d), the equivalence (ii) <= (iii) is tautological and (iii) = (i) is obvious. The implication (i) = (iii) was
proven in [GZ67, Chapter I, §4.1.2] assuming that u is a localisation enjoying a calculus of left fractions; let
us prove (i) = (ii) in general. Under (i), we have y¢(C) ~ u*F for some F € D; the unit map becomes

Hyp: W' F— uuuF.

On the other hand, the counit map ¢p : uju*F — F is invertible by the full faithfulness of u*. By the
adjunction identities, we have u*(¢p) o #,+p = 1,-p. Hence the conclusion. g

We shall usually write u' for the pro-left adjoint of u;, when it exists.
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A.5. Calculus of fractions

Definition A.5.1 (dual of [GZ67, Chapter I, Lemma 1.2]). A localiser (C,X) (or simply X) enjoys a calculus of
right fractions if:

(i) The identities of C are in X.

(ii) X is stable under composition.

S
(iii) (Ore condition.) For each diagram X’ — X <& Y where s € ¥, there exists a commutative square

’

Y —— X
tl Sl where t € X.
y /5 X
(iv) (Cancellation.) If f,g: X =3 Y are morphisms in C and s: Y — Y’ is a morphism of ¥ such that
sf = sg, there exists a morphism ¢ : X’ — X in ¥ such that ft = gt.

Proposition A.5.2. Suppose that ¥ enjoys a calculus of right fractions. For c € C, let ¥ | c denote the full
subcategory of the comma category C | c given by the objects ¢’ 2 ¢ withs € Y. Then

a) X | c is cofiltered.
b) [GZ67, Chapter 1, 2.3] For any d € C, the obvious map

. ) -1
(A.5.]) lim C(¢,d) = C[=7)(c,d)
c’eXlc

is an isomorphism.

¢) Any morphism in C[L7'] is of the form Q(f)Q(s)™! for f € Ar(C) and s € 3; if f1, f> are two parallel
arrows in C, then Q(f1) = Q(f2) if and only if there exists s € X such that f1s = f,s.

Proof. a) We need to check the two conditions (which are dual to those from [Mac98, p. 211]): (1) given two
objects d,d’ € ¥ | c, there are arrows d < ¢ — d’ in ¥ | ¢; (2) given two parallel arrows f,¢: e — d in
Y | c, there is an arrow h: e’ — e in ¥ | ¢ such that fh = gh. (1) (resp. (2)) follows from Axioms (iii) and (ii)
(resp. (iv) and (ii)) of Definition A.5.1.

b) The “obvious map” (A.5.1) sends a pair (c’i> c,c L d) with s € ¥ and f €C(c’,d) to Q(f)Q(s)™!. To
show it is an isomorphism, we follow the strategy of [GZ67, pp. 13/14]. We consider a category ¥.~!C with
the same objects as C and for ¢,d € C the Hom set X~1C(c,d) is given by the left hand side of (A.5.1). Using
Axioms (ii) and (iii), we define for three objects c,d,e € C a composition

lim C(c’,d)x lim C(d’,e)— lim C(c’,e)

—> — —

c’eX|c d’exld c’eX|c
which is shown to be well-defined and associative thanks to Axiom (iv). Now (A.5.1) yields a functor
¥~!1C — C[X7']. But there is also an obvious functor C — X~!C that is the identity on objects. (We use
Axiom (i) to define the maps for the Hom sets.) It is easily seen to have the universal property of C[X7!].

Hence (A.5.1) is an isomorphism for all (c,d).
c) The first statement has already been observed; the second one follows readily from (A.5.1). U

Notation A.5.3. We shall write ¥~!C instead of C[X7!] if ¥ enjoys a calculus of fractions.

