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Abstract. In this article we provide a stack-theoretic framework to study the universal tropical
Jacobian over the moduli space of tropical curves. We develop two approaches to the process of
tropicalization of the universal compactified Jacobian over the moduli space of curves - one from a
logarithmic and the other from a non-Archimedean analytic point of view. The central result from
both points of view is that the tropicalization of the universal compactified Jacobian is the universal
tropical Jacobian and that the tropicalization maps in each of the two contexts are compatible
with the tautological morphisms. In a sequel we will use the techniques developed here to provide
explicit polyhedral models for the logarithmic Picard variety.
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1. Introduction

The universal Jacobian Jg, over M, , is the algebraic stack parametrizing pairs (X,L) consisting of
a smooth (projective and irreducible) curve X of genus g with n marked (pairwise distinct) points and a
line bundle L on X. The stack J, , is smooth and it has a decomposition into connected components
Jgn = Uaez Tgn,d> according to the degree d of the line bundles we are parametrizing. The rigidification
Jg,n//Gm by the multiplicative group, that acts as scalar multiplication on line bundles, is representable over
M, (and hence a DM=Deligne-Mumford stack). All of its connected components Jg .4 /G, are proper
over M, with fiber over a geometric point X € M, , being the degree-d Jacobian | ; of X.

The most naive extension of J, , to the Deligne-Mumford compactification M, , C Mg,n as a relative
Jacobian is unfortunately neither universally closed (as some line bundles may not have any limit in a stable
degeneration) nor separated (as some line bundles may have different limits in a stable degeneration).

Following [Cap94, Cap08] (see also [Cor89] for the moduli space of spin curves), one can resolve the first
problem by allowing for extra rational destabilizing components on stable degenerations of X. More precisely,
we define the compactified universal Jacobian 7g,n as the algebraic stack parametrizing pairs (X, L) consisting
of a quasi-stable curve X of type (g, 1), i.e. an n-pointed genus-g semistable curve whose destabilizing
(or exceptional) components are isolated, and a line bundle L on X which is admissible, i.e. it has degree
one on every destabilizing component of X (see Definition 3.1). The compactified universal Jacobian 7g,n
decomposes as well into smooth connected components 7g,n =1lsez 7g,n,d’ according to the degree of the
line bundles, each containing J ;4 as dense and open substack with normal crossing boundary. Moreover,
the compactified universal Jacobian 7g,n is endowed with a forgetful-stabilization morphism that satisfies
the existence part of the valuative criterion for properness (although it is not universally closed since it is not
quasi-compact)

(O3 7g,n — Mg,n
(X,L) — X*,
where X! is the stabilization of X. The DM locus of the rigidification 7g,n //Gn, is the image of the open

—spl —
and dense subset J ;pn C J¢,n parametrizing pairs (X, L) such that X is simple, i.e. such that X remains
connected when we remove the destabilizing rational components.

However, the rigidification 7g,n //Gp, is not separated nor are its connected components of finite type over

ﬂg,n. A classical idea to resolve this issue (that can be traced back to [OS79] in the case of a single curve) is
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to require the pair (X, L) to be semistable with respect to a universal stability condition ¢ of type (g, n) in the
sense of [KP19] (also see [Mell5] for an equivalent notion), see Definition 2.3. Denote by 7gn(qb) the open
substack of 7g,n that parametrizes pairs (X, L) for which L is ¢-semistable, see (3.2) and Definition 2.5. The
stack 7gn(qb) is of finite type and universally closed over Mg,n and its Gy,-rigidification 7gn((j)) Gy, is a
proper DM stack if and only if ¢ is a general stability condition, see Definition 2.5. The space Vg ; of all
the universal stability conditions of type (g,7) as well as its wall and chamber decomposition that determine
the variation of the open substacks 7gn((j)) C 7g,n have been explicitly described by Kass-Pagani in [KP19,
Theorems 1 and 2].

We refer to Section 3 for a more detailed account on the properties of 7g,n, as well as for a description of
the toroidal stratification of Jg , C 7&” (see §3.1) and of its category of strata (see §3.2).

