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Crepant semi-divisorial log-terminal model
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Abstract. We prove the existence of a crepant sdlt model for slc pairs whose irreducible components
are normal in codimension one.
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1. Introduction

Throughout this note, we will work over the complex number field C. In this paper, we deal with
semi-divisorial log terminal (sdlt, for short) pairs.

Definition 1.1 (Semi-divisorial log terminal pair, [Kol13, Definition 5.19]). An slc pair (X,∆) in Definition
2.3 is a semi-divisorial log terminal (sdlt, for short) pair if we put U ⊂ X as the largest open subset such that
(U,∆ U ) has only simple normal crossing singularities, then a(E,X,∆) > −1 for every prime divisor E over
X whose image on X is contained in X \U .

As discussed in Section 5, sdlt pairs have much better structures than structures of slc pairs. In this note,
we prove the following theorem.

Theorem 1.2 (Crepant sdlt model). Let (X,∆) be a quasi-projective slc pair such that ∆ is a Q-divisor and
every irreducible component of X is normal in codimension one. Then there is an sdlt pair (Y ,Γ ) with a projective
birational morphism f : Y → X satisfying the following properties.

(i) There is an open dense subset U ⊂ X such that U (resp. f −1(U )) contains all the codimension one singular
points of X (resp. Y ) and f is an isomorphism over U ,

(ii) KY + Γ = f ∗(KX +∆), and
(iii) KY is Q-Cartier and (Y ,0) is semi-terminal in the sense of Fujita [Fuj15].

In particular, every irreducible component Yj of Y is normal, and every lc pair (Yj ,Γj ) is dlt, where the Q-divisor
Γj on Yj is defined by KYj + Γj = (KY + Γ ) Yj .

See [Fuj15, Definition 2.3 (2)] or Definition 2.5 for the definition of semi-terminal pairs.

Remark 1.3. Let f : (Y ,Γ )→ (X,∆) be a crepant sdlt model as in Theorem 1.2. Since X is an S2 scheme
and f is an isomorphism over all the generic points of codimension one singular locus, the morphism

OX(bm(KX +∆)c) −→ f∗OY (bm(KY + Γ )c)

is an isomorphism for every positive integer m.

Remark 1.4 (Natural double cover by Kollár [Kol13, 5.23], see also [Fuj14, Lemma 5.1]). Let (X,∆) be an slc
pair such that ∆ is an R-divisor. Although irreducible components of X may not be normal in codimension
one, by [Kol13, 5.23], we can construct a quasi-étale double cover π : X ′→ X and an slc pair (X ′ ,∆′) such
that KX ′ +∆′ = π∗(KX +∆) and every irreducible component of X ′ is normal in codimension one. More
precisely, applying [Kol13, 5.23] we get a finite morphism π : X ′→ X of degree two such that
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(a) X ′ is an S2 scheme,
(b) π is étale in codimension one,
(c) every irreducible component of X ′ is normal in codimension one, and
(d) the normalization of X ′ is a disjoint union of two copies of the normalization of X.

Defining ∆′ on X ′ by KX ′ +∆′ = π∗(KX +∆), then the conditions (a)–(d) imply that (X ′ ,∆′) is an slc pair
whose irreducible components are normal in codimension one. If X is quasi-projective and ∆ is a Q-divisor,
then so is the above X ′ and ∆′ . Thus, we can apply Theorem 1.2 to (X ′ ,∆′).

The assumption on the normality in codimension one for all irreducible components of X looks artificial.
But, all slc pairs admitting a crepant sdlt model satisfy this property because crepant models as in Theorem 1.2
do not modify any codimension one singular point and every irreducible component of the underlying
schemes of sdlt pairs is normal. The first condition on f in Theorem 1.2 is important to preserve information
of KX +∆. We can not deduce properties of KX +∆ from properties of KY + Γ without the first condition
in Theorem 1.2 even in the case of the normalization of X. For example, Kollár [Kol11] gave an example of
projective slc surface whose canonical ring is not finitely generated, though it is well known that the log
canonical rings of lc surfaces are finitely generated.

In the case of lc pairs, a lot of partial resolutions are known. In the non-normal case, Kollár and
Shepherd–Barron [KSB88] established the minimal semi-resolution for surfaces, and Fujita [Fuj15] established
the semi-terminal modifications for demi-normal schemes. In [OX12], Odaka and Xu proved the existence
of an slc modification of demi-normal pairs under a certain assumption, and their result was generalized
by Fujino and the author [FH21]. On the other hand, to the best of the author’s knowledge, no result
on the existence of a good crepant model of slc pairs is known. Theorem 1.2 was motivated by [Kol13,
Question 5.22.1] asked by Kollár. In [Kol13, Question 5.22.1], he asked whether there is a crepant sdlt model
(Y ,Γ )→ (X,∆) as in Theorem 1.2 such that the demi-normal pair (Y ,0) is not necessarily semi-terminal or
Q-Gorenstein but the coefficients of the exceptional divisors in Γ are one. We could not give the complete
affirmative answer to [Kol13, Question 5.22.1], but we hope that the main result will contribute developments
of the theory of slc pairs.

