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Abstract. Let X be a complex K3 surface with an effective action of a group G which preserves
the holomorphic symplectic form. Let
Zxc(a)=)_e(Hilb"(X)%) """
n=0

be the generating function for the Euler characteristics of the Hilbert schemes of G-invariant length
n subschemes. We show that its reciprocal, Zy c(q)~! is the Fourier expansion of a modular cusp
form of weight %e(X/ G) for the congruence subgroup I(|G|). We give an explicit formula for
Zx G in terms of the Dedekind eta function for all 82 possible (X, G). We extend our results to
various refinements of the Euler characteristic, namely the Elliptic genus, the x, genus, and the
motivic class. As a byproduct of our method, we prove a result which is of independent interest: it
establishes an eta product identity for a certain shifted theta function of the root lattice of a simply
laced root system.
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1. Introduction

Let X be a complex K3 surface with an effective action of a group G which preserves the holomorphic
symplectic form. Mukai showed that such G are precisely the subgroups of the Mathieu group M,3 C M4
such that the induced action on the set {1,...,24} has at least five orbits [Muk88]. Xiao classified all possible
actions into 82 possible topological types of the quotient X/G [Xia96].

The G-fixed Hilbert scheme' of X parameterizes G-invariant length n subschemes Z C X. It can be
identified with the G-fixed point locus in the Hilbert scheme of points:

Hilb"(X)® c Hilb"(X).

We define the corresponding G-fixed partition function of X by

(e

Zx,6(q) = Ze(Hilb”(x)G)qn—l
n=0

where e(—) is the topological Euler characteristic.
Throughout this paper we set

q=exp(2mit)

so that we may regard Zx ¢ as a function of 7 € IH where IH is the upper half-plane.

11. The Main Results.

Our main result is the following:

Theorem 1.1. The function Zx (q)~" is a modular cusp foer of weight %e(X/G) for the congruence subgroup
Io(IG).

ISome authors call this the G-equivariant Hilbert scheme or the G-invariant Hilbert scheme.
2By cusp form, we mean that the order of vanishing at g = 0 is at least 1. Modular forms of half integral weight transform with

respect to a multiplier system. We refer to [Kohll] for definitions.
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Our theorem specializes in the case where G is the trivial group to a famous result of Géttsche [G6t90].
The case where G is a cyclic group was proved in [BO18]. An analogous result for the case where X is an
Abelian surface acted on symplectically by a finite group G has been recently proven by Pietromonaco
[Pie20].

We give an explicit formula for Zx 5(g) in terms of the Dedekind eta function

o =q5] [a-q"
n=1
as follows. Let py,...,p, be the singular points of X/G and let Gj,..., G, be the corresponding stabilizer
subgroups of G. The singular points are necessarily of ADE type: they are locally given by C?/G; where
G; € SU(2). Finite subgroups of SU(2) have an ADE classification and we let Aq,...,A, denote the
corresponding ADE root systems.

For any finite subgroup G, C SU(2) with associated root system A we define the local G -fixed partition

function by

Za(q) = Ze(Hilb”(Cz)GA) q" .
n=0
The main geometric result we prove is the following.

Theorem 1.2. The local partition function for A of type A,, is given by

A,(9) = e
and for type D,, and E,; by
Zula) - TCOIEED
n(t)n(2Er)n(2Ft)n(2VT)
where (E,F, V) are given by:
(n-2,2,n-2), A=D,
(61 4; 4)1 A = E6
E,F,V)= i
( ) (12,8,6), / A=E;
(30,20,12), A=Eqg

Remark 1.3. For A of type D,, or E,, the group H = G5/{x1} € SO(3) is the symmetry group of a polyhedral
decomposition of S? = P! into isomorphic regular spherical polygons. Then E, F, and V are the number
of edges, faces, and vertices of the polyhedron. The key idea in proving the above theorem is to show
that Hilb(C?)% is deformation equivalent to Hilb(Y)" where Y = Tot(Kp1) is the minimal resolution of
C?/{+1} (see Section 3).

Using the work of Nakajima, we will also prove in Lemma 4.2 that

Oa(7)

Za(q) = kT

where
k 1 1
Ox(T) = Z qi(””zq"‘*z‘?)
mGMA

is a shifted theta function for My, the root lattice of A. Here 7 is the rank of the root system, k = |G,|, and
C is dual to the longest root (see Section 4 and Equation (4.1) for details).

Theorem 1.2 then yields an eta product identity for the theta function O, (7) reminiscent of the MacDonald
identities:
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Theorem 1.4. The shifted theta function OA(7) defined above (cf. § 4 and Equation (4.1)) is given by an eta
product as follows:

n+1

1
0, (o) 1))
n 17(,-[)
Jfor A of type A,, and
o0 (0) = 2T 4ED)
n(t)n(2Et)n(2Ft)n(2V )

for A of type D,, or E,,, where E,F,V are as in Theorem 1.2.

Remark 1.5. Kac found that the Macdonald identities could be interpreted in terms of the character formula
for highest weight representations of Kac-Moody algebras (¢f [Kac94, § 10]). It would be very interesting to
find such an interpretation of the new identities in Theorem 1.4.

