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1. Introduction and statement of results

Let k = IF, be a finite field of characteristic p and let S be a smooth projective (geometrically connected)
curve over T = Spec k and let F = k(S) = IF;(S) be the function field of S. Let X be a smooth proper surface
over T with a flat proper morphism 7t : X — S with smooth geometrically connected generic fiber X, over
Spec F. The Jacobian | of X is an Abelian variety over F.

Our first main result is a proof of the following statement conjectured by Artin and Tate [Tat66, Conjec-

ture (d)]:
Theorem 1.1. The Artin-Tate conjecture for X is equivalent to the Birch-Swinnerton-Dyer conjecture for J .

Recall that these conjectures concern two (conjecturally finite) groups: the Tate-Shafarevich group III(J/F)
of ] and the Brauer group Br(X) of X. A result of Artin-Grothendieck [Gor79, Theorem 2.3] [Gro68, §4] is
that ITI(J/F) is finite if and only if Br(X) is finite.

Our second main result is a new proof of a beautiful result (2.18) of Geisser [Gei20, Theorem 1.1] that relates
the conjectural finite orders of I1I(J/F) and Br(X); special cases of (2.18) are due to Milne-Gonzales-Aviles
[Mil81, GA03|.

We actually provide two proofs of Theorem 1.1; while our first proof uses Geisser’s result (2.18), the second
(and very short) proof in §4, completely due to the third-named author, does not.

11. History

Artin and Tate regarded Theorem 1.1 as easier to prove as opposed to the other conjectures in [Tat66].
They proved Theorem 1.1 when 7t is smooth and has a section ([Tat66, p.427]) using the equality

(L) [LLL(J/F)] = [Br(X)]

between the orders of the groups III(J/F) and Br(X) which follows from Artin’s theorem [Tat66, Theorem
3.1], [Gor79, Theorem 2.3]: if 7t is generically smooth with connected fibers and admits a section, then
II(J/F) = Br(X). Gordon [Gor79, Theorem 6.1] used (1.1) to prove Theorem LI when' 7t is cohomologically
flat with a section (see [Gor79, Theorem 2.3]). Building on Gordon [Gor79], Liu-Lorenzini-Raynaud
[LLRO4] proved several new cases of Theorem 1.1 by eliminating the condition of cohomological flatness
of m; their proof [LLR04, Theorem 4.3] proceeds by proving that Theorem 1.1 is equivalent to a precise
relation generalizing (1.1) between [Br(X)] and [III(J/F)] which in their case had been proved by Milne and
Gonzales-Aviles [Mil81, GA03].

IThere is another proof (up to p-torsion) in this case due to Z. Yun [Yunl)].
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As Liu-Lorenzini-Raynaud (and Milne) point out [LLR05, Theorem 2], Theorem 1.1 follows by combining
[Tat66, Gro68, Mil75, KT03]:

Artin-Tate-Mil Artin-Grothendieck Kato-Trihi
AT(X) ) rtin-"late-Milne ’ Br(X) finite < rtin-Grothendiec ’ HI(]/F) finite ato-"Irihan BSD(])

In 2018, Geisser pointed out that a slight correction is necessary in the relation [LLR04, Theorem 4.3]
between [Br(X)] and [III(J/F)]; Liu-Lorenzini-Raynaud [LLRI8, Corrected Theorem 4.3] showed that
Theorem 1.1 holds if and only if this slightly corrected version holds. This precise relation (Theorem 2.11) was
then proved by Geisser [Gei20, Theorem 1.1] without using Theorem 1.1. Thus, combining [LLR18, Corrected
Theorem 4.3] and [Gei20, Theorem 1.1] gives the second known proof of Theorem 11. But this proof relies
heavily on the work of Gordon? [Gor79] as can be seen from [LLRI8, §3, (3.9)].

1.2. Our approach

Our first proof depends on [Gor79] only for the elementary result (2.9). As in [Gor79, LLR04, LLRI8],
this proof also follows the strategy in [Tat66, §4]. We use the localization sequence to record a short
proof® of the Tate-Shioda relation (Corollary 2.2). In turn, this gives a quick calculation (2.17) of the height
pairing A, (NS(X)) on the Néron-Severi group of X. The same calculation in [Gor79, LLR18] requires a
detailed analysis of various subgroups of NS(X). A beautiful introduction to these results is [Ulml4]; see
[Lic83, Lic05, GS20] for Weil-étale analogues.

The second proof (§4) of Theorem 1.1 uses only (2.5) and the Weil-étale formulations of the two conjectures.
In this proof, we do not compare each term of the two special value formulas and entirely work in derived
categories.

Notations

Throughout, k = IF; is a finite field of characteristic p and T = Spec k; if k is an algebraic closure of k, let
T = Spec k. The function field of S is F = k(S). Let X be a smooth proper surface over T with a flat proper
morphism 7 : X — S with smooth geometrically connected generic fiber X over Spec F. The Jacobian | of
Xq is an Abelian variety over F.

