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Tropicalization of the universal Jacobian
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Abstract. In this article we provide a stack-theoretic framework to study the universal tropical
Jacobian over the moduli space of tropical curves. We develop two approaches to the process of
tropicalization of the universal compactified Jacobian over the moduli space of curves – one from a
logarithmic and the other from a non-Archimedean analytic point of view. The central result from
both points of view is that the tropicalization of the universal compactified Jacobian is the universal
tropical Jacobian and that the tropicalization maps in each of the two contexts are compatible
with the tautological morphisms. In a sequel we will use the techniques developed here to provide
explicit polyhedral models for the logarithmic Picard variety.
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1. Introduction

The universal Jacobian Jg,n over Mg,n is the algebraic stack parametrizing pairs (X,L) consisting of
a smooth (projective and irreducible) curve X of genus g with n marked (pairwise distinct) points and a
line bundle L on X. The stack Jg,n is smooth and it has a decomposition into connected components
Jg,n =

∐
d∈ZJg,n,d , according to the degree d of the line bundles we are parametrizing. The rigidification

Jg,n(Gm by the multiplicative group, that acts as scalar multiplication on line bundles, is representable over
Mg,n (and hence a DM=Deligne-Mumford stack). All of its connected components Jg,n,d(Gm are proper

overMg,n with fiber over a geometric point X ∈Mg,n being the degree-d Jacobian JdX of X.

The most naïve extension of Jg,n to the Deligne-Mumford compactificationMg,n ⊂Mg,n as a relative
Jacobian is unfortunately neither universally closed (as some line bundles may not have any limit in a stable
degeneration) nor separated (as some line bundles may have different limits in a stable degeneration).

Following [Cap94, Cap08] (see also [Cor89] for the moduli space of spin curves), one can resolve the first
problem by allowing for extra rational destabilizing components on stable degenerations of X. More precisely,
we define the compactified universal Jacobian J g,n as the algebraic stack parametrizing pairs (X,L) consisting
of a quasi-stable curve X of type (g,n), i.e. an n-pointed genus-g semistable curve whose destabilizing
(or exceptional) components are isolated, and a line bundle L on X which is admissible, i.e. it has degree
one on every destabilizing component of X (see Definition 3.1). The compactified universal Jacobian J g,n
decomposes as well into smooth connected components J g,n =

∐
d∈ZJ g,n,d , according to the degree of the

line bundles, each containing Jg,n,d as dense and open substack with normal crossing boundary. Moreover,

the compactified universal Jacobian J g,n is endowed with a forgetful-stabilization morphism that satisfies
the existence part of the valuative criterion for properness (although it is not universally closed since it is not
quasi-compact)

Φ : J g,n −→Mg,n

(X,L) 7−→ Xst,

where Xst is the stabilization of X. The DM locus of the rigidification J g,n(Gm is the image of the open

and dense subset J spl
g,n ⊂ J g,n parametrizing pairs (X,L) such that X is simple, i.e. such that X remains

connected when we remove the destabilizing rational components.
However, the rigidification J g,n(Gm is not separated nor are its connected components of finite type over

Mg,n. A classical idea to resolve this issue (that can be traced back to [OS79] in the case of a single curve) is
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to require the pair (X,L) to be semistable with respect to a universal stability condition φ of type (g,n) in the
sense of [KP19] (also see [Mel15] for an equivalent notion), see Definition 2.3. Denote by J g,n(φ) the open

substack of J g,n that parametrizes pairs (X,L) for which L is φ-semistable, see (3.2) and Definition 2.5. The

stack J g,n(φ) is of finite type and universally closed overMg,n and its Gm-rigidification J g,n(φ)(Gm is a
proper DM stack if and only if φ is a general stability condition, see Definition 2.5. The space Vg,n of all
the universal stability conditions of type (g,n) as well as its wall and chamber decomposition that determine
the variation of the open substacks J g,n(φ) ⊂ J g,n have been explicitly described by Kass-Pagani in [KP19,
Theorems 1 and 2].

We refer to Section 3 for a more detailed account on the properties of J g,n, as well as for a description of

the toroidal stratification of Jg,n ⊂ J g,n (see §3.1) and of its category of strata (see §3.2).

The first goal of this article is to construct a tropical analogue J trop
g,n of the compactified universal Jacobian

J g,n, which we call the tropical universal Jacobian (an object that was first envisioned in [Len14]). Following

the framework of [CCUW20], we define J trop
g,n as the category fibered in groupoids over the category RPC

of rational polyhedral cones whose fiber over σ ∈ RPC is the groupoid of pairs (Γ /σ ,D), where Γ /σ is a
quasi-stable tropical curve over σ of type (g,n) and D is an admissible divisor on the underlying graph G(Γ )
of Γ , see Definition 2.14. The category J trop

g,n comes equipped with a (forgetful-stabilization) morphism of
categories fibered in groupoids

Φtrop : J trop
g,n −→M

trop
g,n

(Γ /σ ,D) 7−→ (Γ /σ )st,

where (Γ /σ )st = (Γ st/σ ) is the stabilization of Γ /σ , see Definition 2.15. In Theorem 2.16, we show that J trop
g,n

is a cone stack and that Φtrop is a morphism of cone stacks, in the sense of [CCUW20, §2.1]. Moreover,

J trop
g,n admits the cone substacks J trop

g,n,d (resp. J trop,spl
g,n , resp. J trop

g,n (φ) for any φ ∈ Vg,n) parametrizing pairs
(Γ /σ ,D) such that degD = d (resp. G(Γ ) is simple in the sense of Definition 2.2, resp. D is φ-semistable in
the sense of Definition 2.5(2)).

Our main goal is to justify the following expectation:

Motto. The tropical universal Jacobian J trop
g,n is the tropicalization of J g,n in a way compatible with

• the forgetful-stabilization morphisms Φtrop and Φ ,
• the restriction to the connected components J trop

g,n,d and J g,n,d for any d ∈Z,

• the restriction to the simple loci J trop,spl
g,n and J spl

g,n ,

• the restriction to the φ-semistable loci J trop
g,n (φ) and J g,n(φ) for φ ∈ Vg,n.

There are two frameworks in which the above Motto can be translated into a precise Theorem: the
first framework is logarithmic geometry, and the second one is non-Archimedean analytic geometry (à la
Berkovich). In the non-Archimedean analytic framework, a part of this Motto involving special types of
stability conditions has already been realized in [AP20] (see Theorem B below and the discussion right after).
In the logarithmic framework, and in the non-Archimedean one in the absence of stability conditions, our
results appear to be new.

1.1. The logarithmic perspective

In the framework of logarithmic geometry, we compare two stacks over the category LSch of logarithmic
schemes (fine, saturated and locally of finite type over a base field k) that are constructed from J g,n and

J trop
g,n .

The first stack is the logarithmic universal Jacobian J log
g,n parametrizing pairs (X→ S,L) consisting of a

quasi-stable logarithmic curve X→ S of type (g,n) and an admissible line bundle L on X, see Definition 4.1.
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In Proposition 4.3, we prove that J log
g,n is representable by the logarithmic algebraic stack (J g,n,M∂J g,n),

where M∂J g,n is the divisorial logarithmic structure on J g,n associated to the normal crossing divisor ∂J g,n.

In particular, the algebraic stack J log
g,n underlying J log

g,n is the compactified universal Jacobian J g,n and
hence we have a natural morphism of logarithmic algebraic stacks

ΥJ log
g,n

: J log
g,n −→J g,n =

(
J g,n,O∗J g,n

)
,

(X→ S,L) 7−→ (X→ S,L).

Moreover, J log
g,n admits open logarithmic algebraic substacks J log

g,n,d (resp. J log,spl
g,n , resp. J log

g,n (φ) for any
φ ∈ Vg,n) parametrizing pairs (X → S,L) such that L has relative degree d (resp. X → S is a family of
simple quasi-stable curves, resp. L is relatively φ-semistable).

The second stack is the tropical universal Jacobian over LSch, denoted by J̃ trop
g,n , whose fiber over S ∈ LSch

is the groupoid whose objects consists of a pair (Γs/MS,s,Ds) for each geometric point s of S , where Γs/MS,s

is a quasi-stable tropical curve over the monoid MS,s of type (g,n) and Ds is an admissible divisor on G(Γs),
subject to a natural compatibility relation with respect to étale specializations of geometric points of S , see
Definition 4.5. In Proposition 4.6, we prove that J̃ trop

g,n is the Artin fan (hence in particular a logarithmic

algebraic stack) associated to the cone stack J trop
g,n under the natural equivalence of 2-categories between

cone stacks and Artin fans over k (see [CCUW20, Theorem 6.11]).
Recall now that in logarithmic geometry the tropicalization of a logarithmic algebraic stack X is meant

to be the Artin fan AX with faithful monodromy together with the natural strict morphism of logarithmic
algebraic stacks (that we baptize the functorial logarithmic tropicalization morphism of X )

tropX : X −→AX
that is initial among all strict morphisms to an Artin fan with faithful monodromy (see [ACMW17, Proposi-
tion 3.2.1]).

The relation between the above two stacks over LSch is summarized in the next Theorem (see Theorem
4.10 for a more precise version).

Theorem A.

(1) There is a canonical isomorphism of Artin fans AJ log
g,n
�AJ̃ trop

g,n
under which we have a factorization

(1.1) tropJ log
g,n

: J log
g,n

�trop
J logg,n

−−−−−−−→ J̃ trop
g,n

trop
J̃ trop
g,n

−−−−−−−−→AJ̃ trop
g,n

�AJ log
g,n
,

where the map �tropJ log
g,n
(that we baptize the modular logarithmic tropicalization map) has a modular

description (see Definition 4.9) and it is strict, smooth and surjective.
Moreover, the diagram (1.1) commutes, via the suitable forgetful-stabilization morphisms, with the

analogous diagram forMg,n established in [CCUW20] and [Uli19].
(2) The two morphisms of logarithmic algebraic stacks

(1.2) J g,n J log
g,n

Υ
J logg,noo

�trop
J logg,n // J̃ trop

g,n

are compatible with the toroidal stratification (3.6) of J g,n and the stratification (4.7) of J̃ trop
g,n as an

Artin fan.

Moreover, the diagram (1.2) is compatible with the restrictions to J g,n,d , J
spl
g,n and J g,n(φ) for any

universal stability condition φ ∈ Vg,n.
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1.2. The non-Archimedean perspective

In the framework of non-archimedean analytic geometry, we compare two topological spaces that are
constructed from J g,n and J trop

g,n (over k = k on which we put the trivial valuation).

The first topological space is the topological space underlying the beth-analytification J i

g,n of J g,n and it
admits the following description

|J i

g,n| :=
{
SpecR→J g,n

}
/ ∼,

where R varies among all the rank-1 valuation rings containing k and the equivalence relation ∼ is defined
as follows: we say that SpecR→X is equivalent to SpecR′ →X if there exists another rank-1 valuation
ring R′′ containing both R and R′ , and such that the two natural morphisms SpecR′′→ SpecR→X and
SpecR′′→ SpecR′→X coincide.

The topological space
∣∣∣J i

g,n

∣∣∣ admits an anticontinuous surjective reduction map to the topological space∣∣∣J g,n∣∣∣ underlying the stack J g,n which is defined by

redJ g,n :
∣∣∣J i

g,n

∣∣∣ −→ ∣∣∣J g,n∣∣∣[
SpecR→J g,n

]
7−→

[
SpecR/mR→ SpecR→J g,n

]
,

where mR is the maximal ideal of R.
The second topological space is the generalized cone complex J

trop
g,n associated to J trop

g,n (in the sense of

[ACP15]). As a topological space J
trop
g,n parametrizes isomorphism classes of pairs consisting of a tropical

curve Γ of type (g,n) and an admissible divisor D on the underlying graph of Γ . Its canonical compactification

J
trop
g,n parametrizes pairs consisting of an extended tropical curve (see Definition 5.4) and an admissible

divisor D on the underlying graph G(Γ ). In Definition 5.5, J
trop
g,n and J

trop
g,n as the colimits

J
trop
g,n = lim−−→

(G,D)∈QDivg,n

R
E(G)
≥0 ⊂ J

trop
g,n = lim−−→

(G,D)∈QDivg,n

(
R≥0 ∪ {+∞}

)E(G)
,

where the diagram of topological spaces comes from the description of J trop
g,n as a combinatorial cone

stack, see Theorem 2.16(i). Moreover, J
trop
g,n admits generalized cone subcomplexes J

trop
g,n,d (resp. J

trop,spl
g,n , resp.

J
trop
g,n (φ) for any φ ∈ Vg,n) parametrizing pairs (Γ ,D) such that degD = d (resp. G(Γ )) is simple, resp. D is

φ-semistable). And similarly for their compactifications inside J
trop
g,n .

Recall now that in non-archimedean geometry, the tropicalization of a toroidal embedding of Artin
stacks (U ⊂ X ) (or more generally a logarithmic algebraic stack) is meant to be a generalized cone complex
Σ(X ), and its natural compactification Σ(X ) which is a generalized extended cone complex, together with a
surjective proper continuous map (that we baptise functorial analytic tropicalization) tropan

X : |Xi| → Σ(X )
which is functorial with respect to locally toric morphisms, see [ACP15] and [Uli19].

The relation between the above two topological spaces is summarized in the next Theorem (see Theorem
5.9 for a more precise version).

Theorem B.

(1) There are canonical isomorphisms ΨJ g,n : Σ(J g,n)
�−→ J

trop
g,n and Ψ J g,n : Σ(J g,n)

�−→ J
trop
g,n of, respectively,

generalized cone complexes and generalized extended cone complexes, in such a way that the map (that we
baptise the modular analytic tropicalization map)

(1.3) �tropan
J g,n = Ψ J g,n ◦ tropJ g,n :

∣∣∣J i

g,n

∣∣∣ tropan
J g,n

−−−−−−−→ Σ(J g,n)
Ψ J g,n
−−−−−→
�

J
trop
g,n

has a modular description (see Definition 5.8 ).
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Moreover, the diagram (1.3) commutes, via the suitable forgetful-stabilization morphisms, with the
analogous diagram forMg,n established in [ACP15].

(2) The two maps

(1.4)
∣∣∣J g,n∣∣∣ ∣∣∣J i

g,n

∣∣∣redJ g,noo
�tropan

J g,n // J
trop
g,n

are compatible with the toroidal stratification (3.6) of J g,n and the stratification (5.16) of J
trop
g,n as a

generalized extended cone complex.

Moreover, the diagram (1.4) is compatible with the restrictions to J g,n,d , J
spl
g,n and J g,n(φ) for any

universal stability condition φ ∈ Vg,n.

Theorem B contains as a special case the main result of [AP20]: when n = 1 and φ ∈ Vg,1 is a suitable

perturbation of the canonical stability condition (which is then general), J g,1(φ) is isomorphic (up to

Gm-rigidification) to the Esteves’ compactified universal Jacobian stack J φ,g of loc. cit. (see Remark 3.2
below) and so Theorem B states that the non-Archimedean skeleton of Esteves’ compactified universal

Jacobian J φ,g can be identified with J
trop
g,1 (φ) (which can be shown to be isomorphic to the generalized

extended cone complex J
trop
φ,g constructed in loc. cit.) making the natural diagram of tropicalization maps

commute, which is exactly [AP20, Theorem 6.9](1). We believe that one advantage of our approach, with

respect to the one of [AP20], is that the spaces J
trop
g,n (φ), as φ varies in Vg,n, are constructed as generalized

extended cone sub-complexes of J
trop
g,n , which should be useful in order to study tropical wall-crossing

phenomena (similar to [KP19]).

1.3. Fibers of the forgetful-stabilization morphism

In the last Section of the paper we study the fibers of the forgetful-stabilization morphism of cone stacks
Φtrop : J trop

g,n →M
trop
g,n and of its realization as morphism of topological stacks

∣∣∣Φtrop
∣∣∣ : ∣∣∣J trop

g,n

∣∣∣→ ∣∣∣Mtrop
g,n

∣∣∣.
See Theorems 6.2, 6.4, 6.5 in Section 6.2.

Theorem C.

(1) The fiber of the forgetful-stabilization morphism of cone stacks Φtrop : J trop
g,n →M

trop
g,n over a stable

tropical curve Γ /σ ∈Mtrop
g,n (σ ) is the Jacobian cone space Jac

Γ /σ that we construct in Definition 6.1.

Moreover, a similar result is true for the restriction of Φtrop to the cone substacks J trop
g,n,d , J

trop,spl
g,n and

J trop
g,n (φ) for any φ ∈ Vg,n.

(2) Let Γ be a stable tropical curve of type (g,n) with real edge lengths.
(i) The fiber of the forgetful-stabilization morphism of topological stacks

∣∣∣Φtrop
∣∣∣ : ∣∣∣J trop

g,n

∣∣∣→ ∣∣∣Mtrop
g,n

∣∣∣ over
Γ is the Jacobian topological space Jac

Γ
that we construct in Definition 6.3.

Moreover, a similar result is true for the restriction of
∣∣∣Φtrop

∣∣∣ to the topological substacks ∣∣∣J trop
g,n,d

∣∣∣,∣∣∣J trop,spl
g,n,(d)

∣∣∣ and ∣∣∣J trop
g,n (φ)

∣∣∣.
(ii) There exists a surjective degree preserving continuous map

α
Γ
: Jac

Γ
−→ Pic(Γ )

that restricts to an homeomorphism

α
Γ
(φ) : Jac

Γ
(φ)

�−−→ Pic|φ|(Γ ).

for any general universal stability condition φ ∈ Vg,n.
(1)However, it seems to us that [AP20, Theorem 6.9] should work, with small changes in the proof, for any n ≥ 1 and any general

universal stability condition φ ∈ Vg,n.
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It follows from the above Theorem that, for any general universal stability condition φ ∈ Vg,n, the fiber of
the forgetful-stabilization morphism of generalized cone complexes (see (5.13))

Φtrop : J tropg,n (φ) −→M
trop
g,n

over a point Γ ∈Mtrop
g,n is homeomorphic to Pic|φ|(Γ )/Aut(Γ ) (see Remark 6.8), thus recovering (and slightly

extending to our more general setting) the result of Abreu-Pacini [AP20, Theorem 5.14]. The advantage of
working with topological stacks as in Theorem C(2), rather than generalized cone complexes, is that we do
not have to quotient out by the automorphism group of Γ when describing the fiber of a point Γ .

1.4. A sequel on LogPic and TroPic

In [MW18] the authors have shown that in the category of logarithmic schemes (and stacks), there is a
unique minimal model of the universal logarithmic Jacobian that is not representable by an algebraic stack.
The study of this so-called universal logarithmic Picard variety LogP icg,n,d can be traced back to Illusie
[Ill94] and has subsequently received attention in [Kaj93, Ols04, Bel15, FRTU19]. The authors of [MW18]

also introduce the universal tropical Picard variety, which universally overMlog
g,n is denoted by T roP icg,n,d .

It parametrizes tropical curves together with a torsor over the sheaf of harmonic or linear functions on Γ of
degree d and it naturally arises as the tropicalization of LogP icg,n,d via a natural tropicalization morphism
LogP icg,n,d →T roP icg,n,d .

In the sequel to this article we carefully study the relationship between this construction and what we have
done in this article. The gist of this story is that, for a general universal stability condition φ ∈ Vg,n, the

cone stack J̃ trop
g,n (φ) defines a proper subdivision of the universal tropical Picard variety T roP icg,n,d . This

induces a logarithmic modification J log
g,n (φ)(Gm→LogP icg,n,d – effectively a blowup – by base change

along the tropicalization map. As an application, this approach allows one to readily relate the spaces
constructed here with Abel-Jacobi theory (see e.g. [MW20] and [AP21]). The perspective adopted in this
paper and the sequel is for instance crucial in ongoing work of Holmes, Pandharipande, Pixton, Schmitt,
and the second author regarding the double ramification cycle.
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2. The universal tropical Jacobian

2.1. Quasi-stable graphs

We will adopt the graph-theoretic terminology of [CCUW20, Section 3.1], which we now briefly recall. A
graph G is a triple (X(G), rG, iG) such that

• X(G) is a finite set;
• rG : X(G)→ X(G) is an idempotent map (called the root map);
• iG : X(G)→ X(G) is an involution whose fixed set contains the image of rG.