The 82 possible collections of ADE root systems Aq,...,A, associated to (X,G) a K3 surface with a
symplectic G action, are given in Appendix A, Table 1. We let k = |G|, k; = |G;|, and

= e(X/G) —r———Zk

The global series Zx (q) can be expressed as a product of local contributions (and thus via Theorem 1.2
as an explicit eta product) by our next result:

Theorem 1.6. With the above notation we have

ZXG kT ]_[ZA (kT)

Theorem 1.1 then immediately follows from Theorem 4.1 and Theorem 1.6 using the formulas for the
weight and level of an eta product given in [Kohll, § 2.1].

In Appendix A, Table 1 we have listed explicitly the eta product of the modular form Zx g(g)~! for all 82
possible cases of (X, G).

1.2. Consequences of the Main Results.

Having obtained explicit eta product expressions for Zx ;(q) allows us to make several observational
corollaries:

Corollary 1.7. If G is a finite subgroup of an elliptic curve E, i.e. G is isomorphic to a product of one or two
eyclic groups, then Zx (q)~" is a Hecke eigenform. In Table 1 these are the 13 cases having Xiao number in the set
{0,1,2,3,4,5,7,8,11,14,15,19, 25}. Moreover, in each of these cases, the dimension of the Hecke eigenspace is
one.

We remark that in these cases, we may form a Calabi-Yau threefold called a CHL model by taking the free
group quotient
(XX E)/G
Then the partition function Zx ;(q) gives the Donaldson-Thomas invariants of (X x E)/G in curve classes
which have degree zero over X/G (¢f [BO18]).

Remark 1.8. Hecke eigenforms of weight 3 arise in the arithmetic of K3 surfaces: if X is a K3 surface defined
over Q and has p(X) = rkNS(X) = 20, then there is a weight 3 Hecke eigenform

(o)

fx(q) = Zanqn

n=1
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such that for almost all primes p, a, is the trace of the p-th Frobenius morphism acting on H?*(X)/NS(X).

There are four cases where Zx (q)~! is a weight three Hecke eigenform and they correspond to the cases

where G is Z;, Zg, Z) x Zg, or Z4x Z4 (numbered 8, 14, 19, 25 on Table 1). If X admits a symplectic G
action for one of these four groups, then we may take X to be defined over Q, have p(X) = 20, and then
remarkably

Zx.c(a) ™" = fx(q)

Indeed, in each of these cases, we may take X to be elliptically fibered over P! and have G as its group
of sections (thus giving rise to the symplectic G action). Moreover, X is then the universal curve over the
modular curve parameterizing (E, G), an elliptic curve E with a subgroup G C E. We thank Shuai Wang and
Noam Elkies for noticing and elucidating this phenomenon.

For any eta product expression of a modular form, one may easily compute the order of vanishing (or
pole) at any of the cusps [Kohll, Corollary 2.2]. Performing this computation on the 82 cases yields the
following:

Corollary 1.9. The modular form Zx (q)! always vanishes with order 1 at the cusps ico and 0. Moreover,
Zx.c(q)7! is holomorphic at all cusps except for the two cases with Xiao number 38 or 69, which have poles at the
cusps 1/2 and 1/8 respectively. These are precisely the cases where X/G has two singularities of type Eg.

Remark 1.10. The integers e(Hilb"(X )G) should have enumerative significance: they can be interpreted as
virtual counts of G-invariant curves, whose quotient is rational, in a complete linear series of dimension n
on X. This generalizes the famous Yau-Zaslow formula [YZ96] in the case where G is the trivial group. The
precise nature between the virtual count and the actual count is expected to be subtle for the case of general
G. This has been recently explored in [Zhal9] and also in the case of G acting on an Abelian surface in

[Pie20].

1.3. Refinements of the Euler Characteristic.

We can extend our results to various refinements of the Euler characteristic, namely the elliptic genus, the
Xy genus, and the motivic class. These refinements all stem from the next result which we prove in Section 5.
Let

28 (@)= ) [HIb" (X) oy 4"
n=0

be a formal series whose coefficients we regard as birational equivalence classes of projective hyperkahler
manifolds. Such equivalence classes form a semi-ring under disjoint union and Cartesian product.

Theorem 1.11. Let Y be the minimal resolution of X/G, then
Z36() = 29"(q") Zx,(q) - Alkr)
where k = |G|, A(t) = 1()**, and we have suppressed the trivial group from the notation in the series Z5" (qF).

A famous theorem of Huybrechts [Huy99, Theorem 4.6] asserts that birational projective hyperkahler man-
ifolds are deformation equivalent. Moreover, combining Huybrechts’ theorem with [NS17, Proposition 3.21] it
follows that birational projective hyperkahler manifolds are equal in Ky(Varg), the Grothendieck group of
varieties.

Thus we may specialize the series Zy' bir (q) to Elliptic genus, motivic class, and ), genus since these are
all well defined on birational equlvalence classes of projective hyperkahler manifolds. These specializations
are all well known for the series Zlb,ir and hence we easily get the following corollaries.
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Corollary 112. Let Q = exp(2mio), q = exp (2mit), y = exp(2miz), and let
z8-(Q.9,9) = ZEI]W (Hilb"(x)¢) Q™!
n=0

where Ell, () is elliptic genus. Then

Ell _ _ba(mz)
Zal QY =3 ko 12)

where P101(q,v) is the unique Jacobi cusp form of weight 10 and index 1and x10(0,7,z) is Igusa’s genus 2 Siegel
cusp form of weight 10.