1.3. The Artin-Tate conjecture

Let k =IF; and F = k(S). For any scheme V of finite type over T, the zeta function C(V,s) is defined as

C(V,s)= ]_[(1_1?;

veV
the product is over all closed points v of V and g, is the size of the finite residue field k(v) of v. If V is

smooth proper (geometrically connected) of dimension d, then the zeta function C(V,s) factorizes as

_P(V,q70) Py 1(V,q7°)
s = V) Poa(V, )

, Py=(1-q7), Py=(1-9"7),

where P;(V,t) € Z[t] is the characteristic polynomial of Frobenius acting on the {-adic étale cohomology
H(V x1 T,Qy) for any prime € not dividing g; by Grothendieck and Deligne, P;(V,t) is independent of £.
One has the factorization [Tat66, (4.1)] (the second equality uses Poincaré duality)

P(X,q7°)-P3(X,9°) Pi(X,97)-Pi(X,q' )

2 X,s) = - '
(12) t(X.9) (1-97°)-Py(X,97°) - (1-¢>7)  (1-q7)-Po(X,q7%)- (1 -q*>)

2Known to have several inaccuracies; see [LLRI18, §3.3].
3This is similar to the ideas of Hindry-Pacheco and Kahn in [Kah09, §§3.2-3.3].
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Let p(X) be the rank of the finitely generated Néron-Severi group NS(X). The intersection D - E of divisors
D and E provides a symmetric non-degenerate bilinear pairing on NS(X); the height pairing (D,E),,
[LLR18, Remark 3.11] on NS(X) is related to the intersection pairing as follows:

NS(X) xNS(X) - Q(logq),  D,E+(D,E),, =(D-E)loggq.
Let A be the reduced identity component Pic;?ﬁ(’o of the Picard scheme Picy/; of X. Let
(1.3) a(X) = x(X,0x)-1+dim(A).

We write [G] for the order of a finite group G.

Conjecture 1.2 (Artin-Tate [Tat66, Conjecture (C)]). The Brauer group Br(X) is finite, ord,_; P,(X,q7°) =
p(X), and the special value

of P>(X,t) at t = 1/q (this corresponds to s = 1) satisfies
(14) P5(X,q") = [Br(X)] Aar(NS(X)) - g~
Here A, (NS(X)) is the discriminant (see §1.4) of the height pairing on NS(X).

Remark. The discriminant A, (NS(X)) of the height pairing on NS(X) is related to the discriminant
A(NS(X)) of the intersection pairing as follows: A, (NS(X)) = A(NS(X)) - (log q)PX).

1.4. Discriminants

For more details on the basic notions recalled next, see [Yunl5, §2.8] and [Blo87]. Let N be a finitely
generated Abelian group N and let ) : N x N — K be a symmetric bilinear form with values in any field K
of characteristic zero. If ¢ : N/tor x N/tor — K is non-degenerate, the discriminant A(N) is defined as the
determinant of the matrix 1(b;, b;) divided by (N : N’ )?> where N is the subgroup of finite index generated
by a maximal linearly independent subset {b;} of N. Note that A(N) is independent of the choice of the
subset {b;} and the subgroup N’ and incorporates the order of the torsion subgroup of N. For us, K = Q or

Q(logq).

Given a short exact sequence 0 - N’ — N — N” — 0 which splits over Q as an orthogonal direct sum
Ng = Nq'2 EBN(S with respect to a definite pairing 1) on N, one has the following standard relation
(1.5) A(N)=A(N")-A(N").
Given a map f : C — C’ of Abelian groups with finite kernel and cokernel, the invariant z(f) = %
[Tat66] extends to the derived category D of complexes in Abelian groups with bounded and finite homology:
given any such complex C,, the invariant

is an Euler characteristic; for any triangle K — L — M — K[1] in D, the following relation holds
(1.6) z(K)-z(M) = z(L).

One recovers z(f) viewing f : C — C’ as a complex in degrees zero and one. For any pairing ¢ : NxN — Z,
the induced map N — RHom(N, Z) recovers A(N) above:

A(N) =z(N — RHom(N,Z))~".
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1.5. The Birch-Swinnerton-Dyer conjecture

For more details on the basic notions recalled next, see [GS20]. Let ] be the Jacobian of X;. Recall that
the complete L-function [Ser70, Mil72], [GS20, §4] of ] is defined as a product of local factors

(L7) L(J,s) = ]_[#q_)

vesS

For any closed point v of S, the local factor L, (], ) is the characteristic polynomial of Frobenius on
(18) HL( < FS, Qo)

where F, is the complete local field corresponding to v and I, is the inertia group at v. By [GS20,
Proposition 4.1], L,(J,t) has coefficients in Z and is independent of ¢, for any prime ¢ distinct from the
characteristic of k. Let ILI(J/F) be the Tate-Shafarevich group of ] over Spec F and let r be the rank of the
finitely generated group J(F). Let Ax(J(F)) be the discriminant of the Néron-Tate pairing [Tat66, p. 419],
[KT03, §1.5] on J(F):

(1.9) J(F)xJ(F) = Q(log q), (y,x) = (¥, ®INT-

Let J — S be the Néron model of J; for any closed point v € S, define ¢, = [D,(k,)] where @, is the group
of connected components of 7, and put ¢(J) =[], cg ¢y; this is a finite product as ¢, =1 for all but finitely
many v. Let Lie J be the locally free sheaf on S defined by the Lie algebra of . Recall the*

Conjecture 1.3 (Birch-Swinnerton-Dyer). The group I11(]/F) is finite, ords_1 L(],s) = r, and the special value

. s L(]J,s)
FUA) = im Ty
satisfies
(110) L*(J,1) = [UL(/F)]- Anr(J (F) - e(]) - 415 7).

The proof of Theorem 1.1, i.e. the equivalence of Conjectures 1.2 and 1.3, naturally divides into four parts:

e Br(X) is finite if and only if III(J/F) is finite. This is known [Gro68, (4.41), Corollaire (4.4)].

e Comparison of x(S,Lie J) and a(X) given in (2.5). This is known [LLRO4, p. 483]. For the
convenience of the reader, we recall it in §2.2.

e (Proposition 2.4) ord;_; P,(X,47°) = p(X) if and only if ords_y L(J,s) =r.

e (§3) P5(X, 1) satisfies (1.4) if and only if L*(], 1) satisfies (1.10).

