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1. Introduction

Throughout this note, we will work over the complex number field C. In this paper, we deal with
semi-divisorial log terminal (sdlt, for short) pairs.

Definition 1.1 (Semi-divisorial log terminal pair, [Koll3, Definition 5.19]). An slc pair (X, A) in Definition
2.3 is a semi-divisorial log terminal (sdlt, for short) pair if we put U C X as the largest open subset such that
(U,A|y) has only simple normal crossing singularities, then a(E, X, A) > —1 for every prime divisor E over
X whose image on X is contained in X \ U.

As discussed in Section 5, sdlt pairs have much better structures than structures of slc pairs. In this note,
we prove the following theorem.

Theorem 1.2 (Crepant sdlt model). Let (X,A) be a quasi-projective slc pair such that A is a Q-divisor and
every irreducible component of X is normal in codimension one. Then there is an sdlt pair (Y,I') with a projective
birational morphism f: Y — X satisfying the following properties.

(i) There is an open dense subset U C X such that U (resp. f~1(U)) contains all the codimension one singular
points of X (resp. Y) and f is an isomorphism over U,
(ii) Ky +T = f*(Kx + A), and
(iii) Ky is Q-Cartier and (Y, 0) is semi-terminal in the sense of Fujita [Fujl5].
In particular, every irreducible component Y; of Y is normal, and every lc pair (Y;,1;) is dlt, where the Q-divisor
L on Y; is defined by Ky, +I; = (Ky +1")‘Y/.

See [Fujl5, Definition 2.3 (2)] or Definition 2.5 for the definition of semi-terminal pairs.

Remark 1.3. Let f: (Y,I') - (X, A) be a crepant sdlt model as in Theorem 1.2. Since X is an S, scheme
and f is an isomorphism over all the generic points of codimension one singular locus, the morphism

Ox (Lm(Kx +A)]) — £Oy(Lm(Ky +1T)])
is an isomorphism for every positive integer .

Remark 1.4 (Natural double cover by Kollar [Koll3, 5.23], see also [Fujl4, Lemma 5.1]). Let (X,A) be an slc
pair such that A is an IR-divisor. Although irreducible components of X may not be normal in codimension
one, by [Koll3, 5.23], we can construct a quasi-étale double cover 77: X’ — X and an slc pair (X', A’) such
that Ky, + A’ = *(Kx + A) and every irreducible component of X’ is normal in codimension one. More
precisely, applying [Koll3, 5.23] we get a finite morphism 7t: X’ — X of degree two such that



Crepant semi-divisorial log-terminal model 3

(a) X’ is an S; scheme,

(b) 7t is étale in codimension one,

(c) every irreducible component of X’ is normal in codimension one, and

(d) the normalization of X’ is a disjoint union of two copies of the normalization of X.
Defining A’ on X’ by Ky, + A’ = 7*(Kx + A), then the conditions (a)-(d) imply that (X’,A’) is an slc pair
whose irreducible components are normal in codimension one. If X is quasi-projective and A is a Q-divisor,
then so is the above X’ and A’. Thus, we can apply Theorem 1.2 to (X', A).

The assumption on the normality in codimension one for all irreducible components of X looks artificial.
But, all slc pairs admitting a crepant sdlt model satisfy this property because crepant models as in Theorem 1.2
do not modify any codimension one singular point and every irreducible component of the underlying
schemes of sdlt pairs is normal. The first condition on f in Theorem 1.2 is important to preserve information
of Kx + A. We can not deduce properties of Kx + A from properties of Ky +I' without the first condition
in Theorem 1.2 even in the case of the normalization of X. For example, Kollar [Kolll] gave an example of
projective slc surface whose canonical ring is not finitely generated, though it is well known that the log
canonical rings of Ic surfaces are finitely generated.

In the case of lc pairs, a lot of partial resolutions are known. In the non-normal case, Kollar and
Shepherd-Barron [KSB88] established the minimal semi-resolution for surfaces, and Fujita [Fujl] established
the semi-terminal modifications for demi-normal schemes. In [OX12], Odaka and Xu proved the existence
of an slc modification of demi-normal pairs under a certain assumption, and their result was generalized
by Fujino and the author [FH21]. On the other hand, to the best of the author’s knowledge, no result
on the existence of a good crepant model of slc pairs is known. Theorem 1.2 was motivated by [Koll3,
Question 5.22.1] asked by Kollar. In [Koll3, Question 5.22.1], he asked whether there is a crepant sdlt model
(Y,T) = (X,A) as in Theorem 1.2 such that the demi-normal pair (Y, 0) is not necessarily semi-terminal or
Q-Gorenstein but the coefficients of the exceptional divisors in I' are one. We could not give the complete
affirmative answer to [Koll3, Question 5.22.1], but we hope that the main result will contribute developments
of the theory of slc pairs.