The contents of this note are as follows: in Section 2, we collect definitions of demi-normal pairs, simple
normal crossing singularity, slc pair, semi-terminal pair, and an MMP step for slc pairs. In Section 3, we
discuss a sufficient condition to construct a sequence of MMP steps for slc pairs. In Section 4, we prove
Theorem 1.2. In Section 5, we collect properties of sdlt pairs.
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2. Definitions

Throughout this note, a scheme means a separated scheme of finite type over Spec(C).

Definition 2.1 (Demi-normal scheme, demi-normal pair, [Kol13, Chapter 5]). A demi-normal scheme X is a
reduced equidimensional scheme such that X satisfies the Serre’s S2 condition and every codimension one
point of X is smooth or normal crossing singularity. Let ∆ be an R-divisor on X whose support does not
contain any codimension one singular point. The pair of X and ∆, denoted by (X,∆), is called a demi-normal
pair if ∆ is effective.
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Definition 2.2 (Simple normal crossing singularity, [Kol13, Definition 1.10]). Let X be a reduced equidi-
mensional scheme and let ∆ be an R-divisor on X. We say that the pair of X and ∆, denoted by (X,∆) if
there is no risk of confusion, has only simple normal crossing singularities at a point a ∈ X if X has a Zariski
open subset U 3 a that can be embedded in a smooth variety M, where M has regular local coordinates
x1, . . . ,xp, y1, . . . , yr at a = 0 such that U = (x1 · · ·xp = 0) and ∆ U =

∑r
i=1αi(yi = 0) U for some αi ∈ R.

We say that (X,∆) has only simple normal crossing singularities if (X,∆) has only simple normal crossing
singularities at every point a ∈ X.

Simple normal crossing singularities are called semi-snc in [Kol13].

Definition 2.3 (Semi-log canonical pair). Let (X,∆) be a demi-normal pair such that KX +∆ is R-Cartier.
In this note, a prime divisor E over X is a prime divisor on Y with a proper birational morphism Y → Xν to
the normalization Xν of X. As in the case of log pairs, we can define the discrepancy a(E,X,∆) of E with
respect to (X,∆) for every prime divisor E over X. A demi-normal pair (X,∆) is a semi-log canonical (slc, for
short) pair if KX +∆ is R-Cartier and a(E,X,∆) ≥ −1 for every prime divisor E over X.

As we defined above, we follow the definitions of demi-normal schemes, slc pairs and sdlt pairs (see
Definition 1.1) in [Kol13, Section 5].

Remark 2.4. In [Fuj00] and [FG14], sdlt pairs are defined to be slc pairs (X,∆) such that

— every irreducible component of X is normal, and
— the normalization of (X,∆) is a disjoint union of dlt pairs.

On the other hand, our definition of sdlt pairs is due to [Kol13, Definition 5.19]. The sdlt pairs in the sense
of Definition 1.1 are also sdlt pairs in the above sense but the converse is not true. Indeed, for every sdlt pair
(X,∆) in the sense of Definition 1.1, the normalization of (X,∆) is a disjoint union of dlt pairs, and [Kol13,
Proposition 5.20] implies that every irreducible component of X is normal. Thus, (X,∆) satisfies the above
two conditions. On the other hand, as in [Kol13, Definition 5.19], the pair of X := (xy = zt = 0) ⊂A

4
xyzt and

∆ := 0 is not sdlt in the sense of Definition 1.1, but (X,0) is an slc pair satisfying the two conditions stated
above.

Let X be a demi-normal scheme. If every irreducible component of X is normal in codimension one,
then there exists a closed subscheme Z ⊂ X of codimension at least two such that (X \Z,0) has only simple
normal crossing singularities.

Definition 2.5 (Semi-terminal pair, [Fuj15, Definition 2.3 (2)]). Let (X,∆) be an slc pair. Let ν : Xν → X be
the normalization, and we define ∆ν on Xν by KXν +∆ν = ν∗(KX +∆). Let b∆νc be the reduced part of ∆ν .
Then (X,∆) is semi-terminal if a(P ,X,∆) ≥ 0 for all exceptional prime divisors P over X and the equality
holds only if the center of P on Xν has codimension two and it is contained in b∆νc.

Definition 2.6 (An MMP step for slc pairs, [AK19, Definition 11]). Let π : X→ S be a projective morphism
between quasi-projective schemes, and let (X,∆) be an slc pair such that ∆ is a Q-divisor. Then, an MMP
step over S for (X,∆) is the following diagram

(X,∆)

f ""

φ
// (X ′ ,∆′)

f ′{{
Z

over S such that

(1) (X ′ ,∆′) is an slc pair,
(2) φ is birational and it is isomorphic on an open dense subset containing all generic points of

codimension one singular locus of X,
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(3) ∆′ = φ∗∆,
(4) Z and X ′ are quasi-projective schemes, the morphisms Z→ S and X ′→ S are projective, f and f ′

are generically finite, and f ′ has no exceptional divisors, and
(5) −(KX +∆) and KX ′ +∆′ are ample over Z .