The first two parts are not difficult and we provide elementary proofs of the last two parts.
Acknowledgements

This paper would not exist without the inspiration provided by [FS21, Gor79, LLRI18, Gei20, Yunl5] in
terms of both mathematical ideas and clear exposition. We thank Professors Liu, Lorenzini and K. Sato for
their valuable comments on an earlier draft. We heartily thank the referee for a valuable and detailed report.

2. Preparations

2.1. Elementary identities and known results

The Néron-Severi group NS(X) is the group of k-points of the group scheme NSy = my(Picy/x) of

connected components of the Picard scheme Picy/; of X. Let A = Picg(e/dk’o. The Leray spectral sequence for

4By [GS20, Corollary 4.5], this is equivalent to the formulation in [Tat66].
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the morphism X — Spec k and the étale sheaf G,, provides the first exact sequences [BLR90, Proposition 4,
p- 204] below:

0 — Pic(k) — Pic(X) — Picx (k) — Br(k) and 0— Pic?(/k — Picy/x — m(Picyx) — 0.
Since Br(k) =0, Hélt(Spec k, Picg(/k) = Hgt(Spec k,Picg(e/d];O) and Hgt(Spec k,A) = 0 (Lang’s theorem [Tat66,
p- 209]), this provides

Pic(X)

(2.1) Picxi(k) = Pic(X) and  NS(X) = NSyse(k) =

Let P be the identity component of the Picard scheme Picg/x of S. Let B be the cokernel of the natural
injective map 7" : P — A. So one has short exact sequences (using Lang’s theorem [Tat66, p. 209] for the
last sequence)

(2.2) A= Pic%e/dk’o, P= Picg/k, 0—>P—>A—B—0, and 0— P(k)— A(k)— B(k) — 0.
It is known that [Tat66, p. 428]
(2.3) Pi(S,97°)=Pi(P,q7°), Pi(X,q7)=Pi(A,q°), and Pi(Aq°)=P(P,q7°) Pi(B,q)

For any Abelian variety G of dimension d over k = IF,, it is well known that [Tat66, p. 429, top line] (or
[Gor79, 6.1.3])

(2.4) P(G,1)=[G(k)] and P(G,q7")=[G(k)]q ™"

2.2. Comparison of x(S,Lie J) and a(X)
It is known [LLRO4, p. 483] that
(2.5) x(S,Lie J)—-dim(B) = —a(X).

We include their proof here for the convenience of the reader. A special case of this is due to Gordon [Gor79,
Proposition 6.5]. The Leray spectral sequence for 7t and Oy provides H’(S,0s) = H%(X,Ox),

0— HY(S,04) > H'(X,0x) > H*(S,R'1,0x) - 0, H?*(X,0x)=H(S,R' 7,0%).

This proves x(X,O0x) = x(S,0s) — x(S, R'11,0x). Recall that 7 is the Néron model of the Jacobian ] of X.
As the kernel and cokernel of the natural map® ¢ : R'7,0x — Lie J are torsion sheaves on S of the same
length [LLRO4, Theorem 4.2], we have [LLR04, p. 483]

(2.6) x(S,R'7,0x) = x(S,Lie J).
Thus,

a(X) = x(X,0x) -1 +dim(A) = x(S,05) - x(S,R'7,0x) — 1 + dim(A)

=1-dim(P)- x(S,Lie J) -1 +dim(A) = —x(S,Lie J) + dim(A) — dim(P)

2 (S, Lie J) +dim(B).

2.3. The Tate-Shioda relation about the Néron-Severi group

The structure of NS(X) depends on the singular fibers of the morphism 77 : X — S.

5The map ¢ is obtained by the composition of the maps Rln*Ox — Lie P [LLRO04, Proposition 1.3 (b)] and Lie P — Lie Q
[LLRO4, Theorem 3.1 with Q — 7 [LLRO4, Facts 3.7 (a)]; it uses the fact that X is regular, 7 : X — S is proper flat, and 72,0x = Os.
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2.3.1. Singular fibers.— Let Z = {ve S | 7 !(v) = X, is not smooth}. For any v € S, let G, be the set of
irreducible components I; of X,, let m, be the cardinality of G,, and m :=} ., (m, —1); for any i € G, let

7; be the number of irreducible components of I; x k(v). Let R, be the quotient

75
Tz
of the free Abelian group generated by the irreducible components of X, by the subgroup generated by the
cycle associated with X, = 7= (v). If v & Z, then R, is trivial.

Let U = S — Z; the map Xy = n }(U) — U is smooth. For any finite Z’ C S with Z C Z’, we

consider U’ = S —Z’ and Xy = X — w1 (U’). The following proposition provides a description of

(2.1)
NS(X) = Pic(X)/A(k).

(2.7) R,

Proposition 2.1.
(i) The natural maps 1c* : Pic(S) — Pic(X) and 7* : Pic(U’) — Pic(Xy-) are injective.
(ii) There is an exact sequence

(2.8) 0— & R, — <X)

1A Pic(Xg) — 0.
vez o Pic(s) Ko —

Proof. (i) From the Leray spectral sequence for 77 : X — S and the étale sheaf G,, on X, we get the exact
sequence
0 — H)(S,7,G,,) — HA(X, G,,) — H*(S,R'7,G,,) — Br(S).

Now X, being geometrically connected and smooth over F implies [Mil81, Remark 1.7a] that 7,G,, is the
sheaf G, on S. This provides the injectivity of the first map. The same argument with U’ in place of S
provides the injectivity of the second.