We recover the more familiar definition of graphs in the following way. The image of rG is the vertex set
V (G) of G. Its complement F(G) := X(G) \V (G) is the set of flags of G and the root map restricts to a map
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rG : F(G)→ V (G), which we think of as the map that sends a flag to the root from which it emanates. The
involution iG restricts to an involution on F(G): the fixed points of this involution are the legs L(G) of G, its
non fixed points are the half-edges H(G) of G. Hence we get that

X(G) = V (G)tH(G)tL(G),

the root map rG is the identity on V (G) and it restricts to a map

rG :H(G)tL(G)→ V (G),

the involution iG is the identity on V (G)tL(G) and it is fixed-point free on H(G). The quotient E(G) :=
H(G)/iG is the set of edges of G; explicitly, any edge e of G is equal to e = {h1,h2} with iG(h1) = h2 and we
say that the half-edges h1 and h2 belong to the edge e and that they are conjugate half-edges.

We will be dealing with n-marked vertex-weighted graphs G = (G,h,m), where h : V (G) → N is the

vertex-weight function (also called the genus function) and m : {1, . . . ,n} �−→ L(G) is a marking of the legs
L(G) of G. The genus of G = (G,h,m) is

g(G) = b1(G) +
∑

v∈V (G)

h(v).

A morphism π : G1 = (G1,h1,m1)→ G2 = (G2,h2,m2) of (n-marked vertex-weighted) graphs consists of
a function π : X(G1)→ X(G2) with the property that π ◦ rG1

= rG2
◦π and π ◦ iG1

= iG2
◦π, and which

moreover satisfies the following additional properties:

• For any flag f ∈ F(G2), its inverse image π−1(f ) has one element which is a flag of G1.

• The morphism restricts to a bijection πL : L(G1)
�−→ L(G2) such that πL ◦m1 =m2.

• For each vertex v ∈ V (G2), the vertex-weighted graph π−1(v) is connected of genus h2(v).

It turns out that a morphism of graphs π : G1 = (G1,h1,m1)→ G2 = (G2,h2,m2) is the composition of
a weighted edge contraction G1 = (G1,h1,m1)→ G1/S = (G1,h1,m1)/S for some S ⊆ E(G1) followed by

an isomorphism of graphs G1/S = (G1,h1,m1)/S
�−→ G2 = (G2,h2,m2). This implies that a morphism of

graphs π : G1 = (G1,h1,m1)→ G2 = (G2,h2,m2) induces a surjective map πV : V (G1)→ V (G2) and a map
πH :H(G1)→H(G2)tV (G2) with the property that π−1H (H(G2)) is the set of half-edges of G1 that are not

contracted by π and that πH restricts to a bijection πH : π−1H
(
H(G2)

) �−→ H(G2). In particular, we get an
injection π∗H :H(G2) ↪→H(G1). The map πH induces a map πE : E(G1)→ E(G2)tV (G2) having similar
properties and inducing an injection π∗E : E(G2) ↪→ E(G1). Note that a morphism π : G1→ G2 as above is
uniquely determined by πV and πH .

Recall that a stable graph of type (g,n) is a n-marked vertex-weighted connected graph G of total genus g
such that for all v ∈ V (G):

2h(v)− 2+val(v) > 0

where val(v) is the number of flags emanating from (or incident to) v. We now define a slight generalization
of stable graphs, namely quasi-stable graphs.

Definition 2.1. Fix (g,n) an hyperbolic pair, i.e. a pair of integers g,n ≥ 0 such that 2g − 2 + n > 0. A
quasi-stable graph of type (g,n) is a n-marked vertex-weighted connected graph G = (G,h,m) of total
genus g such that any vertex v ∈ V (G) of genus zero has valence at least two and those vertices of genus
zero and valence two, called exceptional vertices, are such that:

• every exceptional vertex has exactly two edges incident to it (in particular, there are no legs rooted at
exceptional vertices);
• two distinct exceptional vertices are not adjacent.

Notice that quasistable graphs with no exceptional vertices correspond exactly to stable graphs.
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We will denote the set of exceptional vertices of G by Vexc(G) and the set of remaining vertices, called non-
exceptional, by Vnex(G). For any v ∈ Vexc(G), we will denote by

{
h1v ,h

2
v

}
the two half-edges rooted at v and

we fix an order of them. The edges to which h1v and h2v belong are denoted, respectively, by e1v =
{
h1v , iG(h

1
v)
}

and e2v =
{
h2v , iG(h

2
v)
}
. Moreover, for any v ∈ Vexc(G) and any i = 1,2, we set vi := rG

(
iG(hiv)

)
∈ Vnex(G),

which is the non-exceptional vertex of G which is incident to eiv . The half-edges (resp. edges) of the form
h1v and h2v (resp. e1v and e2v ), for some v ∈ Vexc(G), are called exceptional and the set of all exceptional
half-edges (resp. edges) is denoted by Hexc(G) (resp. Eexc(G)); the remaining half-edges (resp. edges), called
non-exceptional, are denoted by Hnex(G) (resp. Enex(G)).

Definition 2.2. A quasi-stable graph G is called simple if the graph obtained from G by removing its
exceptional vertices is connected.

The stabilization of G, denote by Gst, is the (connected) graph with

(2.1) V (Gst) := Vnex(G) as well as H(Gst) :=Hnex(G) and L(Gst) := L(G),

the root map rGst : H(Gst)t L(Gst)→ V (Gst) is the restriction of the root map rG, the fixed-point free
involution iGst on H(Gst) is defined by setting iGst

(
iG(h1v)

)
:= iG

(
h2v

)
for any v ∈ Vexc(G) and iGst(h) := iG(h)

if h , iG
(
h1v

)
or iG(h2v) for any v ∈ Vexc(G). One can easily check that the graph Gst becomes a stable graph

of type (g,n) with respect to the marking of legs

mst : {1, . . . ,n} m−−→ L(G) = L(Gst),

and the vertex-weight function

hst : V (Gst) = Vnex(G)
h|Vnex(G)−−−−−−−→Z.

As a notational advice, given v ∈ Vnex(G) (resp. h ∈ Hnex(G), resp. l ∈ L(G)), we will denote the
corresponding element of Gst by v (resp. h, resp. l). The edges of Gst come with a natural partition
E(Gst) := Enex(Gst)t Eexc(Gst) into exceptional and non-exceptional ones, that can be described by the
following bijections

(2.2)
Enex(G)

�−−→ Enex(G
st)

e =
{
h, iG(h)

}
7−→ e :=

{
h, iGst(h) = iG(h)

} and
Vexc(G)

�−−→ Eexc(G
st),

v 7−→ ev :=
{
iG(h

1
v), iG(h

2
v)
}
.

We will also use this notation:

• given a non-exceptional edge e ∈ Enex(Gst) we will denote by ẽ ∈ Enex(G) the unique non-exceptional
edge of G such that ẽ = e;
• given an exceptional edge e = ev ∈ Eexc(Gst) we will denote the corresponding (ordered) exceptional

edges of G by ei := eiv for i = 1,2.

Note that, by contracting exactly one among the edges e1 and e2 for any e ∈ Eexc(G), we get a (non-unique)
stabilization morphism σ : G→ Gst.

Stable (resp. quasi-stable) graphs of type (g,n) with respect to morphisms of graphs form a category, that
we will denote by SGg,n (resp. QSGg,n). The stabilization procedure gives rise to a stabilization functor

(2.3) st :QSGg,n −→ SGg,n,

given by
G 7−→ Gst and

(
π : G1→ G2

)
7−→

(
πst : Gst

1 → Gst
2

)
.

The stabilization πst : Gst
1 → Gst

2 of a morphism π : G1→ G2 is defined as follows: given an exceptional
edge ev ∈ Eexc(Gst

1 ), if both e1v and e2v are mapped by π to a vertex w ∈ V (G2), then πst(ev) = w; if instead
π maps at least one of e1v and e2v to an edge of G2, then it corresponds to a unique edge e in Gst

2 and we set
πst(ev) = e. See Figure 1 for a picture of the stabilization functor.
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G Gst

st

Figure 1. The stabilization functor

2.2. Stability conditions

Let G be a finite graph. A divisor on G is a finite formal sum

D =
∑

v∈V (G)

avv

over the vertices of G with av ∈Z. Divisors on G form an abelian group, which we denote by Div(G). The
degree of a divisor D =

∑
avv is defined to be deg(D) =

∑
v av . We write Divd(G) for the divisors of degree

d. The subset Div0(G) is a subgroup of Div(G) and, for any d ∈Z, the subset Divd(G) is naturally a torsor
over Div0(G).

We now define what it means for a divisor on a quasi-stable graphs to be admissible and (semi)stable with
respect to a (universal) stability condition. Recall from [KP19]:

Definition 2.3. A universal stability condition φ of type (g,n) is an assignment of a function for any
G ∈ SGg,n (called the stability condition induced by φ on G)

φG : V (G) −→R with |φG| :=
∑

v∈V (G)

φG(v) ∈Z

such that for any morphism π : G1→ G2 in SGg,n we have that

φG2
(v) =

∑
w∈π−1(v)

φG1
(w).

We will often denote φG by φ if there is no danger of confusion. From the definitions, together with the
fact that SGg,n admits a final object (namely the graph with one vertex of genus g and no edges), it follows
that the integral number |φG| is independent from G ∈ SGg,n; it is therefore denoted by |φ| and called the
degree of φ.

Remark 2.4. The space of universal stability conditions of type (g,n), denoted by Vg,n, is an abelian group
with respect to the sum

(φ+ψ)G(v) := φG(v) +ψG(v) for any G ∈ SGg,n and any v ∈ V (G).

The subset of Vg,n formed by the universal stability conditions of degree d is denoted by V dg,n. Note that V 0
g,n

is a subgroup of Vg,n and V dg,n is a torsor with respect to V 0
g,n. Moreover, V 0

g,n is also a finite dimensional
real vector space with respect to the scalar multiplication

(λ ·φ)G(v) := λ ·φG(v) for any G ∈ SGg,n and any v ∈ V (G).

Hence V dg,n is a real affine space with respect to the vector space V 0
g,n.
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Given φ ∈ Vg,n, we can define a stability condition φG : V (G)→R on any graph G that is quasi-stable of
type (g,n) by

(2.4) φG(v) =

0 if v ∈ Vexc(G),
φGst(v) if v ∈ Vnex(G).

Note that also for a quasi-stable graph G we have that |φG| = |φ|.

Definition 2.5. Fix an hyperbolic pair (g,n) and let G be a quasi-stable graph of type (g,n).

(1) A divisor D ∈Div(G) is called admissible if D(v) = 1 for any v ∈ Vexc(G).
(2) Let φ ∈ Vg,n be a universal stability condition.

• For a subset S ⊆ V (G) we write D(S) :=
∑
v∈SD(v) as well as φG(S) :=

∑
v∈S φG(v). A divisor

D ∈ Div(G) is called φ-semistable if D is admissible of degree degD equal to |φ| and the
following inequalities hold for any subset S ⊆ V (G):

(2.5) φG(S)−

∣∣∣E(S,Sc)∣∣∣
2

≤D(S) ≤ φG(S) +

∣∣∣E(S,Sc)∣∣∣
2

,

where E(S,Sc) is the set of edges joining a vertex in S with a vertex in the complementary subset
Sc.
• A divisor D ∈Div(G) is called φ-stable if D is φ-semistable and both the inequalities (2.5) are

strict unless S or Sc is a union (possibly empty) of exceptional vertices.
(3) A universal stability condition φ ∈ Vg,n is called general(2) if for any quasi-stable graph of type (g,n)

we have that for any subset S ⊆ V (G)

φG(S) +

∣∣∣E(S,Sc)∣∣∣
2

∈Z⇒ S or Sc is a union of exceptional vertices.

Some remarks on the above definition are in order.

Remark 2.6. Let us keep the notation of the above Definition 2.5.

(i) The two inequalities in (2.5) for S are equivalent to the two analogous inequalities (but in reverse
order) for Sc. Hence it is enough to require one of the two inequalities in (2.5) for any S ⊆ V (G).

(ii) If S (resp. Sc) is a union of exceptional vertices then the second (resp. the first) inequality in (2.5) is
always an equality for any admissible divisor D ∈Div(G) and for any universal stability condition φ.
Hence the definition of φ-stability in (2) is sharp.

(iii) If S or Sc is a union of exceptional vertices, the quantity φG(S) +
|E(S,Sc)|

2
is always an integer for

any universal stability condition φ (equal to |S | or to d + |Sc|, respectively). Hence the definition of
general universal stability condition in (3) is sharp.

(iv) It follows from the proof of [MV12, Theorem 6.1(i), Proposition 7.3] that if a quasi-stable graph G of
type (g,n) admits a φ-stable divisor for some φ ∈ Vg,n then G has no separating exceptional vertices,
i.e., G is simple. In particular, there are no exceptional vertices on bridges of Gst on the support of a
φ-stable divisor for a general stability condition.

(v) It follows from the proofs of [MV12, Theorem 6.1(iii) and Proposition 7.3] that φ ∈ Vg,n is general if
and only if for any quasi-stable graph G of type (g,n) every φ-semistable divisor on G is φ-stable.
This fact, combined again with [MV12, Theorem 6.1(iii)], shows that our definition of general universal
stability conditions coincides with the one of [KP19, Definition 4.1].

(2)This is called non-degenerate in [KP19]. We prefer to call it general according to the terminology used in [MV12], [MRV17],
[MRV19a], [MRV19b], [MSV21]. Note that in the first two papers, the term non-degenerate is used for a slightly weaker condition.
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2.3. The category QDivg,n
We now can define the category of quasi-stable graphs together with admissible divisors, and some

variants of it, that will play a special role in what follows.

Definition 2.7 (The category QDivg,n). Fix an hyperbolic pair (g,n).

(1) Let QDivg,n be the category whose objects are pairs (G,D) consisting of a quasi-stable graph G of
type (g,n) and an admissible divisor D ∈ Div(G), and whose morphisms π : (G,D)→ (G′ ,D ′) are
the morphisms of the underlying graphs π : G→ G′ such that π∗(D) =D ′ , where π∗(D) ∈Div(G′) is
such that π∗(D)(v) =

∑
w∈π−1(v)

D(w),∀v ∈ V (G′).

(2) We will consider the following full subcategories of QDivg,n:
(i) QDivg,n,d is the full subcategory of QDivg,n whose objects are pairs (G,D) ∈ QDivg,n such that

degD = d.

(ii) QDivsplg,n (resp. QDivsplg,n,d ) is the full subcategory of QDivg,n (resp. QDivg,n,d ) whose objects are
pairs (G,D) ∈ QDiv such that G is simple.

(iii) For any stability condition φ ∈ Vg,n, QDivg,n(φ) is the full subcategory of QDivg,n whose objects
are pairs (G,D) ∈ QDivg,n such that D is φ-semistable. Note that, if φ is general, QDivg,n(φ) is

a full subcategory of QDivsplg,n,d where |φ| = d.

Remark 2.8. It is easy to check that:

• QDivsplg,n and QDivg,n(φ) are "under-closed" subcategories of QDivg,n in the following sense: if

π : (G,D)→ (G′ ,D ′) is a morphism in QDivg,n and (G,D) ∈ QDivsplg,n (resp. QDivg,n(φ)), then also

(G′ ,D ′) ∈ QDivsplg,n (resp. QDivg,n(φ)).
• QDivg,n,d is a "morphism-closed" subcategory of QDivg,n in the following sense: consider a morphism
π : (G,D)→ (G′ ,D ′) in QDivg,n. If either (G,D) or (G′ ,D ′) belongs to QDivg,n,d then both of them

belong to QDivg,n,d . Similarly, QDivsplg,n,d is a morphism-closed subcategory of QDivsplg,n.

There is a forgetful-stabilization functor

(2.6) F :QDivg,n −→QSGg,n
st−−→ SGg,n

that sends an object (G,D) ∈ QDivg,n into the stabilization Gst ∈ SGg,n of G and a morphism
π : (G,D)→ (G′ ,D ′) into the stabilization πst : Gst→ G′ st of π : G→ G′ . The restrictions of F to the full

subcategories QDivg,n,d , QDiv
spl
g,n,(d) and QDivg,n(φ) will be denoted again by F.

Throughout the text, and in order to shorten the statements, when we write (d) in the context of any
notation we mean that the sentence applies to the object in discussion either indicating d or not. For

instance, when we write QDivsplg,n,(d) we mean that it works for both QDivsplg,n and for QDivsplg,n,d .

Given a stable graph G ∈ SGg,n, we will now define the essential fiber of F : QDivg,n→ SGg,n over G

(and of its subcategories QDivg,n,d , QDiv
spl
g,n,(d) and QDivg,n(φ)).

Definition 2.9 (The category QDivG). For any G ∈ SGg,n, let QDivG be the category such that

• the objects of QDivG are triples (G,D,ρ) such that (G,D) ∈ QDivg,n and ρ : G
�−→ Gst is an

isomorphism in SGg,n;
• the morphisms π : (G,D,ρ)→ (G′ ,D ′ ,ρ′) are the morphisms π : (G,D)→ (G′ ,D ′) in QDivg,n such

that πst ◦ ρ1 = ρ2.
By imposing, in the above definition, that (G,D) belongs to QDivg,n,d , QDiv

spl
g,n,(d) or QDivg,n(φ), we obtain,

respectively, the full subcategories QDivG,d , QDiv
spl
G,(d)

or QDivG(φ) of QDivG.
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aa G G G...

Figure 2. The two automorphism types of graphs that do not permute the edges: a loop and a
ladder of bridges connecting two identical graphs.

Lemma 2.10. The category QDivG (and hence its full subcategories QDivG,d , QDiv
spl
G,(d)

or QDivG(φ)) does
not have nontrivial automorphisms.

Proof. Let π : (G,D,ρ) → (G,D,ρ) be an automorphism in QDivG. The equality πst ◦ ρ = ρ forces
πst : Gst→ Gst to be the identity. By the definition of the stabilization graph Gst (see (2.1)), we get that the
restriction of πV to Vnex(G) is the identity and that the restriction of πH to Hnex(G) is the identity. Since
any exceptional-half edge of G, i.e. an half-edge of the form hiv for i = 1,2 and v ∈ Vexc(G), is conjugate to
a non-exceptional half-edge, i.e. iG(hiv) is non-exceptional, and using that πH commutes with iG, we deduce
that πH = id. Finally, using that π : X(G)→ X(G) commutes with the root map rG and that πH = id, we
get for any exceptional vertex v ∈ Vexc(G) and any i = 1,2:

πV (v) = πV (rG(h
i
v)) = rG(πH (h

i
v)) = rG(h

i
v) = v,

and we deduce that πV = id. Since π is uniquely determined by πV and πH , we conclude that π is the
identity. �

For later use, we will also need a quotient of the above categories in which two morphisms of (quasi-)stable
graphs (or pairs formed by a quasi-stable graph and an admissible divisor) are identified if they induce the
same map on the edge sets. These categories are important because they will turn out to be isomorphic to
the category of strata of the corresponding toroidal stacks. We refer the reader to Figure 2 for the two types
of automorphisms that do not permute the edges.

Definition 2.11 (The categories SGEg,n, QSGEg,n, QDivEg,n). Fix an hyperbolic pair (g,n).

(i) Let QSGEg,n (resp. SGEg,n) be the category whose objects are quasi-stable (resp. stable) graphs of type
(g,n) and the morphisms from G to G′ are the equivalence classes of morphisms π : G→ G′ in
QSGg,n (resp. in SGg,n) with respect to the equivalence relation

π ∼ π̃⇔ π∗E = π̃∗E : E(G′) ↪→ E(G).

The equivalence class of a morphism π : G→ G′ in QSGg,n (resp. in SGg,n) will be denoted by
[π] : G→ G′ .(3)

(ii) Let QDivEg,n be the category whose objects are pairs (G,D) consisting of a quasi-stable graph G of
type (g,n) and an admissible divisor D ∈Div(G), and whose morphisms from (G,D) to (G′ ,D ′) are
the equivalence classes of morphisms π : (G,D)→ (G′ ,D ′) in QDivg,n with respect to the equivalence
relation

π ∼ π̃⇔ π∗E = π̃∗E : E(G′) ↪→ E(G).

(3)In general, two equivalent morphisms of graphs map each pair of adjacent vertices to the same set. From this observation, one
can check that given π1,π2 : G→ G′ , then [π1] = [π2] if and only if there is an automorphism τ : G′ → G′ with [τ] = [id] such
that π1 = τ ◦π2. We thank the referee for pointing out this clarification.
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The equivalence class of a morphism π : (G,D) → (G′ ,D ′) in QDivg,n will be denoted by [π] :
(G,D)→ (G′ ,D ′).

Similarly, we can define QDivEg,n,d , QDiv
E,spl
g,n,(d), QDiv

E
g,n(φ).