The first goal of this article is to construct a tropical analogue jgt,r,? P of the compactified universal Jacobian
7g,n, which we call the tropical universal Jacobian (an object that was first envisioned in [Lenl4]). Following
the framework of [CCUW20], we define jgt,r: P as the category fibered in groupoids over the category RPC
of rational polyhedral cones whose fiber over ¢ € RPC is the groupoid of pairs (I'/o,D), where I'/o is a
quasi-stable tropical curve over o of type (g,#) and D is an admissible divisor on the underlying graph G(I')
of I, see Definition 2.14. The category Jgtr,? P comes equipped with a (forgetful-stabilization) morphism of
categories fibered in groupoids

Ptrop . jgt,r;p N M;‘;P
(T/o,D) — (T/0)%,

where (I'/o)*t = (I't/0) is the stabilization of ['/o, see Definition 2.15. In Theorem 2.16, we show that Jgt,r,fp
is a cone stack and that ®'°P is a morphism of cone stacks, in the sense of [CCUW20, §2.1]. Moreover,
j;,fsp admits the cone substacks j;’r:’ z (resp. jgt,r,?p’ spl’ resp. j;’r,f p((j)) for any ¢ € V, ;) parametrizing pairs
(I'/o,D) such that deg D = d (resp. G(I') is simple in the sense of Definition 2.2, resp. D is ¢»-semistable in
the sense of Definition 2.5(2)).

Our main goal is to justify the following expectation:

t T = . .
Motto. The tropical universal Jacobian jg,r,? P is the tropicalization of J gn in a way compatible with

o the forgetful-stabilization morphisms ®°P and @,
t —
o the restriction to the connected components jglr:,g and J g n,q4 for any d € Z,

trop, spl —spl
o the restriction to the simple loci jg,r,?p P and ngv

o the restriction to the -semistable loci jgt,r,?p((p) and 7gn(¢) Jorp € Vg .

There are two frameworks in which the above Motto can be translated into a precise Theorem: the
first framework is logarithmic geometry, and the second one is non-Archimedean analytic geometry (a la
Berkovich). In the non-Archimedean analytic framework, a part of this Motto involving special types of
stability conditions has already been realized in [AP20] (see Theorem B below and the discussion right after).
In the logarithmic framework, and in the non-Archimedean one in the absence of stability conditions, our
results appear to be new.

1.1. The logarithmic perspective

In the framework of logarithmic geometry, we compare two stacks over the category LSch of logarithmic
schemes (fine, saturated and locally of finite type over a base field k) that are constructed from J, , and
Ten®-

The first stack is the logarithmic universal Jacobian j;;g parametrizing pairs (X — S, £) consisting of a
quasi-stable logarithmic curve X — S of type (g, 1) and an admissible line bundle £ on X, see Definition 4.1.
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In Proposition 4.3, we prove that j;ong is representable by the logarithmic algebraic stack (7g,n'M 97, )
&n

where M 97 is the divisorial logarithmic structure on 7g’n associated to the normal crossing divisor a7g,n.
&n

. . 1 . log . . . .7
In particular, the algebraic stack jgf)ng underlying jg,ong is the compactified universal Jacobian J , and

hence we have a natural morphism of logarithmic algebraic stacks
1 - e *
Y s I T = (T3 )
(X—>5L)—(X—>S§L).
jlog,spl

gn > Tesp. jgl?ng((f)) for any
¢ e Vg,n) parametrizing pairs (X — S, £) such that £ has relative degree d (resp. X — S is a family of

1 Ly . 1
Moreover, jg,ong admits open logarithmic algebraic substacks 7, g’c;g’ 4 (resp.

simple quasi-stable curves, resp. £ is relatively ¢-semistable).

The second stack is the tropical universal Jacobian over LSch, denoted by ‘Zt,rn()p, whose fiber over S € LSch
is the groupoid whose objects consists of a pair (I‘S/MS,S, D) for each geometric point s of S, where I‘S/MSIS
is a quasi-stable tropical curve over the monoid Ms,s of type (g,n) and Dy is an admissible divisor on G(I}),
subject to a natural compatibility relation with respect to étale specializations of geometric points of S, see
Definition 4.5. In Proposition 4.6, we prove that .7; ¥ is the Artin fan (hence in particular a logarithmic
algebraic stack) associated to the cone stack jgtr,f P under the natural equivalence of 2-categories between
cone stacks and Artin fans over k (see [CCUW20, Theorem 6.11]).