Corollary A.5.4. If Y admits a calculus of right fractions and if for any c € C, the category ¥ | ¢ contains a
small cofinal subcategory, then the Hom sets of ¥~1C are small. g
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Corollary A.5.5. Let (C,X) be a localiser such that ¥ enjoys a calculus of right fractions. Let F : C — D be a
Sfunctor. Suppose that F inverts the morphisms of X and that, for any c,d € C, the obvious map
lim C(c',d) - D(F(c),F(d)
ceXlc

is an isomorphism. Then the functor ¥"'F : ¥'C — D induced by F is fully faithful. O

Proposition A.5.6.

a) Let (C,X) be a localiser. Assume that X enjoys a calculus of right fractions. Then the localisation functor
Q:C — X7IC is left exact; if limits indexed by a finite category I exist in C, they also exist in ¥.~'C.

b) Let C be an essentially small category closed under finite limits, and let G : C — D be a left exact functor.
Let ¥ ={s € Ar(C) | G(s) is invertible}. Then X enjoys a calculus of right fractions; the induced functor
Y~1C — D is conservative and left exact.

Proof. After passing to the opposite categories, a) is [GZ67, Chapter I, Proposition 3.1 and Corollary 3.2] and
b) is [GZ67, Chapter I, Proposition 3.4]. O

A.6. Pro-X-objects

Definition A.6.1. Let (C,X) be a localiser. We write proy-C for the full subcategory of the category pro-C
of pro-objects of C consisting of filtered inverse systems whose transition morphisms belong to X. An object
of proy-C is called a pro-Y-object.

Proposition A.6.2. Suppose that 3 has a calculus of right fractions and, for any c € C, the category ¥ | ¢
contains a small cofinal subcategory. Then Q : C — X7'C has a pro-left adjoint Q', which takes an object
Y eXIC to “m”XeEiYX (see §A.1 for the notation "m”). In particular, Q'(X~1C) C pro
sat(X) is the saturation of ¥ (Definition A.3.2).

sat(X) —C, where

Proof. In view of Corollary A.5.4 and Proposition A.5.6, this follows from Proposition A.5.2 b). O

Remark A.6.3. Consider the localisation functor Q : C — X7!C: it has a left Kan extension
Q: progyy)-C > X7'C

[Mac98, Chapter X] along the constant functor C — prog,,

(E)_C’ given by the formula

A

Q("lim"Cy) = lim Q(Cy)-

(The right hand side makes sense as an inverse limit of isomorphisms.) Then one checks easily that Q' is left
adjoint to Q.

Theorem A.6.4. Let (C,Y) be a localiser verifying the conditions of Proposition A.6.2. Let Q : C — Y. 71C denote
the localisation functor, and consider the string of adjoint functors (Q,, Q*,Q,) between C and X-1C from §A.4.
Then:

(1) Qi has a pro-left adjoint, and is therefore exact.
2) ForFeC and Y € ¥71C, we have
QF(Y) = lim F(0)
Proof. This follows from Propositions A.4.1 a) and A.6.2. U
If (A,Y) is a localiser with .4 additive and ¥ enjoys a calculus of right fractions, then ¥~ A is additive

and so is the functor Q : A — X1 A [GZ67, Chapter I, Corollary 3.3]. For future reference, we give the
additive analogue of Theorem A.6.4 (see the paragraph before Proposition A.4.1 for Mod -.A):
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Theorem A.6.5. Let (A,Y) be a localiser; assume that A is an additive category and that ¥ has a calculus
of right fractions. Let Q : A — Y"1 A denote the localisation functor, as well as the string of adjoint functors
(Q),Q%, Q.) between Mod -A and Mod -1 A. Then:

(1) Qy has a pro-left adjoint, and is therefore exact.
(2) For FeMod -A and Y € Y71 A, we have

QF(Y)= lim F(X).
XE—EL)Y

A.7. cd-structures

Let C be a category with an initial object. According to [VoelOa], a cd-structure on C is given by a collection
of commutative squares stable under isomorphisms, called distinguished squares. Any cd-structure defines a
topology on C: the smallest Grothendieck topology such that for a distinguished square of the form
w—- Vv
(A7) S: ql pl
U LN X,
the sieve generated by the morphisms {p: V — X, u: U — X} is a cover sieve and such that the empty
sieve is a cover sieve of the initial object 0.
Recall from [Voel(Oa] some important properties of cd-structures.
Definition A.7.1. Let C be a category with an initial object 0.

(1) Let P be a cd-structure on C. The class Sp of simple covers is the smallest class of families of
morphisms of the form {U; — X};¢; satisfying the following two conditions:
e for any isomorphism f, {f} is in Sp

e for a distinguished square Q of the form (A.7.1) and families {p; : V; — V}icr and {g; : U; — Ul
in Sp the family {p o p;, u 0 qj}ics jej is in Sp.