The forgetful-stabilization functor (2.6) induces the following diagram of functors

(2.7) F :QDivg,n //

��

QSGg,n
st //

��

SGg,n

��

FE :QDivEg,n // QSGEg,n
stE // SGEg,n

where the vertical arrows are the essentially surjective and full (but non faithful) functors that are the
identities on objects and send a morphism π into [π].

Finally, the above categories induce some natural partially ordered sets (posets) that we now introduce.

Definition 2.12 (The posets |SGg,n |, |QSGg,n |, |QDivg,n |). Fix an hyperbolic pair (g,n).

(i) Let
∣∣∣QSGg,n ∣∣∣ (resp.

∣∣∣SGg,n ∣∣∣) be the posets whose objects are isomorphism classes of quasi-stable
(resp. stable) graphs of type (g,n) and

G ≥ G′⇔ there exists a morphism π : G→ G′ in QSGg,n(resp. inSGg,n).

(ii) Let
∣∣∣QDivg,n ∣∣∣ be the poset whose objects are isomorphism classes of objects of QDivg,n and

(G,D) ≥ (G′ ,D ′)⇔ there exists a morphism π : (G,D)→ (G′ ,D ′) in QDivg,n .

Similarly, we can define the posets
∣∣∣QDivg,n,d ∣∣∣, ∣∣∣QDivsplg,n,(d)

∣∣∣ and
∣∣∣QDivg,n(φ)∣∣∣.

In what follows we will often pass, implicitly, to skeleton categories of each of the categories defined above,
picking one object arbitrarily for each isomorphism class. In particular, we will identify the objects in each
category with the elements in the associated poset.

Remark 2.13. Observe that the binary relations ≥ in the above definition are clearly reflexive and transitive,
while they are antisymmetric because any morphism π : G→ G′ of (n-marked vertex-weighted) graphs is
either an isomorphism or is such that π∗E : E(G′) ↪→ E(G) is a proper inclusion.

This also implies that the posets |SGg,n |, |QSGg,n |, |QDivg,n,(d) | and |QDivsplg,n,(d) | are graded with
respect to the rank function given by the cardinality of the edge set. By following the lines of the proof of
Proposition 4.11 and the first part of Theorem 4.15 in [AP20], one gets that |QDivg,n(φ)| is also graded if φ
is general (we do not include a proof here since it is not important for what follows). The lengths of the
above posets with respect to this rank function are equal to

l
(
|SGg,n |

)
= 3g − 3+n,

l
(
|QSGg,n |

)
= l

(
|QDivg,n,(d) |

)
= 2(3g − 3+n),

l
(
|QDivsplg,n,(d) |

)
= l

(
|QDivg,n(φ)|

)
= 4g − 3+n if φ is general.

The forgetful-stabilization functor (2.6) induces the following diagram of posets

(2.8) |F| : |QDivg,n | −→ |QSGg,n |
|st |
−−−→ |SGg,n |.
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2.4. The universal tropical Jacobian as a cone stack

The aim of this subsection is to construct the universal tropical Jacobian as a cone stack, in the sense
of [CCUW20, Section 2.1], endowed with a forgetful morphism to the cone stackMtrop

g,n of tropical curves,
constructed in [CCUW20, Section 3].

By slight abuse of notation, by a rational polyhedral cone we will mean the data of a pair (σ,N ), consisting
of a lattice N and a full-dimensional, strictly convex rational polyhedral cone in N

R
: an intersection σ of

finitely many half spaces in N
R

which contain no line and span all of N
R

. The effect of this definition is that
a rational polyhedral cone always comes with an integral structure, namely the intersection N ∩ σ , and a
dual monoid

Sσ := HomMon(σ ∩N,N).

Conversely, the rational polyhedral cone is recovered from Sσ as

σ = Hom(Sσ ,R≥0) and N = Hom(Sgp
σ ,Z).

A morphism (σ,N )→ (σ ′ ,N ′) is a homomorphism of lattices N →N ′ for which the induced homomorphism
N

R
→N ′

R
maps σ into σ ′ . Equivalently, it corresponds to a homomorphism of monoids Sσ ′ → Sσ . Denote

the category of rational polyhedral cones by RPC. We usually suppress the reference to N and simply write
σ for a rational polyhedral cone.

One may think of a rational polyhedral cone σ as a combinatorial analogue of an affine scheme and of
Sσ as its ring of functions. Quite like a scheme is glued from affine schemes, we may think of a rational
polyhedral cone complex as a combinatorial object that is glued from rational polyhedral cones along their
faces. Rational polyhedral cone complexes form a category that we denote by RPCC. We refer the interested
reader to [CCUW20, Definition 2.1] for a precise definition of this notion. The category RPCC carries a
natural Grothendieck topology that is generated by embeddings of rational polyhedral cones as faces, the
face topology.

Let us begin with the definition of the universal tropical Jacobian as a stack over the category RPCC of
rational polyhedral cone complexes endowed with the face topology, or equivalently as a category fibered
in groupoids over the category RPC of rational polyhedral cones (see [CCUW20, Proposition 2.3]). We go
through the effort of using this formalism, rather than, say, the formalism of generalized cone complexes,
as this is the formalism that will allow us to compare the universal tropical Jacobian with its logarithmic
analogue.

Definition 2.14. Fix an hyperbolic pair (g,n).

(i) Let J trop
g,n (RPC) be the category fibered in groupoids over RPC such that:

• the objects are triples (Γ /σ ,D), where Γ /σ is a quasi-stable tropical curve over σ ∈ RPC with
n-markings and of genus g (or simply of type (g,n)), i.e. a pair consisting of a quasi-stable graph
G(Γ ) of type (g,n) (called the underlying graph) and a (generalized) metric d := dΓ : E(G(Γ ))→
Sσ \ {0}, and D is an admissible divisor on G(Γ ) (so that (G(Γ ),D) ∈ QDivg,n);
• the morphisms are pairs (f ,π) : (Γ /σ ,D)→ (Γ ′/σ ′ ,D ′) such that f : σ → σ ′ is a morphism in
RPC and π : (G(Γ ′),D ′)→ (G(Γ ),D) is a morphism in QDivg,n such that π is compatible with
f as in [CCUW20, Definition 3.2], i.e. such that for any e′ ∈ E(G(Γ ′)) we have that

– π contracts e′ if and only if f ∗(dΓ ′ (e′)) = 0;
– if π(e′) = e ∈ E(G(Γ )) then f ∗(dΓ ′ (e′)) = dΓ (e).

• the fibration J trop
g,n (RPC) → RPC sends an object (Γ /σ ,D) into σ and sends a morphism

(f ,π) : (Γ /σ ,D)→ (Γ ′/σ ′ ,D ′) into f : σ → σ ′ .
(ii) Given σ ∈ RPC, we will denote by J trop

g,n (σ ) the essential fiber of J trop
g,n (RPC)→ RPC over σ , i.e.

the groupoid whose objects are (Γ /σ ,D) ∈ J trop
g,n (RPC) and whose morphisms are the ones of the
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form π := (idσ ,π) : (Γ /σ ,D)→ (Γ ′/σ ,D ′) in J trop
g,n (RPC). Note that any morphism π : (Γ /σ ,D)→

(Γ ′/σ ,D ′) in J trop
g,n (σ ) is such that π : G(Γ ′) → G(Γ ), the underlying morphism of graphs, is an

isomorphism.
(iii) The universal tropical Jacobian (over RPCC), denoted by J trop

g,n , is the unique stack over RPCC
(by [CCUW20, Proposition 2.3]) whose restriction to RPC coincides with J trop

g,n (RPC).

Similarly, we can define the substacks J trop
g,n,d , J

trop,spl
g,n,(d) and J trop

g,n (φ) of J trop
g,n by taking only the objects

(Γ /σ ,D) such that, respectively, (G(Γ ),D) ∈ QDivg,n,d , QDiv
spl
g,n,(d) and QDivg,n(φ).

The functor σ → Sσ gives an equivalence of categories between rational polyhedral cones and the category

of sharp, fine and saturated monoids. We can thus also think of J trop
g,n (and similarly of J trop

g,n,d , J
trop,spl
g,n,(d) and

J trop
g,n (φ)) as a category fibered in groupoids over the category of sharp fine and saturated monoids. We

may expand J trop
g,n to a category fibered in groupoids over the category ShpMonop of sharp integral and

saturated monoids, whose fiber over a sharp integral and saturated monoid P is the groupoid of pairs (Γ ,D)
consisting of a quasistable tropical curve Γ of genus g with n marked legs, whose edges are metrized by the
monoid P , and an admissible divisor D on G(Γ ). We refer the interested reader to [CCUW20, Section 5.2]
for more background on this procedure.

The universal tropical Jacobian comes equipped with a morphism towards the stackMtrop
g,n over RPCC of

tropical curves, defined in [CCUW20, Definition 3.3].

Definition 2.15. Fix an hyperbolic pair (g,n). Let

(2.9) Φtrop : J trop
g,n −→M

trop
g,n

be the unique morphism of stacks over RPCC (called forgetful-stabilization morphism) induced by the
morphism J trop

g,n (RPC)→Mtrop
g,n (RPC) of categories fibered in groupoids over RPC that sends:

• an object (Γ /σ ,D) ∈ J trop
g,n (RPC) to the stabilization (Γ /σ )st = (Γ st/σ ) of Γ /σ , i.e. the stable tropical

curve of type (g,n) such that
– the underlying graph is G(Γ st) :=G(Γ )st,
– the metric dΓ st : E(G(Γ )st)→ Sσ is defined (using the notation below (2.2)) by

dΓ st(e) =

dΓ (̃e) if e ∈ Enex(G(Γ )st),

dΓ (e1) + dΓ (e2) if e ∈ Eexc(G(Γ )st).

• a morphism (f ,π) : (Γ /σ ,D)→ (Γ ′/σ ′ ,D ′) of J trop
g,n (RPC) into the morphism (f ,πst) ofMtrop

g,n (RPC),
where (f ,πst) : Γ st/σ → (Γ ′)st/σ ′ and πst :G(Γ ′ st) =G(Γ ′)st→G(Γ )st =G(Γ st) is the stabilization of
π defined in (2.3).

We will still denote by Φtrop the restriction of Φtrop to the substacks J trop
g,n,d , J

trop,spl
g,n,(d) or J trop

g,n (φ) of

J trop
g,n .

We will now prove that the universal tropical Jacobian J trop
g,n is a cone stack, i.e. a geometric stack over

RPCC (see [CCUW20, Definition 2.7]). We will achieve this by describing it as a combinatorial cone stack
in the sense of [CCUW20, Definition 2.15], and then use that cone stacks are equivalent to combinatorial
cone stacks by [CCUW20, Proposition 2.19]. The analogous description forMtrop

g,n is proved in [CCUW20,

Section 3.4] and it realizesMtrop
g,n as the cone stack associated to the combinatorial cone stack

(2.10)

ΓSGg,n : SG
opp
g,n −→ RPCf

G 7−→R
E(G)
≥0 ,(

π : G→ G′
)
7−→

(
R
E(G′)
≥0 ↪→R

E(G)
≥0

)
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where the inclusion R
E(G′)
≥0 ↪→ R

E(G)
≥0 is induced by the map π∗E : E(G′) ↪→ E(G). Here RPCf denotes the

category of rational polyhedral cones with face inclusions as morphisms.

Theorem 2.16. Fix a hyperbolic pair (g,n).

(i) J trop
g,n is the cone stack associated to the combinatorial cone stack

(2.11)

ΓQDivg,n :QDiv
opp
g,n −→ RPCf

(G,D) 7−→R
E(G)
≥0 ,(

π : (G,D)→ (G′ ,D ′)
)
7−→

(
R
E(G′)
≥0 ↪→R

E(G)
≥0

)
,

where the inclusion R
E(G′)
≥0 ↪→R

E(G)
≥0 is induced by the map π∗E : E(G′) ↪→ E(G).

(ii) The forgetful-stabilization morphism Φtrop : J trop
g,n →M

trop
g,n coincides with the morphism of combinatorial

cone stacks from (ΓQDivg,n : QDiv
opp
g,n → RPCf ) to (ΓSGg,n : SG

opp
g,n → RPCf ) induced by the functor

F : QDivg,n → SGg,n of (2.6) together with the following collection of contravariant and surjective
morphisms of cones (for any (G,D) ∈ QDivg,n)

φ(G,D) :R
E(G)
≥0 −�R

E(Gst)
≥0

(xe)e∈E(G) 7−→

yf :=
xf̃ if f ∈ Enex(Gst)

xf 1 + xf 2 if f ∈ Eexc(Gst)


f ∈E(Gst)

.

The above Theorem remains true for the cone substacks J trop
g,n,d , J

trop,spl
g,n,(d) or J trop

g,n (φ) of J trop
g,n by

replacing QDivg,n, respectively, with its full subcategories QDivg,n,d , QDiv
spl
g,n,(d) or QDivg,n(φ).

Proof. Let us prove part (i). Denote temporarily by J comb
g,n the cone stack associated to the combinatorial

cone stack (2.11) and let J comb
g,n (RPC) be its restriction to RPC.

According to [CCUW20, Definition 2.15, Proposition 2.19], an object of J comb
g,n (RPC) is a triple (G,D, l :

σ →R
E(G)
≥0 ), where (G,D) ∈ QDivg,n and l : σ →R

E(G)
≥0 is a morphism in RPC whose image is not contained

in any proper face of R
E(G)
≥0 . By composing with the projections along the coordinates, the morphism l

is equivalent to the datum of a collection of surjective morphisms {le : σ → R≥0}e∈E(G) in RPC. By
passing to the toric monoids, this is equivalent to giving a collection of injective morphisms of monoids
{l∗e :N→ Sσ }e∈E(G), which is indeed determined by the collection of non-zero elements {l∗e(1) ∈ Sσ }e∈E(G).
Therefore, the triple (G,D, l : σ →R

E(G)
≥0 ) gives rise to (and it is completely determined by) an object (Γ /σ ,D)

of J trop
g,n (RPC) such that Γ /σ is the n-marked genus g quasi-stable tropical curve whose underlying graph is

G(Γ ) := G and whose metric is given by dΓ (e) := l∗e(1) ∈ Sσ for any e ∈ E(G).
Similarly, a morphism (G,D, l : σ →R

E(G)
≥0 )→ (G′ ,D ′ , l′ : σ ′→R

E(G′)
≥0 ) in J comb

g,n (RPC) is the datum of
a morphism of cones f : σ → σ ′ and a morphism π : (G′ ,D ′)→ (G,D) in QDivg,n such that the following
diagram commutes

σ
l //

f

��

R
E(G)
≥0� _

��

σ ′
l′ //

R
E(G′)
≥0

where the left arrow is induced by the inclusion π∗E : E(G) ↪→ E(G′) that identifies the edges of G with the

edges of G′ that are not contracted by π. In terms of the objects (Γ /σ ,D) and (Γ ′/σ ′ ,D ′) of J trop
g,n (RPC)

associated to, respectively, (G,D, l : σ → R
E(G)
≥0 ) and (G′ ,D ′ , l′ : σ ′ → R

E(G′)
≥0 ) as explained above, the
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commutativity of the above diagram means exactly that π is compatible with f in the sense of Definition
2.14, and therefore we get a (uniquely defined) morphism (f ,π) : (Γ /σ ,D)→ (Γ ′/σ ′ ,D ′) in J trop

g,n (RPC).
The above discussion shows that we have an isomorphism J comb

g,n (RPC) � J trop
g,n (RPC) of categories

fibered in groupoids over RPC, which then gives rise to an isomorphism of stacks J comb
g,n � J trop

g,n by
[CCUW20, Proposition 2.3].

Let us now prove part (ii). We will temporarily denote by Mcomb
g,n the cone stack associated to the

combinatorial cone stack (2.10), byMcomb
g,n (RPC) its restriction to RPC and by Φcomb : J comb

g,n →Mcomb
g,n

the morphism of cone stacks induced by the morphism of combinatorial cone stacks described in part (ii).
By definition, the morphism Φcomb is given on objects by

J comb(RPC) −→Mcomb
g,n (RPC)(

G,D, l : σ →R
E(G)
≥0

)
7−→

(
Gst, lst : σ

l−→R
E(G)
≥0

φ(G,D)
−−−−−→R

E(Gst)
≥0

)
.

In terms of the isomorphisms J comb
g,n � J trop

g,n andMcomb
g,n �Mtrop

g,n , this corresponds to sending an object

(Γ /σ ,D) ∈ J trop
g,n (RPC) into Γ st/σ ∈Mtrop

g,n (RPC). Similarly, a morphism

(f ,π) : (G,D, l : σ →R
E(G)
≥0 )→ (G′ ,D ′ , l′ : σ ′→R

E(G′)
≥0 )

of J comb
g,n (RPC) is sent via Φcomb into the morphism

(f ,πst) : (Gst, lst : σ →R
E(Gst)
≥0 )→ (G′ st, l′ st : σ ′→R

E(G′ st)
≥0 )

ofMcomb
g,n (RPC). In terms of the isomorphisms J comb

g,n � J trop
g,n andMcomb

g,n �Mtrop
g,n , this corresponds to

sending a morphism (f ,π) : (Γ /σ ,D)→ (Γ ′/σ ′ ,D ′) in J trop
g,n (RPC) into (f ,πst) : Γ st/σ → Γ ′ st/σ ′ inMtrop

g,n .

The above discussion shows that, under the isomorphisms J comb
g,n � J trop

g,n andMcomb
g,n �Mtrop

g,n , the two

morphisms Φtrop and Φcomb coincide when restricted to RPC, and hence they coincide everywhere by
[CCUW20, Proposition 2.3]. �

3. Compactified universal Jacobian

The aim of this section is to introduce and study the compactified universal Jacobian over the moduli
stack of stable curves. In particular, we give a combinatorial description of its toroidal stratification. We
refer the reader to [CC19] for an alternative description of the toroidal stratification in degrees g and g − 1
(without marked points).

Definition 3.1. Fix a hyperbolic pair (g,n).

(i) The compactified universal Jacobian (of type (g,n)) is the algebraic stack J g,n parametrizing pairs
(C → S,L) consisting of a family C → S of quasi-stable curves of type (g,n), i.e. n-pointed nodal
projective and connected curves of arithmetic genus g whose dual graph is a quasi-stable graph, and
an admissible line bundle L on C, i.e. a line bundle that has degree 1 on any exceptional component
of every geometric fiber of C → S .

(ii) The universal Jacobian (of type (g,n)) is the open and dense substack Jg,n ⊂ J g,n parametrizing

objects (C → S,L) ∈ J g,n(S) such that C → S is a family of smooth curves.

The decomposition of J g,n into connected components is

(3.1) J g,n =
⊔
d∈Z
J g,n,d

where J g,n,d is the algebraic stack parametrizing pairs (C → S,L) ∈ J g,n(S) such that L has relative degree
d on C → S .
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We will be considering the following open substacks (for any universal stability condition φ ∈ Vg,n):

(3.2) J spl
g,n ⊂ J g,n ⊃ J g,n(φ)

where J g,n(φ) is the open substack parametrizing pairs (C → S,L) ∈ J g,n(S) such that for any geometric
point s of S the line bundle Ls is φ-semistable on Cs (i.e. its multidegree deg(Ls) is a φ-semistable

divisor on the dual graph G(Cs) of the curve Cs), while J spl
g,n is the open substack parametrizing pairs

(C → S,L) ∈ J g,n(S) such that for any geometric point s of S the quasi-stable curve Cs is simple, i.e. it
remains connected when we remove its exceptional components, or equivalently its dual graph G(Cs) is

simple. The stack J g,n(φ) is connected and it is contained in J g,n,|φ|, while J spl
g,n admits the decomposition

into connected components

J spl
g,n =

⊔
d∈Z
J spl
g,n,d :=

⊔
d∈Z

(J g,n,d ∩J
spl
g,n ).

The stack J g,n comes equipped with a forgetful-stabilization morphism toMg,n

(3.3) Φ : J g,n→Mg,n,

that sends an object (C → S,L) ∈ J g,n(S) into the stabilization (Cst→ S) ∈Mg,n(S) of the family C → S of

quasi-stable curves. If we denote byMqs
g,n the stack of quasi-stable curves of type (g,n), then the forgetful

morphism Φ factors as

(3.4) Φ : J g,n
Φqs

−−−→Mqs
g,n

st−−→Mg,n,

where the forgetful morphism Φqs sends (C → S,L) ∈ J g,n(S) into (C → S) ∈Mqs
g,n(S) and the stabilization

morphism st sends (C → S) ∈Mqs
g,n(S) into (Cst→ S) ∈Mg,n(S).