3. Log MMP for semi-log canonical pairs

In this section, we discuss the construction and properties of log MMP for slc pairs. See [AK19] and
[Has20, Section 4] for related results.

Lemma 3.1 (cf. [AK19], [Has20, Lemma 4.4]). Let π : X→ S be a projective morphism between quasi-projective
schemes, and let (X,∆) be an slc pair such that ∆ is a Q-divisor. Let ν : (X̄, ∆̄)→ (X,∆) be the normalization,
where KX̄ + ∆̄ = ν∗(KX +∆). Suppose that every irreducible component (X̄(j), ∆̄(j)) of (X̄, ∆̄) satisfies the following
condition.

The relative stable base locus of KX̄(j) + ∆̄(j) over S does not contain the image of any prime divisor P over
X̄(j) satisfying a(P , X̄(j), ∆̄(j)) < 0.

Let H be an effective Q-Cartier divisor such that (X,∆+ cH) is an slc pair and KX +∆+ cH is nef over S for
some c > 0. Set λ = inf

{
µ ∈R≥0 | KX +∆+µH is nef over S

}
.

If λ > 0, then we may construct an MMP step over S for (X,∆) as in Definition 2.6

(X,∆)

f ""

φ
// (X ′ ,∆′)

f ′{{
Z

such that f : X → Z is a contraction of a (KX +∆)-negative extremal ray R over S (see [Fuj14, Theorem 1.19])
satisfying (KX +∆+λH) ·R = 0. In particular, (X ′ ,∆′ +λH ′) is an slc pair and KX ′ +∆′ +λH ′ is nef over S ,
where H ′ = φ∗H . Furthermore, for the normalization ν′ : (X̄ ′ , ∆̄′)→ (X ′ ,∆′), where KX̄ ′ + ∆̄′ = ν′∗(KX +∆),
every irreducible component (X̄ ′(j), ∆̄′(j)) of (X̄ ′ , ∆̄′) satisfies the following condition.

The relative stable base locus of KX̄ ′(j) + ∆̄′(j) over S does not contain the image of any prime divisor P ′ over
X̄ ′(j) satisfying a(P ′ , X̄ ′(j), ∆̄′(j)) < 0.

Proof. The proof is essentially the same as [Fuj15, Subsection 4.2]. By [Fuj14, Theorem 1.19 (1)], we can find a
(KX +∆)-negative extremal ray R such that (KX +∆+λH) ·R = 0. Since KX +∆ and H are Q-Cartier, λ is
a rational number. From now on, we follow [Has20, Proof of Lemma 4.4].

By [Fuj14, Theorem 1.19 (3)], we get a projective contraction f : X→ Z over S that exactly contracts the
extremal ray R. We put H̄ = ν∗H . By our assumption on (X̄(j), ∆̄(j)), we see that KX̄(j) + ∆̄(j) is Q-linearly
equivalent to an effective Q-Cartier divisor over S . On the other hand, by construction −(KX̄(j) + ∆̄(j)) is
ample over Z . Thus, the morphism X̄(j)→ Z is generically finite for every j, so f : X→ Z is birational. By
[Bir12, Theorem 1.1], the lc pair (X̄(j), ∆̄(j)) has the log canonical model φ̄(j) : (X̄(j), ∆̄(j))d (X̄ ′(j), ∆̄′(j)) over
Z as in [KM98, Definition 3.50]. Put (X̄ ′ , ∆̄′) =

∐
j(X̄
′(j), ∆̄′(j)). We consider the diagram

(X̄, ∆̄)

""

// (X̄ ′ , ∆̄′)

||
Z

over S , where the birational map X̄d X̄ ′ is defined by qjφ̄(j) : qj X̄(j)dqjX̄ ′(j). By the same argument
as in [Has20, Proof of Lemma 4.4], the diagram is an MMP step over S for (X̄, ∆̄) as in Definition 2.6.
Moreover, the non-isomorphic locus of φ̄(j) is contained in the relative stable base locus of KX̄(j) + ∆̄(j), which



6 K. Hashizume6 K. Hashizume

does not contain the image of any prime divisor P over X̄(j) satisfying a(P , X̄(j), ∆̄(j)) < 0. Then [AK19, Proof
of Theorem 9] works. In this way, we get an slc pair (X ′ ,∆′) and a projective morphism f ′ : X ′→ Z such
that (X̄ ′ , ∆̄′) is the normalization of (X ′ ,∆′), and the diagram

(X,∆)

f ""

φ
// (X ′ ,∆′)

f ′{{
Z

is an MMP step over S for (X,∆) as in Definition 2.6. As in [Has20, Proof of Lemma 4.4], the relative
stable base locus of KX̄ ′(j) + ∆̄′(j) over S does not contain the image of any prime divisor P ′ over X̄ ′(j)

satisfying a(P ′ , X̄ ′(j), ∆̄′(j)) < 0. We pick a positive integer m such that m(KX +∆+λH) is Cartier. By [Fuj14,
Theorem 1.19 (4)] and using the fact that (KX +∆+λH) ·R = 0, there exists a line bundle L on Z such that
OX(m(KX +∆+λH)) ' f ∗L. Thus, KX ′ +∆′ +λH ′ is nef over S , where H ′ = φ∗H , and the slc property of
(X ′ ,∆′ +λH ′) follows from that the normalization of (X ′ ,∆′ +λH ′) is a disjoint union of lc pairs. �

Remark 3.2. By [Fuj14, Theorem 1.19 (4)], the MMP step constructed in Lemma 3.1 satisfies the property that
for every Q-Cartier divisor D on X the birational transform φ∗D is also Q-Cartier. Especially, the MMP
step in Lemma 3.1 preserves the Q-Gorenstein property. Moreover, the above proof (see also [AK19, Proof of
Theorem 9]) shows that the MMP step constructed in Lemma 3.1 satisfies that the inverse map φ−1 : X ′d X
is an isomorphism on an open dense subset containing all the generic points of codimension one singular
locus of X ′ . As we will see in Lemma 3.4 below, the property of φ−1 implies that the MMP step as in Lemma
3.1 preserves the sdlt property.

Definition 3.3 (MMP for slc pairs with scaling, cf. [Fuj15, Subsection 4.2]). We explain the construction of a
sequence of MMP steps for slc pairs.

Let π : X→ S be a projective morphism between quasi-projective schemes, and let (X,∆) an slc pair such
that ∆ is a Q-divisor. Let ν : (X̄, ∆̄)→ (X,∆) be the normalization, where KX̄ + ∆̄ = ν∗(KX +∆). Suppose
that every irreducible component (X̄(j), ∆̄(j)) of (X̄, ∆̄) satisfies the following condition.

The relative stable base locus of KX̄(j) + ∆̄(j) over S does not contain the image of any prime divisor
P over X̄(j) satisfying a(P , X̄(j), ∆̄(j)) < 0.

Let H be an effective Q-Cartier divisor on X such that (X,∆+ cH) is an slc pair and KX +∆+ cH is nef
over S for some c > 0.

We define λ := inf
{
µ ∈R≥0 | KX +∆+µH is nef over S

}
. If λ = 0, there is nothing to do. If λ > 0, by

Lemma 3.1 we can construct an MMP step over S

φ : (X,∆)d (X1,∆1)

such that (X1,∆1 + λH1) is an slc pair and KX1
+∆1 + λH1 is nef over S, where H1 = φ∗H . We define

λ1 := inf
{
µ ∈R≥0 | KX1

+∆1 +µH1 is nef over S
}
. Then λ1 ≤ λ. If λ1 = 0, then we stop the discussion.

If λ1 > 0, let ν1 : (X̄1, ∆̄1)→ (X1,∆1) be the normalization, where KX̄1
+ ∆̄1 = ν∗1(KX +∆). Then, every

irreducible component (X̄(j)
1 , ∆̄

(j)
1 ) of (X̄1, ∆̄1) satisfies the condition of Lemma 3.1. Hence, we may apply

Lemma 3.1 to (X1,∆1)→ S and H1. By Lemma 3.1, we get an MMP step over S

(X1,∆1)d (X2,∆2).

By repeating this discussion, we get a sequence of MMP steps over S

(X,∆) =: (X0,∆0)d (X1,∆1)d · · ·d (Xi ,∆i)d · · ·

such that if we put λi = inf
{
µ ∈R≥0 | KXi +∆i +µHi is nef over S

}
for each i ≥ 0, where Hi is the birational

transform of H on Xi , then λi ≥ λi+1 for all i ≥ 0.
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Lemma 3.4. Let π : X→ S be a projective morphism between quasi-projective schemes, and let (X,∆) be an slc
pair such that ∆ is a Q-divisor. Let

(X,∆)

f ""

φ
// (X ′ ,∆′)

f ′{{
Z

be an MMP step over S as in Definition 2.6 such that the inverse map φ−1 : X ′ d X is an isomorphism on an
open dense subset containing all the generic points of codimension one singular locus of X ′ . Suppose further that
(X,∆) is sdlt. Then (X ′ ,∆′) is sdlt.

Proof. Let ν′ : X̄ ′ → X ′ be the normalization, and we define ∆̄′ by KX̄ ′ + ∆̄′ = ν′∗(KX +∆). Similarly, let
ν : X̄ → X be the normalization, and we define ∆̄ by KX̄ + ∆̄ = ν∗(KX +∆). Since (X,∆) is an sdlt pair,
(X̄, ∆̄) is a disjoint union of dlt pairs. By [AK19, Lemma 12], the birational map φ̄ : (X̄, ∆̄)d (X̄ ′ , ∆̄′) is an
MMP step over S for (X̄, ∆̄). Thus, (X̄ ′ , ∆̄′) is a disjoint union of dlt pairs.