Recall now that in logarithmic geometry the tropicalization of a logarithmic algebraic stack X" is meant
to be the Artin fan Ay with faithful monodromy together with the natural strict morphism of logarithmic
algebraic stacks (that we baptize the functorial logarithmic tropicalization morphism of X)

tropy: X — Ay

that is initial among all strict morphisms to an Artin fan with faithful monodromy (see [ACMW17, Proposi-
tion 3.2.1]).

The relation between the above two stacks over LSch is summarized in the next Theorem (see Theorem
4.10 for a more precise version).

Theorem A.

(1) There is a canonical isomorphism of Artin fans Ajlng = A zvop under which we have a factorization
on gn

| ﬁjbg trop ~trop
(0] &n —~tro &n
(11) tropj;(;g : g,ng SN jg,n p___ & Aj"gh;’op = Ajglong,

where the map trop ks (that we baptize the modular logarithmic tropicalization map) has a modular
an

description (see Definition 4.9) and it is strict, smooth and surjective.
Moreover, the diagram (1.1) commutes, via the suitable forgetful-stabilization morphisms, with the
analogous diagram for Mg ,, established in [CCUW20] and [Ulil9].
(2) The two morphisms of logarithmic algebraic stacks
Y log tFrBE log

Jgn log Jgn ~trop
Ten gn

(12) 7g,n

are compatible with the toroidal stratification (3.6) ofjg,n and the stratification (4.7) of@?p as an
Artin fan.
— —spl —
Moreover, the diagram (1.2) is compatible with the restrictions to J ¢, 4, j?; and J ¢, () for any
universal stability condition ¢ € Vg ;.
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1.2. The non-Archimedean perspective

In the framework of non- archlmedean analytlc geometry, we compare two topological spaces that are

constructed from 7 o and Jg n (over k = k on which we put the trivial valuation).

The first topological space is the topological space underlying the beth-analytification j of 7g,n and it

on
admits the following description

(T onl = {SpecR > Tul/ ~
where R varies among all the rank-1 valuation rings containing k and the equivalence relation ~ is defined
as follows: we say that SpecR — X is equivalent to SpecR” — X’ if there exists another rank-1 valuation
ring R” containing both R and R’, and such that the two natural morphisms SpecR” — SpecR — X’ and
SpecR” — SpecR” — X coincide.
The topological space |7g: n| admits an anticontinuous surjective reduction map to the topological space
|7g,n| underlying the stack 7g,n which is defined by

—3 —
edz, [ Tonl = |Tgul
[SpecR - 7g,n] — [SpecR/mR — SpecR — 7g’n],
where my, is the maximal ideal of R.
The second topological space is the generalized cone complex ]g’c;p associated to jgt,r,f P (in the sense of
[ACP15]). As a topological space ] EZP parametrizes isomorphism classes of pairs consisting of a tropical

curve I' of type (g, 7) and an admissible divisor D on the underlying graph of I'. Its canonical compactification

<t
J gfzp parametrizes pairs consisting of an extended tropical curve (see Definition 5.4) and an admissible

divisor D on the underlying graph G(T'). In Definition 5.5, | ;Zp and 7;21’ as the colimits

t . trop . E(G)
Jou' = lim g = lim  (RyoUfreo})
(G,D)eQDiv,, (G,D)eQDiv,,,

. . o t . .
where the diagram of topological spaces comes from the description of jg,r,? P as a combinatorial cone
. t . . t trop, spl
stack, see Theorem 2.16(i). Moreover, ]gf,‘jp admits generalized cone subcomplexes | gerzi (resp. ]gfzp sPL resp.

]tFOP(qb) for any ¢ € V, ) parametrizing pairs (I', D) such that deg D = d (resp. G(T)) is simple, resp. D is

—t
¢-semistable). And similarly for their compactifications inside J gfgp.