The algebraic group Gm injects functorially into the automorphism group scheme AutS(C/S,L) of
every object (C → S,L) ∈ J g,n(S) as scalar multiplication on the line bundle L. Hence, we may form the
Gm-rigidifications

(3.5) J spl
g,n(Gm ⊂ J g,n(Gm ⊃ J g,n(φ)(Gm .

Note that the forgetful morphism Φqs (and hence also the forgetful-stabilization morphism Φ ), factors
through the Gm-rigidification. By a slight abuse of notation, we will denote by Φ : J g,n(Gm→Mg,n the

induced morphism, as well as its restrictions to the open substacks J spl
g,n(Gm and J g,n(φ)(Gm.

Remark 3.2. It follows from [EP16] that J g,n is isomorphic to the algebraic stack parametrizing pairs
(X → S,I ) consisting of a family X → S of n-marked genus g stable curves and a coherent sheaf I on X ,
flat over S , whose geometric fibers are rank-1 torsion-free sheaves. In this alternative description:

• the open substack J spl
g,n parametrizes objects (X → S,I ) as above such that the geometric fibers of I

are simple sheaves;
• for any φ ∈ Vg,n, the open substack J g,n(φ) corresponds to the stack defined in [KP19, Definition 4.2]

(using [MV12, Theorem 6.1]).

• if φ ∈ Vg,n is general, then J g,n(φ) is isomorphic to the Esteves’ universal compactification J E ,ssg,n

(see [Est01]) for a suitable choice of a universal vector bundle E on the universal family overMg,n

(see [Mel15, Proposition 4.17]).
• the morphism Φ : J g,n → Mg,n is the morphism that sends objects (X → S,I ) as above into

(X → S) ∈Mg,n.

In the following Proposition, we collect all the properties of the stack J g,n and of the forgetful morphism
Φ , that will be used in the sequel.
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Proposition 3.3.

(1) The Gm-gerbe J g,n,d → J g,n,d( Gm is trivial if and only if either n > 0 or n = 0 and
gcd(d − g +1,2g − 2) = 1.
In particular, under the above numerical conditions, the universal line bundle over the universal family

of J g,n,d descends to the universal family on the rigidification J g,n,d(Gm.

(2) The algebraic stack J spl
g,n(Gm is the DM-locus of J g,n(Gm.

(3) The morphism Φ : J g,n→Mg,n of (3.3), as well as its restriction to the open subsets J spl
g,n and J g,n(φ)

(for any φ ∈ Vg,n), satisfies the existence part of the valuative criterion for properness.
In particular, the stacks J g,n and J

spl
g,n satisfy the existence part of the valuative criterion, and J g,n(φ)

(for any φ ∈ Vg,n) is universally closed.
(4) For a universal stability condition φ ∈ Vg,n, the following conditions are equivalent

(i) φ is general;
(ii) Φ : J g,n(φ)(Gm→Mg,n is separated (and hence proper);
(iii) J g,n(φ)(Gm is separated (and hence proper);

(iv) J g,n(φ) ⊂ J
spl
g,n .

(5) The morphism Φqs : J g,n→M
qs
g,n of (3.4) is smooth.

(6) The stack J g,n is smooth and the boundary ∂J g,n := J g,n \ Jg,n = Φ−1(Mqs
g,n \Mg,n) is a normal

crossing divisor.

Proof. Part (1) follows from [MV14, Theorem 6.4] for n = 0 and [Mel19, Proposition 3.2] for n > 0. Part (2)
follows from [BFV12, Lemma 2.11]. Part (3) follows from [Est01, Theorem 32] together with Remark 3.2. The
proof of part (4) follows by the following cycle of implications:

(i)⇒ (ii) follows from [KP19, Cor. 4.4] and Remark 3.2.
(ii)⇒ (iii) follows from the fact thatMg,n is proper.
(iii)⇒ (iv) follows from [BFV12, Lemma 2.11] using that a separated algebraic stack has finite stabilizers at

every geometric point.
(iv)⇒ (i) follows from [MV12, Proposition 7.3] and Remark 3.2.
Part (5) follows since the obstruction to deform a line bundle on a quasi-stable curve C lies on H2(C,OC),

which is zero because C has dimension one.
Part (6) follows from part (5) and the well-known fact that Mqs

g,n is smooth and that ∂Mqs
g,n defined

as Mqs
g,n \Mg,n is a normal crossing divisor. Alternatively, one could use the explicit description of the

completed local rings of J g,n given in [BFV12, Section 2.3] or [CMKV15, Section 3] �

3.1. Toroidal stratification of the compactified universal Jacobian

The pair (Jg,n ⊂ J g,n) is a toroidal embeddings of algebraic stacks since J g,n is smooth and J g,n\Jg,n is

a normal crossing divisor by Proposition 3.3 (6). We now describe the toroidal stratification of (Jg,n ⊂ J g,n).

Proposition 3.4.

(i) The toroidal stratification of (Jg,n ⊂ J g,n) is given by

(3.6) J g,n =
⊔

(G,D)∈QDivg,n

J(G,D),

where J(G,D) is the locally closed (reduced) substack of J g,n whose k-points are (C,L) ∈ J g,n(k) such that
(G(C),deg(L)) � (G,D). In particular, each stratum J(G,D) is smooth, irreducible and of finite type over
the base field k.
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(ii) The poset of strata {JG,D}(G,D)∈QDivg,n is anti-isomorphic to the poset |QDivg,n | of Definition 2.12, i.e.

J(G,D) ⊂ J (G′ ,D ′)⇔ (G,D) ≥ (G′ ,D ′) in |QDivg,n |.

(iii) The forgetful-stabilization morphism Φ : J g,n→Mg,n of (3.3) is toroidal and, for any G ∈ SGg,n, we
have that

(3.7) Φ−1(MG) =
⊔

(G,D)∈QDivg,n :

Gst�G

J(G,D),

whereMG is the locally closed (reduced) substack ofMg,n whose k-points consist of curves C ∈Mg,n(k)
such that G(C) � G.

Parts (i) and (ii) have been proved for J g,n(φ), in the special case n = 1 and for specific choices of φ ∈ Vg,n,
by Abreu-Pacini in [AP20, Proposition 6.4].

Proof. Let us first prove part ((i)). Since the toroidal embedding (Jg,n ⊂ J g,n) is the pull-back of the toroidal

embedding (Mg,n ⊂M
qs
g,n) via the smooth morphism Φqs : J g,n→M

qs
g,n (see Proposition 3.3), the toroidal

stratification of (Jg,n ⊂ J g,n) is formed by the connected components of the pull-backs of the strata that form

the toroidal stratification of (Mg,n ⊂M
qs
g,n). It is well-known that the toroidal stratification of (Mg,n ⊂M

qs
g,n)

is given by

Mqs
g,n =

⊔
G∈QSGg,n

MG,

where MG is the locally closed (reduced) substack of Mqs
g,n whose k-points are C ∈ Mqs

g,n(k) such that
G(C) � G. It remains to observe that we have a disjoint union

(Φqs)−1(MG) =
⊔

(G,D)∈QDivg,n

J(G,D),

and that each locally closed subset J(G,D) is irreducible since it is endowed with a surjective smooth
morphism Φ

qs
|J(G,D)

: J(G,D)→MG whose geometric fibers

(Φqs
|J(G,D)

)−1(C) = PicD(C) := {L ∈ Pic(C) : degL =D} for any C ∈Mqs
g,n(k)

are irreducible.
Part (ii) follows from [CC19, Proposition 3.4.1, Proposition 3.4.2].
Let us finally prove part (iii). Since the toroidal embedding (Jg,n ⊂ J g,n) is the pull-back of the

toroidal embedding (Mg,n ⊂ M
qs
g,n) via the smooth morphism Φqs : J g,n →M

qs
g,n (see Proposition 3.3),

the fact that Φ is a toroidal morphism follows from the well-known fact that the stabilization morphism
st : (Mg,n ⊂M

qs
g,n)→ (Mg,n ⊂Mg,n) is a toroidal morphism. The equality in (3.7) follows from the definition

of the morphism Φ . �

3.2. The category of strata

We now want to show that the (anti-)isomorphism of posets in Proposition 3.4 is induced by an (anti-
)equivalence of categories. In order to do that, we have to show that the poset of strata {J(G,D)} is induced

by a category, namely the category of strata of (Jg,n ⊂ J g,n), that we are now going to define in a more
general setting.

Assume that we have a toroidal embedding of Artin stacks (U ⊂ X ), locally of finite type over k. Consider
the lisse-étale sheaves DX and EX over X such that, for every smooth morphism V →X with V a scheme,
DX (V ) (resp. EX (V )) is the group of Cartier divisors on V (resp. the submonoid of effective Cartier divisors
on V ) that are supported on V \U where U := V ×X U . Consider the strata {Wi} of the toroidal embedding
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U ⊂ X (in particular each Wi is irreducible) and pick a geometric generic point wi in each stratum Wi . The
stalk DX ,wi is a finitely generated free abelian group and the stalk EX ,wi is a sharp, saturated, and finitely
generated submonoid that generates DX ,wi as a group.

Definition 3.5. The category of strata of the toroidal embedding (U ⊂ X ), denoted by Str(U ⊂ X ) or
simply by Str(X ), is the category whose objects are the toroidal strata {Wi} and whose morphisms Wi →Wj

are generated by the following two classes of morphisms:

• the étale specializations wi wj (see [CCUW20, Appendix A]) whenever Wi ,Wj ;
• the image HWi

(called the monodromy group of the stratum Wi ) of the natural monodromy representa-
tion πét

1 (Wi ,wi)→ Autmon(EX ,wi ) whenever Wi =Wj .

The category Str(X ) comes also equipped with the structure of a category fibered in groupoids over the
category RPCf of rational polyhedral cones with face inclusions as morphisms. Namely, to any stratum
Wi ∈ Str(X ), we associate the rational polyhedral cone

σ (Wi) := Hommon(EX ,wi ,R≥0) ⊂Homgroups(DX ,wi ,R).

Moreover, any morphism Wi → Wj in Str(X ) induces a surjective monoid homomorphism
EX ,wj � EX ,wi (and it is completely determined by it), and hence it induces a face morphism σ (Wi) ↪→ σ (Wj )
of rational polyhedral cones. In this way we get a functor

(3.8)

ΓStr(X ) : Str(X ) −→ RPCf

Wi 7−→ σ (Wi),

Wi →Wj 7−→ σ (Wi) ↪→ σ (Wj ),

which is easily checked to be a category fibered in groupoids.
In the following Proposition 3.6, we are going to relate Str(J g,n) with the category QDivEg,n introduced

in Definition 2.11. Observe also that the category fibered in groupoids ΓQDivg,n :QDiv
opp
g,n → RPCf of (2.11)

factors through a category fibered in groupoids

(3.9)

ΓQDivEg,n : (QDiv
E
g,n)

opp −→ RPCf

(G,D) 7−→R
E(G)
≥0 ,

[π] : (G,D)→ (G′ ,D ′) 7−→R
E(G′)
≥0 ↪→R

E(G)
≥0 ,

where the face inclusion R
E(G′)
≥0 ↪→R

E(G)
≥0 is induced by the injection π∗E : E(G′) ↪→ E(G).

The following Proposition 3.6 is crucial for our understanding of both the analytic and the logarithmic
tropicalization map.

Proposition 3.6. Let Str(J g,n) be the category of strata of the toroidal embedding (Jg,n ⊂ J g,n). There is an
equivalence of categories

(3.10)
E : (QDivEg,n)opp −→ Str(J g,n)

(G,D) 7−→ J(G,D),

such that ΓQDivEg,n = ΓStr(J g,n) ◦ E .

Before giving a proof, we will need the following Lemma where we describe a rigidification of each
stratum J(G,D) of J g,n. For a similar description of the strata ofMg,n (and also of their closure), see [ACG11,
Chapter XII, Proposition (10.11)] (or [EF12, Proposition 4.6] for a more algebraic proof).

Let (G,D) ∈ QDivg,n. Consider the category fibered in groupoids J̃(G,D) over the category of schemes,

whose fiber over a scheme S consists of the groupoid of objects (C → S,L) ∈ J g,n(S) together with

isomorphisms φs : (G,D)
�−→ (G(Cs),degLs) in QDivg,n for every geometric point s→ S , that are compatible
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with étale specializations in the following sense: for any étale specialization f : t s of geometric points,
with induced morphism πf : (G(Cs),degLs)→ (G(Ct),degLt) in QDivg,n, we require that φt = πf ◦φs.

The group Aut(G,D) (considered as a constant group scheme over k) acts on J̃(G,D) by precomposition
with the isomorphisms φs.

Lemma 3.7. We have that:

(i) The category fibered in groupoids J̃(G,D) is a smooth and irreducible algebraic stack of finite type over the
base field k.

(ii) The natural forgetful morphism Φ(G,D) : J̃(G,D)→J(G,D) is a representable, surjective, finite and étale,
Aut(G,D)-Galois morphism. Hence, it factors through an isomorphism

Φ (G,D) :
[
J̃(G,D)/Aut(G,D)

]
−→ J(G,D).

A slightly different presentation of the strata of J g,n(φ), in the special case n = 1 and for specific choices
of φ, is given in [AP20, Proposition 6.1].

Proof. Let us first prove part (i). Consider the category fibered in groupoids M̃G over the category of
schemes, whose fiber over a scheme S consists of families of quasi-stable curves (C → S) ∈Mqs

g,n(S) together

with an isomorphism φs : G
�−→ G(Cs) in QSGg,n for every geometric point s→ S , that are compatible with

étale specializations in the following sense: for any étale specialization f : t s of geometric points, with
induced morphism of graphs πf : G(Cs)→ G(Ct), we require that φt = πf ◦φs.

We claim that we have an isomorphism of categories fibered in groupoids

(3.11) M̃G �
∏

v∈V (G)

Mh(v),val(v),

which implies that M̃G is a smooth and irreducible algebraic stack of finite type over k.
Indeed, we have a functor M̃G →

∏
v∈V (G)Mh(v),val(v) that sends (C → S, {φs}s) ∈ M̃G(S) into the

relative normalization (Cν → S) which is seen as an element of
∏
v∈V (G)Mh(v),val(v)(S) via the compatible

isomorphisms {φs}s∈S . Conversely, we have a functor
∏
v∈V (G)Mh(v),val(v) → M̃G that sends D → S ∈∏

v∈V (G)Mh(v),val(v)(S) into the family of quasi-stable curves C → S of type (g,n) that is obtained from
D → S by gluing the pairs of marked sections of D → S that correspond to the pairs of half-edges of G

that are exchanged by iG, together with the family of compatible isomorphisms {φs : G
�−→ G(Cs)}s that is

induced by the above gluing procedure. Clearly the two functors are inverse of each other and they define
the isomorphism (3.11).

The algebraic stack M̃G comes with a universal family πG : C̃G→M̃G of quasi-stable curves of type (g,n)

together with compatible isomorphisms {φs : G
�−→ G(C̃G,s)}s, where s runs over all geometric points of M̃G,

and C̃G,s is the geometric fiber of πG over the geometric point s→M̃G. The category fibered in groupoids
J̃(G,D), endowed with its natural forgetful morphism Ψ̃(G,D) : J̃(G,D)→M̃G, can be naturally identified with

the connected component of the Picard stack of the family πG : C̃G→M̃G that parametrizes line bundles
L on C̃G whose multidegree satisfies deg(Ls) = φs(D) for any geometric point s→ M̃G, where Ls is the

restriction of L to the geometric fiber C̃G,s. Hence, we deduce that J̃(G,D) is a smooth and irreducible
algebraic stack of finite type over k.

We now prove part (ii). We begin by establishing several properties of the forgetful morphism Φ(G,D) :
J̃(G,D)→J(G,D).

(a) Φ(G,D) is surjective and the fiber over a geometric point SpecK → J(G,D) is a torsor under the
constant finite group scheme Aut(G,D)K .
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Indeed, if (C,L) ∈ J(G,D)(K) then the fiber of Φ(G,D) over (C,L) is the set of all the isomorphisms
(G,D)→ (G(C),degL), which is non-empty because of our assumption that (C,L) ∈ J(G,D)(K) and it
is clearly a torsor for Aut(G,D).

(b) Φ(G,D) is representable, finite and unramified.
In order to prove this, consider the commutative diagram

(3.12) J̃(G,D)
Ψ̃(G,D)

))

Φ(G,D)

""

F(G,D)

&&

J(G,D) ×MG
M̃G

Ψ (G,D) //

ΦG

��
�

M̃G

ΦG

��
J(G,D)

Ψ(G,D)

//MG

whereMG is the locally closed (reduced) substack ofMqs
g,n whose k-points are C ∈Mqs

g,n(k) such that
G(C) � G, the morphism ΦG forgets the isomorphisms {φs}, the morphism Ψ(G,D) forgets the line
bundle, the square is cartesian and the morphism F(G,D) is induced by the universal property of the
fibered product. Now, property (b) will follow from the following two properties:
(b1) ΦG is representable, finite and unramified.

Indeed, it is enough to show that ΦG is representable, finite and unramified. It follows from
(3.11) (and its proof) that ΦG is a composition of clutching morphisms which are known to be
representable, finite and unramified by [Knu83, Cor. 3.9].

(b2) F(G,D) is a representable closed embedding.

Indeed, the fibered product J(G,D) ×MG
M̃G is the algebraic stack whose fiber over a scheme

S consists of (C → S,L, {φs : G
�−→ G(Cs)}s), where (C → S, {φs : G

�−→ G(Cs)}s) ∈ M̃G and L
is an admissible line bundle on C → S such that (G,D) � (G(Cs),degLs). This implies that

Ψ (G,D) : J(G,D) ×MG
M̃G→M̃G is the union of the connected components of the Picard stack of

the family πG : C̃G→M̃G that parametrize line bundles L on C̃G whose multidegree is such that
there exists an automorphism φ of G such that (φs)−1(deg(Ls)) = φ∗(D) for every geometric

point s→M̃G. By what is proved in part (i), it follows that F(G,D) identifies J̃(G,D) as one of the

connected components of J(G,D) ×MG
M̃G→M̃G, namely the one corresponding to φ = id, and

this implies that F(G,D) is a representable closed (and also open) embedding.
(c) Φ(G,D) is flat.

This follows by applying the flatness criterion [Mat89, Theorem 23.1] to the representable morphism
Φ(G,D) and using that Φ(G,D) is surjective and finite (by (a) and (b)) from the smooth and irreducible

(by part (i)) algebraic stack J̃(G,D) to the smooth and irreducible (by Proposition 3.4(i)) algebraic stack
J(G,D).

By using the above properties of the morphism Φ(G,D), we can now conclude the proof of part (ii).
Properties (b) and (c) and the first part of property (a) imply that Φ(G,D) is a representable, surjective, finite
and étale morphism. The second part of property (a) implies that Φ(G,D) is a torsor under the constant finite
group scheme Aut(G,D)k , which implies that Φ(G,D) is a Aut(G,D)-Galois morphism. �

Proof of Proposition 3.6. First of all, we need a local description of the boundary ∂J g,n ⊂ J g,n around a

geometric point (C,L) ∈ J g,n(K). The morphism Φqs : J g,n→M
qs
g,n is smooth and the boundary ∂J g,n

of J g,n is the pull-back of the boundary ∂Mqs
g,n of Mg,n. From the well-known deformation theory of

nodal curves it follows that (C,L) admits a smooth chart V(C,L)→J g,n such that the pull-back ∂V(C,L) of



Tropicalization of the universal Jacobian 25Tropicalization of the universal Jacobian 25

the boundary ∂J g,n is a normal crossing divisor whose irreducible components are {De}e∈E(G(C)), where
De parametrizes all the partial smoothings of (C,L) for which the node ne corresponding to the edge
e ∈ E(G(C)) persists.

From this local description of ∂J g,n, it follows that the stalk of the sheaf EJ g,n at the geometric point

(C,L) ∈ J g,n(K) is canonically isomorphic to

(3.13) EJ g,n,(C,L) =N
E(G(C)).

In particular, the pull-back of the sheaf EJ g,n to the finite and étale cover J̃(G,D)→J(G,D) of Lemma 3.7 is

equal to the constant sheaf

(3.14) (EJ g,n)|J̃(G,D)
=N

E(G).

Denote by η(G,D) the geometric generic point of the stratum J(G,D). Since η(G,D) is also the geometric

generic point of the finite and étale cover J̃(G,D)→J(G,D), (3.14) gives a canonical identification

(3.15) EJ g,n,η(G,D)
=N

E(G).