The contents of this note are as follows: in Section 2, we collect definitions of demi-normal pairs, simple
normal crossing singularity, slc pair, semi-terminal pair, and an MMP step for slc pairs. In Section 3, we
discuss a sufficient condition to construct a sequence of MMP steps for slc pairs. In Section 4, we prove
Theorem 1.2. In Section 5, we collect properties of sdlt pairs.
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2. Definitions

Throughout this note, a scheme means a separated scheme of finite type over Spec(C).

Definition 2.1 (Demi-normal scheme, demi-normal pair, [Koll3, Chapter 5]). A demi-normal scheme X is a
reduced equidimensional scheme such that X satisfies the Serre’s S, condition and every codimension one
point of X is smooth or normal crossing singularity. Let A be an R-divisor on X whose support does not
contain any codimension one singular point. The pair of X and A, denoted by (X, A), is called a demi-normal
pairif A is effective.
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Definition 2.2 (Simple normal crossing singularity, [Koll3, Definition 1.10]). Let X be a reduced equidi-
mensional scheme and let A be an R-divisor on X. We say that the pair of X and A, denoted by (X, A) if
there is no risk of confusion, has only simple normal crossing singularities at a point a € X if X has a Zariski
open subset U > a that can be embedded in a smooth variety M, where M has regular local coordinates
X1,-erXps Y15+, Yp at @ = 0 such that U = (x;---x, = 0) and Ay = iz1 i(yi = 0)|, for some a; € R.
We say that (X, A) has only simple normal crossing singularities if (X,A) has only simple normal crossing
singularities at every point a € X.

Simple normal crossing singularities are called semi-snc in [Koll3].

Definition 2.3 (Semi-log canonical pair). Let (X,A) be a demi-normal pair such that Ky + A is R-Cartier.
In this note, a prime divisor E over X is a prime divisor on Y with a proper birational morphism Y — X" to
the normalization X" of X. As in the case of log pairs, we can define the discrepancy a(E, X, A) of E with
respect to (X, A) for every prime divisor E over X. A demi-normal pair (X,A) is a semi-log canonical (slc, for
short) pair if Kx + A is R-Cartier and a(E, X, A) > —1 for every prime divisor E over X.

As we defined above, we follow the definitions of demi-normal schemes, slc pairs and sdlt pairs (see
Definition 11) in [Koll3, Section 5].

Remark 2.4. In [Fuj00] and [FG14], sdlt pairs are defined to be slc pairs (X, A) such that

— every irreducible component of X is normal, and

— the normalization of (X, A) is a disjoint union of dlt pairs.
On the other hand, our definition of sdlt pairs is due to [Koll3, Definition 5.19]. The sdlt pairs in the sense
of Definition 1.1 are also sdlt pairs in the above sense but the converse is not true. Indeed, for every sdlt pair
(X,A) in the sense of Definition 1.1, the normalization of (X, A) is a disjoint union of dlt pairs, and [Koll3,
Proposition 5.20] implies that every irreducible component of X is normal. Thus, (X, A) satisfies the above
two conditions. On the other hand, as in [Koll3, Definition 5.19], the pair of X := (xy =zt =0) C Aﬁyzt and
A := 0 is not sdlt in the sense of Definition 1.1, but (X, 0) is an slc pair satisfying the two conditions stated
above.

Let X be a demi-normal scheme. If every irreducible component of X is normal in codimension one,
then there exists a closed subscheme Z C X of codimension at least two such that (X \ Z,0) has only simple
normal crossing singularities.

Definition 2.5 (Semi-terminal pair, [Fujl5, Definition 2.3 (2)]). Let (X, A) be an slc pair. Let v: X" — X be
the normalization, and we define A” on X" by Kxv + AY = v*(Kx + A). Let | A" ] be the reduced part of A”.
Then (X, A) is semi-terminal if a(P,X,A) > 0 for all exceptional prime divisors P over X and the equality
holds only if the center of P on X" has codimension two and it is contained in [AY .

Definition 2.6 (An MMP step for slc pairs, [AK19, Definition 11]). Let w: X — S be a projective morphism
between quasi-projective schemes, and let (X, A) be an slc pair such that A is a Q-divisor. Then, an MMP
step over S for (X, A) is the following diagram

over S such that
1) (X’,A’) is an slc pair,
(2) ¢ is birational and it is isomorphic on an open dense subset containing all generic points of
codimension one singular locus of X,



Crepant semi-divisorial log-terminal model 5

(3) A" =¢.A,

(4) Z and X’ are quasi-projective schemes, the morphisms Z — S and X’ — S are projective, f and f’
are generically finite, and f’ has no exceptional divisors, and

(5) =(Kx +A) and Kx + A’ are ample over Z.