(ii) The class group CI(Y) and the Picard group Pic(Y) are isomorphic for regular schemes Y such as S
and X. The localization sequences for X;;» C X and U’ C S can be combined as

0 — I(S,G,) — I(U',G,,) — & Z — Pic(S) — Pic(U)) —— 0

veZ’

N A T
0 — I'X,G,) — I' Xy, G,,) — ® ZCv — Pic(X) — Pic(Xy) —— 0.
veZ’
Here I'(X,G,,) = HY(X,G,,) = Hgm(X,Gm). The induced exact sequence on the cokernels of the vertical
maps is
0— & R, — P1c.(X) N P1c(‘XU,)
vez’ 7 Pic(S) 7* Pic(U”)
In particular, we get this sequence for Z and U. By assumption, X, is geometrically irreducible for any

— 0.

v Z;so R, =0 for any v € Z. So this means that, for any U’ = S — Z’ contained in U, the induced maps
PIC('XU) N PlchU/)
7* Pic(U) 7* Pic(U”)

are isomorphisms. Taking the limit over Z’ gives us the exact sequence in the proposition. g

Corollary 2.2.
(i) The Tate-Shioda relation [Tat66, (4.5)] p(X) = 2+ 1+ m holds.
(ii) One has an exact sequence
Pic(X) NS(X)
— —
7* Pic(S) 1 NS(S)

0 — B(k) —
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Proof. (i) Since r is the rank of J(F), the rank of Pic(Xj) is 7 + 1. Since Pic(S) has rank one, A(k) is finite
and m =), .,(m, —1), this follows from (2.1) and (2.8).
(ii) This follows from the diagram

0 —— P(k) —— A(k) > B(k) > 0
\[ - . Pic(X)

0 —— Pic(S) —— Pic(X) ? TPic(S) > 0

0 — NS(S) —“— NS(X) , ani(s)((;) > 0

2.4. Relating the order of vanishing at s =1 of P,(X,47°) and L(J,s)

By [Gor79, Proposition 3.3], one has

15! (Xw q;s)
(1-4°) - Py(Xy,40°)’
see §2.3.1 for notation. Using

Qo) = [ [2Eul) g(5,9= AT o0 =[ [BilXeai)

1—
veZ (1-4,7°) ves

(1-gi9), forveZ }

and DP)(X,,q,°) = { [iec, (1 - (qv)ri(l_s)): forveZ

(2.9)  C(Xys)=

we can rewrite

_ Ll A U590, 1) 0)
s =[ Jeos =g, Tt mgm - GBS

veS veS

The precise relation between P5(X,q~°) and L(J,s) is given by (2.11).

Proposition 2.3. One has ord,_; Q,(s) = m and

oy e Qals) (m,-1)
(210) Q31 =tim = = | | | togan) ™~ [ i
veZ i€G,
Py (X,q7%) - -
1) (12(_01—1’1_5)2 = P/(B,q ™) Pi(B,q"™)-L(],s) - Qa(s).
Proof. Observe that (2.10) is elementary: for any positive integer r, one has
(1-s) r(1-s) 1-s
(g ) (=g ) (1-4)7) - (r-1)(1-5)
1 =1 . =lim(1 Sens -1 =r-l .
e (s—1) Jm (1-gi) (s—1) 51_1;1%( Ty Tt qu )-logq, =7-logq,
For each v € Z, this shows that
: PZ(XU’ q_s) _ m,
lim O T (log q,) L_G[ ri.
Therefore, we obtain that
By(Xy,q7) B(X,,97)
_l-s _1\my 10 my . . 1;.
1im—Q2(15)m = [ Juim 50 = [ Jtim :]_[(( gq”)l lies, 7\
=1 (s=1) veZ sl (s=1)m veZ sl —Sf”l veZ 08 v

6This proposition, first stated on Page 176 of [Gor79], has a typo in the formula for P, which is corrected in its restatement on
Page 193. We only need the part about P, (and this is elementary).
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We now prove (2.11). Simplifying the identity
P(X,q7°) - Pi(X,q")
(1-q7°)-Pa(X,q7) - (1-¢%7)
from (1.2) using (2.3), one obtains

Pi(Bq=)-P(Bg'™) 1 1 Qi)
P)(X,q7) (1-g17) (1-q'") Qa(s)’

Py (S,q7°) _ Pi(S,9') Qi(s)
(1-¢7)-(1-¢") (1-¢"7)-(1-¢>7) Qals)

=C(X,s) =

On reordering, this becomes

P(X,q7°) _ Pi(B,q*)-Pi(B,q'~*)- Qa(s)

(1-g'=)? Qi(s)
Let T;] be the {-adic Tate module of the Jacobian ] of X. For any v € S, the Kummer sequence on X and |
provides a Gal(F, " /F,)-equivariant isomorphism

Hel(X x5 Fo", Z(1) — Te] «— Ho (] x¢ Fy*, Ze(1)),
as J is a self-dual Abelian variety: this provides the isomorphisms
HelJ xp Fo™, Q) = H (X x5 Fy'*, Qp), - Hg(J xp Fo, Q)" = Hgy(X x5 Fy™", Q)"
From [Del80, Théoréme 3.6.1, pp.213-214] (the arithmetic case is in [Blo87, Lemma 1.2]), we obtain an
isomorphism
He(Xy Xi(w) k(v), Qe) — Hel(X x5 Fy™®, Q)"
The definition of L,(J, ) in (1.8) now 1mp11es that P, (X,,q,°) = L,(J,q,°) and hence Q¢(s)-L(J,s)=1. O

Proposition 2.4.
(i) ords1 P2(X,q7°) = p(X) if and only ifords_y L(],s) = .
(ii) One has

2
@12 P20 = P PB )LL) Q301 - log ) <i4)[da£ L(,1)- Q3(1)- (log g)%

Proof. As Py(B,q~°)- P;(B,q'~*) does not vanish at s = 1 by (2.4), it follows from (2.11) that
ords—y P»(X,q %) = 2 =ords=; L(J,s) + ords—y Qa(s).