Recall now that in non-archimedean geometry, the tropicalization of a toroidal embedding of Artin
stacks (U C X) (or more generally a logarithmic algebraic stack) is meant to be a generalized cone complex
Y(X), and its natural compactification Y (X) which is a generalized extended cone complex, together with a
surjective proper continuous map (that we baptise functorial analytic tropicalization) trop%" : |X IS T(X)
which is functorial with respect to locally toric morphisms, see [ACP15] and [Ulil9].

The relation between the above two topological spaces is summarized in the next Theorem (see Theorem
5.9 for a more precise version).

Theorem B.
(1) There are canonical isomorphisms ‘I?g,n : 2(7g,n) N ;ZP and @7&” E(jgn) N 7;2}) of, respectively,
generalized cone complexes and generalized extended cone complexes, in such a way that the map (that we

baptise the modular analytic tropicalization map)

. ——an e == pjgn - = ng,n —trop
(13) tropjg,n = \P?g.n o trop7g'n : |'~7g,n| E— 2(jg n) = > ]g,n

has a modular description (see Definition 5.8).
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Moreover, the diagram (1.3) commutes, via the suitable forgetful-stabilization morphisms, with the
analogous diagram for M, ,, established in [ACP15].
(2) The two maps

ed7 H‘BB@
_ on —3 Jgn —trop
14 [Tl [Tenl ———Ten
—t
are compatible with the toroidal stratification (3.6) ofjg n and the stratification (5.16) of ] 4 , “Pasa

generalized extended cone complex.

— —spl —
Moreover, the diagram (1.4) is compatible with the restrictions to J ¢ .4, J ;i and J ¢,() for any
universal stability condition ¢ € V, ,

Theorem B contains as a special case the main result of [AP20]: when n =1 and ¢ € V;; is a suitable
perturbation of the canonical stability condition (which is then general), 7g1(qb) is isomorphic (up to

Gy -rigidification) to the Esteves’ compactified universal Jacobian stack 7¢,g of loc. cit. (see Remark 3.2
below) and so Theorem B states that the non-Archimedean skeleton of Esteves’ compactified universal

Jacobian 7¢,g can be identified with Tét;fp(q')) (which can be shown to be isomorphic to the generalized
—trop . . . . . 1. .
extended cone complex | b.g constructed in loc. ¢it.) making the natural diagram of tropicalization maps
commute, which is exactly [AP20, Theorem 6.9]). We believe that one advantage of our approach, with
respect to the one of [AP20], is that the spaces Tgrgp((j)), as ¢ varies in V ,,, are constructed as generalized

extended cone sub-complexes of 7;2", which should be useful in order to study tropical wall-crossing
phenomena (similar to [KP19)).

1.3. Fibers of the forgetful-stabilization morphism

In the last Section of the paper we study the fibers of the forgetful-stabilization morphism of cone stacks
dtrop . jtmp Mtgr(;l and of its realization as morphism of topological stacks |(Dtr°p| |j trop| |Mtgrzp|
See Theorems 6.2, 6.4, 6.5 in Section 6.2.

Theorem C.
(1) The fiber of the forgetful stabilization morphism of cone stacks ®'°P : jgtr,?p — M(tgrzp over a stable
tropical curveT/o € M W2(0) is the Jacobian cone space Jacg,,, that we construct in Definition 6.1.

t trop, spl
Moreover, a similar result is true for the restriction of DOP ¢9 the cone substacks T r;g, T PP SPL ond

Jt,rnp o) forany p €V, ,,.
(2) Let T be a stable tropical curve of type (g, n) with real edge lengths.
(i) The fiber of the forgetful-stabilization morphism of topological stacks |CDtr°p| | TanP 'Mtr0p| over
T is the Jacobian topological space Jacy that we construct in Definition 6.3.