3. Log MMP for semi-log canonical pairs

In this section, we discuss the construction and properties of log MMP for slc pairs. See [AK19] and
[Has20, Section 4] for related results.

Lemma 3.1 (¢f: [AK19], [Has20, Lemma 4.4|). Let t: X — S be a projective morphism between quasi-projective
schemes, and let (X,A) be an slc pair such that A is a Q-divisor. Let v: (X A) (X, A) be the normalization,
where Kg + A = v*(Kx + A). Suppose that every irreducible component (X, AU)) of (X, A) satisfies the following
condition.

The relative stable base locus of Kxj) + AU) over S does not contain the image of any prime divisor P over
XU) satisfying a(P, X, AD)) < 0.
Let H be an effective Q-Cartier divisor such that (X, A+ cH) is an slc pair and Kx + A + cH is nef over S for
somec>0. Set A =inf{pu € Ry | Kx + A+ puH is nef over S}.
If A > 0, then we may construct an MMP step over S for (X,A) as in Definition 2.6

such that f: X — Z is a contraction of a (Kx + A)-negative extremal ray R over S (see [Fujl4, Theorem 1.19])
satisfying (Kx + A+ AH) - R = 0. In particular, (X', A"+ AH’) is an slc pair and Kx, + A"+ AH’ is nef over S,
where H' = ¢, H. Furthermore, for the normalization v': (X',A’) — (X’,N’), where Kz, + A’ = v"*(Kx + A),
every irreducible component (X'V), A"0)) of (X', A’) satisfies the following condition.
T/ze relatwe stable base locus of Kgjy + A1) over S does not contain the image of any prime divisor P’ over
X satzsﬁ)mga (P, X X', A )) <0.

Proof- The proof is essentially the same as [Fujl5, Subsection 4.2]. By [Fujl4, Theorem 119 (1)], we can find a
(Kx + A)-negative extremal ray R such that (Kx + A+ AH)-R = 0. Since Kx + A and H are Q-Cartier, A is
a rational number. From now on, we follow [Has20, Proof of Lemma 4.4].

By [Fujl4, Theorem 1.19 (3)], we get a projective contraction f: X — Z over S that exactly contracts the
extremal ray R. We put H = v*H. By our assumption on (X, A0)), we see that Kg() + AW is Q hnearly
equivalent to an effective Q-Cartier divisor over S. On the other hand, by construction —(Kx() + AUy is
ample over Z. Thus, the morphlsm XU) — Z is generically finite for every ], so f: X > Zis blratlonal By
[Birl2, Theorem Ll], the Ic pair (X)), AU)) has the log canonical model ¢U/): (XU), AUy 5 (X", A0)) over
Z as in [KM98, Definition 3.50]. Put (X’,A’) = ]_[]»(X’(j),A (7)). We consider the diagram

(X;A) ______ > (X’,A’)

over S, where the birational map X --» X’ is defined by ]_[]-(f_)(j): Ll X0 - ]_[]-X’(j). By the same argument
as in [Has20, Proof of Lemma 4.4], the diagram is an MMP step over S for (X,A) as in Definition 2.6.
Moreover, the non-isomorphic locus of ¢ is contained in the relative stable base locus of K +AY), which
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does not contain the image of any prime divisor P over X satisfying a(P, X/), Al)) < 0. Then [AK19, Proof
of Theorem 9] works. In this way, we get an slc pair (X’,A’) and a projective morphism f’: X’ — Z such
that (X’,A’) is the normalization of (X’,A’), and the diagram

is an MMP step over S for (X,A) as in Definition 2.6. As in [Has20, Proof of Lemma 4.4], the relative
stable base locus of Kg«j + A"J) over S does not contain the image of any prime divisor P’ over X'U/)
satisfying a(P’, X"), A")) < 0. We pick a positive integer 1 such that m(Kx + A + AH) is Cartier. By [Fujl4,
Theorem 1.19 (4)] and using the fact that (Kx + A+ AH)- R = 0, there exists a line bundle £ on Z such that
Ox(m(Kx + A+ AH)) ~ f*L. Thus, Ky, + A"+ AH’ is nef over S, where H" = ¢.H, and the slc property of
(X', A"+ AH’) follows from that the normalization of (X’,A’+ AH’) is a disjoint union of lc pairs. O

Remark 3.2. By [Fujl4, Theorem 1.19 (4)], the MMP step constructed in Lemma 3.1 satisfies the property that
for every Q-Cartier divisor D on X the birational transform ¢.D is also Q-Cartier. Especially, the MMP
step in Lemma 3.1 preserves the Q-Gorenstein property. Moreover, the above proof (see also [AK19, Proof of
Theorem 9]) shows that the MMP step constructed in Lemma 3.1 satisfies that the inverse map ¢~!: X’ --» X
is an isomorphism on an open dense subset containing all the generic points of codimension one singular
locus of X’. As we will see in Lemma 3.4 below, the property of qb_l implies that the MMP step as in Lemma
3.1 preserves the sdlt property.