Zx,c(q) - AkT)

We refer the reader to [Piel8, § 5, § 6, and Equation 6.9.8] for definitions of Ellq,y, $10,1> X10> and the
formula for the elliptic genera of Hilb"(Y).
A further specialization of particular interest is the (normalized) x, genus. Let

Ty (M) =y 2 9mM o (M)
= y—%dimM Z(_l)P+qu dim HP1(M)
p.q

and we note that x_,(M) = Ell, ,(M)|;=o.

Corollary 1.13. Let

Then
2 ZX,G(‘])

¢-2,1(9%)
where ¢_; 1 is the unique weak Jacobi form of weight =2 and index 1. In particular,

g \25T o 92145
v (1-9)0°Zx (0, 9) = o)

is a_Jacobi form of index 1 and weight

Z% @)=y (1-y)

1 1y
Ee(X/G) -2=10- 5 ;rankAi
i=
for the congruence subgroup I'y (k).

We note that for G cyclic, the series Zx 5(g)/ q5_2,1(qk,y) is the leading coefficient in the expansion of the
Donaldson-Thomas partition function of (X x E)/G in the variable tracking the curve class in X (see [BO18,
Theorem 0.1)).

We also get a formula for the motivic classes of the G-fixed Hilbert schemes:

Corollary 1.14. Let

(o)

K . _
Zx'o(q) = ) _[Hilb"(X)C]x, ¢"
n=0
where [Hilb”(X)G]K0 € Ky(Varg) denotes the motivic class of the G-fixed Hilbert scheme. Then
K g 1 k1Y
Zls@ =g [(1-17"9") - Zx 6(q)- Alkr)
m=1

where IL = [/A&:] € Ky(Varg).
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We refer the reader to [GZLMHO04] for the meaning of [Y] in the exponent and the formula for the motivic
class of Hilb"(Y). The above series has further specializations giving formulas for the Hodge polynomials
and Poincare polynomials of the G-fixed Hilbert schemes.

1.4. Structure of paper.

In Section 2 we express the global partition function in terms of the local partition functions and deduce
Theorem 1.6. In Section 3 we prove our main geometric result Theorem 1.2 which gives the eta product
expression of the local partition functions. In Section 4 we express the local partition functions in terms of
certain theta functions and thus prove our Theorem 1.4 which gives us the new theta function identities. In
Section 5 we obtain the enhanced result of Theorem 1.11 on the partition function birational equivalence
class of the G-fixed Hilbert schemes. Appendix 5 contains a proof of a root theoretic identity we need and
Appendix A contains a table listing the modular form Z}_(,lG in all 82 topological types of symplectic actions
on a K3 surface.
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The authors warmly thank Jenny Bryan, Noam Elkies, Federico Amadio Guidi, Georg Oberdieck, Ken
Ono, Stephen Pietromonaco, Balazs Szendr6i, Shuai Wang, and Alex Weekes for helpful comments and/or
technical help. We would also like to thank the anonymous referee for helping us to fix and greatly simplify
the proof of Proposition 3.1.

2. The global partition function

As in the introduction, let X be a K3 surface with a symplectic action of a finite group G. Recall that
P1,---,Pr € X/G are the singular points of X/G with corresponding stabilizer subgroups G; C G of order k;
and ADE type A;. Let {xl-l,...,xi-(/ki} be the orbit of G in X corresponding to the point p; (recall that k = |G]).
We may stratify Hilb(X)C according to the orbit types of subscheme as follows.

Let Z C X be a G-invariant subscheme of length nk whose support lies on free orbits. Then Z determines
and is determined by a length #n subscheme of

(X/G)° =X/G\{p1,...,p+},

i.e. a point in Hilb"((X/G)°).
On the other hand, suppose Z C X is a G-invariant subscheme of length V]i—{‘ supported on the orbit
1 k/k;
{xjsx)
formal neighborhood of one of the points, say xil. Choosing a G;-equivariant isomorphism of the formal

. Then Z determines and is determined by the length n component of Z supported on a

neighborhood of xil in X with the formal neighborhood of the origin in C?, we see that Z determines and
is determined by a point in Hilb{(C?)%, where Hilb{j(C?) C Hilb"(C?) is the punctual Hilbert scheme
parameterizing subschemes supported on a formal neighborhood of the origin in C2,

By decomposing an arbitrary G-invariant subscheme into components of the above types, we
obtain a stratification of Hilb(X)® into strata which are given by products of Hilb((X/G)°) and
Hilby(C?)%,...,Hilby(C?)C". Then using the fact that Euler characteristic is additive under stratifications
and multiplicative under products, we arrive at the following equation of generating functions:

)Y () gt =] Y et x/cr qk”] | ﬁ[ie(mlbg(«?)@) |

n=0 n=0 i=1 \n=0
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As in the introduction, let a = ¢(X/G) —r = e((X/G)?). Then by Géttsche’s formula [G5t90],
Ze Hllb” (X/G)° I_[ = q% -n(kt)™.
n=0 m=1

We also note that e(Hilbg(Cz)Gl) = e(Hllb”(Cz) ) since the natural C* action on both Hilb{(C?)%:
and Hilb"(C?)% have the same fixed points. Thus we may write

C n 2\G k C n 2\G _ k kt
’;e H11b (€)™ ) qF %e H1lb (€C9) )qr q>i - Zp, (kl)

Multiplying Equation (2.1) by g~! and substituting the above formulas, we find that

1

Zx:c(q) = q_1+ *Lag -1(kt)” ]_[ZA (kT)

>From the following Euler characteristic calculation, we see that the exponent of g in the above equation
is zero:

24:e(X):e(X—Uf:1{xi1,.. k/k Zk‘ (X/G)° Zk =k- a+Zk

This completes the proof of Theorem 1.6. OJ

3. The local partition function

Recall that the local partition function is defined by

(o)

q)=)_e(Hilb"(C?)%) q" =

n=0

where G C SU(2) is the finite subgroup corresponding to the ADE root system A. In this section, we prove
Theorem 1.2 which provides an explicit formula for Z4(g) in terms of the Dedekind eta function. We regard
this as the main geometric result of this paper.