This implies that the cone associated to J(G,D) is canonically isomorphic to

(3.16) σ
(
J(G,D)

)
:= Hommon

(
EJ g,n,η(G,D)

,R≥0
)
= Hommon

(
N
E(G),R≥0

)
=R

E(G)
≥0 .

Recall that our goal is to define an equivalence of categories E : (QDivEg,n)opp −→ Str(J g,n) such that we
have the equality of functors

(3.17) ΓQDivEg,n = ΓStr(J g,n) ◦ E .

We define E on objects by sending (G,D) ∈ QDivEg,n into J(G,D) ∈ Str(J g,n), so that E will be essentially
surjective by Proposition 3.4(i). Moreover, (3.16) says that equality (3.17) holds true at the level of objects.

It remains to define E on morphisms in such a way that it is fully faithful and (3.17) is satisfied at the
level of morphisms. Since any morphism in QDivg,n (and hence also on QDivEg,n) is a composition of edge

contractions and automorphisms and any morphism in Str(J g,n) is a composition of étale specializations
(between the geometric generic points of the strata) and automorphisms, it will be enough to treat these two
classes of morphisms separately.

Edge contractions and étale specializations. Fix an element (G,D) ∈ QDivEg,n. Given a subset

S ⊆ E(G), denote by [πS ] : (G,D) → (G′ ,D ′) the unique morphism in QDivEg,n induced by the mor-
phism of graphs πS : G → G/S := G′ which is the contraction of the edges belonging to S (so that
D ′ := (πS )∗(D)). Note that

ΓQDivEg,n

(
[πS ]

)
: RE(G

′)
≥0 ↪−→R

E(G)
≥0

is induced by the inclusion (πS )∗E : E(G
′) = E(G) \ S ↪→ E(G).

On the other hand, to a subset S ⊆ E(G) we can associate the étale specialization spS : η(G′ ,D ′) η(G,D)
such that, on a smooth chart V(G,D) of the geometric point η(G,D) (as explained at the beginning of the
proof), the pull-back of η(G′ ,D ′) is the geometric generic point of the intersection

⋂
e∈SDe (that is irreducible

if the chart is small enough). Using the identification (3.15), the associated surjective monoid homomorphism

sp∗S : N
E(G) = EJ g,n,η(G,D)

−� EJ g,n,η(G′ ,D′ ) =N
E(G′)

is induced by the inclusion E(G′) = E(G)\S ↪→ E(G). In this way, we get fS : J(G′ ,D ′)→J(G,D), a morphism

in Str(J g,n) corresponding to the étale specialization spS , with the property that, using the identification
(3.16), the face inclusion of cones

ΓStr(J g,n)(fS ) : R
E(G′)
≥0 = σ

(
J(G′ ,D ′)

)
↪−→ σ

(
J(G,D)

)
=R

E(G)
≥0
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is induced by the inclusion E(G′) = E(G) \ S ↪→ E(G).
We now define E([πS ]) = fS for any S ⊆ E(G) and we are done since any edge contraction in QDivEg,n

with domain (G,D) is equal to [πS ] for a unique S ⊆ E(G) and any morphism in Str(J g,n) with codomain
J(G,D) and which is induced by étale specializations (between the geometric generic points of the strata) is
equal to fS for a unique S ⊆ E(G).

Automorphisms. By the definition of the morphisms in QDivEg,n (see Definition 2.11), the automorphism

group in QDivEg,n of an object (G,D) ∈ QDivEg,n is equal to

(3.18) AutQDivEg,n(G,D) = Im
(
(−)∗E : Aut(G,D)→ SE(G)

)
⊆ SE(G),

where Aut(G,D) is the automorphism group of (G,D) in QDivg,n and SE(G) is the permutation group on
the set E(G). Moreover, by the definition (3.9) of the functor ΓQDivEg,n , the homomorphism

ΓQDivEg,n(−) : AutQDivEg,n(G,D)→ AutRPCf (R
E(G)
≥0 ),

is given by the restriction of the natural action of SE(G) on R
E(G)
≥0 by permutation of the extremal rays (note

that indeed we have that AutRPCf
(
R
E(G)
≥0

)
= SE(G)).

On the other hand, by the definition of the category Str(J g,n) and using the canonical identification

(3.15), the automorphism group in Str(J g,n) of the stratum J(G,D) is equal to

AutStr(J g,n)
(
J(G,D)

)
= Im

(
πét
1 (J(G,D),η(G,D)

)
→ Autmon(N

E(G)) = SE(G)
)
.

By (3.14) and the definition of the action of Aut(G,D) on J̃(G,D) (see Lemma 3.7), the monodromy repre-

sentation πét
1 (J(G,D),η(G,D))→ Autmon(NE(G)) = SE(G) factors through the quotient πét

1 (J(G,D),η(G,D))�
Aut(G,D) corresponding to the (representable, finite and étale, Aut(G,D)-Galois) morphism J̃(G,D)→J(G,D)
followed by the homomorphism (−)∗E : Aut(G,D)→ SE(G). Hence, we deduce that

(3.19) AutStr(J g,n)(J(G,D)) = Im
(
(−)∗E : Aut(G,D)→ SE(G)

)
⊆ SE(G).

Moreover, using the canonical identification (3.16) and the definition (3.8) of the functor ΓStr(J g,n), the

homomorphism

ΓStr(J g,n)(−) : AutStr(J g,n)(J(G,D)) −→ AutRPCf (R
E(G)
≥0 ),

is again given by the restriction of the natural action of SE(G) on R
E(G)
≥0 by permutation of the extremal rays.

Hence, by comparing (3.18) and (3.19), we can define a canonical isomorphism

E(−) : AutQDivEg,n(G,D)
�−−→ AutStr(J g,n)(J(G,D)),

which moreover satisfies (3.17) by what we said above. �

Remark 3.8. Let Str(Mg,n) be the category of strata of the toroidal embedding (Mg,n ⊂Mg,n). Analogously
to Proposition 3.6, there is an equivalence of categories

(3.20)
F : (SGEg,n)opp −→ Str(Mg,n)

G 7−→MG,

such that ΓSGEg,n := ΓStr(J g,n) ◦ F : (SGEg,n)opp −→ RPCf is the factorization of the category fibered in

groupoids ΓSGg,n of (2.10) through the quotient category SGoppg,n → (SGEg,n)opp.
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Moreover, the two equivalences of categories (3.10) and (3.20) are compatible with the functor FE :
QDivEg,n→SGEg,n of (2.7) and the functor

Str(Φ) : Str(J g,n) −→ Str(Mg,n)

J(G,D) 7−→MGst

induced by the toroidal morphism Φ : J g,n→Mg,n (see Proposition 3.4(iii)).

4. Logarithmic tropicalization

The aim of this section is to define and study a logarithmic tropicalization map from a logarithmic
universal Jacobian to a universal tropical Jacobian defined over the category of logarithmic schemes.

4.1. The logarithmic universal Jacobian

Throughout the section, all logarithmic schemes (or stacks) are fine, saturated and locally of finite type
over the base field k. A logarithmic scheme (or stack) will be denoted by X = (X,αX :MX →OX), or simply
by X = (X,MX), where X is the underlying scheme, MX is a sheaf of monoids and αX :MX → (OX , ·) is a
morphism of sheaves of monoids which is an isomorphism over the subsheaf (O∗X , ·) ⊂ (OX , ·) of invertible

functions. We will denote by MX :=MX /α
−1
X (O∗X) the characteristic monoid sheaf of X. The category of

logarithmic schemes (resp. logarithmic algebraic stacks) will be denoted by LSch (resp. LSta).
The forgetful functor from logarithmic algebraic stacks to algebraic stacks

LSta −→ Sta

X = (X,MX) 7−→ X,

admits a right adjoint
Sta −→ LSta

X 7−→ X := (X,O∗X ↪→OX),
where O∗X ↪→OX is also called the trivial logarithmic structure on X. The unit of the above adjoint pair of
functors gives rise to a morphism of logarithmic algebraic stacks

(4.1) ΥX : X = (X,MX) −→ X = (X,O∗X)

for any logarithmic algebraic stack X.
As usual, the 2-category LSta embeds into the 2-category of categories fibered in groupoids over LSch by

sending X ∈ LSta into HOMLSta(−,X). Observe that the category fibered in groupoids over LSch associated
to X is given by X(S) = X(S) for any S ∈ LSch.

Definition 4.1. The logarithmic universal Jacobian, denoted by J log
g,n , is the category fibered in groupoids

over LSch whose fiber over S is the groupoid whose objects are pairs consisting of

• a quasi-stable logarithmic curve X → S of type (g,n), i.e. an integral and saturated logarithmically
smooth morphism X → S such that the underlying morphism X → S is a family of quasi-stable
curves of type (g,n);
• an admissible line bundle L on X.

Remark 4.2. Logarithmic curves (quasi-stable or not) have been characterized in [Kat00, Theorem 1.3]. In
particular, given a logarithmic curve π : X→ S , the stalk of the characteristic monoid MX at a geometric
point x of X has one of the following forms:

• MX,x �MS,π(x) if x is a smooth point of X→ S which is not a marked point;
• MX,x �MS,π(x) ⊕Nv if x is a marked point of X→ S ;
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• MX,x �
MS,π(x) ⊕Nα ⊕Nβ

(α + β = δx)
if x is a node of X → S, where δx is a non-zero element of MS,π(x)

which is called the smoothing parameter of the node x.

Denote byMqs
g,n the algebraic stack of quasi-stable curves of type (g,n) and byMlog,qs

g,n the logarithmic

algebraic stack of quasi-stable logarithmic curves of type (g,n). If we consider J g,n andMqs
g,n as logarithmic

algebraic stacks (by endowing them with the trivial logarithmic structure, as explained above), then it is an
immediate consequence of Definition 4.1 that

(4.2) J log
g,n = J g,n ×Mqs

g,n
Mlog,qs

g,n .

In the next proposition, we will denote by M∂J g,n the divisorial logarithmic structure on J g,n associated

to the normal crossing divisor ∂J g,n (see Proposition 3.36).

Proposition 4.3. The logarithmic universal Jacobian J log
g,n is representable by the logarithmic algebraic stack

(J g,n,M∂J g,n), i.e. we have an equivalence of categories fibered in groupoids

J log
g,n 'HOMLSta

(
−, (J g,n,M∂J g,n)

)
.

Moreover, the natural morphism ΥJ log
g,n
of (4.1) is given by

ΥJ log
g,n

: J log
g,n (S) −→J g,n(S) = J g,n(S)

(X→ S,L) 7→ (X→ S,L),

for any logarithmic scheme S .

Proof. The arguments in [Kat00] imply thatMlog,qs
g,n is representable by the logarithmic stack (Mqs

g,n,M∂Mqs
g,n
)

and that the natural morphism ΥMlog,qs
g,n

:Mlog,qs
g,n →Mqs

g,n sends a quasi-stable logarithmic curve (X→ S) ∈

Mlog,qs
g,n into its underlying family of quasi-stable curves (X→ S) ∈Mqs

g,n(S) =M
qs
g,n(S).

The conclusion now follows using (4.2) and the fact that ∂J g,n is the pull-back of ∂Mqs
g,n via the smooth

morphism Φqs : J g,n→M
qs
g,n (see Proposition 3.3). �

Remark 4.4. (i) The decomposition (3.1) of J g,n into connected components induces the following

decomposition of J log
g,n into connected components

J log
g,n =

⊔
d∈Z
J log
g,n,d :=

⊔
d∈Z
J g,n,d ×Mqs

g,n
Mlog,qs

g,n .

Explicitly, the stack J log
g,n,d parametrizes those objects (X→ S,L) in J log

g,n such that for every geometric
point s of S the line bundle Ls has total degree d on Xs.

(ii) The open inclusions in (3.2) induce the following open inclusions (for any universal stability condition
φ ∈ Vg,n)

J log,spl
g,n,(d) := J spl

g,n,(d) ×Mqs
g,n
Mlog,qs

g,n ⊆ J log
g,n ⊇ J

log
g,n (φ) := J g,n(φ)×Mqs

g,n
Mlog,qs

g,n .

Explicitly, the stack J log
g,n (φ) parametrizes those objects (X → S,L) in J log

g,n such that for every

geometric point s of S the line bundle Ls on Xs is φ-semistable, while the stack J log,spl
g,n,(d) parametrizes

those objects (X → S,L) in J log
g,n such that for every geometric point s of S the curve Xs remains

connected when we remove its exceptional components (resp. and the line bundle Ls has total degree
d on Xs).
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(iii) Proposition 4.3 implies that J log
g,n,d , J

log,spl
g,n,(d) and J log

g,n (φ) are represented, respectively, by J g,n,d ,

J spl
g,n,(d) and J g,n(φ), with the divisorial logarithmic structures associated to the normal crossing

boundary divisors.

The forgetful-stabilization morphism (3.4) induces a logarithmic forgetful-stabilization morphism

(4.3) Φ log : J log
g,n

Φ log,qs

−−−−−→Mlog,qs
g,n

stlog−−−→Mlog
g,n,

whereMlog
g,n is the logarithmic algebraic stack parametrizing stable logarithmic curves of type (g,n), which

is representable by (Mg,n,M∂Mg,n
) by [Kat00], and the logarithmic stabilization morphism stlog is defined

in [CCUW20, Section 8.4].

4.2. Lifting the universal tropical Jacobian

We next define a tropical universal Jacobian as a category fibered in groupoids over the category of
logarithmic schemes.

Definition 4.5. The tropical universal Jacobian over LSch, denoted by J̃ trop
g,n , is the category fibered in

groupoids over the category of logarithmic schemes such that the fiber over S is the groupoid whose objects
consists of

• a pair (Γs/MS,s,Ds) for each geometric point s of S , where Γs/MS,s is a quasi-stable tropical curve over
MS,s of type (g,n), i.e. a quasi-stable graph G(Γs) of type (g,n) (called the underlying graph) and a
(generalized) metric dΓs : E(G(Γs))→MS,s \ {0}, and Ds is an admissible divisor on G(Γs);
• for every étale specialization f : t s of geometric points of S , a morphism of graphs πf :G(Γs)→
G(Γt) such that (πf )∗(Ds) =Dt (so that πf : (G(Γs),Ds)→ (G(Γt),Dt) is a morphism in QDivg,n) and

such that πf is compatible with f ∗ :MS,s→MS,t , i.e. such that for any e ∈ E(G(Γs)) we have that
– πf contracts e if and only if f ∗(dΓs(e)) = 0;
– if πf (e) = e′ ∈ E(G(Γt)) then f ∗(dΓs(e)) = dΓt (e

′).

We can define the subcategories J̃ trop
g,n,d , J̃ trop,spl

g,n,(d) , J̃ trop
g,n (φ) (for any universal stability condition φ ∈ Vg,n) of

J̃ trop
g,n by requiring that the fibers over S are the collections

{
(Γs/MS,s,Ds)

}
s

as above with the extra property

that (G(Γs),Ds) belongs to, respectively, QDivg,n,d , QDiv
spl
g,n,(d), QDivg,n(φ).

The universal tropical Jacobian J̃ trop
g,n over LSch comes equipped with a forgetful-stabilization morphism

to the stack M̃ trop
g,n of tropical curves over LSch, as defined in [CCUW20, Definition 7.4]:

(4.4)

Φ̃trop : J̃ trop
g,n −→ M̃

trop
g,n{

(Γs/MS,s,Ds)
}
s
7−→

{
Γ sts /MS,s

}
s
,{

πf :G(Γs)→G(Γt)
}
f : t s

7−→
{
πstf :G(Γs)

st→G(Γt)
st
}
f : t s

where Γ sts /MS,s is the stable tropical curve over MS,s of type (g,n) such that

• the underlying graph is G(Γ sts ) :=G(Γs)st,
• the metric dΓ sts : E(G(Γs)st)→MS,s \ {0} is defined (using the notation below (2.2)) by

dΓ sts (e) =

dΓs (̃e) if e ∈ Enex(G(Γs)st),

dΓs(e
1) + dΓs(e

2) if e ∈ Eexc(G(Γs)st).

There is a close relationship between the universal tropical Jacobian J trop
g,n over RPCC (see Definition

2.14) and the above defined universal tropical Jacobian J̃ trop
g,n over LSch, that we now want to explain. As



30 M. Melo, S. Molcho, M. Ulirsch, and F. Viviani30 M. Melo, S. Molcho, M. Ulirsch, and F. Viviani

explained in [CCUW20, Section 6], there is an equivalence of 2-categories

(4.5) a∗ :
{
Cone stacks

} �−−→
{
Artin fans over k

}
,

where an Artin fan over k is a logarithmic algebraic stack that is étale locally isomorphic to the stack
quotient of a toric k-variety by its big torus (endowed with its natural toric logarithmic structure). Explicitly,
the above equivalence a∗ sends a rational polyhedral cone σ to

a∗σ =
[
Speck[Sσ ]

/
Speck[Sgpσ ]

]
.

More generally, the equivalence a∗ sends the cone stack associated to a combinatorial cone stack Ψ : C →
RPCf (in the sense of [CCUW20, Section 2]) to the Artin fan which is equal to the following colimit in the
category of logarithmic algebraic stacks

(4.6) lim−−→
C∈C

[
Speck[SΨ (C)]

/
Speck[Sgp

Ψ (C)]
]
,

where all the morphisms appearing in the above colimit are open embeddings.
We refer the interested reader to [ACMW17, ACM+16, Uli19, CCUW20, Uli21] for more details on the

theory of Artin fans.

Proposition 4.6. The universal tropical Jacobian J̃ trop
g,n over LSch is an Artin fan naturally isomorphic to

a∗J trop
g,n and, moreover, we have Φ̃trop � a∗Φtrop.

Proof. Our proof is a generalization of the proof of [CCUW20, Lemma 7.9]. Let S be a logarith-
mic scheme. Following the discussion after Definition 2.14 we may consider J trop

g,n as a category over

ShpMonop. Then J trop
g,n (Γ (S,MS )) consists of pairs (Γ ,D) with Γ metrized by the monoid Γ (S,MS ).

We can therefore associate to S a natural map J trop
g,n (Γ (S,MS )) → J̃

trop
g,n (S) that is given by associ-

ating to (Γ ,D) in J trop
g,n (Γ (S,MS )) the collection

{
(Γs/MS,s,Ds)

}
s

of contractions of (Γ ,D) induced by

Γ (S,MS )→MS,s (for each geometric point s of S) together with the obvious morphisms πf :G(Γs)→G(Γt)
induced by the generalization maps MS,s → MS,t (for every étale specialization f : t s of geometric

points of S). This map is natural in S and therefore, since a∗J trop
g,n is a stack, it induces a morphism

a∗J trop
g,n → J̃

trop
g,n .

We argue that this is an isomorphism, i.e. that every
{
(Γs/MS,s,Ds)

}
s
∈ J̃ trop

g,n (S) lifts uniquely, up to

unique isomorphism, to an object in a∗J trop
g,n . Since both a∗J trop

g,n and J̃ trop
g,n are stacks, this is an étale local

assertion on S . So we may assume that there is a geometric point s0 of S and a chart MS,s0
�−→ Γ (S,MS ).

Using this homomorphism, we obtain a natural lift (Γ ′ ,D ′) ∈ J trop
g,n (Γ (S,MS )) of

{
(Γs/MS,s,Ds)

}
s
. This

lift is unique since the composition

J trop
g,n (Γ (S,MS ))→ J̃

trop
g,n (S)→ J̃ trop

g,n (s0) = J
trop
g,n (MS,s0)

is an isomorphism. Let
{
(Γ ′′s /MS,s,D

′′
s )

}
s

be the image of (Γ ′ ,D ′) in J̃ trop
g,n (S). Then, by [CCUW20, Lemma

7.8], the isomorphism (Γ ′′s0 /MS,s0 ,D
′′
s0) ' (Γs0/MS,s0 ,Ds0) extends to an étale neighborhood of s0 and so the

lift (Γ ′ ,D ′) is unique up to unique isomorphism.
The second assertion, namely that Φ̃trop � a∗Φtrop, follows from the compatibility of this isomorphism

with stabilization. �

Corollary 4.7. The universal tropical Jacobian J̃ trop
g,n over LSch admits a stratification into locally closed subsets

(4.7) J̃ trop
g,n =

⊔
(G,D)∈QDivg,n

J̃ trop
(G,D),

with the property that J̃ trop
(G,D) is isomorphic to the classifying stack B(Gm

E(G)) :=
[
Speck/Gm

E(G)
]
.
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Moreover, the poset of strata
{
J̃ trop
G,D

}
(G,D)∈QDivg,n

is anti-isomorphic to the poset |QDivg,n | of Definition 2.12,
i.e.