Let P be a prime divisor over X ′ such that a(P ,X ′ ,∆′) = −1, let V ′ be the center of P on X ′ , and let
ηV ′ is the generic point of V

′ . To prove that (X ′ ,∆′) is sdlt, we need to prove that (X ′ ,∆′) has only simple
normal crossing singularities at ηV ′ . Since (X,∆) is sdlt, it is sufficient to prove that φ−1 : X ′ d X is an
isomorphism on a neighborhood of ηV ′ . The latter condition follows if φ̄−1 : X̄ ′ d X̄ is an isomorphism
on a neighborhood of ν′−1(ηV ′ ). Here, we used the fact that φ and φ−1 are isomorphisms on open subsets
containing all the generic points of codimension one singular loci. Since φ̄ : (X̄, ∆̄)d (X̄ ′ , ∆̄′) is an MMP
step for (X̄, ∆̄), the argument as in [KM98, Lemma 3.38] shows that φ̄−1 is an isomorphism on an open
subset containing ν′−1(ηV ′ ) if every irreducible component of ν′−1(ηV ′ ) is an lc center of (X̄ ′ , ∆̄′). In this

way, to prove that (X ′ ,∆′) is sdlt, it is sufficient to prove that every irreducible component of ν′−1(ηV ′ ) is an
lc center of (X̄ ′ , ∆̄′).

We note that ν′−1(ηV ′ ) consists of finite points. We define p ∈ ν′−1(ηV ′ ) to be the point such that {p} is
the center of P on X̄ ′ . If p = ν′−1(ηV ′ ), then there is nothing to prove, so we may assume that ν′−1(ηV ′ ) has
at least two points. Let D ′ ⊂ X̄ ′ be the conductor of X ′ , and let D ′ν =qiD ′i denote the normalization of
D ′ . Then ν′(D ′) 3 ηV ′ , and D ′ν =qiD ′i is the irreducible decomposition of D ′ because (X̄ ′ , ∆̄′) is a disjoint
union of dlt pairs. Let ∆D ′i be a Q-divisor on D ′i defined by adjunction KD ′i +∆D ′i

= (KX̄ ′ + ∆̄′) D ′i .

We pick any point q ∈ ν′−1(ηV ′ ), and we will prove that {q} is an lc center of (X̄ ′ , ∆̄′). The construction of
X ′ with the gluing theory as in [Kol13, Corollary 5.33] shows that X ′ is the geometric quotient of X̄ ′ by an
involution τ of qiD ′i such that τ∗(qi∆D ′i ) =qi∆D ′i . From this (see also [Kol13, Definition 5.31] and [Kol13,
9.3]), we can find p1, · · · , pm ∈ ν′−1(ηV ′ ) such that the following conditions hold.

— p1 = p and pm = q, and
— for each 1 ≤ l < m, there is an index i(l) such that pl ∈D ′i(l) and the morphism τ D ′i(l) : D

′
i(l)→ τ

(
D ′i(l)

)
sends pl to pl+1 (note that we can have Di(l) = Di(l′) for some l , l′ , and τ(D ′i(l)) is not necessarily
equal to D ′i(l+1)).

We will show that {pl} is an lc center of (X̄ ′ , ∆̄′) for every 1 ≤ l ≤ m. The case of l = 1 is clear from the
definition of p. Suppose further that {pl} is an lc center of (X̄ ′ , ∆̄′). Note that every D ′i is an lc center of

(X̄ ′ , ∆̄′), and (X̄ ′ , ∆̄′) is a disjoint union of dlt pairs. So {pl} is an lc center of (D ′i(l),∆D ′i(l)). There is an index

k such that D ′k = τ
(
D ′i(l)

)
and ∆D ′k

= τ∗∆D ′i(l) . Then {pl+1} is an lc center of
(
D ′k ,∆D ′k

)
because τ D ′i(l) is an

isomorphsim. Then {pl+1} is an lc center of (X̄ ′ , ∆̄′) since (X̄ ′ , ∆̄′) is a disjoint union of dlt pairs and D ′k is

an lc center of (X̄ ′ , ∆̄′) (see, for example, [Kol13, Theorem 4.16]). By induction on l, we see that {pl} is an lc
center of (X̄ ′ , ∆̄′) for all 1 ≤ l ≤m. So {q} = {pm} is an lc center of (X̄ ′ , ∆̄′).
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We have proved that every irreducible component of the closure of ν′−1(ηV ′ ) is an lc center of (X̄ ′ , ∆̄′).
Thus, the birational map φ̄−1 : X̄ ′d X̄ is an isomorphism on an open subset containing ν′−1(ηV ′ ). Then
the birational map φ−1 : X ′d X is an isomorphism on a neighborhood of the generic point of V ′ . Thus,
(X ′ ,∆′) is sdlt. �

4. Proof of main result

Lemma 4.1 (cf. [Fuj14, Theorem 1.2], [Fuj14, Remark 1.5]). Let (X,∆) be a quasi-projective slc pair such that
every irreducible component of X is normal in codimension one. Then there is a projective birational morphism
φ : X̃→ X such that if we define an R-divisor Ξ on X̃ by KX̃ +Ξ = φ∗(KX +∆), then the following properties
hold.