Corollary 2.2 says p(X) = r +m + 2; (i) follows as ord;_; Q,(s) = m.
For (ii), use (2.4) and (2.11). i

2.5. Pairings on NS(X)
Our next task is to compute A(NS(X)).

Definition 2.5.

(i) Let Pic%(X() be the kernel of the degree map deg : Pic(X,) — Z; the order 6 of its cokernel is, by

definition, the index of X over F.

(i) Let a be the order of the cokernel of the natural map Pic%(Xy) < J(F).

(iii) Let H (horizontal divisor on X) be the Zariski closure in X of a divisor d on X, rational over F, of
degree 9.

(iv) The (vertical) divisor V on X is 77! (s) for a divisor s of degree one on S. Such a divisor s exists as k
is a finite field and so the index of the curve S over k is one. Writing s = ) 4,v; as a sum of closed
points v; on S gives V =Y a;70 ! (v;). Note that V generates 7" NS(S) € NS(X).
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Remark. The definitions show that the intersections of the divisor classes H and V in NS(X) are given by
(2.13) H-V=6=V-H and V-V =0.

Also, since 7w : X — S is a flat map between smooth schemes, the map 7* : CH(S) — CH(X) on Chow
groups is compatible with intersection of cycles. Since V = 7t*(s) and the intersection s-s =0 in CH(S), one
has V-V =0.

Let NS(X)o = (7*NS(S))*; as V generates 70" NS(S), we see that NS(X), is the subgroup of divisor

classes Y such that Y - X,, = 0 for any fiber 777! (v) = X,, of 7t; let Pic(X), be the inverse image of NS(X),

under the projection Pic(X) — NS(X) = P;‘C((k?;)

Lemma 2.6. NS(X) is the subgroup of NS(X) generated by divisor classes whose restriction to X is trivial.

Proof. We need to show that NS(X), is equal to K := Ker(NS(X) — NS(Xj)). If D is a vertical divisor
(m(D) C S is finite), then D is clearly in K; by [Liu02, §9.1, Proposition 1.21], D is in NS(X),.

If D has no vertical components, then D -V = deg(Dg). To see this, clearly we may assume D is reduced
and irreducible (integral) and so flat over S. So Op is locally free over Og of constant degree 7 since S is
connected. But then deg(Dy) is equal to n as is the integer D - V. O

Lemma 2.7. Let us denote x)

Pic(X)g

R=@®R d E=Bk)\NRC ———.
o (k) 77 Pic(S)

One has the exact sequences

PIC(X)O

7* Pic(S)

. .0
R N NS(X)O Pic (Xo)

0—R— — Pic’(Xy) — 0, and

(2.14) 0= F—~wns©) — Bhye
Proof. Lemma 2.6 shows that R C S;ﬁi?). As A(k) is the kernel of the map Pic(X) — NS(X), it follows that
A(k) c Pic(X)g. Thus, B(k) is a subgroup of %
The first exact sequence follows from Lemma 2.6; the second one follows from Corollary 2.2 (i). U
Lemma 2.8. One has the equality
o i) B0 a1 - [ ] ),

Proof. The exact sequence (2.14) splits orthogonally over Q: for any divisor ¥ representing an element of
Pic(Xj), consider its Zariski closure ¥ in X. Since the intersection pairing on R, is negative-definite [Liu02,
§9.1, Theorem 1.23], the linear map R, — Z defined by  +— 8 - 7 is represented by a unique element

NS(X),
P, (y)€ER, ®QC WS(S)@)Q'

Thus, the element
7i=7-) t(y)
veZ
is good in the sense of [Gor79, §5, p. 185]: by construction, the divisor 7 on X intersects every irreducible
component of every fiber of 7t with multiplicity zero. Fix ¥, x € Pic®(Xy): viewing them as elements of J(F),

one computes their Neron-Tate pairing (1.9); also, one can compute the height pairing of 7 and & in NS(X).
These two are related by the identity [Tat66, p. 429] [LLR18, Remark 3.11]

<7/1 K>NT = —<77; 7€>ar = _(77 ’ 72) : log qg.
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This says that

(2.15) Aar (Pic®(Xo)) = Anr (Pic®(Xo)).
The map
. 0 NS(X)g :
Pic (X0)®Q—>WS(S)®Q: yey

provides an orthogonal splitting of (2.14) (over Q). So
NS(X) |51, (Pic’(Xo)| (5)_ [B(k))?
T\ NS(S))  *\ B(k)/E ME) e
(2.15)

+Aqr (Pic%(Xp)) - € Agr(R)

[B(k)]” - At (Pic®(Xo)) - Aar(R)

where e = [E] as the size of E. As

(2.16) Ant(Pic®(Xo)) = a® - Axt(J(F) - andAgr(R) = [ | Aur(R,),
veZ

this proves the lemma. U

With Lemma 2.8 at hand we are almost ready to compute A, (NS(X)). As the intersection pairing on

NS(X) is not definite (Hodge index theorem), we cannot apply (1.5). Instead, we use a variant of a lemma of
Z. Yun [Yunl5].