J̃ trop
(G,D) ⊂ J̃

trop
(G′ ,D ′)⇔ (G,D) ≥ (G′ ,D ′) in |QDivg,n |.

Proof. Using Proposition 4.6, it is enough to exhibit the desired stratification for a∗J trop
g,n . Using Theo-

rem 2.16(i) and (4.6), we get that a∗J trop
g,n is equal to the following colimit in LSta

(4.8) a∗J trop
g,n = lim−−→

(G,D)∈QDivoppg,n

[
A
E(G)

/
Gm

E(G)
]
,

where the morphisms in LSta appearing in the above colimits are given as follows: to a morphism
π : (G,D)→ (G′ ,D ′) of QDivg,n we associate the morphism in LSta

π :
[
A
E(G′)

/
Gm

E(G′)
]
=

[
(AE(G′) ×Gm

E(G)\E(G′))
/
Gm

E(G)
]
→

[
A
E(G)

/
Gm

E(G)
]

induced by the map π∗E : E(G′) ↪→ E(G) that identifies E(G′) with the subset of E(G) consisting of edges of
G that are not contracted by π : G→ G′ .

Therefore, we get a stratification of a∗J trop
g,n into locally closed subsets by considering, for any (G,D) ∈

QDivg,n, the image in
[
A
E(G)

/
Gm

E(G)
]

of the unique closed Gm
E(G)-orbit of AE(G), namely J̃ trop

(G,D) :=[
0
/
Gm

E(G)
]

where 0 is the origin of AE(G).
Moreover, since the morphisms appearing in the colimit are open embeddings, we get (for any

(G,D), (G′ ,D ′) ∈ QDivg,n):

J̃ trop
(G,D) ⊂ J̃

trop
(G′ ,D ′)⇔ there exists a morphism π : (G,D)→ (G′ ,D ′) in QDivg,n .

�

Remark 4.8. It follows from Remark 2.8, together with the fact that the maps appearing in the diagram
(4.8) are open inclusions, that the subcategories of J̃ trop

g,n introduced in Definition 4.5 are Artin subfans,

hence open substacks, of J̃ trop
g,n and they can be represented as

J̃ trop
g,n,d = a∗

(
J trop
g,n,d

)
, J̃ trop,spl

g,n,(d) = a∗
(
J trop,spl
g,n,(d)

)
, and J̃ trop

g,n (φ) = a∗
(
J trop
g,n (φ)

)
.

Moreover, the colimit description (4.8) and the stratification (4.7) hold true for the above mentioned

subcategories provided that we substitute the category QDivg,n by, respectively, QDivg,n,d , QDiv
spl
g,n,(d) or

QDivg,n(φ).

4.3. A modular tropicalization morphism

We can now define a modular logarithmic tropicalization map.

Definition 4.9. The modular logarithmic tropicalization map (for J g,n) is the morphism of categories
fibered in groupoids over LSch (and hence of logarithmic algebraic stacks)

(4.9) �tropJ log
g,n

: J log
g,n −→ J̃

trop
g,n

defined (on objects) as follows. Consider an object (π : X → S,L) ∈ J log
g,n (S). For every geometric point

s→ S , we define a metric on the dual graph G(Xs) of the geometric fiber of X→ S over s by

dπ : E(G(Xs)) −→MS,s \ {0}
e 7−→ δne ,

where δne is the smoothing parameter (in the sense of Remark 4.2) of the node ne of Xs corresponding to
e. The pair (G(Xs),dπ) defines a quasi-stable tropical curve over MS,s of type (g,n), that we denote by
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Γ (Xs)/MS,s. We denote by deg(Ls) the multidegree of the line bundle Ls := L|Xs on Xs, which is naturally
an admissible divisor on G(Xs). Moreover, given an étale specialization f : t s of geometric points of S ,
the family π : X→ S induces a natural morphism of graphs πf : G(Xs)→ G(Xt) that is compatible with

f ∗ :MS,s→MS,t and such that (πf )∗(deg(Ls)) = deg(Lt). Then we define

(4.10) �tropJ log
g,n
(π : X→ S,L) :=

({
Γ (Xs)/MS,s,deg(Ls)

}
s
,
{
πf :G(Xs)→G(Xt)

}
f : t s

)
.

From the above definition of �tropJ log
g,n

, the explicit descriptions of the maps Φ log of (4.3) and Φ̃trop of

(4.4), we get the commutativity of the following diagram

(4.11) J log
g,n

�troplog
Jg,n //

Φ log

��

J̃ trop
g,n

Φ̃ trop

��

Mlog
g,n

�trop
Mlog
g,n // M̃ trop

g,n

where �tropMlog
g,n

: Mlog
g,n → M̃

trop
g,n is the modular logarithmic tropicalization map for Mlog

g,n defined in

[CCUW20, Section 7.2] (where it is called tropicalization morphism and denoted by tropg,n).
Before proving the main properties of the map �tropJ log

g,n
in the following Theorem, recall [ACMW17,

Proposition 3.2.1] that for any logarithmic stack X (fine, saturated and locally of finite type over a base
field k) there exists an Artin fan AX with faithful monodromy together with a natural strict morphism of
logarithmic algebraic stacks (that we like to call the functorial logarithmic tropicalization morphism of
X )

(4.12) tropX : X −→AX

that is initial among all strict morphisms to an Artin fan with faithful monodromy. Clearly, the map tropX
is functorial with respect to strict morphisms of logarithmic algebraic stacks, i.e. for any strict morphism
φ : X →Y of logarithmic stacks there exists a strict morphism A(φ) :AX →AY of Artin fans that fits into
a commutative diagram

X

tropX
��

φ
// Y

tropY
��

AX A(φ)
// AY

Theorem 4.10.

(i) The modular logarithmic tropicalization map �tropJ log
g,n

: J log
g,n → J̃

trop
g,n is strict, smooth and surjective.

(ii) The morphism of Artin fans

A(�tropJ log
g,n
) :AJ log

g,n
→AJ̃ trop

g,n

is an isomorphism. In particular, we have a commutative diagram

(4.13) J log
g,n

�trop
J logg,n //

trop
J logg,n

��

J̃ trop
g,n

trop
J̃ trop
g,n

��
AJ log

g,n A(�trop
J logg,n

)

� // AJ̃ trop
g,n
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(iii) There exist morphisms of Artin fans A(Φ̃trop) :AJ̃ trop
g,n
→AM̃ trop

g,n
and A(Φ log) :AJ log

g,n
→AMlog

g,n
sitting

into the commutative diagram

(4.14) J log
g,n �trop

J logg,n

//

trop
J logg,n

**

Φ log

��

J̃ trop
g,n trop

J̃ trop
g,n

//

Φ̃ trop

��

AJ̃ trop
g,n

A(Φ̃ trop)

��

AJ log
g,n
,

�

A(�trop
J logg,n

)
oo

A(Φ log)

��
Mlog

g,n

�trop
Mlog
g,n //

trop
J logg,n

44M̃ trop
g,n

trop
M̃ trop
g,n // AM̃ trop

g,n
AMlog

g,n
,

�

A(�trop
Mlog
g,n

)
oo

where the first row is the diagram (4.13) and the second row is the analogous diagram established in [Uli19,
Theorem 1.3] (building upon [CCUW20, §7.2]).

(iv) The two morphisms of logarithmic algebraic stacks

(4.15) J g,n J log
g,n

Υ
J logg,noo

�trop
J logg,n // J̃ trop

g,n

are compatible with the stratifications (3.6) and (4.7), i.e.

(�tropJ log
g,n
)−1(J̃ trop

(G,D)) = (ΥJ log
g,n
)−1(J(G,D))

for every (G,D) ∈ QDivg,n. In particular, we have that
• (�tropJ log

g,n
)−1(J̃ trop

g,n,d ) = J
log
g,n,d = (ΥJ log

g,n
)−1(J g,n,d) for any d ∈Z.

• (�tropJ log
g,n
)−1(J̃ trop,spl

g,n,(d) ) = J log,spl
g,n,(d) = (ΥJ log

g,n
)−1(J spl

g,n,(d)).

• (�tropJ log
g,n
)−1(J̃ trop

g,n (φ)) = J log
g,n (φ) = (ΥJ log

g,n
)−1(J g,n(φ)) for any universal stability condition φ ∈

Vg,n.

Note that the morphisms of logarithmic algebraic stacks Φ log and Φ̃trop are not strict, so that the existence
of the morphisms of Artin fans A(Φ̃trop) and A(Φ log) in part (iii) does not come automatically from the
functoriality of the logarithmic tropicalization morphism tropX .

Proof. Part (i) follows along the lines of the proof of [CCUW20, Theorem 7.12]. Given a quasi-stable tropical
curve Γ over a monoid P together with an admissible divisor D on G(Γ ), we can always find a quasi-stable
logarithmic curve X together with an admissible line bundle L such that the dual tropical curve of X is equal
to Γ and the multidegree of L is equal to D . This shows that �tropJ log

g,n
is surjective.

In order to show that �tropJ log
g,n

is strict, we need to check that for every scheme S together with a morphism

MS →M ′S of logarithmic structures, any diagram

(S,MS ) J log
g,n

(S,M ′S ) J̃ trop
g,n

�trop
J logg,n

has a unique lift as pictured. In other words: we have a pair (Γ ′ ,D ′) consisting of a quasi-stable tropical
curve over (S,M ′S ) and an admissible divisor D ′ on Γ ′ and a pair (X,MX ,L) consisting of a quasi-stable
logarithmic curve (X,MX) over (S,MS ) and an admissible line bundle L such that the family ΓX of dual
tropical curves of X over S is the family Γ /(S,MS ) of tropical curves that is induced from Γ ′/(S,MS ). We
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wish to show that there is a quasi-stable logarithmic curve (X,M ′X) over (S,M ′S ) and an admissible line

bundle L′ on X which induces both (X,L) over (S,MS ) and (Γ ′ ,D ′) in J̃ trop
g,n (S,M ′S ). From the proof of

[CCUW20, Theorem 7.12] we obtain such an (X,M ′X) by modifying the logarithmic structure on (X,MX)
and we set L′ = L in order to find an (X,M ′X ,L

′) with the desired properties.

Since J̃ trop
g,n is logarithmically étale over the base, we have that �tropJ log

g,n
is logarithmically smooth, since

J log
g,n is logarithmically smooth over k. Since �tropJ log

g,n
is also strict, the map �tropJ log

g,n
is smooth (in the

classical non-logarithmic sense), since strict logarithmically smooth morphisms are automatically smooth.
Let us now prove part (ii). It follows from [Uli19, Proposition 4.5] that AJ log

g,n
is equal to the Artin

fan associated, via the equivalence (4.5), to the (combinatorial) cone stack ΓStr(J g,n) : Str(J g,n)→ RPCf

of (3.8). On the other hand, since J̃ trop
g,n is the Artin fan associated to the (combinatorial) cone stack

ΓQDivg,n :QDiv
opp
g,n → RPCf of (2.11) (by Proposition 4.6), it follows from [Uli19, Cor. 4.6] that AJ̃ trop

g,n
is the

Artin fan associated to the (combinatorial) cone stack ΓQDivEg,n : (QDiv
E
g,n)

opp→ RPCf of (3.9). Proposition

3.6, together with the modular description of �tropJ log
g,n

, implies that the map A(�tropJ log
g,n
) :AJ log

g,n
→AJ̃ trop

g,n
is

an isomorphism of Artin fans.
Let us prove part (iii). The commutativity of the left square of (4.14) has been already observed in (4.11).
We now define a morphism A(Φ̃trop) :AJ̃ trop

g,n
→AM̃ trop

g,n
of Artin fans making commutative the central

square of (4.14). Consider the commutative diagram of combinatorial cone stacks

(4.16)
(
ΓQDivg,n :QDiv

opp
g,n −→ RPCf

)
//

��

(
ΓQDivEg,n : (QDiv

E
g,n)

opp −→ RPCf
)

��(
ΓSGg,n : SG

opp
g,n −→ RPCf

)
//
(
ΓSGEg,n : (SG

E
g,n)

opp −→ RPCf
)

where the two horizontal arrows are the natural factorizations of ΓQDivg,n (see (2.11)) and ΓSGg,n (see (2.10))
through the quotient categories in Definition 2.11, the left vertical arrow is given in Theorem 2.16(ii) and the
right vertical arrow is the induced morphism. Passing to the Artin fans associated to the above combinatorial
cone stacks, we get the required commutative diagram

(4.17) J̃ trop
g,n

trop
J̃ trop
g,n //

Φ̃ trop

��

AJ̃ trop
g,n

A(Φ̃ trop)

��
M̃ trop

g,n

trop
M̃ trop
g,n // AM̃ trop

g,n

where we used the description of Φ̃trop in Proposition 4.6 and Theorem 2.16(ii), the description of tropJ̃ trop
g,n

given in part (ii) and the analogous description of tropM̃ trop
g,n

given in [Uli19, §4.3].

Finally, since the morphisms A(�tropJ log
g,n
) and A(�tropMlog

g,n
) are isomorphisms of Artin fans, there exists a

unique morphism A(Φ log) :AJ log
g,n
→AMlog

g,n
making commutative the right square of (4.14).

Part (iv): the first assertion follows from the modular description of ΥJ log
g,n

given in Proposition 4.3 and the

definition of �tropJ log
g,n

. The second assertion follows from the first one together with Remarks 4.4 and 4.8. �
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5. Analytic tropicalization

The aim of this section is to describe the relation between the universal tropical Jacobian and the
analytification of the universal compactified Jacobian. In this section, we work over a fixed algebraically
closed field k on which we put the trivial valuation.

5.1. Analytification and functorial analytic tropicalization

In this subsection, we are going to review the definition of the (Berkovich) analytification of an Artin stack
and of the functorial analytic tropicalization map of a toroidal embedding of Artin stacks. We will mostly
follow the presentation and notation of [Uli19] (that generalizes the previous works of [Thu07] and [ACP15])
although we will describe the tropicalization map in the special case of toroidal embeddings of stacks and
not for arbitrary logarithmic stacks.

Let X be an Artin stack locally of finite type over k. It is shown in [Uli19, Section 5.1] (generalizing the
construction of Thuillier [Thu07] for schemes) that one can associate to X (in a functorial way) a strict
k-analytic stack Xi, i.e. a stack in the category of strict analytic k-spaces endowed with the G-étale topology
having representable diagonal and admitting a G-smooth atlas. We will call Xi the beth-analytification of
X .

We refrain from giving the definition of Xi (since we will not need it in this paper), but we recall that the
topological space associated to Xi admits the following explicit description

(5.1)
∣∣∣Xi

∣∣∣ := {
SpecR→X

}/
∼,

where R varies among all the rank-1 valuation rings containing k and the equivalence relation ∼ is
defined as follows: we say that SpecR→ X is equivalent to SpecR′ → X if there exists another rank-1
valuation ring R′′ containing both R and R′ , and a 2-isomorphism between the two natural morphisms
SpecR′′ → SpecR→X and SpecR′′ → SpecR′ →X . In particular, note that every point of Xi can be
represented by a morphism SpecR→X where R is a complete rank-1 valuation ring with an algebraically
closed residue field.

The topological space |Xi| admits an anticontinuous surjective map, called the reduction map, to the
topological space |X | underlying the stack X which is defined by sending a point [φ : SpecR→X ] ∈ Xi to
the image via φ of the special point o ∈ R. More precisely, we have

(5.2)
redX :

∣∣∣Xi

∣∣∣ −→ |X |[
SpecR→X

]
7→

[
SpecR/mR→ SpecR→X

]
,

where mR is the maximal ideal of R.

Remark 5.1. Note that if X is proper then, by the valuative criterion of properness, we may describe the
topological space underlying Xi as

(5.3)
∣∣∣Xi

∣∣∣ := {
SpecK →X

}
/ ∼,

where K varies among all the rank-1 valuation fields extending k with trivial valuation, and the equivalence
relation is defined as above. This is the underlying topological space |X an| of the non-Archimedean
analytification X an associated to X in the sense of [Uli17, Section 2.3].

Assume now that we have a toroidal embedding of Artin stacks (U ⊂ X ), locally of finite type over k.
Associated to (U ⊂ X ) there is a canonical topological space Σ(X ), together with a canonical compactification
Σ(X ), and a functorial analytic tropicalization map tropan

X : |Xi| → Σ(X ), that we are now going to review
following [Uli19] (which deals with the more general situation of logarithmic Artin stacks) and [ACP15] (which
deals with the special case of toroidal embeddings of DM-stacks).
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As in §3.2, consider the lisse-étale sheaves DX and EX over X such that, for every smooth morphism
V →X with V a scheme, DX (V ) (resp. EX (V )) is the group of Cartier divisors on V (resp. the submonoid
of effective Cartier divisors on V ) that are supported on V \U where U := V ×X U . Consider the category
of strata Str(X ) = {Wi} of the toroidal embedding U ⊂ X (as defined in §3.1) and pick a geometric generic
point wi in each stratum Wi . By composing the functor (3.8) with the natural inclusion RPCf ⊂ Top, we get
a functor

(5.4)

ΓX : Str(X ) −→ Top

Wi 7−→ σ (Wi) := Hommon(EX ,wi ,R≥0),

(Wi →Wj ) 7−→
(
σ (Wi) ↪→ σ (Wj )

)
.

We can also upgrade the above functor ΓX to a functor taking values on compact topological spaces as
follows. To any stratum Wi ∈ Str(X ), we associate the extended cone

σ (Wi) := Hommon

(
EX ,wi ,R≥0 ∪ {+∞}

)
,

which is a canonical compactification of σ (Wi). Moreover, any morphism Wi → Wj in Str(X ) induces
a surjective monoid homomorphism EX ,wj � EX ,wi , and hence it induces an extended face morphism
σ (Wi) ↪→ σ (Wj ) of extended cones. In this way, we get a functor

(5.5)

Γ X : Str(X ) −→ Top

Wi 7−→ σ (Wi),

(Wi →Wj ) 7−→
(
σ (Wi) ↪→ σ (Wj )

)
.

The generalized cone complex Σ(X ) and the generalized extended cone complex Σ(X ) (in the
terminology of [ACP15, Section 2]) of the toroidal embedding U ⊂ X are given by

(5.6) Σ(X ) := colimWi∈Str(X )σ (Wi) ⊆ Σ(X ) := colimWi∈Str(X )σ (Wi).

where the colimit is with respect to the two functors (5.4) and (5.5). We have a stratification into locally
closed subsets (see [ACP15, Proposition 2.6.2])

(5.7) Σ(X ) =
⊔

Wi∈Str(X )
σ (Wi)

o/HWi
⊂ Σ(X ) =

⊔
Wi∈Str(X )

σ (Wi)
o/HWi

where σ (Wi)o := Hommon(EX ,wi ,R>0) ⊂ σ (Wi), σ (Wi)o := Hommon(EX ,wi ,R>0 ∪ {+∞}) ⊂ σ (Wi) and HWi

is the monodromy group of the stratum Wi .
The functorial analytic tropicalization map tropan

X :
∣∣∣Xi

∣∣∣ → Σ(X ) is defined as follows. Consider

a point [ψ : SpecR → X ] of |Xi|, where R is an integral domain which is complete with respect to a
rank-1 valuation valR : R → R≥0 ∪ {∞}. Let x be the image via ψ of the closed point of SpecR and
let Wi be the toroidal stratum containing x. Since EX is étale locally constant along each stratum Wi

(see [ACP15, Proposition 6.2.1]), any étale specialization s : wi x induces by pull-back an isomorphism

s∗ : EX ,x
�−→ EX ,wi , which is well-defined up to the action of the monodromy group HWi

on EX ,wi . Fix an
étale specialization s : wi x and consider the chain of monoid homomorphisms

(5.8) EX ,wi
(s∗)−1
−−−−→
�

EX ,x
ψ̃
−→

(
(R \R∗)/R∗, ·

) valR−−−→R>0 ∪ {∞}

where the morphism ψ̃ sends an effective Cartier divisor D with local equation f ∈ ÔX ,x at x to the
element ψ](f ) ∈ R (well-defined up to units) which is not a unit of R since x ∈Wi , and valR is induced by
the valuation valR : R→ R≥0 ∪ {∞} using that the units R∗ are the only elements of R having valuation
zero. Then tropan

X
(
[ψ : SpecR→ X ]

)
is the image in Σ(X ) of the monoid homomorphism (5.8) which

is a well-defined element of σ (Wi)o/HWi
. The map tropan

X is continuous, surjective and proper, and it is
functorial with respect to toroidal morphisms.
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Remark 5.2. The functorial analytic tropicalization map tropan
X has a section JX : Σ(X )→

∣∣∣Xi

∣∣∣ such that
the composition

pX = JX ◦ tropan
X :

∣∣∣Xi

∣∣∣ −→ ∣∣∣Xi

∣∣∣
is a strong deformation retraction onto the non-archimedean skeleton of |Xi|, see [Thu07], [ACP15], and
[Uli19, Proposition 6.3], as well as [Ran17, Section 2.6] for a generalization to toroidal Artin stacks.