(i) (X̃,Ξ) is a globally embedded simple normal crossing pair, in other words, there exists a smooth quasi-
projective variety M of dimension dimX +1 and an snc R-divisor B on M such that
— X̃ is an snc divisor on M and X̃ +B is an snc R-divisor on M,
— X̃ and B have no common components, and
— Ξ = B X̃ ,

(ii) φ is an isomorphism over all the generic points of codimension one singular locus of X,
(iii) if we write Ξ = ∆̃− Ẽ where ∆̃ and Ẽ have no common components, then ∆̃ and Ẽ are both R-Cartier,
(iv) for every point x ∈ X̃, the number of irreducible components of X̃ containing x is at most two, and
(v) every codimension one singular point of X̃ maps to a codimension one singular point of X.

Proof. By [Fuj14, Proof of Theorem 1.2] and [Fuj14, Remarks 4.1–4.3] with the aid of [BM12], [BVP13], and
[Kol13, Corollary 10.55], we may construct a projective birational morphism φ : X̃→ X such that defining
an R-divisor Ξ on X̃ by KX̃ +Ξ = φ∗(KX +∆), then (X̃,Ξ) satisfies (i) of Lemma 4.1. Then, (ii) of Lemma
4.1 directly follows from the construction of φ in [Fuj14, Proof of Theorem 1.2] (see also [BM12], [BVP13],
[Kol13, Corollary 10.55]), or we can check (ii) of Lemma 4.1 as follows: by [Fuj14, Theorem 1.2 (4)], we see
that φ∗OX̃ ' OX . In particular, φ has connected fibers over all codimension one singular points. Since φ is
birational, (ii) of Lemma 4.1 holds. With (i) of Lemma 4.1, we show (iii) of Lemma 4.1. Let B+ (resp. B−) be
the positive (resp. negative) part of B in (i). Then Ξ = B+ X̃ −B− X̃ . Since X̃ +B is an snc R-divisor on M
and X̃, B+, and B− have no common components each other, the codimension of SuppB+ X̃ ∩ SuppB− X̃ in
X̃ is at least two. This shows that B+ X̃ and B− X̃ have no common components. By definitions of ∆̃ and Ẽ,
the relations ∆̃ = B+ X̃ and Ẽ = B− X̃ hold. Therefore, (iii) of Lemma 4.1 holds. If X̃ does not satisfy (iv) and
(v) of Lemma 4.1, then we take a blow-up of a stratum of (M,X̃) of codimension greater than or equal to
two, and we replace X̃ by the birational transform. Note that the replacement keeps (i)–(iii). By repeating the
replacement, we get X̃ satisfying (iv) and (v) of Lemma 4.1. �

Proof of Theorem 1.2. Let (X,∆) be as in Theorem 1.2. By using Lemma 4.1, we get a projective birational
morphism φ : X̃→ X satisfying the conditions (i)–(v) of Lemma 4.1. We freely use the notation as in (i)–(v) of
Lemma 4.1. We may write

KX̃ + ∆̃ = φ∗(KX +∆) + Ẽ

where ∆̃ and Ẽ are effective Q-divisors on X̃ which have no common components. As in the proof of Lemma
4.1, putting B+ as the effective part of B then ∆̃ = B+ X̃ . Therefore, (X̃, ∆̃) has only simple normal crossing
singularities.

We show that (X̃, ∆̃) is an slc pair and the morphism (X̃, ∆̃)→ X satisfies the condition of Lemma 3.1. By
construction, (X̃, ∆̃) is an slc pair such that ∆̃ is a Q-divisor. Let X̃ν → X̃ be the normalization, and let ∆̃ν

be a Q-divisor on X̃ν such that KX̃ν + ∆̃ν is equal to the pullback of KX̃ + ∆̃. Pick an irreducible component
X̃(j) of X̃ν , and we put ∆̃(j) and Ẽ(j) as the restrictions of ∆̃ν and Ẽ to X̃(j), respectively. Then the relation

KX̃(j) + ∆̃(j) ∼
Q,X Ẽ

(j)
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holds. By (i) of Lemma 4.1 and the definitions of ∆̃ and Ẽ, the pair (X̃(j), ∆̃(j) + Ẽ(j)) is log smooth and ∆̃(j)

and Ẽ(j) have no common components. By simple computations of discrepancies with [KM98, Lemma 2.29]
and [KM98, Lemma 2.45], we can check that SuppẼ(j) does not contain the image of any prime divisor P
over X̄(j) satisfying a(P , X̄(j), ∆̄(j)) < 0. In particular, (X̃, ∆̃) satisfies the condition of Lemma 3.1. Therefore,
we see that (X̃, ∆̃) is an slc pair and the morphism (X̃, ∆̃)→ X satisfies the condition of Lemma 3.1.