Definition 3.3 (MMP for slc pairs with scaling, ¢f [Fujl5, Subsection 4.2]). We explain the construction of a
sequence of MMP steps for slc pairs.

Let t: X — S be a projective morphism between quasi-projective schemes, and let (X, A) an slc pair such
that A is a Q-divisor. Let v: (X,A) — (X, A) be the normalization, where Kg + A = v*(Kx + A). Suppose

that every irreducible component (XU ), AU of (X, A) satisfies the following condition.
The relative stable base locus of Kx(j) + Al) over S does not contain the image of any prime divisor
P over XU) satisfying a(P, X1, A) < 0.
Let H be an effective Q-Cartier divisor on X such that (X, A+ cH) is an slc pair and Kx + A+ cH is nef
over S for some c > 0.
We define A :=inf{y € Rso | Kx + A+ puH is nef over S}. If A = 0, there is nothing to do. If A > 0, by
Lemma 3.1 we can construct an MMP step over S
¢ (X,A) - (Xy,4q)
such that (X;,A; + AH;) is an slc pair and Kx, + Ay + AH; is nef over S, where H; = ¢,H. We define
A= inf{y € Ry | Kx, + Ay + uH; is nef over S}. Then A; < A. If Ay =0, then we stop the discussion.
If A; >0, let v;: (X;,A;) = (X;,A;) be the normalization, where Ky, +A = v](Kx + A). Then, every
irreducible component (X;”,A(lj)) of (X;,A) satisfies the condition of Lemma 3.1. Hence, we may apply
Lemma 3.1 to (X;,A1) = S and H;. By Lemma 3.1, we get an MMP step over S
(X1, A1) > (X2, 47).
By repeating this discussion, we get a sequence of MMP steps over S

(X,A) =1 (Xo,A0) --> (X1, A1) => oo > (X, Ag) -5 -

such that if we put A; = inf{y € Ry | Kx, + A; + pH; is nef over S} for each i > 0, where H; is the birational
transform of H on X;, then A; > A;,; forall i > 0.
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Lemma 3.4. Let t: X — S be a projective morphism between quasi-projective schemes, and let (X, A) be an slc
pair such that A is a Q-divisor. Let

be an MMP step over S as in Definition 2.6 such that the inverse map ¢p~': X’ --> X is an isomorphism on an

open dense subset containing all the generic points of codimension one singular locus of X'. Suppose further that
(X,A) is sdlt. Then (X', ') is sdlt.

Proof Let v: X’ — X’ be the normalization, and we define A’ by Ky, + A’ = v"*(Kx + A). Similarly, let
v: X — X be the normalization, and we define A by Kx + A = v*(Kx + A). Since (X,A) is an sdlt pair,
(X,A) is a disjoint union of dlt pairs. By [AK19, Lemma 12], the birational map ¢: (X,A) --> (X’,A’) is an
MMP step over S for (X,A). Thus, (X’,A’) is a disjoint union of dlt pairs.

Let P be a prime divisor over X’ such that a(P,X’,A’) = -1, let V' be the center of P on X’, and let
- is the generic point of V’. To prove that (X’,A’) is sdlt, we need to prove that (X', A’) has only simple
normal crossing singularities at 7y, Since (X, A) is sdlt, it is sufficient to prove that ¢~!: X’ --> X is an
isomorphism on a neighborhood of #y. The latter condition follows if (15_1 : X’ --> X is an isomorphism
on a neighborhood of v"~1(1,/). Here, we used the fact that ¢» and ¢p~! are isomorphisms on open subsets
containing all the generic points of codimension one singular loci. Since ¢: (X,A) --> (X’,A’) is an MMP
step for (X,A), the argument as in [KM98, Lemma 3.38] shows that ¢~! is an isomorphism on an open
subset containing v'~!(1y) if every irreducible component of v'~1(1jy/) is an lc center of (X’,A’). In this
way, to prove that (X’,A’) is sdlt, it is sufficient to prove that every irreducible component of v'~1(#y) is an
Ic center of (X’,A’).