5.2. Analytic tropicalization of the universal Jacobian

By applying the construction of the previous section §5.1 to the forgetful morphism Φ : J g,n→Mg,n,
which is toroidal by Proposition 3.4(iii), we get the following commutative diagram of continuous maps of
topological spaces

(5.9)
∣∣∣J i

g,n

∣∣∣ tropan
J g,n //

|Φi|
��

Σ(J g,n)

ΦΣ

��∣∣∣Mi

g,n

∣∣∣ tropan
Mg,n // Σ(Mg,n)

Remark 5.3. The decomposition (3.1) of J g,n into connected components induces the following decomposi-
tion into connected components

tropan
J g,n

:
∣∣∣J i

g,n

∣∣∣ = ⊔
d∈Z

∣∣∣J i

g,n,d

∣∣∣ ⊔
d∈Z tropan

J g,n,d
−−−−−−−−−−−−−→

⊔
d∈Z

Σ(J g,n,d) = Σ(J g,n)

Moreover, we have that

•
∣∣∣(J spl

g,n )
i

∣∣∣ can be identified with the closed subspace red−1J g,n

(
|J spl

g,n |
)
⊂

∣∣∣J i

g,n

∣∣∣;
• Σ(J spl

g,n ) is a generalized extended cone subcomplex of Σ(J g,n);

• (tropan
J g,n

)−1
(
Σ(J spl

g,n )
)
=

∣∣∣(J spl
g,n )

i

∣∣∣ and tropan
J spl
g,n

is the restriction of tropan
J g,n

to
∣∣∣(J spl

g,n )
i

∣∣∣.
Analogous statements hold for J g,n(φ) for any universal stability condition φ ∈ Vg,n.

The aim of this subsection is to describe the above diagram in terms of tropical geometry. First of all, let
us introduce the relevant tropical objects.

Definition 5.4 ((Quasi-)stable (extended) tropical curves).

(1) A (quasi-)stable (resp. extended) tropical curve Γ of type (g,n) is a (quasi-)stable graph GΓ ) of type (g,n)
together with a metric dΓ : E(G(Γ ))→R>0 (resp. dΓ : E(G(Γ ))→R>0 ∪ {∞}).

(2) The stabilization of a quasi-stable (resp. extended) tropical curve Γ of type (g,n) is the stable (resp.
extended) tropical curve Γ st of type (g,n) such that
• the underlying graph is G(Γ st) :=G(Γ )st,
• the metric dΓ st : E(G(Γ ))→R>0 (resp. dΓ st : E(G(Γ ))→R>0∪{∞}) is defined (using the notation

below (2.2)) by

dΓ st(e) =

dΓ (̃e) if e ∈ Enex(G(Γ )st),

dΓ (e1) + dΓ (e2) if e ∈ Eexc(G(Γ )st).

We now introduce the generalized (extended) cone complex associated to J trop
g,n .

Definition 5.5.
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(1) The generalized (resp. extended) cone complex associated to J trop
g,n is defined as the colimit

(5.10) J
trop
g,n = lim−−→

(G,D)∈QDivg,n

R
E(G)
≥0 ⊂ J

trop
g,n = lim−−→

(G,D)∈QDivg,n

(
R≥0 ∪ {∞}

)E(G)
,

which are obtained as colimits in the category of topological spaces Top of, respectively, the diagram

(5.11) Γ
top
QDivg,n :QDiv

opp
g,n

ΓQDivg,n
−−−−−−→ RPCf ⊂ Top,

where ΓQDivg,n is the functor (2.11), and its natural extension

(5.12)

Γ
top
QDivg,n :QDiv

opp
g,n −→ Top,

(G,D) 7−→ (R≥0 ∪ {+∞})E(G),(
π : (G,D)→ (G′ ,D ′)

)
7−→

(
(R≥0 ∪ {+∞})E(G

′) ↪→ (R≥0 ∪ {+∞})E(G)
)
,

using extended cones.
(2) We denote by Φtrop the forgetful-stabilization morphism of generalized (resp. extended) cone

complexes

(5.13) J
trop
g,n
� � //

Φ trop

��

J
trop
g,n

Φ trop
��

M
trop
g,n := colimG∈SGg,nR

E(G)
≥0
� � // M

trop
g,n := colimG∈SGg,nR

E(G)
≥0

induced by, respectively, the morphism of diagrams(
ΓQDivg,n :QDiv

opp
g,n → RPCf

)
→

(
ΓSGg,n : SG

opp
g,n → RPCf

)
described in Theorem 2.16(ii) composed with the inclusion RPCf ⊂ Top, and its natural extension
using extended cones.

Remark 5.6. From the definition (2.11) of the functor ΓQDivg,n : QDivoppg,n → RPCf , it follows that the

morphism ΓQDivg,n(π) :R
E(G′)
≥0 ↪→R

E(G)
≥0 in RPCf induced by a morphism π : (G,D)→ (G′ ,D ′) in QDivg,n

depends only from π∗E : E(G′) ↪→ E(G). This implies that the functor ΓQDivg,n factors through the functor

ΓQDivEg,n of (3.9) and hence that J
trop
g,n can also be described as the colimit of the diagram

(5.14) Γ
top

QDivEg,n
:QDivoppg,n

ΓQDivEg,n
−−−−−−→ RPCf ⊂ Top,

Similarly, the functor Γ
top
QDivg,n of (5.12) factors through a functor

(5.15) Γ
top

QDivEg,n
:
(
QDivEg,n

)opp
−→ Top

whose limit is J
trop
g,n .

Note that J
trop
g,n (resp. J

trop
g,n ) naturally parametrizes pairs (Γ ,D), where Γ is a quasi-stable (resp. extended)

tropical curve of type (g,n) and D is an admissible divisor on the underlying graph G(Γ ). Therefore, using

also the presentations (5.10), J
trop
g,n and J

trop
g,n have a stratification into locally closed subsets

(5.16) J
trop
g,n =

⊔
(G,D)∈QDivg,n

J
trop
(G,D) ⊂ J

trop
g,n =

⊔
(G,D)∈QDivg,n

J
trop
(G,D)
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where J
trop
(G,D) �R

E(G)
>0 /Aut(G,D) (resp. J

trop
(G,D) � (R>0∪{∞})E(G)/Aut(G,D)) is the locus parametrizing pairs

(Γ ,D ′) ∈ J tropg,n (resp. J
trop
g,n ) such that (G(Γ ),D ′) � (G,D). Moreover, since the maps appearing in the colimits

(5.10) are face inclusions (and hence closed embeddings), we deduce that, given (G,D), (G′ ,D ′) ∈ QDivg,n,
we have that

(5.17) J
trop
(G′ ,D ′) ⊂ J

trop
(G,D)⇔ J

trop
(G′ ,D ′) ⊂ J

trop
(G,D)⇔ (G,D) ≥ (G′ ,D ′) in |QDivg,n |.

Similarly, M
trop
g,n (resp. M

trop
g,n ) naturally parametrizes stable (resp. extended) tropical curves of type

(g,n) (see [BMV11] and [ACP15]) and, moreover, the map Φtrop sends (Γ ,D) ∈ J tropg,n (resp. ∈ J tropg,n ) into the

stabilization Γ st ∈Mtrop
g,n (resp. ∈M trop

g,n ) of Γ .

Remark 5.7. Similarly to Definition 5.5, we can define J
trop
g,n,d(φ) ⊂ J

trop
g,n,d , J

trop,spl
g,n,(d) ⊂ J

trop,spl
g,n,(d) and

J
trop
g,n (φ) ⊂ J tropg,n (φ) for any universal stability condition φ ∈ Vg,n, by replacing QDivg,n with, respectively,

QDivg,n,d , QDiv
spl
g,n,(d) and QDivg,n(φ). The stratification (5.16) and its modular description extends easily

to these new generalized (resp. extended) cone complexes.
From Remark 2.8 and Definition 5.5, it follows that:

• we have a decomposition into connected components

J
trop
g,n =

⊔
d∈Z

J
trop
g,n,d ⊂

⊔
d∈Z

J
trop
g,n,d = J

trop
g,n .

• J trop,splg,n,(d) (resp. J
trop,spl
g,n,(d) ) is a generalized (resp. extended) cone subcomplex, and hence a closed

subspace, of J
trop
g,n,(d) (resp. J

trop
g,n,(d)).

• J tropg,n (φ) (resp. J
trop
g,n (φ)) is a connected generalized (resp. extended) cone subcomplex, and hence a

closed subspace, of J
trop
g,n,|φ| (resp. J

trop
g,n,|φ|).

We now define a modular analytic tropicalization map.

Definition 5.8. The modular analytic tropicalization map (for J g,n) is the map

(5.18) �tropan
J g,n :

∣∣∣∣J i

g,n

∣∣∣∣ −→ J
trop
g,n

defined as follows. Consider a point
[
SpecR→ J g,n

]
∈
∣∣∣J i

g,n

∣∣∣, where R is an integral domain which is
complete with respect to a rank-1 valuation valR : R→R≥0∪{∞} and having an algebraically closed residue
field, and let (C → SpecR,L) be the induced family of quasi-stable curves endowed with an admissible line
bundle. On the dual graph G(Cs) of the special fiber Cs of C → SpecR we consider the metric

(5.19) dC : E(G(Cs)) −→
(
(R \R∗)/R∗, ·

) valR−−−→R>0 ∪ {∞}

e 7−→ [fe]

where fe is an element of R, well-defined up to units and which is not a unit, such that an étale local equation
for C at the node ne of Cs is given by xy = fe, and valR is induced by the valuation valR using that the units
R∗ of R are the only elements of valuation zero. The pair (G(Cs),dC) defines a quasi-stable extended tropical
curve of type (g,n), that we denote by Γ (Cs), and we set

(5.20) �tropan
J g,n

(
[SpecR→J g,n]

)
:=

(
Γ (Cs),deg(Ls)

)
∈ J tropg,n .
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From the above definition of �tropan
J g,n and the explicit descriptions of the maps Φ of (3.3) and Φtrop of

(5.13), we get the commutativity of the following diagram (of set-theoretic maps)

(5.21)
∣∣∣J i

g,n

∣∣∣ �tropan
J g,n //

|Φi|
��

J
trop
g,n

Φ trop

��∣∣∣Mi

g,n

∣∣∣ �tropan
Mg,n // M

trop
g,n

where �tropan
Mg,n

:
∣∣∣Mi

g,n

∣∣∣→M
trop
g,n is the modular analytic tropicalization map forMg,n defined in [ACP15,

Section 1.1] (and therein called the naive set-theoretic tropicalization map).

Note that we have similar diagrams with J g,n and J
trop
g,n replaced, respectively, by either J spl

g,n and J
trop,spl
g,n ,

or J g,n(φ) and J
trop
g,n (φ) for any universal stability condition φ ∈ Vg,n.

The main result of this subsection is an identification of the modular analytic tropicalization map �tropan
J g,n

with the functorial analytic tropicalization map tropan
J g,n

.

Theorem 5.9.

(i) There are canonical isomorphisms ΨJ g,n : Σ(J g,n)
�−→ J

trop
g,n and Ψ J g,n : Σ(J g,n)

�−→ J
trop
g,n of, respectively,

generalized cone complexes and generalized extended cone complexes.

(ii) Using the above isomorphism Ψ J g,n , the map
�tropan

J g,n : |J
i

g,n| → J
trop
g,n coincides with the map tropan

J g,n
:

|J i

g,n| → Σ(J g,n), i.e. �tropan
J g,n = Ψ J g,n ◦ tropJ g,n . In particular, �tropan

J g,n is continuous, surjective and
proper.

(iii) Diagram (5.21) coincides with Diagram (5.9), i.e. we have the following commutative diagram

(5.22)
∣∣∣J i

g,n

∣∣∣
�tropan

J g,n

))

|Φi|
��

tropan
J g,n

// Σ(J g,n)

ΦΣ

��

Ψ J g,n

�
// J

trop
g,n

Φ trop

��∣∣∣Mi

g,n

∣∣∣
�tropan

Mg,n

44

tropan
Mg,n // Σ(Mg,n)

ΨMg,n

�
// M

trop
g,n

where ΨMg,n
: Σ(Mg,n)

�−→M
trop
g,n is the isomorphism of generalized extended cone complexes constructed

in [ACP15, Theorem 1.2.1(1)].
(iv) The two maps

(5.23)
∣∣∣J g,n∣∣∣ ∣∣∣J i

g,n

∣∣∣redJ g,noo
�tropan

J g,n // J
trop
g,n

are compatible with the stratifications (3.6) and (5.16), i.e.

(�tropan
J g,n)

−1
(
J
trop
(G,D)

)
= (redJ g,n)

−1
(
|J(G,D)|

)
for every (G,D) ∈ QDivg,n. In particular, we have that
• (�tropan

J g,n)
−1

(
J
trop
g,n,d

)
=

∣∣∣J i

g,n,d

∣∣∣ = (redJ g,n)
−1

(
|J g,n,d |

)
for any d ∈Z.

• (�tropan
J g,n)

−1
(
J
trop,spl
g,n,(d)

)
=

∣∣∣(J spl
g,n,(d))

i

∣∣∣ = (redJ g,n)
−1

(
|J spl

g,n,(d)|
)
.
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• (�tropan
J g,n)

−1
(
J
trop
g,n (φ)

)
=

∣∣∣J g,n(φ)i∣∣∣ = (redJ g,n)
−1

(
|J g,n(φ)|

)
for any universal stability condition

φ ∈ Vg,n.

Parts (i), (ii) and (iii) for J g,n(φ), in the special case n = 1 and for specific choices of φ ∈ Vg,n, have been
proved by Abreu-Pacini in [AP20, Theorem 6.9]. Both their proof and ours follow the blueprint provided by
[ACP15] and go by giving an explicit description of the toroidal stratification (see Proposition 3.6 above).

Proof. Let us first prove part (iv): consider a point
[
SpecR→J g,n

]
∈ |J i

g,n|, where R is an integral domain
which is complete with respect to a rank-1 valuation valR : R→ R≥0 ∪ {∞} and having an algebraically
closed residue field k, and let (C → SpecR,L) be the induced family of quasi-stable curves endowed with an
admissible line bundle. By (5.2), we have that

(5.24) redJ g,n
(
[SpecR→J g,n]

)
= (Cs,Ls) ∈ J g,n(k)

where s is the special point of SpecR. On the other hand, by Definition 5.8, we have that

(5.25) �tropan
J g,n

(
[SpecR→J g,n]

)
:=

(
Γ (Cs),deg(Ls)

)
∈ J tropg,n ,

where Γ (Cs) is the quasi-stable tropical curve of type (g,n) whose underlying graph is G(Cs) and whose
metric is the metric dC in (5.19). In particular, we have that

(5.26)
(
G(Cs),deg(Ls)

)
=

(
G(Γ (Cs)),deg(Ls)

)
.

By combining (5.24), (5.25) and (5.26), and recalling the definition of J(G,D) from Proposition 3.4(i) and of

J
trop
(G,D) from (5.16), we conclude that (for any given (G,D) ∈ QDivg,n)[

SpecR→J g,n
]
∈ (�tropan

J g,n)
−1(J

trop
(G,D))⇔

[
SpecR→J g,n

]
∈ (redJ g,n)

−1
(
|J(G,D)|

)
.

The last assertion follows from what we already proved together with Remarks 5.3 and 5.7.
Part (i) follows immediately by combining Remark 5.6, the definitions (5.6) and Proposition 3.6.
Let us now prove part (ii), using the notation already introduced in the proof of parts (iv) and (i). Fix

(G,D) ∈ QDivg,n such that (Cs,Ls) ∈ J(G,D)(k). From the the proof of Proposition 3.6 (see (3.13) and
the deformation-theoretic arguments that precedes it), it follows that we have a canonical identification
EJ(G,D),(Cs ,Ls) =N

E(G(Cs)) and that the monoid homomorphism appearing in (5.8)

N
E(G(Cs)) = EJ(G,D),(Cs ,Ls)

ψ̃
−−→ ((R \R∗)/R∗, ·)

is induced by the morphism E(G(Cs))→ (R \R∗)/R∗ that sends e ∈ E(G(Cs)) into [fe] ∈ (R \R∗)/R∗ where
fe ∈ R \R∗ is such that an étale local equation for C at the node ne is given by xy = fe. We deduce that the
monoid homomorphism

N
E(G(Cs)) = EJ(G,D),(Cs ,Ls)

ψ̃
−−→

(
(R \R∗)/R∗, ·

) valR−−−−→R>0 ∪ {∞}

is induced by the metric dC : E(G(Cs))→ R>0 ∪ {∞} of (5.19). From this, it follows that the isomorphism
Ψ J g,n constructed in (i) sends the element tropan

J g,n

(
[SpecR→J g,n]

)
∈ σ (G,D)o/H(G,D) ⊂ Σ(J g,n) to the

tropical curve �tropan
J g,n

(
[SpecR→J g,n]

)
∈ J tropg,n .

Part (iii): the commutativity of the upper triangle is proved in part (ii), the commutativity of the lower
triangle is proved in [ACP15, Theorem 1.2.1(2)], the commutativity of the left square has already been observed
in (5.9), and the commutativity of the right square follows from the commutativity of the diagram (5.21)
together with the surjectivity of the map tropan

J g,n
. �
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6. Fibers of the universal tropical Jacobian and examples

6.1. Fibers of the universal tropical Jacobian

In this subsection, we will study the ”fibers” of the forgetful-stabilization morphism

Φtrop : J trop
g,n →M

trop
g,n .

More precisely, we will describe the fiber product of Φtrop : J trop
g,n →M

trop
g,n with a morphism σ

Γ−→Mtrop
g,n

induced by a stable tropical curve Γ over σ ∈ RPC.

Definition 6.1. Let Γ /σ be a stable tropical curve over σ ∈ RPC and let G :=G(Γ ) ∈ SGg,n be its underlying

stable graph. The Jacobian cone space of Γ /σ is the (combinatorial) cone space Jac
Γ /σ associated to the

category fibered in groupoids

QDivopp
G
−→ RPCf

given by the following:

• To any object (G,D,ρ) ∈ QDivG, we associate the following fibered product over σ of rational
polyhedral cones over σ :

C(G,D,ρ) :=
∏

e∈E(Gst)

C(G,D,ρ)e :=
∏

e∈Eexc(Gst)

(σ ×
R≥0 R

2
≥0)e ×

∏
e∈Enex(Gst)

σ

where the fibered product (σ ×
R≥0 R

2
≥0)e is with respect to the following morphism of cones: the

morphism R
2
≥0→R≥0 is the addition map that sends (a,b) into a+ b, while the morphism σ →R≥0

is dual to the following morphism of toric monoids

S
R≥0 =N −→ Sσ ,

1 7−→ d
Γ
(ρ∗E(e)),

where ρ∗E(e) ∈ E(G) is the inverse image of e ∈ Eexc(Gst) via ρ : G
�−→ Gst and d

Γ
: E(G)→ Sσ is the

generalized metric corresponding to the tropical curve Γ /σ .
• Let π : (G,D,ρ) → (G′ ,D ′ ,ρ′) be a morphism in QDivG. For e ∈ E(Gst) and e′ ∈ E(G′st) with
e = (πst)∗E(e

′) we have non-zero maps C(π)e′ ,e : C(G′ ,D ′ ,ρ′)e′ → C(G,D,ρ)e such that the following
holds:
– If e and e′ are either both non-exceptional or both exceptional then C(π)e′ ,e = id;
– Otherwise, we must have that e′ ∈ Enex(G′ st) and e ∈ Eexc(Gst) and we define

C(π)e′ ,e : σ ↪−→ (σ ×
R≥0 R

2
≥0)e

to be induced by the i-th face inclusion R≥0 ↪−→R
2
≥0 where i = 1,2 is the index such that ei is

not contracted by π (while e3−i is necessarily contracted by π).
We associate to π the morphism

C(π) =
∏

e∈E(Gst)
e′∈E(G′ st)

C(π)e′ ,e : C(G
′ ,D ′ ,ρ′) −→ C(G,D,ρ)

induced by the C(π)e,e′ .