Let H̃ be a general ample Q-Cartier divisor on X̃ such that KX̃ + ∆̃+ H̃ is ample over X. By the above
argument, we may apply Lemma 3.1 to the morphism (X̃, ∆̃)→ X. By Definition 3.3, we get a sequence of
MMP steps over X

(X̃, ∆̃) =: (X̃0, ∆̃0)d (X̃1, ∆̃1)d · · ·d (X̃i , ∆̃i)d · · ·

such that if we put λi = inf
{
µ ∈R≥0 | KX̃i + ∆̃i +µH̃i is nef over X

}
, where H̃i is the birational transform of

H̃ on X̃i , then λi ≥ λi+1 for every i ≥ 0.
We take the normalization νi : X̃

ν
i → X̃i and we define ∆̃νi by KX̃νi + ∆̃νi = ν

∗
i (KX̃i + ∆̃i) for each i ≥ 0. Let

qj(X̃
(j)
i , ∆̃

(j)
i ) be the irreducible decomposition of (X̃νi , ∆̃

ν
i ), and let H̃

(j)
i be the pullback of H̃i to X̃

(j)
i . By

[AK19, Lemma 12], for all j, each step of the sequence of birational maps

(X̃(j), ∆̃(j)) = (X̃(j)
0 , ∆̃

(j)
0 )d (X̃(j)

1 , ∆̃
(j)
1 )d · · ·d (X̃(j)

i , ∆̃
(j)
i )d · · ·

is an MMP step over X as in Definition 2.6. Then (X̃(j)
i , ∆̃

(j)
i +λiH̃

(j)
i ) is a weak lc model of (X̃(j), ∆̃(j)+λiH̃ (j))

over X ([KM98, Definition 3.50]) for all i. Since KX̃(j) + ∆̃(j) ∼
Q,X Ẽ

(j), (X̃(j), ∆̃(j)) is dlt, and H̃ (j) is ample,
the argument of [Bir12, Proof of Theorem 3.4] implies that there exists a positive integer m such that for all j

the MMP for (X̃(j), ∆̃(j)) terminates after m-th steps. Then λm = 0, and clearly K
X̃

(j)
m
+ ∆̃

(j)
m ∼Q,X 0 for all j .

So, the MMP over X for (X̃, ∆̃) terminates with (X̃m, ∆̃m) such that KX̃m + ∆̃m ∼Q,X 0.
We put (Y ,Γ ) = (X̃m, ∆̃m), and we denote the morphism X̃m→ X by f . We show that (Y ,Γ ) is sdlt and

f : Y → X is the desired morphism.
Firstly, by (i) of Lemma 4.1, (X̃0, ∆̃0) has only simple normal crossing singularities. Using Lemma 3.4

repeatedly, we see that (Y ,Γ ) is sdlt.
Secondly, by (ii) of Lemma 4.1 and construction of MMP steps, f is an isomorphism over all codimension

one singular points of X. By (v) of Lemma 4.1, we see that every codimension one singular point of Y
maps to a codimension one singular point of X. So we can find an open dense subset U ⊂ X such that U
(resp. f −1(U )) contains all the codimension one singular points of X (resp. Y ) and f is an isomorphism over
U .

Thirdly, by construction the relation KY + Γ = f ∗(KX +∆) holds.
Finally, we show that KY is Q-Cartier and (Y ,0) is semi-terminal. By (i) of Lemma 4.1, KX̃ is Q-Cartier.

Then, by using Remark 3.2 repeatedly, we see that KY is Q-Cartier. Let νY : Y ν → Y be the normalization.
We can write KY ν +DY ν = ν∗YKY , where DY ν is the conductor. Let P be an exceptional prime divisor over Y
and cY ν (P ) the center of P on Y ν . By (i) and (iv) of Lemma 4.1, the pair of X̃ν and the conductor DX̃ν ⊂ X̃ν
is a log smooth pair, and DX̃ν is a disjoint union of smooth varieties. So, if the birational map X̃ν d Y ν is
isomorphic at the generic point of cY ν (P ), then on a neighborhood of the generic point of cY ν (P ) the pair
(Y ν ,DY ν ) is log smooth and DY ν is irreducible. From this, we see that a(P ,Y ,0) = a(P ,Y ν ,DY ν ) ≥ 0 and
the equality holds only if codimY ν (cY ν (P )) = 2 and cY ν (P ) ⊂ DY ν . If X̃ν d Y ν is not isomorphic at the
generic point of cY ν (P ), then

a(P ,Y ,0) = a(P ,Y ν ,DY ν ) ≥ a(P ,Y ν ,DY ν + ν∗Y Γ ) > a(P , X̃
ν , ∆̃ν)

where the final inequality follows from the fact that (X̃ν , ∆̃ν)d (Y ν ,DY ν +ν∗Y Γ ) is a sequence of MMP steps
by [AK19, Lemma 12]. Since X̃ν d Y ν is not isomorphic at the generic point of cY ν (P ), the center of P on
X̃ν is contained in SuppẼ. By (i) of Lemma 4.1, we have a(P , X̃ν , ∆̃ν) ≥ 0. Thus a(P ,Y ,0) > 0. In this way,
we see that (Y ,0) is semi-terminal. �
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Finally, we introduce a result of crepant sdlt model for stable morphisms.

Remark 4.2. Let g : X→ C be a projective flat morphism between quasi-projective schemes such that C
is a smooth curve. Let (X,∆) be a demi-normal pair such that KX +∆ is Q-Cartier and every irreducible
component of X is normal in codimension one. Suppose that (X,∆+ g∗c) is an slc pair for every closed
point c ∈ C. By the proofs of Theorem 1.2 and [Kol13, Corollary 10.46] with the aid of [BVP13] and [Fuj14],
we may find finitely many closed points c1, . . . , cm ∈ C and an sdlt pair (Y ,Γ ) with a projective birational
morphism f : Y → X satisfying the following properties.