(2) A cd-structure on C is called complete if any cover sieve of an object X € C which is not isomorphic to
(0 contains a sieve generated by a simple cover.

(3) A cd-structure P is called regular if for S € P of the form (A.7.1) one has
e S is a pullback square (i.e., is cartesian)

e y is a monomorphism

e the morphisms of sheaves

Al Je@):pM]|p(W) %oy p(W) = p(V) 0x) (V)
is surjective, where for C € C we denote by p(C) the sheaf associated with the presheaf represented
by C, and A is induced by the diagonal map.
Lemma A.7.2 ([VoelOa, Lemma 2.5]). A4 cd-structure is complete provided:
(1) any morphism with values in 0 is an isomorphism, and
(2) for any distinguished square S of the form (A.7.1) and for any morphism X" — X, the square S’ = X’ xx S
is defined and distinguished. O
Lemma A.7.3 ([VoelOa, Lemma 2.11]). A4 cd-structure is regular provided, for any distinguished square S of the
Sform (A.7.1) we have

(1) S is cartesian,
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(2) u is a monomorphism, and

(3) the objects V xx V and W xy W exist in C and the derived square

v

W 1%
(A.7.2) d(S): AW/Uj jAWx
W Xu W—V Xx \%

is distinguished. O

Definition A.7.4. A cd-structure verifying the conditions of Lemma A.7.2 (resp. A.7.3) is called strongly
complete (resp. strongly regular).

Remark A.7.5. The square (A.7.2) is cartesian. This is a formal consequence of Lemma A.7.3, since any
distinguished square with respect to a regular cd-structure is cartesian by definition. However, there is a more

direct proof: let Z 5Vand Z LA W xy W be two morphisms making the corresponding square commute.
Then b amounts to two morphisms by, b, : Z — W such that (with the notation of (A.7.1)) gb; = gb, and
a =vby; =vb;. Since S is cartesian by (1), we have by = b, : Z — W, which is a solution to the universal
problem.

Proposition A.7.6. Let (C,Y) be a localiser such that 3 admits a calculus of right fractions.
(1) IfC has an initial object verifying Conditon (1) of Lemma A.7.2, so does ¥ ~'C.

(2) Assume (1) and let Q : C — X.71C be the localisation functor. Suppose given a cd-structure P on C, and let
P’ be the cd-structure on X~'C given by all squares isomorphic to a square of the form Q(S), where S € P.
If P is strongly complete (resp. strongly regular), so is P’.

Proof. (1) Let 0 be an initial object of C. Since Q is (essentially) surjective, Q() admits a morphism to any
object; Condition (1) of Lemma A.7.2 for @ implies that this morphism is unique, and this in turn implies the
same condition for Q(0).

(2) By Proposition A.5.6 a), Q commutes with finite limits. This implies Condition (2) of Lemma A.7.2.
Conditions (1), (3) of Lemma A.7.3 for P’ follow from the same conditions for P (note that the diagonals are
preserved by Q, since they are finite limits). It remains to show that Q carries a monomorphism u : U — X
to a monomorphism. Let f,g:V — U be two morphisms in ¥7'C such that Q(u)f = Q(u)g. By calculus
of fractions, we may write f = Q(f)Q(s)™! and g = Q(§)Q(s)™! for some f,§ € Ar(C) and s € ¥. Then
Q(uf) = Q(ug). By Proposition A.5.2 c), we may find t € ¥ such that uft = ugt, which implies ft = gt
since u is a monomorphism. This shows f = g, as desired. g

A 8. A pull-back lemma
We shall use the following elementary lemma several times.
Lemma A.8.1. Let C,D be abelian categories and let C' C C, D’ C D be full abelian subcategories. Let ¢ : C — D
and ¢’ :C' — D’ be additive functors satisfying cic = ipc’, whereic :C' — C and ip : D’ — D are inclusion
Sfunctors.
(1) If ¢ is faithful, sois c’.
(2) Suppose that ip is strongly additive or has a strongly additive left inverse (for example, a left adjoint). If ¢
and ic are strongly additive, so is c’.
(3) Suppose that ic has a left adjoint ac. If ¢ has a left adjoint d, then d’ = acdip is a left adjoint of ¢’. If
d and ac are exact, so is d’. Moreover, acd = d’ap if ip has a left adjoint ap.