Moreover, a similar result is true for the restriction of ‘CDtrOp| to the topological substacks |j

[Termtar” | and |Z5" (@)

(ii) There exists a surjective degree preserving continuous map

ap: Jacg — Pic(T)
that restricts to an homeomorphism
ap(¢): Jacg(p)— Picl(T).
for any general universal stability condition ¢ € V,

(I)However, it seems to us that [AP20, Theorem 6.9] should work, with small changes in the proof, for any # > 1 and any general
universal stability condition ¢ € Vg .
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It follows from the above Theorem that, for any general universal stability condition ¢ € V, ,, the fiber of
the forgetful-stabilization morphism of generalized cone complexes (see (5.13))

tro tro
Ptrop. ]g,np(¢) N Mg,np

over a point Te M;Zp is homeomorphic to Pic|¢|(f)/ Aut(f) (see Remark 6.8), thus recovering (and slightly
extending to our more general setting) the result of Abreu-Pacini [AP20, Theorem 5.14]. The advantage of
working with topological stacks as in Theorem C(2), rather than generalized cone complexes, is that we do
not have to quotient out by the automorphism group of T when describing the fiber of a point T.

1.4. A sequel on LogPic and TroPic

In [MW18] the authors have shown that in the category of logarithmic schemes (and stacks), there is a
unique minimal model of the universal logarithmic Jacobian that is not representable by an algebraic stack.
The study of this so-called universal logarithmic Picard variety LogPic, , ; can be traced back to Illusie
[I1194] and has subsequently received attention in [Kaj93, Ols04, Bell5, FRTU19]. The authors of [MWI18]

also introduce the universal tropical Picard variety, which universally over MlgO§ is denoted by 7roPicg 4
It parametrizes tropical curves together with a torsor over the sheaf of harmonic or linear functions on I' of
degree d and it naturally arises as the tropicalization of ﬁogPicg’n’ 4 Vvia a natural tropicalization morphism
LogPic, , 4 — TroPicg 4.

In the sequel to this article we carefully study the relationship between this construction and what we have
done in this article. The gist of this story is that, for a general universal stability condition ¢ € V, ,, the

t o . . . . . .
cone stack jg,?p(q,’)) defines a proper subdivision of the universal tropical Picard variety 7 roPicg , 4. This

induces a logarithmic modification jglf)ng((j)) /G, — ﬁogpicg’n’ d
along the tropicalization map. As an application, this approach allows one to readily relate the spaces
constructed here with Abel-Jacobi theory (see e.g. [MW20] and [AP21]). The perspective adopted in this
paper and the sequel is for instance crucial in ongoing work of Holmes, Pandharipande, Pixton, Schmitt,

- effectively a blowup - by base change

and the second author regarding the double ramification cycle.
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2. The universal tropical Jacobian

2.1. Quasi-stable graphs

We will adopt the graph-theoretic terminology of [CCUW20, Section 3.1], which we now briefly recall. A
graph G is a triple (X(G),rg,ig) such that
e X(G) is a finite set;
e 75 : X(G) = X(G) is an idempotent map (called the root map);
e i;: X(G) — X(G) is an involution whose fixed set contains the image of 7.
We recover the more familiar definition of graphs in the following way. The image of rg is the vertex set
V(G) of G. Its complement F(G) := X(G) \ V(G) is the set of flags of G and the root map restricts to a map
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G : F(G) = V(G), which we think of as the map that sends a flag to the root from which it emanates. The
involution ig restricts to an involution on F(G): the fixed points of this involution are the legs L(G) of G, its
non fixed points are the half-edges H(G) of G. Hence we get that

X(G)=V(G)UH(G)UL(G),
the root map r¢ is the identity on V(G) and it restricts to a map
r¢ : H(G)UL(G) — V(G),

the involution ig is the identity on V(G)U L(G) and it is fixed-point free on H(G). The quotient E(G) :=
H(G)/ig is the set of edges of G; explicitly, any edge e of G is equal to e = {hy,h,} with ig(hy) = h, and we
say that the half-edges /1 and h;, belong to the edge e and that they are conjugate half-edges.

We will be dealing with n-marked vertex-weighted graphs G = (G, h,m), where h : V(G) — IN is the
vertex-weight function (also called the genus function) and m : {1,...,n} 5 L(G) is a marking of the legs

L(G) of G. The genus of G = (G, h,m) is
3(G)=bi(G)+ ) h(v).

veV(G)

A morphism 7t : Gy = (G, hy,my) = G, = (Gy, hy, m;) of (n-marked vertex-weighted) graphs consists of
a function 7t : X(G;) — X(G,) with the property that morg =g, om and moig, =ig, o7, and which
moreover satisfies the following additional properties:
e For any flag f € F(G,), its inverse image 7~ (f) has one element which is a flag of G;.

e The morphism restricts to a bijection 717 : L(G;) — L(G,) such that 7t; o m; = ms.
e For each vertex v € V(G,), the vertex-weighted graph 7! (v) is connected of genus h,(v).