2.5.1. A lemma of Yun.— Given a non-degenerate symmetric bilinear pairing A x A — Z on a finitely
generated Abelian group A, an isotropic subgroup T', a subgroup I’ containing ' and with finite index in I't,
let Ay = 1% We recall from §1.4 that A(A) = z(D)™! where D := A — RHom(A,Z) and A(A) = z(Dy) ™"
where Dy := Ay — RHom(A(,Z). Let A be the discriminant of the induced non-degenerate pairing
I'x 1% - 7Z:

1 1 A A
A= ——=—, :=T - RHom|—,Z|, d C’:= = — RHom([,Z).
20~ =) C — om(r, ) and C o~ om([',Z)

Lemma 2.9 (¢f. [Yunl5, Lemma 2.12]). One has A(A) = A(Ag) - A2
Proof. Applying (1.6) to the maps of triangles
s> A

|

4,2Z) — RHom(A,Z) —— RHom(I",Z) — RHom(#,Z)[1]

~

— >
—

¢ —

RHom

—

rl)
and
I’ VA v A N
T > T Sy >l
RHom (¥, Z) —— RHom(I”,Z) —— RHom(T,Z) — RHom (%, Z)[1]
shows that z(D)-z(C)~! = z(Dy) - z(C’). O

We can finally compute A, (NS(X)).

Proposition 2.10. The following relations hold

. NS(X)o _s NS(X)o
Aar(NS(X))_02~Aar(m)~(logq)2 and A(NS(X))_02~A(K*NS(S)).
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Proof Let Z =T = 1*NS(S) C NS(X) = A with I’ = NS(X)o and Ag = fi‘é‘(?) Lemma 2.6 implies that
A NS(X) NS(X)
— = =7 d C=T'->H AR
T’ ~ NS(X)g an - Om(NS(X)O
with C as in Lemma 2.9. Now (2.13) shows that 77" NS(S) is isotropic and A = 6. The result follows from
Lemma 2.9. U

Combining the previous proposition with Lemma 2.8 provides the identity
(2.17) Aar(NS(X)) = 0% - [B(k)]* - @’ - Anr (] (F)) - ]_[ Aar(Ry)- (logg)*.
veZ

For v € S, we put 9, and 9,, for the (local) index and period of X x F,, over the local field F,.
Theorem 2.11. [Gei20, Theorem 1.1] Assume that Br(X) is finite. The following equality holds:
(2.18) [Br(X)]a26? = [I1I(J/F)] ]_[ 5.8,.

veS
Remark 2.12. Note that for v € U, one has 0, =1 = 9, [LLRI18, p. 603], [FS21, (74)] (for o, = 1), [Gro68,
Proposition (4.1) (a)] (0, divides 0,); the basic reason is that if v € U, then X, has a rational divisor of degree

one as k(v) is finite; this divisor lifts to a rational divisor of degree one on X x F, by smoothness of X,,.
Also, ¢, =1 [BLR90, Theorem 1, §9.5 p. 264]. So c(J) :=[],cg ¢, satisfies

(2.19) c(J) = ]_[c,,.
vezZ
Lemma 2.13. One has
(2:20) () Q) = 808, Aar(Ry).
veZ

Proof. By a result of Flach and Siebel [FS21, Lemma 17] (using Raynaud’s theorem [Gor79, Theorem 5.2] in
[BL99]), one has

c -
Au(Ry) = =5 - (logg,)™ - | |7
v i€G,

So we find that

I_lév ' 67’/ : Aar(Rv) = l_[[cv : (log%)m”_l : H TZ'] = I_[Cv . I_[[(log qv)mv_l . I_[ 71‘]
veZ veZ i€G, veZ veZ i€G,

LD - [ [(log%)mv_l 1 ri] 22 ey Q3(1).

veZ ieG,

3. First proof of Theorem 1.1

Proof of Theorem 1.1. By (2.17) and (2.20), we have
a?s?

Aar(NS(X)) = Mocy 5,5,

-Ant(J(F))-c(]) - [B(R)]? - Q3(1) - (log 9)*.
From Theorem 2.11, we have

[Br(X)]- Aar(NS(X)) = [LLL(J/F)] - Axt(J (F)) - () - [B(K)]* - Q3(1) - (log 9)*.
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Further with (2.5), we obtain

[Br(X)] Agr(NS(X)) - g*X) = [ILL(J/F)] - ANt (J(F)) - () - g** M T) L [B(k)]? - Q5(1) - g~ 4™B) . (log q)*.
On the other hand, recall (2.12)

PE(X,%)ZL*(M)'[ 0P Q3(1) - g~9mB) . (logg)?.

The ratio of the previous two equalities gives

Py (X, ) B L(,1)
[Br(X)]- Agr(NS(X)) - q~¢X) ™~ [ILL(J/F)] - Anr(J(F)) - c(J) - g¥(S Lie D)’
This equality implies Theorem 1.1. 0

4. Second proof of Theorem 1.1

We will give another more direct proof of Theorem 1.1 using Weil-étale cohomology. We refer the reader
to [Lic05, Gei04, GS20] for basics about Weil-étale cohomology over finite fields. Throughout this section,
we assume that Br(X) (and hence III(J/F)) is finite.