3.1. Proof of Theorem 1.2 in the A, case.

We wish to prove

1
@)=
A= ()
which is equivalent to the statement
Ze Hllbm(CZ Z/( n+1 ]_[
m=0 m=1

The action of Z/(n+ 1) on €C? commutes with the action of C* x C* on C? and consequently, the Euler
characteristics on the left hand side may be computed by counting the C* x C*-fixed subschemes, namely
those given by monomial ideals. Such subschemes of length 7 have a well known bijection with integer
partitions of m, whose generating function is given by the right hand side. g
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3.2. Proof of Theorem 1.2 in the D,, and E, cases.

Our proof of Theorem 1.2 in the D, and E,, cases uses a trick exploiting the fact that the Hilbert schemes
of the stack ¥ = [C%/{+1}] and the Hilbert schemes of the space Y = Tot(Kp:) can both be realized as
moduli spaces of quiver representations of the A; Nakajima quiver variety.

Let G € SU(2) be a subgroup where the corresponding root system A is of D or E type. Then {+1} C G
and let H € SO(3) be the quotient

H = G/{+1}.
The induced action of H on P! = S? is by rotations. Indeed, H is the symmetry group of a regular
polyhedral decomposition of S? which is given by the platonic solids in the E,, case and the decomposition
into two hemispherical (1 — 2)-gons in the D,, case. H is generated by rotations of order p, g, r, obtained
by rotating about the center of an edge, a face, or a vertex respectively. The group H has the following
presentation:
H={ab,c)y: a°=0b9=c"=abc=1}.

Let M = |H| be the order of H and let E,F, V be the number of edges, faces, and vertices respectively.

Then

M=pE=qgF =rV
and since the stabilizer of an edge is always of order 2 we have p = 2 and so M = 2E. Then since
F+V —E =2 we find

E+F+V=2+M

We summarize this information below:

(Tpe] H [ M | (par) | (EEV) |
D, dihedral |2n-2|(2,n-2,2) | (n—-1,2,n-1)
E¢ | tetrahedral | 12 (2,3,3) (6,4,4)

E; | octahedral | 24 (2,3,4) (12,8,6)
Eg | icosohedral 60 (2,3,5) (30,20,12)

Now let X be the quotient stack
X =[C%/{x1}]
and let
Y = TOt(Klpl )
be the minimal resolution of the singular space X = C2/{+1}.
The quotient stack [IP!/H] has three stacky points with stabilizers of order p,q,r, and consequently the
stack quotient [Y/H] has three orbifold points locally of the form [C%/Z,] for a € {p,q,r}.
We observe that
[C%/G] = [¥/H]
and consequently
Hilb™(C?)® = Hilb"(X)".
The scheme Hilb"(X) decomposes into components Hilb™'o™1 (X) with n = m(+m; where the corresponding

+1} invariant subschemes Z C C? have the property that as a {+1}-representation, H°(O,) has m, copies
property P Z 0 cop
of the trivial representation and m1; copies of the non-trivial representation.

Proposition 3.1. Hilb""™ (X)H is deformation equivalent to and hence diffeomorphic to Hilb™o~(mo=m)* (y)H
In particular

e (Hilb™>™ (%)) = e (Hilb™o~"o=m)* (y)i).
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Proof. Tt is known that both Hilb™"1(X) and Hilb"(Y) can be realised as moduli spaces of quiver
representations of the A; Nakajima quiver variety with dimension vectors (m, m,) and (1, n) respectively
and framing vector (1,0) for both (see [CGGS21, Proposition 5.2] and [Kuz07]). By the dimension formula
for quiver varieties [Nak94, Equation (2.6)] (see also Equation (5.2)), dim Hilb™"(X) = 2n where n =
mg — (my —mg)?. Consequently, both Hilb™>"1(¥) and Hilb"(Y) are crepant projective resolutions of
Sym™(C?/{+1}). By [BC20, Corollary 1.3], any two projective crepant resolutions of Sym"”(C?/{+1}) can
be realized as moduli spaces of quiver representations with the same dimension and framing vectors
(namely (n,n) and (1, 0)) but with different stability conditions. Then by Nakajima [Nak94, Corollary 4.2],
Hilb™"™1(X) is deformation equivalent to, and hence diffeomorphic to Hilbmo_(ml_mO)z(Y). Moreover, as H
acts symplectically on both resolutions, the hyperkihler reduction providing the deformation equivalence in
the proof of [Nak94, Corollary 4.2] can be performed H-equivariantly to obtain a deformation equivalence
between the H-fixed points of the two resolutions. U

Let
j=my—my, n=my—(mg—my)* so that m0+m1:2n+j+2j2.