We note that v'~1(1y/) consists of finite points. We define p € v'~!(1y) to be the point such that m is
the center of P on X’. If p = v"~!(17y), then there is nothing to prove, so we may assume that v'~1(1y) has
at least two points. Let D’ C X’ be the conductor of X', and let D" = L1;D/ denote the normalization of
D’. Then v'(D’) 3 1y, and D" = L1; D/ is the irreducible decomposition of D’ because (X’,A’) is a disjoint
union of dlt pairs. Let Ap, be a Q-divisor on D; defined by adjunction Kp/+Ap, = (Kx + A’)

D;:

We pick any point g € v’_l(qv/), and we will prove that m is an Ic center of (X’,A’). The construction of
X’ with the gluing theory as in [Koll3, Corollary 5.33] shows that X is the geometric quotient of X’ by an
involution 7 of LI;D; such that T*(]—IiADi’) = ]_[,'AD;. From this (see also [Koll3, Definition 5.31] and [Koll3,

9.3]), we can find py,-++, p,, € v/ "1 (17y/) such that the following conditions hold.
— p1=p and p,, = ¢, and
— for each 1 <1 < m, there is an index i(/) such that p; € Di,(l) and the morphism Dy, Di,(l) -1 (Di’(l))
sends p; to pi,1 (note that we can have D;(;) = Dj () for some [ # I’, and T(Di’(l)) is not necessarily
equal to Di,(l+1))‘

We will show that {p;} is an lc center of (X’,A’) for every 1 <1 < m. The case of [ = 1 is clear from the

definition of p. Suppose further that {p;} is an lc center of (X’,A’). Note that every D/ is an lc center of
(X’,A’), and (X’,A’) is a disjoint union of dlt pairs. So W is an Ic center of (Di'(l),AD_fm). There is an index

k such that D = T(Di’(l)) and Ap, = T*ADf(z)' Then {p;,1} is an lc center of (D];,ADkf) because T|p;, is an
isomorphsim. Then {p;,1} is an Ic center of (X’,A’) since (X’,A’) is a disjoint union of dlt pairs and Dy is
an Ic center of (X’,A’) (see, for example, [Koll3, Theorem 4.16]). By induction on I, we see that {p;} is an lc
center of (X’,A’) for all 1 <[ <m. So {q} = {p,,} is an lc center of (X’,A").
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We have proved that every irreducible component of the closure of v'~!(1y-) is an lc center of (X’,A).
Thus, the birational map (j_)_1 : X’ --> X is an isomorphism on an open subset containing 1//—1(17\//). Then
the birational map ¢~': X’ --> X is an isomorphism on a neighborhood of the generic point of V. Thus,

(X7, A) is sdlt. O

4. Proof of main result

Lemma 4.1 (¢f. [Fujl4, Theorem 1.2], [Fujl4, Remark 1.5]). Let (X,A) be a quasi-projective slc pair such that
every irreducible component of X is normal in codimension one. Then there is a projective birational morphism
¢: X — X such that if we define an R-divisor Z on X by K +Z = ¢*(Kx + A), then the following properties
hold.
(i) (X,E) is a globally embedded simple normal crossing pair, in other words, there exists a smooth quasi-
projective variety M of dimension dimX + 1 and an snc R-divisor B on M such that
— X is an snc divisor on M and X + B is an snc R-divisor on M,
— X and B have no common components, and
— E=Blz,
(i) ¢ is an isomorphism over all the generic points of codimension one singular locus of X,
(iii) if we write Z = A — E where A and E have no common components, then A and E are both R-Cartier,
(iv) for every point x € X, the number of irreducible components of X containing x is at most two, and
(v) every codimension one singular point of X maps to a codimension one singular point of X.

Proof- By [Fujl4, Proof of Theorem 1.2] and [Fujl4, Remarks 4.1-4.3] with the aid of [BM12], [BVP13], and
[Koll3, Corollary 10.55], we may construct a projective birational morphism ¢: X — X such that defining
an R-divisor Z on X by Ky + E = ¢*(Kx + A), then (X, E) satisfies (i) of Lemma 4.1. Then, (ii) of Lemma
4.1 directly follows from the construction of ¢ in [Fujl4, Proof of Theorem 1.2] (see also [BM12], [BVP13],
[Koll3, Corollary 10.55]), or we can check (ii) of Lemma 4.1 as follows: by [Fujl4, Theorem 1.2 (4)], we see
that ¢.Ox ~ Ox. In particular, ¢ has connected fibers over all codimension one singular points. Since ¢ is
birational, (ii) of Lemma 4.1 holds. With (i) of Lemma 4.1, we show (iii) of Lemma 4.1. Let B, (resp. B_) be
the positive (resp. negative) part of B in (i). Then E = B |3 — B_|¢. Since X + B is an snc R-divisor on M
and X, B,, and B_ have no common components each other, the codimension of SuppB, |z N SuppB_|x in
X is at least two. This shows that B, | and B_|g have no common components. By definitions of A and E,
the relations A = B, |¢ and E = B_|g hold. Therefore, (iii) of Lemma 4.1 holds. If X does not satisfy (iv) and
(v) of Lemma 4.1, then we take a blow-up of a stratum of (M, X) of codimension greater than or equal to
two, and we replace X by the birational transform. Note that the replacement keeps (i)-(iii). By repeating the
replacement, we get X satisfying (iv) and (v) of Lemma 4.1. ]