(4) Suppose that ic and ip have left adjoinis ac and ap, that ap is exact, and that apc = c’ac. If ¢ is exact,
then so is c’.
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Proof- (1) is obvious. (2) Let {F;};c; be a family of objects of C’. We must show that the natural map

foPera - (D)

iel iel

is an isomorphism. The composition

@iDc’FiiiD(@c’( —>ch @F

iel iel iel

is an isomorphism by the strong additivity of ¢ and ic. If ip is strongly additive, g is also an isomorphism
and we are done. If now ip has a strongly additive left inverse ap, we apply it to the diagram and get a

@QD iDC/Fi L) ap @ iDC’Fi a—Dg—> aDiD( @C’(P )) iEiD—f% aD1Dc @Fl)

iel iel i€l iel

composition

which is an isomorphism and naturally isomorphic to f. This concludes the proof of (2).

(3) For F € C’ and G € D’, we have C'(acdipF,G) = D(ipF,cicG) = D(ipF,ipc’G) = D’(F,c’G). This
proves the first claim; therefore if 4 and a¢ are exact, d’ is left exact, hence exact since it is right exact as a
left adjoint. The last isomorphism follows from taking left adjoints of the isomorphism cie = ipc’.

(4) Let us take an exact sequence 0 > F - G — H — 0 in C’. Put K := Coker(icG — icH) € C. Since
apcK = c’acK = 0, we get an exact sequence 0 — apcicF — apcicG — apcicH — 0 by the exactness
of ¢ and ap. Using apc = c’ac and acic = Id (Lemma A.3.1), we conclude 0 — ¢'F — ¢’G — ¢’H — 0 is
exact. g

The proof of Lemma A.8.1 (2) implicitly used the following (trivial) lemma, which we state for the sake of
clarity.

Lemma A.8.2. Let D CC be a full embedding of categories. Suppose that a direct (resp. inverse) system (d,) of
objects of D has a colimit (resp. a limit) in C, which is isomorphic to an object d of D. Then d represents the
(co)limit of (d,) in D.

A.9. Homological algebra

Recall Grothendieck’s theorem [Gro57, théoréme 2.4.1):

F G
Theorem A.9.1. Let A — B — C be a string of left exact functors between abelian categories. Suppose that A
and B have enough injectives and that F carries injectives of A to G-acyclics. Then, for any A € A, there is a
convergent spectral sequence

EN? = RPGRIF(A) = RPYI(GF)(A).

Examples A.9.2. If F has an exact left adjoint, it carries injectives to injectives. If G is exact, the hypothesis
on F is automatically verified.

The following is a slight generalization of [Mil80, Chapter III, Proposition 2.12], (where the underlying
category of S is supposed to be a category of schemes).

Lemma A.9.3. Let F be a sheaf of abelian groups on a site S. The following conditions are equivalent.
(1) We have H1(X,F) =0 for any X € S and g > 0.
(2) We have H1(X,F) =0 forany X € S and q > 0.
(3) We have H1(U/X,F) =0 for any cover U — X in S and q > 0.
(4) The sheaf F is ig-acyclic, where is is the inclusion functor of the category of sheaves to that of presheaves.
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Proof. For X € S, we write I'y (resp. I‘;r) for the functor F + F(X) from the category of sheaves (resp.
presheaves) to Ab. We have Iy = I}I?ris. Since F};r is exact, Theorem A.9.1 implies RIx = F)I;rR”IiS, and
hence HY(X, F) = RTigF(X). This proves the equivalence of (1) and (4). The rest is shown in the same way
as [Mil80, Chapter III, Proposition 2.12]. ]

Definition A.9.4. We say F is flabby if the conditions of Lemma A.9.3 are satisfied.

Lemma A.9.5. Let S be the category of abelian sheaves on a site C, T an abelian category, and c*: T — S an
additive functor which has a left adjoint ¢, : S — T . Suppose that any cover in C admits a refinement U — X
such that ¢,(C(U/X)) is exact in T, where

C(U/X) = (- > p(Uxx U) > yp(U) - y(X) - 0)

is the Cech complex associated to U — X (y denotes the Yoneda functor). Then c*1 is flabby for any injective object
IeT.