— There is an open dense subset U ⊂ X such that U (resp. f −1(U )) contains all the codimension one
singular points of X (resp. Y ) and f is an isomorphism over U ,

— KY + Γ = f ∗(KX +∆+
∑m
i=1 g

∗ci),
— KY is Q-Cartier and (Y ,0) is semi-terminal in the sense of Fujita [Fuj15], and
— (Y ,Γ + f ∗g∗c) is an sdlt pair for every closed point c ∈ C \ {c1, . . . , cm}.
If we are given g : (X,∆)→ C as above without the assumption that the irreducible components of X are

normal in codimension one, we may apply Remark 1.4. We get a morphism (X ′ ,∆′)→ C satisfying (a)–(d) of
Remark 1.4, then we can construct the crepant model (Y ,Γ )→ (X ′ ,∆′) as above.

5. Properties of semi-divisorial log terminal pairs

Our definition of sdlt pairs (Definition 1.1) is due to Kollár [Kol13, Definition 5.19]. The definition not only
behaves well under the MMP (see Lemma 3.4) but also have a much better structure than that of slc pairs. In
this section, we collect properties of sdlt pairs.

Theorem 5.1. Let (X,∆) be an sdlt pair and U ⊂ X the largest open subset such that (U,∆ U ) has only simple
normal crossing singularities. Then U contains all the generic points of the intersection of arbitrary finitely many
irreducible components of X.

Proof. We pick irreducible components X1, . . . ,Xl of X, and let η be a generic point of X1∩ · · · ∩Xl . We put
U1 =U X1

. It is sufficient to prove η ∈U1.
By [Kol13, Proposition 5.20], X1 is normal. Let ∆1 be an R-divisor on X1 such that KX1

+∆1 = (KX +∆) X1
.

Then (X1,∆1) is dlt. We consider Bi = X1 ∩Xi for 2 ≤ i ≤ l. By [Fuj16, Theorem 4.2], we see that X1 ∪Xi is
S2. Since the morphism X1qXi → X1 ∪Xi is not an isomorphism at all the generic points of Bi , it follows
that Bi is pure codimension one in X1 for every i. This implies that Bi are reduced divisors on X1 that are
components of b∆1c. Then {η} is an lc center of (X1,∆1) by [Kol13, Theorem 4.16]. Thus, η ∈U1. �

Theorem 5.2. Let (X,∆) be an sdlt pair and Y ( X a union of irreducible components of X. Let Y ′ ⊂ X be a
union of irreducible components of X such that Y ∪Y ′ = X and Y and Y ′ have no common irreducible components.
Then Y ∩Y ′ is pure codimension one subscheme in Y , in other words, Y ∩Y ′ is a Weil divisor on Y . Furthermore,
if we put ∆Y = Y ∩Y ′ +∆ Y , then KY +∆Y = (KX +∆) Y and (Y ,∆Y ) is an sdlt pair.

Proof. Since X is demi-normal, every codimension one point of Y is smooth or normal crossing singularity.
Furthermore, [Fuj16, Theorem 4.2] shows that Y is Cohen-Macaulay. Hence, we see that Y is a demi-normal
scheme.

Let U ⊂ X be the largest open subset such that (U,∆ U ) has only simple normal crossing singularities.
Then U contains all the generic points of Supp∆, and Theorem 5.1 shows that U contains all the generic
points of Y ∩Y ′ . So Y ∩Y ′ is pure codimension one, and the relation KY +∆Y = (KX +∆) Y can be proved
by taking the normalization of X. We put UY = Y ∩U . By the definition of sdlt pairs, we can easily check
that (Y ,∆Y ) is slc and UY satisfies the condition of sdlt pairs for (Y ,∆Y ). Therefore, (Y ,∆Y ) is sdlt. �

Theorem 5.3. Let X be a demi-normal scheme such that KX is Q-Cartier and (X,0) is sdlt and semi-terminal.
Then, for every point x ∈ X, the number of irreducible components of X containing x is at most two. In particular,
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for every crepant sdlt model (Y ,Γ ) as in Theorem 1.2 and any point y ∈ Y , the number of irreducible components of
Y containing y is at most two.

Proof. Suppose by contradiction that there are irreducible components X1, X2, and X3 of X such that
X1 ∩X2 ∩X3 is not an empty set. By Theorem 5.1, we see that D2 := X1 ∩X2 and D3 := X1 ∩X3 are
reduced divisors on X1. Let D be a Q-divisor on X1 such that KX1

+D = KX X1
. Then D ≥D2 +D3. Since

(X1,D) is dlt, an irreducible component of D2 ∩D3 is an lc center of (X1,D) of codimension two in X1. In
particular, (X1,D) is not a canonical pair. This contradicts the definition of semi-terminal pairs (Definition
2.5). So the number of irreducible components of X containing x is at most two. �
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