Proof of Theorem 1.2. Let (X,A) be as in Theorem 1.2. By using Lemma 4.1, we get a projective birational
morphism ¢: X — X satisfying the conditions (i)-(v) of Lemma 4.1. We freely use the notation as in (i)-(v) of
Lemma 4.1. We may write

Kg+A=¢*(Kx+A)+E
where A and E are effective Q-divisors on X which have no common components. As in the proof of Lemma
4.1, putting B, as the effective part of B then A= B, |%. Therefore, (X,A) has only simple normal crossing
singularities.

We show that (X, A) is an slc pair and the morphism (X, A) — X satisfies the condition of Lemma 3.1. By
construction, (X,A) is an slc pair such that A is a Q-divisor. Let X” — X be the normalization, and let A"
be a Q-divisor on X" such that K¢, + A" is equal to the pullback of Kg + A. Pick an irreducible component
XU) of XV, and we put AY) and EU) as the restrictions of AY and E to X, respectively. Then the relation

Kz + A0 ~gx EV)
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holds. By (i) of Lemma 4.1 and the definitions of A and E, the pair (X//), AU) + E()) is log smooth and AU
and EU) have no common components. By simple computations of discrepancies with [KM98, Lemma 2.29]
and [KM98, Lemma 2.45], we can check that SuppE<j) does not contain the image of any prime divisor P
over X/ satisfying a(P,X(j ), AU )) < 0. In particular, (X,A) satisfies the condition of Lemma 3.1. Therefore,
we see that (X, A) is an slc pair and the morphism (X, A) — X satisfies the condition of Lemma 3.1.

Let H be a general ample Q-Cartier divisor on X such that K¢+ A+H is ample over X. By the above
argument, we may apply Lemma 3.1 to the morphism (X, A) — X. By Definition 3.3, we get a sequence of
MMP steps over X

(X,A) = (XOfAO) > (XllAl) TP (XilAi) e
such that if we put A; = inf{y € Roo [ Ky, + A; + pHj; is nef over X}, where H; is the birational transform of

H on X;, then A; > A;,; for every i > 0.
We take the normalization v;: X! — X; and we define AZV by Kgv + A;’ =v;(Kg, + A;) for each i > 0. Let

]—[j(X}j)’ Ag-j)) be the irreducible decomposition of (XIV,AZV), and let I:Il-(j) be the pullback of H; to X;j). By

AK19, Lemma 12], for all j, each step of the sequence of birational maps
] P q p
(%0, A0)) = (XY, AY) s (R, AV s s (XU, AV s

is an MMP step over X as in Definition 2.6. Then (Xf“,Aﬁ”m,'H}”) is a weak Ic model of (XU), AU+ ); H))
over X ([KM98, Definition 3.50]) for all i. Since Kg( + AU) ~Q,X ED, (X, AUy is dit, and HY) is ample,
the argument of [Birl2, Proof of Theorem 3.4] implies that there exists a positive integer m such that for all j
the MMP for (X/), AU)) terminates after m-th steps. Then A,, = 0, and clearly KX%) + A%) ~q,x 0 for all j.
So, the MMP over X for (X, A) terminates with (X,,, A,,) such that Ky, + A, ~0,x 0.

We put (Y,T) = (X,,,A,,), and we denote the morphism X,, — X by f. We show that (Y,T) is sdlt and
f:Y — X is the desired morphism.

Firstly, by (i) of Lemma 4.1, (X, A() has only simple normal crossing singularities. Using Lemma 3.4
repeatedly, we see that (Y,T) is sdlt.

Secondly, by (ii) of Lemma 4.1 and construction of MMP steps, f is an isomorphism over all codimension
one singular points of X. By (v) of Lemma 4.1, we see that every codimension one singular point of Y
maps to a codimension one singular point of X. So we can find an open dense subset U C X such that U
(resp. f~1(U)) contains all the codimension one singular points of X (resp. Y) and f is an isomorphism over
U.

Thirdly, by construction the relation Ky +I' = f*(Kx + A) holds.