It turns out that a morphism of graphs 7 : G; = (G, hy,my) = G, = (Gy, hy, my) is the composition of
a weighted edge contraction G; = (Gy,hy,my) = G1/S = (Gy,hy,my)/S for some S C E(G;) followed by
an isomorphism of graphs G{/S = (Gy, hy,m;)/S N G, = (Gy, hy,my). This implies that a morphism of
graphs 1t : Gy = (G, hy,my) = G, = (Gy, hp,m;) induces a surjective map 7ty : V(G;) — V(G;) and a map
niy : H(Gy) = H(G;) U V(G,) with the property that n;ll(H(Gz)) is the set of half-edges of G; that are not
contracted by 7 and that 7ty restricts to a bijection 7y : 7'(1_1,1 (H(Gz)) N H(G;). In particular, we get an
injection 7t7; : H(G;) <> H(G;). The map 7ty induces a map 7g : E(G;) — E(G;y) U V(G,) having similar
properties and inducing an injection 7}, : E(G,) <> E(G). Note that a morphism 7t : G; — G, as above is
uniquely determined by 7ty and 7.

Recall that a stable graph of type (g, n) is a n-marked vertex-weighted connected graph G of total genus g
such that for all v € V(G):

2h(v)—-2+val(v) >0
where val(v) is the number of flags emanating from (or incident to) v. We now define a slight generalization
of stable graphs, namely quasi-stable graphs.

Definition 2.1. Fix (g,7) an hyperbolic pair, i.e. a pair of integers g, > 0 such that 2¢-2+n>0. A
quasi-stable graph of type (g,n) is a n-marked vertex-weighted connected graph G = (G, h,m) of total
genus ¢ such that any vertex v € V(G) of genus zero has valence at least two and those vertices of genus
zero and valence two, called exceptional vertices, are such that:

e every exceptional vertex has exactly two edges incident to it (in particular, there are no legs rooted at
exceptional vertices);
e two distinct exceptional vertices are not adjacent.

Notice that quasistable graphs with no exceptional vertices correspond exactly to stable graphs.
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We will denote the set of exceptional vertices of G by Ve,.(G) and the set of remaining vertices, called non-
exceptional, by V, ey (G). For any v € V,,.(G), we will denote by {h%,h%} the two half-edges rooted at v and
we fix an order of them. The edges to which k) and h2 belong are denoted, respectively, by e} = {h},, iG(h,lj)}
and e = {h%, iG(h%)}. Moreover, for any v € Ve (G) and any i = 1,2, we set v’ := rG(iG(h;)) € Vaex(G),
which is the non-exceptional vertex of G which is incident to e},. The half-edges (resp. edges) of the form
hl and h2 (resp. e) and e2), for some v € Vo (G), are called exceptional and the set of all exceptional

half-edges (resp. edges) is denoted by Hey(G) (resp. Eexc(G)); the remaining half-edges (resp. edges), called
non-exceptional, are denoted by H,o,(G) (resp. Epex(G)).

Definition 2.2. A quasi-stable graph G is called simple if the graph obtained from G by removing its
exceptional vertices is connected.