In a similar way, we can define Jac
Γ /σ ,d , Jac

spl
Γ /σ ,(d)

or Jac
Γ /σ (φ) using, respectively, the full subcategories

QDivG,d , QDiv
spl
G,(d)

or QDivG(φ) of QDivG.
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Theorem 6.2. Let Γ be a stable tropical curve over σ ∈ RPC and let σ
Γ−→Mtrop

g,n be its modular morphism. Then
we have a cartesian diagram

Jac
Γ /σ

//

��

J trop
g,n

Φ trop

��

σ
Γ //Mtrop

g,n

Proof. Observe that by Definition 6.1, there is a natural morphism Jac
Γ /σ → σ and moreover, for any

morphism u : τ→ σ in RPC, we have that τ ×σ JacΓ /σ � Jacu∗(Γ /σ ). Hence, in order to show the statement,
it is enough to show that there is an isomorphism of groupoids

Jac
Γ /σ (σ )

�−−→
(
σ ×Mtrop

g,n
J trop
g,n

)
(σ ),

between the fibers of Jac
Γ /σ → σ and of σ ×Mtrop

g,n
J trop
g,n → σ over the identity.

By Definition 6.1, an object of Jac
Γ /σ (σ ) consists of the datum(

G,D,ρ,s : σ → C(G,D,ρ)
)
,

where (G,D,ρ) ∈ QDivG and s is a section of the morphism C(G,D,ρ)→ σ such that its image is not
contained in any proper face of C(G,D,ρ). By the definition of C(G,D,ρ)→ σ , giving such a section
s : σ → C(G,D,ρ) is equivalent, passing to the dual toric monoids, to specifying a collection of ordered
pairs of non-zero elements of Sσ {

(l1e , l
2
e ) : l

1
e + l

2
e = dΓ (ρ

∗
E(e))

}
e∈Eexc(Gst)

.

The above collection of ordered pairs determines a tropical curve Γ /σ such that G(Γ ) = G and the metric
dΓ : E(G)→ Sσ is given by dΓ (e) := dΓ (ρ∗E(e)) if e ∈ Enex(G),

dΓ (ei) := lie if e ∈ Eexc(Gst) and i = 1,2.

Moreover, by the above definition of Γ /σ , the isomorphism of graphs ρ : G
�−→ Gst induces an isomorphism

ρ : Γ st/σ
�−→ Γ /σ of tropical curves over σ . Hence, we get an object(

Γ /σ ,D,ρ : Γ st/σ
�−→ Γ /σ

)
∈
(
σ ×Mtrop

g,n
J trop
g,n

)
(σ ).

Moreover, again from Definition 6.1, a morphism

(6.1)
(
G,D,ρ,s : σ → C(G,D,ρ)

)
−→

(
G′ ,D ′ ,ρ′ , s′ : σ → C(G′ ,D ′ ,ρ′)

)
in Jac

Γ /σ (σ ) consists of the datum of an isomorphism π : (G′ ,D ′ ,ρ′)→ (G,D,ρ) in QDivG with the property
that s′ = C(π) ◦ s. In terms of the collections of non-zero elements of Sσ associated to the objects in (6.1){

(l1e , l
2
e ) : l

1
e + l

2
e = dΓ (ρ

∗
E(e))

}
e∈Eexc(Gst)

and
{
(l′1e′ , l

′2
e′ ) : l

′1
e′ + l

′2
e′ = dΓ ((ρ

′)∗E(e
′))

}
e′∈Eexc(G′ st)

,

the compatibility condition s′ = C(π) ◦ s on sections translates into the equalities in Sσ

l′i(πst)∗E(e)
= lie for any i = 1,2.

This condition then implies that π : (G′ ,D ′ ,ρ′)→ (G,D,ρ) gives rise to a morphism in (σ ×Mtrop
g,n
J trop
g,n )(σ )(

Γ /σ ,D,ρ : Γ st/σ
�−→ Γ /σ

)
−→

(
Γ ′/σ ,D ′ ,ρ′ : Γ ′ st/σ

�−→ Γ
′
/σ

)
between the objects associated to the two objects in (6.1).
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Putting everything together, we obtain a morphism of groupoids

(6.2)
Jac

Γ /σ (σ ) −−→ (σ ×Mtrop
g,n
J trop
g,n )(σ ),(

G,D,ρ,s : σ → C(G,D,ρ)
)
7−→

(
Γ /σ ,D,ρ : Γ st/σ

�−→ Γ /σ
)
.

Since the above construction can be reversed, it follows that the morphism (6.2) is an isomorphism and we
are done. �

6.2. The universal tropical Jacobian as a topological stack

The aim of this subsection is to construct a topological realization of Φtrop : J trop
g,n →M

trop
g,n and to study

its fibers.
As explained in [CCUW20, Section 5.3], we can extend (2.9) to a morphism of real cone stacks (i.e.

geometric stacks over the category PC of (non necessarily rational) polyhedral cones):

(6.3) Φtrop,R : J trop,R
g,n −→Mtrop,R

g,n ,

As in [CCUW20, Proposition 5.9], the fiber of the above morphism over a given σ ∈ PC can be described as
follows:

• J trop,R
g,n (σ ) is the groupoid of pairs (Γ ,D) consisting of a quasi-stable tropical curve Γ of type (g,n)

with edge lengths over the dual cone σ∨, i.e. a quasi-stable graph G(Γ ) of type (g,n) endowed with a
generalized metric dΓ : E(G(Γ ))→ σ∨\{0}, and D is a divisor on G(Γ ) such that (G(Γ ),D) ∈ QDivg,n;
• Mtrop,R

g,n (σ ) is the groupoid of stable tropical curves Γ of type (g,n) with edge lengths over the dual
cone σ∨, i.e. a stable graph G(Γ ) of type (g,n) endowed with a generalized metric d

Γ
: E(G(Γ ))→

σ∨ \ {0};
• Φtrop,R(σ ) sends (Γ ,D) ∈ J trop,R

g,n (σ ) into the stabilization Γ st ∈Mtrop,R
g,n (σ ) of Γ , which is defined

by setting G(Γ st) :=G(Γ )st and dΓ st : E(G(Γ ))→ σ∨ \ {0} equal to (using the notation below (2.2))

dΓ st(e) =

dΓ (̃e) if e ∈ Enex(G(Γ )st),

dΓ (e1) + dΓ (e2) if e ∈ Eexc(G(Γ )st).

In a similar way, we can define Φtrop,R : J trop,R
g,n,d →Mtrop,R

g,n , Φtrop,R : J trop,spl,R
g,n,(d) →Mtrop,R

g,n and Φtrop,R :

J trop,R
g,n (φ)→Mtrop,R

g,n .
Going one step further as explained in [CCUW20, Section 5.4], we can take the topological realizations of

the above real cone stacks obtaining a morphism of topological stacks (i.e. geometric stacks over the category
Top of topological spaces):

(6.4)
∣∣∣Φtrop

∣∣∣ : ∣∣∣J trop
g,n

∣∣∣ −→ ∣∣∣Mtrop
g,n

∣∣∣.
It follows from [CCUW20, Lemma 5.1] that at the level of points, i.e. taking fibers over the topological space
? with one point, we have that:

•
∣∣∣J trop
g,n

∣∣∣(?) = J trop,R
g,n (R≥0) is the groupoid of pairs (Γ ,D) consisting of a quasi-stable tropical curve

Γ of type (g,n) with real edge lengths, i.e. a quasi-stable graph G(Γ ) of type (g,n) endowed with a
metric dΓ : E(G(Γ ))→R>0, and a divisor D on G(Γ ) such that (G(Γ ),D) ∈ QDivg,n;
•

∣∣∣Mtrop
g,n

∣∣∣(?) =Mtrop,R
g,n (R≥0) is the groupoid of stable tropical curves Γ of type (g,n) with real edge

lengths, i.e. a stable graph G(Γ ) of type (g,n) endowed with a metric d
Γ
: E(G(Γ ))→R>0;

•
∣∣∣Φtrop

∣∣∣(?) = Φtrop,R(R≥0) sends (Γ ,D) ∈ J trop,R
g,n (?) into the stabilization Γ st ∈Mtrop,R

g,n (?) of Γ .

In a similar way, we can define |Φtrop| :
∣∣∣J trop
g,n,d

∣∣∣ → ∣∣∣Mtrop
g,n

∣∣∣, ∣∣∣Φtrop
∣∣∣ :

∣∣∣J trop,spl
g,n,(d)

∣∣∣ → ∣∣∣Mtrop
g,n

∣∣∣ and∣∣∣Φtrop
∣∣∣ : ∣∣∣J trop

g,n (φ)
∣∣∣→ ∣∣∣Mtrop

g,n

∣∣∣.
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We now want to describe the fiber of
∣∣∣Φtrop

∣∣∣ : ∣∣∣J trop
g,n

∣∣∣→ ∣∣∣Mtrop
g,n

∣∣∣ over a tropical curve Γ ∈Mtrop,R
g,n (?).

Definition 6.3. Let Γ ∈Mtrop,R
g,n (?) be a stable tropical curve with real edge lengths and let G := G(Γ ) ∈

SGg,n be its underlying stable graph. The Jacobian topological space of Γ is the topological space Jac
Γ

obtained as the colimit associated to the functor

QDivopp
G
−→ Top

defined by

• to any object (G,D,ρ) ∈ QDivG, we associate the following polytope (seen as a topological space)

P (G,D,ρ) :=
∏

e∈E(Gst)

P (G,D,ρ)e :=
∏

e∈Eexc(Gst)

[
0,d(ρ∗E(e))

]
×

∏
e∈Enex(Gst)

?,

where ρ∗E(e) ∈ E(G) is the inverse image of e via ρ and d : E(G)→R>0 is the metric corresponding
to the tropical curve Γ .
• to any morphism π : (G,D,ρ)→ (G′ ,D ′ ,ρ′) in QDivG, we associate the morphism

P (π) =
∏

e∈E(Gst)
e′∈E(G′ st)

P (π)e′ ,e : P (G
′ ,D ′ ,ρ′) −→ P (G,D,ρ)

where the possibly non-zero maps P (π)e′ ,e : P (G′ ,D ′ ,ρ′)e′ → P (G,D,ρ)e are those for which e =
(πst)∗E(e

′). In this case we have that
– if e and e′ are either both non-exceptional or both exceptional then P (π)e′ ,e = id;
– otherwise, we must have that e′ ∈ Enex(G′ st) and e = ev ∈ Eexc(Gst) for v ∈ Vexc(G) and we define

P (π)e′ ,e : ? ↪−→ [0,d(ρ∗E(e)]

? 7−→

0 if e1v is contracted by π,

d(ρ∗E(e)) if e2v is contracted by π.

In a similar way, we can define Jac
Γ ,d , Jac

spl
Γ ,(d)

or Jac
Γ
(φ) using, respectively, the full subcategories QDivG,d ,

QDivspl
G,(d)

or QDivG(φ) of QDivG.

Theorem 6.4. Let Γ ∈
∣∣∣Mtrop,R

g,n

∣∣∣(?) be a stable tropical curve with real edge lengths and let ? Γ−→ |Mtrop
g,n | be its

associated modular morphism. Then we have a cartesian diagram

Jac
Γ

//

��

∣∣∣J trop
g,n

∣∣∣
|Φ trop|
��

?
Γ //

∣∣∣Mtrop
g,n

∣∣∣
Proof. The proof is similar to the proof of [CCUW20, Proposition 5.12].

We can choose a rational polyhedral cone σ , a map of cones u : R≥0→ σ and a stable tropical curve
Γ̃ /σ over σ such that G(̃Γ ) =G(Γ ) and the metric d

Γ
of Γ is equal to the following composition

d
Γ
: E(G(Γ )) = E(G(̃Γ ))

dΓ̃−−→ Sσ ↪−→ σ∨
u∨−−→ (R≥0)

∨ �R≥0.

This is equivalent to saying that the morphism of real cone stacks R≥0
Γ−→Mtrop,R

g,n corresponding to the

tropical curve Γ ∈
∣∣∣Mtrop,R

g,n

∣∣∣(?) =Mtrop,R
g,n (R≥0) factors as

R≥0
u−−→ σ

Γ̃−−→Mtrop,R
g,n
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where the last morphism σ
Γ̃−→Mtrop,R

g,n corresponds to the tropical curve Γ̃ seen as an element ofMtrop,R
g,n (σ ).

Since the fiber of Φtrop over σ
Γ̃−→Mtrop

g,n is equal to Jac
Γ̃ /σ → σ by Theorem 6.2, we get that the fiber of

Φtrop,R over R≥0
Γ−→Mtrop,R

g,n is equal to

R≥0 ×σ
(
σ ×Mtrop,R

g,n
J trop,R
g,n

)
=R≥0 ×σ (JacΓ̃ /σ )

R −→R≥0,

where (Jac
Γ̃ /σ )

R is the real cone space associated to Jac
Γ̃ /σ .

Passing to the associated topological stacks, we get that the desired fiber |Φtrop|−1(Γ ) is equal to the fiber

over 1 ∈ |R≥0|
|u|
−−→ |σ | of the morphism of topological spaces | Jac

Γ̃ /σ | → |σ |, which is equal to Jac
Γ

as it

follows by comparing Definitions 6.1 and 6.3 and the fact that u∗(̃Γ ) = Γ by construction. �

We now want to relate the Jacobian topological space Jac
Γ

of Γ ∈
∣∣∣Mtrop,R

g,n

∣∣∣(?) with the tropical Picard

variety Pic(Γ ) =
⊔
d∈ZPicd(Γ ) associated to Γ . Recall (see e.g. [MZ08]) that Picd(Γ ) parametrizes linear

equivalence classes of divisors of degree d on Γ and that, by the tropical Abel-Jacobi theorem, we have an
isomorphism

Ad
Γ
: Picd(Γ )

�−−→ Jac(Γ ) :=
H1(Γ ,R)

H1(Γ ,Z)
.

In particular, Picd(Γ ) is a real torus of dimension equal to b1(Γ ) := dimH1(Γ ,R).

Theorem 6.5. Let Γ ∈
∣∣∣Mtrop,R

g,n

∣∣∣(?) be a stable tropical curve with real edge lengths and let G :=G(Γ ) ∈ SGg,n
be its underlying stable graph.

(i) There exists a surjective degree preserving continuous map

α
Γ
: Jac

Γ
−→ Pic(Γ )

P (G,D,ρ) 3 (xe)e∈Eexc(Gst) 7−→
∑

v∈Vexc(G)

pxev +
∑

v∈Vnex(G)

D(v),

where pxev is the point of Γ at distance xev from ρ
−1
V (v).

(ii) For any general universal stability condition φ ∈ Vg,n, the above map restricts to an homeomorphism

α
Γ
(φ) : Jac

Γ
(φ)

�−−→ Pic|φ|(Γ ).

Part (ii) has been proved by Abreu-Pacini [AP20, Theorem 5.10] using a slightly different language. In
fact, in a sequel to this paper we show that the natural map from J trop

g,n the universal tropical Picard variety
T roP icg,n,d is a proper subdivision of cone stacks. This will, in particular, imply that the map α

Γ
(φ) is a

polytopal subdivision.

Proof. Let us prove part (i). Arguing as in [AP20, Theorem 5.10], it can be proved that, for any (G,D,ρ) ∈
QDivG, the restriction map

(α
Γ
)|P (G,D,ρ) : P (G,D,ρ) −→ Picdeg(D)(Γ )

�−−−−−−→
A
deg(D)

Γ

Jac(Γ ).

is affine, and hence continuous. Since Jac
Γ

is defined as the colimit of the polytopes P (G,D,ρ), as (G,D,ρ)
varies in QDivG, it follows that α

Γ
is continuous. The map α

Γ
preserves the degree since D(v) = 1 for every

v ∈ Vexc(G). Finally, the fact that α
Γ

is surjective follows from the fact that every divisor D on Γ is linearly
equivalent to an admissible divisor on a quasistable model of Γ .

Part (ii): the map α
Γ
(φ) is continuous by part (i) and it is bijective by [AP20, Theorem 5.6] (also see the

sequel, where we generalize this), and it is a homeomorphism since Jac
Γ
(φ) is compact (being a colimit of

polytopes) and Pic|φ|(Γ ) is Hausdorff (being a real torus). �
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Remark 6.6. The isomorphism of Theorem 6.5(ii) induce an admissible polytopal decomposition of the real
torus Pic|φ|(Γ ) (depending on the chosen φ) which coincides with the Namikawa decomposition studied in
[CPS19, §5.3] (generalizing the decompositions studied in [OS79, §6].

By combining Theorem 6.4 and Theorem 6.5(ii), we obtain the following

Corollary 6.7. For any general universal stability condition φ ∈ Vg,n, the fiber of the forgetfull-stabilization
morphism (6.4) of topological stacks (6.4)∣∣∣Φtrop

∣∣∣ : ∣∣∣J trop
g,n (φ)

∣∣∣ −→ ∣∣∣Mtrop
g,n

∣∣∣.
over a point Γ ∈

∣∣∣Mtrop,R
g,n

∣∣∣(?) is canonically homeomorphic to Pic|φ|(Γ ).
Remark 6.8. Using Theorem 6.4 and arguing as in [AP20, Theorem 5.14], it can be proved that the fiber of
the forgetful-stabilization morphism (5.13) of generalized cone complexes

Φtrop : J tropg,n −→M
trop
g,n

over a point Γ ∈Mtrop
g,n is homeomorphic to Jac

Γ
/Aut(Γ ).

In particular, using Theorem 6.5(ii), it follows that, for any general universal stability condition φ ∈ Vg,n,
the fiber of the forgetfull-stabilization morphism (5.13) of generalized cone complexes

Φtrop : J tropg,n (φ) −→M
trop
g,n

is canonically homeomorphic to Pic|φ|(Γ )/Aut(Γ ).

6.3. Canonical stability condition and break divisors

For every hyperbolic pair (g,n) and every degree d ∈Z, we can define the log-canonical stability condition
φcan ∈ V dg,n by

φcanG (v) =
d

2g − 2+n
(
2h(v)− 2+val(v)

)
for G ∈ GSg,n and v ∈ V (G).

When n = 0, as explained in [KP19, Remark 5.14], the stack J g,0(φcan) is isomorphic to Caporaso’s
universal compactified Jacobian [Cap94, Cap08], which is studied in detail in [Mel09], [BFV12], [BMV12],
[MV14], [BMV12], [BFMV14], [CMKV15], [CMKV17] and is, in turn, isomorphic to Pandharipande’s universal
compactified Jacobian [Pan96] (see [EP16]). Note that in this case φcan is general precisely when d − g +1
and 2g − 2 are coprime (see [Cap94, Proposition 6.2] and [KP19, Remark 5.12]).

In the case d = g and n = 0, the tropical shadow of these constructions has been discovered independently
in [ABKS14] under the name break divisor. An admissible divisor D on a quasi-stable graph G of type (g,0)
is said to be a break divisor, if there is a spanning tree T of G as well as a map φ : E(G)−E(T )→ V (G)
such that φ(e) is adjacent to e and

D =
∑

v∈V (G)

h(v) +
∑

e∈E(G)−E(T )
φ(e) .

Such a break divisor is automatically of degree g , since g = b1(G) +
∑
v∈V (G)h(v). By [CPS19, Lemma 5.13],

an admissible divisor is φcanG -stable if and only it is a break divisor. So Theorem 6.5 (and thus [AP20]) also
recovers the main result of [ABKS14] stating that every divisor of degree g on a metric graph Γ has a unique
break divisor representative. In Figure 3 we show the induced polyhedral decomposition of Picg(Γ ) in the
fiber over a stable tropical curve of genus whose underlying graph is a theta-graph (without vertex weights).

Remark 6.9. Let X be a smooth projective curve over a non-Archimedean field K and let X be its stable
model over the valuation ring R. The fiber product X ×Mg

Jg(φcan) is a proper polystable model for the

degree g Jacobian Jg(X) of X. One may now argue as in [BU18] and use the combinatorial description of the



48 M. Melo, S. Molcho, M. Ulirsch, and F. Viviani48 M. Melo, S. Molcho, M. Ulirsch, and F. Viviani

2

2

Figure 3. The break divisor decomposition of the Jacobian of the theta graph.

strata from Section 3 above to identify the non-Archimedean skeleton associated to this polystable model
(in the sense of [Ber99]) with the tropical Jacobian J

trop
g (ΓX) of the tropicalization ΓX of X. This constitutes

another path towards the main result of [BR15] saying that the skeleton of the Jacobian is the Jacobian of the
skeleton.
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