4.1. Setup

Let C € D(T,) be an object of the bounded derived category of sheaves of Abelian groups on the small
étale site T, Let D € Db(FDVectk) be an object of the bounded derived category of finite-dimensional vector
spaces over k. Assume that the Weil-étale cohomology Hy, (T, C) is finitely generated and the cohomology
sheaf H*(C ®L Z/1Z) is finite in all degrees for all prime numbers [{g. Let e: HIi/v(T' C)— H";l(T, C) be
the map defined by cup product with the arithmetic Frobenius € H‘}V(T,Z). It defines a complex

.- Hiy(T,C) =5 HiF YT, C)

with finite cohomology. Set Cq, = R&iLnn(C el z/1"z) ®z, Q;, whose cohomologies are finite-dimensional

vector spaces over QQ; (by the finiteness of H*(C F Z/1Z)) equipped with an action of the geometric
Frobenius ¢ of k. Define

z+1

Z(C,t) Hdet 1-t|H'(Cg,)) ™",

p(C) = Z(—l)f+1 .j-rank H}, (T, C),
j
xw(C)=x(Hy(T,C),e), and
x(D) = Z(—w’ dim H/(D).
j
Assume that Z(C, t) € Q(t) and is independent of /. Define Q(C,D) € Q%, x (1 - t)Z to be the leading term
of the (1 —t)-adic expansion of the function
A £)P(C)
— xw(C)gx D)

(the sign is the one that makes the coefficient positive). It is the defect of a zeta value formula of the form

lim Z(C, #)(1 - 1P = 2x (C)g¥ P,
t—
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We mention Q(C, D) only when Hy, (T, C) is finitely generated, H*(C ®L' Z/1Z) is finite and Z(C, t) € Q(t)
is independent of I. These conditions are satisfied for the cases of interest below. We have

Q(C[1],D[1]) = Q(C, D).
If (C,D), (C’,D’) and (C”,D"”) are pairs as above, and C - C’ — C” — C[1] and D - D’ - D” — D[1]
are distinguished triangles, then Q(C’,D’) = Q(C,D)Q(C”,D”).
4.2. Special cases

We give two special cases of the above constructions. First, let 7ty : X4y — T be the structure morphism.
Let Py (X, 1)(1 - t)PX)" be the leading term of the (1 — t)-adic expansion of P,(X, t/q).

Proposition 4.1. Let (C,D) = (R ,G,,[-1], RT(X,Ox)). Then H(C®"Z/1Z) is finite, Hy,, (T, C) is finitely
generated, Z(C,q7°) =C(X,s+1) and
P2(X,1)- (1 —t)PX)=p(X)
ooyt - B0 |
[Br(X)]- ANS(X)) - =)
In particular, the statement Q(C,D) =1 is equivalent to Conjecture 1.2.

Proof. We have Hy,, (T, C) = Hy,, (X, G,,[-1]) = Hy,, (X, Z(1)). The finiteness assumption on Br(X) implies
the Tate conjecture for divisors on X and hence the finite generation of Hy, (X, Z(1)) by [Gei04, Theorems 8.4
and 9.3]. The object C ®* Z/1Z = Rmx Z/1Z(1) € DY(Ty) is constructible and hence its cohomologies
are finite. We have Hi(CQl) = Rinx,*Ql(l), which is the vector space Hy, (X xj k,Q;(1)) equipped with the
natural Frobenius action. It follows that Z(C,q~°) = C(X,s + 1).

We calculate Q(C, D)™!. By (1.2), (2.3) and (2.4), the leading term of the (1 — t)-adic expansion of Z(C, )
is
_ [AK))?

Py(X,1)-(q-1)?-qdimA=t- (1 - 1)p%)

By [Gei04, Theorems 7.5 and 9.1], we have

xw(C) =] [(Hiy(X, Z(1))er) - R,

1

(4.)

where R is the determinant of the pairing

_ - d
H2,(X,Z(1)) x H3(X, Z(1)) = HE, (X, Z(2)) — HA(X x k, Z(2)) = CH2(X x k) =5 Z.
We have Hyy,(X,Z(1)) = 0 for n> 5 by [Gei04, Theorem 7.3] and for n < 1 obviously. Also
Hy (X, Z(1)) =k*, Hy(X,Z(1))=Pic(X), and H; (X, Z(1))ir = Br(X)

by [Gei04, Proposition 7.4 (c) and (d)]. By [Geil8, Remark 3.3], the group Hxi/v(X;Z(l))tor is Pontryagin dual
to H!?V_ "(X,Z(1))tor for any i. The above pairing defining R can be identified with the intersection pairing
Pic(X) x Pic(X) — Z. Thus, with (2.1), we have

[A(K)P?
[Br(X)]- A(NS(X))-(9-1)*

Since the rank of HéV(X,Z(l)) is p(X) for i = 2,3 and zero otherwise by [Gei04, Proposition 7.4 (c) and (d)],

we have

(4.3) p(C) = p(X).
Combining (1.3), (4.1), (4.2) and (4.3), we get the desired formula for Q(C,D)_l. ]

(4.2) xw(C) =
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Next, let 7tg: Sgy — Ty be the structure morphism. Let L°(J,1)(1 — q_s)r’ be the leading term of the
(1 —g~%)-adic expansion of L(J,s+1). Let A(J(F)) be the discriminant of the pairing (y,x) > (y, k)n1/l0gq
on J(F).
Proposition 4.2. Let (C,D) = (R, J[-1],R[(S,Lie J)). Then H*(C ®" Z/1Z) is finite, Hy,(T,C) is
finitely generated, Z(C,q°) = L(J,s+ 1) and

Lo(J,1)-(1-)"

C,D - f .
“ ) [ILL(J/F)]- A(J(F)) - c(J) - gx(S:Lie T)

In particular, the statement Q(C,D) =1 is equivalent to Conjecture 1.3.