We then can compute:

qizA(q) — i e(Hilme’ml(X)H) qm0+m1 — Z ie(Hﬂbn(Y)H) q2n+j+2]'2.
mg,m;=0 j€Z n=0

The following identity follows easily from the Jacobi triple product formula:

We can now compute the summation factor in the above equation by the same method we used to
compute the global series in Section 2. Here we use the fact that the singularities of Y/H are all of type
A and we have already proven our formula for the local series in the A, case. Indeed, the quotient [Y/H]
has three stacky points with stabilizers Z,, Z, and Z, and the complement of those points (Y/H) has
Euler characteristic —1. Proceeding then by the same argument we used in Section 2 to get Equation (2.1),

we obtain
e(Hilb"(V)) g = [Ze(Hﬂb"((Y/H)“))qmn]' [ [Ze(Hile(Cz)Za)qz“:”
n=0 n=0 a€lp,q,r} \n=0

ﬁ (1 _qZMn)

= 2Mn 2Mn oMn
et (107 ) (107 ) (1-47)

~ ﬁ (1 q4En)
b (1 _ q2En)(1 qZFn)(l _ q2Vn)

_ g (2ER2F2V). 1n(4ET)

1D ED(2V )
g% 1(4E7)

" 2ET)(2F0n(2V)
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1
Substituting into the previous equation and cancelling the factors of g5, we have thus proved

_n%(27) n(4ET)
Zalq) = : ,
n(t)  n(2Et)n(2Ft)n(2V)
which completes the proof of Theorem 1.2 in the general case. U

4. The local partition function as a theta function via Nakajima

The local partition functions Zx(q) considered in this paper are obtained from a specialization of the
partition functions of the stack [C?/G]. Using the work of Nakajima [Nak02], the partition function of the
Euler characteristics of the Hilbert scheme of points on the stack quotient [C?/G,] was computed explicitly
in [GNS18] in terms of the root data of A. We use this to express Zx(g) in terms of O5(7), a shifted theta
function for the root lattice of A. As a byproduct we obtain an eta product formula for the associated shifted
theta function (Theorem 1.4).

A zero-dimensional substack Z C [C?/GA] may be regarded as a G, invariant, zero-dimensional sub-
scheme of C2. Consequently, we may identify the Hilbert scheme of points on the stack [C%/Gx] with the
Gy fixed locus of the Hilbert scheme of points on C:

Hilb ([C%/G,]) = Hilb(C?)%
This Hilbert scheme has components indexed by representations p of G, as follows
HilbP ([C?/Gy]) ={Z c €%, Z is G, invariant and H(O7) = p}.

Let {pg,...,pu} be the irreducible representations of Gy where py is the trivial representation. We note
that » is also the rank of A. We define

Zic2/6,1(40r- -+ qn) = Z e (Hilb™oPo++"0n([C2/Gp])) gy -+ qn"-
Recall that our local partition function Z,(q) is defined by
q) = Ze(Hilb”((Ez)GA)q”_
n=0
We then readily see that
;1
ZA(q) = q 24 . Z[CQ/GA]("]O' . .,qn)|ql_:qd
where
di =dim Pi-
The following formula is given explicitly in [GNSI8, Theorem 1.3], but its content is already present in the

work of Nakajima [Nak02]:

Theorem 4.1. Let Cp be the Cartan matrix of the root system A, then

= Lt.Co.
Zic2/G,)(90s- -+ Gn) = l_ll—Qm Zq cegnt - Q2 Cam

m=1 meZ"

1 da n

where Q = qoo d gy

We note that under the specialization g; = g%,

A2+ +d? k
Q =q 0 n=gq

where k =|G] is the order of the group G.
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We then obtain

-1 = t k.t
Za(q)=qm | |(1=g"myte ) g gamtCam
rln__! meZZ’”

where d = (dy,...,d,).
Let M be the root lattice of A which we identify with Z" via the basis given by a;,..., a,, the simple
positive roots of A. Under this identification, the standard Weyl invariant bilinear form is given by

(ulv)=u'-Cr-v
and d is identified with the longest root. We define
C=Cy'-d

so that
m'-d=m"-Cy-T=(m|C).

We may then write

-1 e k
Za(q)=q% | |1 -gm)rte ) gUmierimim
00 -n—-1

_ A | X km E(m+3Cim+1C)

=g~ -|q% (1 -q )] . q? k k

=" n(kr)™"" - Oa(7)
where

-1 k(n+1) 1
A= oot 5 ClD)
and O,(7) is the shifted theta function:
(4.0) O5(7) = Z g5 (mFCm+ 1)
meMp

where as throughout this paper we have identified g = exp (27i 7).
In Appendix 5, we will prove the following formula which for A = A, coincides with the “strange formula”
of Freudenthal and de Vries [FdV69]:
k(n+1)-1 _(C[2)
24 2k
It follows that A = 0 and we obtain the following:

Lemma 4.2. The local series Zx(q) is given by

_ Oa(T)
Za(q) = Ty

5. Proof of Theorem 1.11

Let Z = [X/G] be the quotient stack of X by G and let Y — X/G be the minimal resolution. The Hilbert
scheme of zero dimensional substacks of Z is naturally identified with the G-fixed Hilbert scheme of X:

Hilb(Z) =~ Hilb(X)C.