Proof. (Compare [Voe00, Proposition 3.1.7].) It suffices to show H(U/X,c*I) = 0 for any q > 0 and for any
U — X as in the assumption. If we denote by Uy the n-fold fiber product of U over X, then H1(U/X,c*)
is computed as the cohomology of the complex

CIURH) = S(p(Ux™), e’ = T (ap(Ug*) 1),

which is acyclic by the assumption and the injectivity of I. O

A 10. Grothendieck categories

Recall that a Grothendieck abelian category (for short, a Grothendieck category) is an abelian category
verifying Axiom ABb of [Gro57]: small colimits are representable and exact, and having a set of generators
(equivalently, a generator). These generators are generators by strict epimorphisms. We have the following
basic facts:

Theorem A.10.1.
a) Any Grothendieck category is complete and has enough injectives.

b) Let F :C — D be a functor, where C is a Grothendieck category. Then F has a right adjoint if and only if
it commutes with all colimits.

¢) Let C be a Grothendieck category, B C C be a Serre subcategory, D = C/B and G : C — D the (exact)
localisation functor. Then G has a right adjoint D if and only if B is stable under infinite direct sums. In
this case, B and D are Grothendieck.

d) Let G:C < D: D be a pair of adjoint additive functors between additive categories, with D fully faithful.
If C is Grothendieck and G is exact, D is Grothendieck.

Proof. a) See |Gro57, théoréme 1.10.1], [SGA4, exposé V, remarque 0.2.1] or [KS06, Theorem 8.3.27 (i) and
9.6.2]. b) See [KS06, Proposition 8.3.27 (iii)]. c) See [Gab62, chapitre III, proposition 8 and 9]. d) Let B be
the kernel of G. Then B is easily seen to be a Serre subcategory (e.g. [Gab62, chapitre III, proposition 5]), so
the claim follows from c). 0

Theorem A.10.2. For any additive category A, Mod -A is a Grothendieck category with a set of projective
generators.

Proof. See e.g. [AK02, Proposition 1.3.6] for the first statement; the projective generators are given by
E={w(A)|Aec A} U



Motives with modulus, I 45

References

[AKO02] Y. André, B. Kahn, Nilpotence, radicaux et structures monoidales (with an appendix by P. O’Sullivan),
Rend. Sem. Math. Univ. Padova 108 (2002), 107-291.

[AMG69] M. Artin, B. Mazur, Etale homotopy, Lect. Notes in Math. 100, Springer, 1969.

[Ayol5] J. Ayoub, Motifs de variétés analytiques rigides, Mém. SMF 140-141 (2015), vi+386.

[BEO3| S. Bloch, H. Esnault, An additive version of higher Chow groups, Ann. Sci. Ec. Norm. Sup. 36
(2003), no. 3, 463-477.

[BMO8] E. Bierstone, P. Milman, Functoriality in resolution of singularities, Publ. RIMS, Kyoto Univ. 44
(2008), 609-639.

[BS19] F. Binda, S. Saito, Relative cycles with moduli and regulator maps, J. Inst. Math. Jussieu 18 (2019),
no. 6, 1233-1293.

[Gab62]  P. Gabriel, Des catégories abéliennes, Bull. SMF 90 (1962), 323-448.

[GZ67] P. Gabriel, M. Zisman, Calculus of fractions and homotopy theory, Springer, 1967.

[Grob7| A. Grothendieck, Sur quelques points d’algébre homologique, Tohoku Math. J. 9 (1957), 119-221.

[Har77] R. Hartshorne, Algebraic Geometry, Springer, 1977.

[KMSY20] B. Kahn, H. Miyazaki, S. Saito, T. Yamazaki, Motives with modulus, III: The categories of motives,
preprint arXiv:2011.11859 (2020).

[KMSY21] , Motives with modulus, II: Modulus sheaves with transfers for proper modulus pairs, Epijour-
nal de Géométrie Algébrique 5 (2021), article 2.

[KP12] A. Krishna, J. Park, Moving lemma for additive higher Chow groups, Algebra Number Theory 6
(2012), no. 2, 293-326.