Proof. We have Hy,,(T,C) = Hyy, 1(S, 7). The finiteness assumption of ITI(J/F) implies the finite generation of
H;, (S, J) by [GS20, Proposition 6.4]. We have C®"Z/IZ = Rr5 .(J®"Z/1Z)[-1]. By the paragraph before
the proof of [GS20, Proposition 9.2] and the first displayed equation in the proof of [GS20, Proposition 9.2],
we know that J ®" Z/IZ € D"(S,,) is constructible. Hence H*(C ®" Z/IZ) is finite. We also have
Hi(CQI) = RiT(S'*VI(j) (where V) denotes the [-adic Tate modules tensored with Q;), which is the vector
space Hét(S xx k, Vi(J)) equipped with the natural Frobenius action. Hence we have Z(C,q~%) = L(J,s + 1)
by [Sch82, Satz 1]. We have

xw(C) = [LL(J/F)]- A(J(F))-c(])
by [GS20, Proposition 8.3]. By [GS20, Proposition 7.1], the rank of H{,V(S,j) is r for i = 0,1 and zero
otherwise. Hence p(C) = —r. The formula for Q(C, D) follows. O

4.3. Comparison

Now Theorem 1.1 follows from the following

Proposition 4.3. One has
Q(Rrtx .G [-1], RT(X, O0x)) ™" = Q(Rrs . T [-1], RT(S, Lie J)).

Proof We have Ri7,G,, = 0 over Sg; for all i > 2 by [Gro68, Corollaire (3.2)]. Hence we have a distinguished
triangle
RT(S’*Gm — RT(X,*Gm — RT(S’* PiCX/S[—l] — Rﬂs,*Gm[l]
in D(Ty).” Similarly, we have a distinguished triangle
RI(S,04) — RT(X,0x) —> RI(S,R'1,0x)[-1] — RT(S,O04)[1].

We have Q(Rms .G,,[-1],RI(S,0s)) = 1 by the class number formula ([Gei04, Theorems 9.1 and 9.3], or
[Lic05, Theorems 5.4 and 7.4] and the functional equation). Therefore

(4.4) Q(R7tx «G,p[-1], RT(X,0x)) ™' = Q(Rrts , Picx/s[~1], RT(S, R1 1t,0x)).

For a closed point v € S, let 1,,: Speck(v) < S be the inclusion. For any i € G,, let k(v); be the algebraic
closure of k(v) in the function field of I}. Let 1, ;: Spec k(v); — S be the natural morphism. Set

L
zeG VZ*
E @

L
veZ v, *

Let j: SpecF <= S be the inclusion. Then we have a natural exact sequence

0 — E — Picx/s — j.Picx p — 0

"Here Pic x/s = R17,G,, is only an étale sheaf. The fppf sheaf denoted by the same symbol is not an algebraic space in general.
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over Sg by [Gro68, Equations (4.10 bis) and (4.21)] (where the assumption [Gro68, Equation (4.13)] is satisfied
since k(v) is finite and hence perfect for all closed v € S). Therefore we have a distinguished triangle

Rmg .E — Rrtg  Picxs — R .j. Picx,/p — Rs E[1].

Since E is skyscraper, we have Q(Rmg.E,0) = 1 by [GS21, Theorem 3.1] (Step 3 of the proof is sufficient).
Therefore

(4.5) Q(Rm , Picy/s[-1],RT(S,R' t,0x)) = Q(Rms . j, Picx,/r[-1], RT(S, R 11,0x)).

Applying j. to the exact sequence

0— ] —Picxyr—2Z—0
over Spec Fg;, we obtain an exact sequence
0—J — j.Picxr—2Z
over Sgi. Let I be the image of the last morphism, so that we have an exact sequence
0—J — j.Picxyp —1—0.

Then we have distinguished triangles

Rmg .J — Rmg .j. Picx,sp — Rmg ] — Rmg , J[1], and
R’]Tsl*I — RT(S’*Z — RTZSI*(Z/I) — RTZS’*I[:[].

We have Q(Rmg.Z,0) =1 again by the class number formula ([Gei04, Theorems 9.1 and 9.2] or [Lic05,
Theorem 7.4]). Since Z/I is skyscraper with finite stalks, we have Q(Rmg .(Z/I),0) = 1 by [GS21, Theorem 3.1]
(Step 2 of the proof is sufficient). Therefore

(46) Q(Rrs .j. Picx,/[-1], RT(S, R' 72,0x)) = Q(Rrcs . T[~1], RT(S, R 7.0x).

The complexes RI'(S,R!7,0x) and RT(S,Lie J) have the same Euler characteristic by (2.15). Hence

4.7) Q(R7s . J[-1],RT(S,R'11,0x)) = Q(Rms . J[~1], RT(S, Lie J)).

Combining (4.4)—(4.7), we get the desired equality. O

4.4. A new proof of Geisser’s formula

The above proposition, combined with the results of the previous sections, also gives a new proof of

Theorem 2.11 as follows.

Proof of Theorem 2.71. By Proposition 4.3, we have
Py (X,1) _ L°(J,1)
[Br(X)]- ANS(X))-q~*X)  [III(J/F)]- A(J(F))- c(]) - gX(S:Lie T)”

By (2.12), we have

P (X,1)=L°(,1)-q~ "™ P [B(R)]* - Q3(1),
where Q3(1) is the leading coefficient of the (1 —g7*)-adic expansion of Q,(s+ 1). By (2.17) and (2.20), we
have

AINS(X) = == AT(F)-<l))- (B~ Q3(1)
(NS = o, AU U BT @athy
By (2.5), we have
q—a(X) — q)((S,Lie J) . q—dimB'

Taking a suitable alternating product of these four equalities, we obtain (2.18). U
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