We emphasize that Hilb(Z) is itself a scheme, not just a stack, as the objects it parameterizes (substacks
V C Z) do not have automorphisms (see [OS03] or [BCY12, § 2.3]). Components of Hilb(Z) are indexed
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by the numerical K-theory class of Oy for Z C Z. The K-theory class of Oz can be written in a basis for

K-theory as follows:
n(i)

(02]= n[0,] +sz] i)[0p, ® ;i)
=1

j=1
where p € Z is a generic point and py,...,p, € Z are the orbifold points. The local group of Z at p; is
Ga(i) € SU(2) and has corresponding root system A(i) of rank n(i), and has irreducible representations
P0(1), p1(i),..., Pn(i)(i) where po(i) is the trivial representation. We note that we do not need to include
[Op, ® po(i)] in our basis for K-theory because of the following relation in K-theory which holds for all i:

(5'1) [O ] = [O i®preg(i)]
where peg(7) is the regular representation of Gy ;)

We abbreviate the data {m]( )} appearing in the K —theory class above by the symbol m and we denote by

Hilb™™(Z) c Hilb(Z)
the corresponding component. Let
r n(i)
Dy, = ZZ m; (i) Ej(i)
i=1 j=1

where Eq(i),..., E,;)(i) are the exceptional curves over p;. We can organize the data m = {m]( )} into
m(i) € My(j), i.e. the vectors in the root lattice of A(i) having components 11 (i),..., m,;)(i). Under this

identification
T

2 . .
D ==Y (m(lm(i)s
i=1
since the intersection form of the exceptional curves over p; is the negative of the corresponding Cartan
matrix CA(i)

Proposition 5.1. Hilb"™"™(Z) is birational to Hilb”%D‘%‘(Y).

To prove this we will first need the following lemma.
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Lemma 5.2.

(1) Let A be a rank n ADE root system, let M s be the corresponding root lattice, and let G C SU(2) the
corresponding finite subgroup. To any element m € My there is a unique rigid 3 substack Zm C [C?/Ga]
with K -theory class

1 n
S(mlm)0,]+ ) m;[0y®p)]
j=1
where p € [(C?/G] is a generic point.
(2) For every datum m there is a unique rigid substack Z., C Z with K-theory class

r

)| Smtimiy Xm )0, &)

= 1+ Zm )[Op, ®pj(i)]

where p € Z is a generic point.

Proof. Part (2) is implied by Part (1) since we can take the union of the rigid subschemes supported at the
orbifold points py,...,p, € Z. So we need only prove the local case.

To prove Part (1) we need to show that component of Hilb([C?/G,]) corresponding to substacks with
K-theory class

1 n
S(mlm)[0y]+ ) mj[0®p)]
j=1
is a single isolated point. This component corresponds to the coefficient of

Qimlm) g ___ g

in Theorem 4.1. It follows immediately from the formula in Theorem 4.1 that this coefficient is 1, and thus to
prove this component is a single point, we need only prove that it has dimension 0.
By Equation (5.1), we have

n

1
S mim)[0,] Zm] 00®p;1= 5 (mim)[Oo @ pol+ Y_ (5 mlm)d; +m; )i Oy ;]
j=1

and so the component in question is

HilbvoPot+Vnpu ([Cz/GA])
where

1 1 1

V= (Vg v1, .. V) = (E(mlm), Sl + = (mlm)d, + m)
We define
0=(1,dy,...,d,) and p=(0,my,...,m,)
so that our v of interest may be written
1
v= E(mlm)é + p.
Nakajima has shown [Nak02, § 2] that
Hilb 0P+ *bu([C2/G,]) = M(v, w)

3By definition, a substack Z is rigid if it corresponds to an isolated point in the Hilbert scheme.
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where w = (1,0,...,0) and M(v,w) is the Nakajima quiver variety associated to the affine Dynkin diagram
of A with framing vector w and dimension vector v. By [Nak94, Equation (2.6)] we have

(5.2) dimM(v,w) =2v-w—(v,v) = 2vg — (v, v) = (m|m) — (v, v)

where (-,-) is the inner product given by the Cartan matrix associated to the affine Dynkin diagram.
We also have

(wp)y=(mim), (5,6)=0, and (p,6)=0.

The first follows directly from our definitions, and the later two are well known properties of the vector é.
Using the above we compute the dimension of the Hilbert scheme of interest:

dim M(v, w) = (m|m) — <%(m|m)6 + U, %(mlm)é + y>

= (mlm) ~  (mlm)(3,5) ~ (mbm)p,5) — (o )
=0.

We thus can conclude that Hilb"0Po**¥uPu([C2/G,]) = M (v, w) is a single point which finishes the proof of
the lemma. O

Proof of Proposition 5.1. Let U = Z\ {py,...,p,} be the Zariski open part with trivial stabilizers. Let V C Y
be the complement of the exceptional divisors. Let furthermore Z, C Z be the rigid substack corresponding
to the K-theory datum m provided by Lemma 5.2. The Zariski open substack of Hilb™™(Z) parameterizing
substacks of Z of the form P U Z,; where P is a colength n + %DI% subscheme of U is isomorphic to

Hilb"+%Dé(U). This is because Z,;; was rigid and it had the K-theory class
1 = ,
~5DRIOp1+ ) mi(DIOy, ®pi(i)].
j=1

On the other hand, the Zariski open subset of Hilb"*2Pn (Y) parameterizing subschemes supported on V C Y
is isomorphic to Hilbn+%Dé(V). Finally, Hilb"+%Df2“(U) = Hilb”%Df%‘(V) since U and V are canonically
isomorphic. O

With Proposition 5.1, we can now prove Theorem 1.11. Using the identification

Hilb(X)® = Hilb(2)

and identifying discrete parameters we get
Z¥e(@)= ) [HIb" (X)) q* =) [HIlb"™(2)]y; ¢"*™
a=0 n,m
where (recalling that d;(i) = dim p;(i)),
— k
D(n,m) = kn + Zk— m;(i)d;(i).
i

Let

Then
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with

where C(i) € Mj(j ®Q is as in Section 4.
Completing the square and using the formula

%(C(iﬂC(i))A(z‘) = k%

1

which follows from Lemma A.1, we get
~ — k (kj(n(i)+1)-1\ k L1 L1
D(n,m)-1=kd-1- ;k—Z(T +5 Z m(i) + k_iC(l) | m(i)+ k_iC(l) .