The stabilization of G, denote by G*, is the (connected) graph with
(2.1) V(G™):= Voex (G)  aswellas  H(G®):= Hpoy (G) and L(G™):=L(G),
the root map rgst : H(G®) LI L(G®) — V(G®) is the restriction of the root map rg, the fixed-point free
involution igs on H(G®!) is defined by setting iGst(iG(h.,lj)) = iG(h,z,) for any v € Vo o (G) and igst(h) :=ig(h)
if h= iG(h}/) or ig(h2) for any v € V,(G). One can easily check that the graph G* becomes a stable graph
of type (g, n) with respect to the marking of legs

mt:{1,...,n}—> L(G) = L(G™),

and the vertex-weight function

e

B V(GY) = Vpex (G) —— Z.
As a notational advice, given v € Vnex(G)_ (resp. _h € Hpex(G), resp. I € L(G)), we will denote the
corresponding element of G by ¥ (resp. h, resp. [). The edges of G*' come with a natural partition
E(G®) := Epex(G®) Ll Eexo(G') into exceptional and non-exceptional ones, that can be described by the
following bijections
Enex(G)—> Enex(G™) Vere(G) = Eexe(G*),

(2.2) . = - - and

e ={hig(h)} — e:={Rig(h) = ig(h)} vi— e, :={ig(hb),ig(h)).

We will also use this notation:

e given a non-exceptional edge ¢ € E ., (G®) we will denote by € € E, ., (G) the unique non-exceptional
edge of G such that ¢ = ¢;
e given an exceptional edge ¢ = ¢, € E.,.(G®) we will denote the corresponding (ordered) exceptional
edges of G by e’ := ¢} fori =1,2.
Note that, by contracting exactly one among the edges ¢! and e? for any e € Eq(G), we get a (non-unique)
stabilization morphism o : G — G
Stable (resp. quasi-stable) graphs of type (g, 1) with respect to morphisms of graphs form a category, that
we will denote by SG, , (resp. Q5G, ;). The stabilization procedure gives rise to a stabilization functor

(23) st: QSgg,n — Sgg,nt
given by
Gr— G  and (7{ :Gp— Gz) — (7‘(st G > G;t).
The stabilization 7° : G' — G5 of a morphism 7 : G| — G is defined as follows: given an exceptional
edge e, € Ecx(GY}Y), if both el and e2 are mapped by 7 to a vertex w € V(G,), then 7*(e,) = w; if instead

7 maps at least one of e} and e2 to an edge of G,, then it corresponds to a unique edge e in G5' and we set
7% (e,) = e. See Figure 1 for a picture of the stabilization functor.
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Figure 1. The stabilization functor

2.2. Stability conditions

Let G be a finite graph. A divisor on G is a finite formal sum

D= Z a,v

veV(G)

over the vertices of G with a, € Z. Divisors on G form an abelian group, which we denote by Div(G). The
degree of a divisor D =} a,v is defined to be deg(D) =) _, a,. We write Div;(G) for the divisors of degree
d. The subset Divy(G) is a subgroup of Div(G) and, for any d € Z, the subset Div;(G) is naturally a torsor
over Divy(G).

We now define what it means for a divisor on a quasi-stable graphs to be admissible and (semi)stable with
respect to a (universal) stability condition. Recall from [KP19]:

Definition 2.3. A universal stability condition ¢ of type (g,7) is an assignment of a function for any

G € 8Gq,, (called the stability condition induced by ¢ on G)
¢ : V(G)— R with || := Z po(v
veV(G
such that for any morphism 7: G; — G; in §G, ,, we have that
bc,(v Z <PG1
weTn”~

We will often denote ¢ by ¢ if there is no danger of confusion. From the definitions, together with the
fact that SG, , admits a final object (namely the graph with one vertex of genus ¢ and no edges), it follows
that the integral number |¢ | is independent from G € S§G, ,; it is therefore denoted by || and called the
degree of ¢.

Remark 2.4. The space of universal stability conditions of type (g, 1), denoted by V, ,;, is an abelian group
with respect to the sum

(Pp+¥)6(v):=Ppg(v) + Pg(v) for any G € G, ,, and any v € V(G).

The subset of V, ,, formed by the universal stability conditions of degree d is denoted by V;{n. Note that Vgo’n
is a subgroup of Vg , and Vgn is a torsor with respect to V;n. Moreover, V;n is also a finite dimensional
real vector space with respect to the scalar multiplication

(A-P)g(v) := A-¢pg(v) for any G € §G, , and any v € V(G).

Hence Vg‘{n is a real affine space with respect to the vector space Vgo,n.
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Given ¢ € Vg ,, we can define a stability condition ¢ : V(G) — R on any graph G that is quasi-stable of
type (g, 1) by

0 if v € Viy o (G),

(2.4) Pg(v) = { P (T)  if v € Voer (G).