Finally, we show that Ky is Q-Cartier and (Y, 0) is semi-terminal. By (i) of Lemma 4.1, Ky is Q-Cartier.
Then, by using Remark 3.2 repeatedly, we see that Ky is Q-Cartier. Let vy: YV — Y be the normalization.
We can write Kyv + Dyv = vy Ky, where Dy is the conductor. Let P be an exceptional prime divisor over Y
and cy(P) the center of P on Y”. By (i) and (iv) of Lemma 4.1, the pair of X" and the conductor Dy, C X”
is a log smooth pair, and Dy, is a disjoint union of smooth varieties. So, if the birational map X --> Y is
isomorphic at the generic point of cyv(P), then on a neighborhood of the generic point of cy~(P) the pair
(YY,Dyv) is log smooth and Dy is irreducible. From this, we see that a(P,Y,0) = a(P,Y",Dyv) > 0 and
the equality holds only if codimy(cyv(P)) = 2 and cy+(P) C Dy». If X” --> Y is not isomorphic at the
generic point of cyv(P), then

a(P,Y,0)=a(P,Y",Dyv) >a(P,Y",Dy» + v}{T) > a(P,X",A")

where the final inequality follows from the fact that (X", A”) > (Y, Dy~ + vyD) is a sequence of MMP steps
by [AK19, Lemma 12]. Since X” --> Y” is not isomorphic at the generic point of cy»(P), the center of P on
X" is contained in SuppE. By (i) of Lemma 4.1, we have a(P,X”,A”) > 0. Thus a(P,Y,0) > 0. In this way,
we see that (Y, 0) is semi-terminal. d
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Finally, we introduce a result of crepant sdlt model for stable morphisms.

Remark 4.2. Let g: X — C be a projective flat morphism between quasi-projective schemes such that C
is a smooth curve. Let (X, A) be a demi-normal pair such that Ky + A is Q-Cartier and every irreducible
component of X is normal in codimension one. Suppose that (X, A + g"c) is an slc pair for every closed
point ¢ € C. By the proofs of Theorem 1.2 and [Koll3, Corollary 10.46] with the aid of [BVP13] and [Fujl4],
we may find finitely many closed points cy,...,c,, € C and an sdlt pair (Y,I') with a projective birational
morphism f: Y — X satisfying the following properties.

— There is an open dense subset U C X such that U (resp. f~!(U)) contains all the codimension one
singular points of X (resp. Y) and f is an isomorphism over U,

— Ky +T=f"(Kx+A+ YL g'ci),

— Ky is Q-Cartier and (Y, 0) is semi-terminal in the sense of Fujita [Fujl5], and

— (Y, I'+ f*g"c) is an sdlt pair for every closed point c € C\ {cy,..., ¢y}

If we are given g: (X,A) — C as above without the assumption that the irreducible components of X are
normal in codimension one, we may apply Remark 1.4. We get a morphism (X’,A”) — C satisfying (a)-(d) of
Remark 1.4, then we can construct the crepant model (Y,T') — (X’,A’) as above.

5. Properties of semi-divisorial log terminal pairs

Our definition of sdlt pairs (Definition 1.1) is due to Kollar [Koll3, Definition 5.19]. The definition not only
behaves well under the MMP (see Lemma 3.4) but also have a much better structure than that of slc pairs. In
this section, we collect properties of sdlt pairs.

Theorem 5.1. Let (X,A) be an sdlt pair and U C X the largest open subset such that (U, A|y) has only simple
normal crossing singularities. Then U contains all the generic points of the intersection of arbitrary finitely many
irreducible components of X.

Proof. We pick irreducible components Xi,..., X; of X, and let 7 be a generic point of X; N---N X;. We put
Uy = Ulx, - It is sufficient to prove 11 € Uj.

By [Koll3, Proposition 5.20], X; is normal. Let A; be an R-divisor on X; such that Ky +A; = (Kx + A)‘Xl'
Then (X;,A1) is dlt. We consider B; = X; N X; for 2 <i <[. By [Fujl6, Theorem 4.2], we see that X; U X; is
S,. Since the morphism X; 11X; — X; U X; is not an isomorphism at all the generic points of B, it follows
that B; is pure codimension one in X; for every i. This implies that B; are reduced divisors on X; that are

components of |A1]. Then {#} is an lc center of (X1,A) by [Koll3, Theorem 4.16]. Thus, 7 € Uj. O

Theorem 5.2. Let (X,A) be an sdlt pair and Y C X a union of irreducible components of X. Let Y’ C X be a
union of irreducible components of X such that YUY’ =X and Y and Y’ have no common irreducible components.
Then Y NY' is pure codimension one subscheme in 'Y, in other words, Y N'Y’ is a Weil divisor on Y. Furthermore,
ifweput Ay =Y NY' + Aly, then Ky + Ay = (Kx + A)|y and (Y, Ay) is an sdlt pair.

Proof. Since X is demi-normal, every codimension one point of Y is smooth or normal crossing singularity.
Furthermore, [Fujl6, Theorem 4.2] shows that Y is Cohen-Macaulay. Hence, we see that Y is a demi-normal
scheme.