It then follows that

Zicla) AZ[Hﬂbd bt TT X

11m EMA

where

A=k- 1——2( +1——)

=1

Since

24=e(Y)=e(X/G—{pp,...,p )+ Y (n(i)+1)= %(24—Z£]+ Z(n(i)+ 1)

we see that A = 0.
Thus we have

r r

) ) kT . kt . .

Z%(q) = Z?'r(qk)]_[%(i) (k_) = th;lr(qk)]_[ZA(i) (?)’7(kT)n(l>Jr1 =Z%"(q") - n(kv)B- Zx 6(q)
=1 ! i=1 !

where we used Theorem 1.4, Theorem 1.6, and we set
24 ¢ 1
B=—+ )+1—-—].
kG (”(1) ki)

24, we see

The previous equation which showed that A = 0 also shows that B = 24. Then since A(7) = #(T1)
O

that Theorem 1.11 follows.
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Appendix A. Another Strange Formula

We recall the notation from Section 4. Let A be an ADE root system of rank n. Let ay,...a, be a system

d= idiai
i=1

be the largest root. Let (-|-) be the Weyl invariant bilinear form with (a;|a;) = 2 and let C be the dual vector
to d in the sense that

of positive simple roots and let

(A) ZBQamn:d.
i=1
Let

(A.2) k=1+) d?=1+(Cld).
i=1

The identity of the following lemma coincides with Freudenthal and de Vries’s “

is A,.

strange formula” when A

Lemma A.l. Let k, n, and C be as above. Then,
k(n+1)-1 _ (CIC)

24 2k -
Proof.
The case of A = A,.— For any ADE root system we have (pla) = 1 for all positive roots where
p= %ZQER+ a is half the sum of the positive roots. Since for A, d; =1, it follows from Equation (A.1) that
C = p, and it follows from Equation (A.2) that k = n+ 1 = h is the Coxeter number. The lemma is then

(n+1)*-1 _ (plp)
24 2k
Since the Lie algebra associated to A,,, namely sl,,, 1, has dimension (1+1)? -1 and the Killing form satisfies
k()= ﬁ(|), the lemma may be rewritten as

dim 5[71+1 _
51— klp.p)

which is Freudenthal and de Vries’s “Strange Formula” [FdV69, § 47.11].

The case of A = D,,.— Let e,...,¢, be the standard orthonormal basis of IR”. Then the collection
{xe;+ej,i <j}isa D, root system and we may take

€ —€i+1s . i=1,...,n—-1
;= if .
€1t €n t=n

as a system of simple positive roots. Then the fundamental weights w;, which are defined by the condition

(wjla;) = 6;j, are given by [Kna96, Appendix C]

ey +---tey i<n-2

w; = %(e1+---+en_1—en), if i=n-1
1 i=n.
E(El-i—"‘-i-en_l +en),

Then since

1 i=1l,n-1,n
d': -f ’ s '
! {2 Yoo n-2
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we have
n-2
C=w;+2wy+ 2wz + + 2wy 2+t wy_1+w, =2(n—2)e; + ) 2n—-1-i)+1)e;+e,1
i=2

and so
n—-2

4 1
(ClC)=4(ﬂ—2)2+1+;(2(n—1—i)+1)2 =St —dn? = n+6.
1=
Finally since k =1 + Z?:l d; = 4(n — 2) the lemma becomes
An-2)(n+1)-1 3n°—4n’—in+6
24 - 8(n—-2)

which is readily verified.

The case of A = Eg4, E;, Eg.— These three individual cases are easily checked one by one. O
Apppendix B. Table of eta products

The following table provides the list of the modular forms Z)_(,lG’ expressed as eta products, for each of

the 82 possible symplectic actions of a group G on a K3 surface X. Our numbering matches Xiao’s [Xia96]
whose table we refer to for a description of each group.