[KS06] M. Kashiwara, P. Schapira, Categories and sheaves, Springer, 2006.

[KSY16]  B. Kahn, S. Saito, T. Yamazaki, Reciprocity sheaves (with two appendices by Kay Riilling),
Compositio Math. 152 (2016), 1851-1898.

[KSY15] , Motives with modulus, preprint arXiv:1511.07124 (2015), withdrawn.

[KSY17] , Reciprocity sheaves, II, preprint arXiv:1707.07398 (2017).

[MVWO06] C. Mazza, V. Voevodsky, C. Weibel, Lecture notes on motivic cohomology, Clay Math. Monographs
2, AMS, 2006.

[Mac98]  S. Mac Lane, Categories for the working mathematician, Grad. Texts in Math. 5, Springer (2nd
ed.), 1998.

[Mil80] J. Milne, Etale cohomology, Princeton Mathematical Series 33. Princeton University Press, Prince-
ton, NJ., 1980.

[Miy19] H. Miyazaki, Cube invariance of higher Chow groups with modulus, J. Algebraic Geom. 28 (2019),
no. 2, 339-390.

[Par09] J. Park, Regulators on additive higher Chow groups, Amer. J. Math. 131 (2009), 257-276.

[RG71] M. Raynaud, L. Gruson, Critéres de platitude et de projectivité, Invent. Math. 13 (1971), 1-89.

[Rio02] J. Riou, Théorie homotopique des S -schémas, mémoire de DEA, Paris 7, 2002. Available at

http://www.math.u-psud.fr/“riou/dea/dea.pdf.


https://arxiv.org/abs/2011.11859
https://arxiv.org/abs/1511.07124
https://arxiv.org/abs/1707.07398
http://www.math.u-psud.fr/~riou/dea/dea.pdf

46

B. Kahn, H. Miyazaki, S. Saito, and T. Yamazaki

[Riil07]
[Sai20]

[SV00]

[Voe00]

[VoelOa]

[VoelOb]

[EGA3]

[SGAI]

[SGA3]
[SGA4]

K. Riilling, The generalized de Rham-Witt complex over a field is a complex of zero-cycles, J. Algebraic
Geom. 16 (2007), no. 1, 109-169.

S. Saito, Purity of reciprocity sheaves, Adv. Math. 366 (2020), 107067 j.aim.2020.107067.

A. Sulin, V. Voevodsky, Bloch-Kato Conjecture and motivic cohomology with finite coefficients, in :
The Arithmetic and Geometry of Algebraic Cycles. eds. B. Gordon, J. Lewis, S. Miiller-Stach, S.
Saito, N. Yui, NATO Science Series 548, 2000.

V. Voevodsky, Triangulated categories of motives over a field, in : Cycles, transfers and motivic
cohomology theories, by E. Friedlander, A. Suslin, V. Voevodsky, Ann. Math. Studies 143,
Princeton University Press, 2000, 188-238.

, Homotopy theory of simplicial sheaves in completely decomposable topologies, J. pure appl.
Algebra 214 (2010), 1384-1398.

—, Unstable motivic homotopy categories in Nisnevich and cdh-topologies, J. pure appl. Algebra
214 (2010) 1399-1406.

Acronyms

A. Grothendieck, Eléments de géométrie algébrique. Il Etude cohomologique des faisceaux cohérents.
L, Inst. Hautes Etudes Sci. Publ. Math. No. 11 (1961), 167 pp.

A. Grothendieck et al, Revétements étales et groupe fondamental (SGA 1), Séminaire de Géométrie
Algébrique du Bois-Marie 1960 - 1961, new edition: Documents mathématiques 3, SMF, 2003.

M. Demazure, A. Grothendieck, Schémas en groupes, new edition, SMF, 2012.

E. Artin, A. Grothendieck, J.-L. Verdier, Théorie des topos et cohomologie étale des schémas (SGAA4),
Lect. Notes in Math. 269, 270, 305, Springer, 1972-73.


https://doi.org/10.1016/j.aim.2020.107067

	Introduction
	1 Modulus pairs and admissible correspondences
	2 Presheaf theory
	3 Sheaves on MSmfin and MCorfin 
	4 Sheaves on MSm and MCor 
	A Categorical toolbox, I
	References