Let U C X be the largest open subset such that (U, A|y) has only simple normal crossing singularities.
Then U contains all the generic points of SuppA, and Theorem 5.1 shows that U contains all the generic
points of Y NY’. So Y N Y’ is pure codimension one, and the relation Ky + Ay = (Kx + A)|y can be proved
by taking the normalization of X. We put Uy = Y N U. By the definition of sdlt pairs, we can easily check
that (Y,Ay) is slc and Uy satisfies the condition of sdlt pairs for (Y,Ay). Therefore, (Y,Ay) is sdlt. g

Theorem 5.3. Let X be a demi-normal scheme such that Kx is Q-Cartier and (X, 0) is sdlt and semi-terminal.
Then, for every point x € X, the number of irreducible components of X containing x is at most two. In particular,
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for every crepant sdlt model (Y,T') as in Theorem 1.2 and any point y € Y, the number of irreducible components of
Y containing v is at most two.

Proof. Suppose by contradiction that there are irreducible components X;, X;, and X3 of X such that
X1 NX; N X3 is not an empty set. By Theorem 5.1, we see that D, := X; N X; and D3 := X; N X3 are
reduced divisors on X;. Let D be a Q-divisor on X such that Ky, + D = Kx|x,. Then D > D, + Dj. Since
(X1,D) is dlt, an irreducible component of D, N Dj is an lc center of (X, D) of codimension two in X;. In
particular, (X1, D) is not a canonical pair. This contradicts the definition of semi-terminal pairs (Definition
2.5). So the number of irreducible components of X containing x is at most two. O

References

[AK19] F. Ambro and J. Kollar, Minimal models of semi-log-canonical pairs, in: Moduli of K-stable varieties,
Springer INAAM Ser., 31, Springer, Cham (2019), 1-13.

[BM12] E. Bierstone and P. D. Milman, Resolution except for minimal singularities I, Adv. Math. 231 (2012),
no. 5, 3022-3053.

[BVP13] E. Bierstone and F. Vera Pacheco, Resolution of singularities of pairs preserving semi-simple normal
crossings, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 107 (2013), no. 1, 159-188.

[Birl2]  C. Birkar, Existence of log canonical flips and a special LMMP, Publ. Math. Inst. Hautes Etudes Sci.
115 (2012), no. 1, 325-368.

[Fuj00]  O. Fujino, Abundance theorem for semi log canonical threefolds, Duke Math. J. 102 (2000), no. 3,

513-532.
[Fujl4] , Fundamental theorems for semi log canonical pairs, Algebraic Geom. 1 (2014), no. 2, 194-228.
[Fujl6] , Vanishing theorems, Adv. Stud. Pure Math., 70 (2016), Minimal models and extremal rays

(Kyoto, 2011), 299-321.
[FG14]  O. Fujino and Y. Gongyo, Log pluricanonical representations and abundance conjecture, Compos. Math.
150 (2014) no. 4, 593-620.

[FH21] O. Fujino and K. Hashizume, Existence of log canonical modifications and its applications, preprint
arXiv:2103.01417 (2021).

[Fujl5] K. Fujita, Semi-terminal modifications of demi-normal pairs, Int. Math. Res. Not. IMRN (2015), no. 24,
13653-13668.

[Has20] K. Hashizume, Finiteness of log abundant log canonical pairs in log minimal model program with
scaling, preprint arXiv:2005.12253 (2020).

[Kolll] J. Kollar, Two examples of surfaces with normal crossing singularities, Sci. China Math. 54 (2011),
no. 8, 1707-1712.

[Koll3] , Singularities of the Minimal Model Program, Cambridge Tracts in Mathematics 200.

Cambridge University Press, Cambridge, 2013.

[KM98] J. Kollar and S. Mori, Birational geometry of algebraic varieties. With the collaboration of
C. H. Clemens and A. Corti. Translated from the 1998 Japanese original. Cambridge Tracts
in Mathematics 134. Cambridge University Press, Cambridge, 1998.

[KSB88] J. Kollar and N. I. Shepherd-Barron, Threefolds and deformations of surface singularities, Invent.
Math. 91 (1988), no. 2, 299-338.


https://arxiv.org/abs/2103.01417
https://arxiv.org/abs/2005.12253

12

K. Hashizume

[0X12]

Y. Odaka and C. Xu, Log-canonical models of singular pairs and its applications, Math. Res. Lett. 19
(2012), no. 2, 325-334.



	1 Introduction
	2 Definitions
	3 Log MMP for semi-log canonical pairs
	4 Proof of main result
	5 Properties of semi-divisorial log terminal pairs
	References