# | |G| | Singularities of X/G The modular form Z'; Weight
1 n(t)* 12

1 |2 |84, n(21)%n(v)® 8

2 |3 |64, 1n(31)% 1 (1)° 6

3 14 [124 n(21)'? 6

4 |4 | 2A;+4A, n(41)*n (27)% 5 (1)t 5

5 15 4A, n(5t 417 (1)* 4

6 |6 |84,+34, ot nz 5

7 |6 | 24;+24A,+2A5 n(61)° 7 (31)2 1 (27)% n(1)* | 4

8 |7 3A¢ n (7’[)3 n (T)3 3

9 |8 |144, ’;(é?)lf 5

10 [8 |94, +24, ”(4;();’1‘)3”2 9/2

1|8 |44, +4A, n(41)*y (27)* 4

12 |8 | 3A5+2D, % 7/2

138 |A +4D, Z((;f;;;’g?; 7/2

14 |8 | A +A3+24, n(81)2 5 (4t)n(20)n(t)> |3

1519 |84, n(31) 4
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19

16

17

18

19
20

21

22

23

24

25
26

27

28
29
30

31
32
33
34

35

36

37

38

39

40

41

42

43

44

10

12

12

12
12

16

16

16

16

16
16

16

16
16
18

18
20
21
24

24

24

24

24

32

32

32

32

32

32

8A1 +2A,4

4A1 + 6A,

9A1 + Ay + As

3A; +3As

Ay +2A5+ 2Ds
154,

10A; +2A;3

5A1 +4A;3

6A; +A3+2Dy,
6A;
4A1+A3+A7;+ Dy
2A1 + 4D,

2A1 + A3+ 2A5
A3+ Dy +2Dg

8A; +4A,
2A1+3A, +2A5
2A1 +4A5+ Ay
6A,+ Ag
5A1+3A, +2A;
4A1 +2A,+2A;5
5A1 + A3+ As+ Ds
2A,+ A5+ Dy +Eg
2A,+ A3+ 2E¢
8A1 +3A3

9A1 + 2Dy

3A +5A3

4A1 +2A3+ 2D,
5A1 +2A,

2A1 + 2A3 +A7 +D4

1(57)°n(27)°
n(107)*
n(67)*n(41)°
n(127)*
1’](6’[)97](4’1’)?](2’[)
n(127)°

n(67)°n(21)°

1(41)°n(30)°n (1)’ n(67)*
n(127)y(27)*

1(127)

n(
7](81)4

(37)
24T) Zn(21)?

1(
6 2n(121)°

1(87)

(67
n(2
1(167)°

(32
n(167)"n(41)°
17(321) b (87)*
1(167)°7(87)°

n(321)?
17(16T)1017(4T)2
,(321) 17(81)2

9/2

7/2
7/2

5/2
5/2
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45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
61

62
63
64
65
66
67
68
69
70
71

72

73

32

36

36

36

48

48

48

48

48

48

60

64

64

64

64

64

72

72

72

80

96

96

96

96

96

120

128

144

160

3A1 + Dy + 2D

2A1 +2A, +4A;5

Ay +6A;+ As

6A1 + A +2As5

5A1 + 6A,

6A, +2A3
S5A1+A)+2A5+ A5
4A1 + 3A5

A1+ Ay +2A3+2Ds5
4A1+A,+ A7+ Eg
4A1+3A,+2A,y
5A1+3A3+ Dy
6A;+3D,
3A1+3A3+ A,

5A3+ Dy

4A1 + A3+ 2Dy

4A1 +3A,+A3+ Dy
3A1 +2A3+2A;5

Ay +3A3+ 2Dy

3A1 +4A,

3A;1 +3A,+3A;
2A1 +2A, + A3+ 2A5
2A1+3A,+A;+ Dy
3A1+2A3+ A5+ Ds
3A; +2A;,+2E¢
2A1+ Ay +2A5+ Ay + As
3A1+2A3+Dy+ Dg
A1 +4A, +2A5

2A1 + 3A3 + 2A4

n(167)'%(21)?
n(327)*y(47)°
17(18’[)211(121)27](9’()4
17(36’()2
1(187)5(127)°7(67)
11(361)2
n(187)°n(127)5(67)°
17(367)°
n(247)°n(167)°
17(48’5)4
n(167)°n(127)°
1(487)°
17(247)°(167)17(127)*1(87)

n(327)°5(167)°5(87)

1(647)?
71(321)8r] 6’[)311(4‘[)2

(64t 47](8’[)4
1(367)°1(247)*5(187)5(67)

)
r](72'[)411(12r)2
17(36'[)3

1(247)n

17(407)%4(1
)

1n(727)

=

11(96’5)371(241)2
1(487)°1(247)%5(87)1(321)

1
1(967)°n(
1’](48’()5?](32’[)61’]

17(96’5)471(8’5)4
1(607)°1(407)1(307) 1 (247)5(207)

7(1207)°
r](641)8r](32T)17(81)

1(1287)*5(167)
1(727)1(487)*(241)>

1(144t)°
7(807)%4(407)°5(327)°

7(1607)*

5/2

5/2
5/2
5/2

5/2
5/2
5/2

5/2
5/2
5/2
5/2
5/2
5/2
5/2
5/2
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3 2

74 | 168 | A; +3A,+2A5 + Ag ’7(84“’7(52(’1)62(T4)§T> 1(247) 5/2
1(967)°n(647)°15(247) .

75 (192 | 2A; +6A, + Dy (1522 n(d50) 3

5

76 | 192 | 241 + Ay + 24+ As+ Dy | TORIIETHEITICED 5/2
1(967)°5(647)°5(487)°;(87)

77 1192 | 2A; + Ay +3A5 + Eg 1920 T6eT 5/2
17(1447)°5(967) 1 (727)5(241)?

78 | 288 2A1 + 2A2 + A3 + 2D5 7](28877)47](48’()4 5/2

2 2 2

79 [ 360 | Ay +2A, + 243 + 24, "“80”’7“2??6 OWT‘)’QO” 1720° | 579
17(1927)°5(1287)%4(967)% 5 (241)

80 | 384 A] + 3A2 + 2A3 + D6 r](384”[)3r](48’()2 5/2
1(4807)*(3207)°5(1927)%7(1201)

81 | 960 | A; +3A,+2A4+Dy oG008 5/2

Table 1. Table of the modular forms Z;(}G for all symplectic G actions.
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