Note that also for a quasi-stable graph G we have that |pg| = |¢p].

Definition 2.5. Fix an hyperbolic pair (g,#) and let G be a quasi-stable graph of type (g, n).

(1) A divisor D € Div(G) is called admissible if D(v) = 1 for any v € Vo, (G).
(2) Let ¢ € Vg ;, be a universal stability condition.
e For a subset S C V(G) we write D(S):=)_,cs D(v) as well as ¢g(S) := ) ,c5 Pg(v). A divisor
D e Div(G) is called ¢-semistable if D is admissible of degree degD equal to |¢| and the
following inequalities hold for any subset S C V(G):

|E(S,59)|
2

|E(S, 59|

(2:5) bc(S) - <D(S) < §g(S) + ——,

where E(S, S€) is the set of edges joining a vertex in S with a vertex in the complementary subset
S€.
e A divisor D € Div(G) is called ¢-stable if D is ¢p-semistable and both the inequalities (2.5) are
strict unless S or S¢ is a union (possibly empty) of exceptional vertices.
(3) A universal stability condition ¢ € Vg ;, is called general® if for any quasi-stable graph of type (g,7)
we have that for any subset S C V(G)

|E(S,$9)|

$g(S)+ >

€Z = S or S is a union of exceptional vertices.

Some remarks on the above definition are in order.

Remark 2.6. Let us keep the notation of the above Definition 2.5.

(i) The two inequalities in (2.5) for S are equivalent to the two analogous inequalities (but in reverse
order) for S°. Hence it is enough to require one of the two inequalities in (2.5) for any S C V(G).

(ii) If S (resp. S€) is a union of exceptional vertices then the second (resp. the first) inequality in (2.5) is
always an equality for any admissible divisor D € Div(G) and for any universal stability condition ¢.

Hence the definition of ¢-stability in (2) is sharp.

E(S, S

(iti) If S or S¢ is a union of exceptional vertices, the quantity ¢5(S)+ is always an integer for

any universal stability condition ¢ (equal to |S| or to d +|S€|, respectively). Hence the definition of
general universal stability condition in (3) is sharp.

(iv) It follows from the proof of [MV12, Theorem 6.1(i), Proposition 7.3] that if a quasi-stable graph G of
type (¢, ) admits a ¢-stable divisor for some ¢ € V, ,, then G has no separating exceptional vertices,
i.e, G is simple. In particular, there are no exceptional vertices on bridges of G* on the support of a
¢-stable divisor for a general stability condition.

(v) It follows from the proofs of [MV12, Theorem 6.1(iii) and Proposition 7.3] that ¢ € V, , is general if
and only if for any quasi-stable graph G of type (g, 1) every ¢-semistable divisor on G is ¢-stable.
This fact, combined again with [MV12, Theorem 6.1(iii)], shows that our definition of general universal
stability conditions coincides with the one of [KP19, Definition 4.1].

(A This is called non-degenerate in [KP19]. We prefer to call it general according to the terminology used in [MV12], [MRV17],
[MRV19a], [MRV19b], [MSV21]. Note that in the first two papers, the term non-degenerate is used for a slightly weaker condition.
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2.3. The category QDiv, ,

We now can define the category of quasi-stable graphs together with admissible divisors, and some
variants of it, that will play a special role in what follows.

Definition 2.7 (The category QDivy ). Fix an hyperbolic pair (g, 7).

(1) Let QDivy , be the category whose objects are pairs (G, D) consisting of a guasi-stable graph G of
type (¢, 1) and an admissible divisor D € Div(G), and whose morphisms 7 : (G,D) — (G’,D’) are
the morphisms of the underlying graphs 7t : G — G’ such that 7t,(D) = D’, where 7,(D) € Div(G’) is
such that 7,(D)(v) = Z D(w),Yv € V(G).

wen1(v)
(2) We will consider the following full subcategories of QDivy :
(i) QDivyg ;4 is the full subcategory of QDiv, , whose objects are pairs (G, D) € QDivy, , such that
degD =d.
(i) QDiV?,),i (resp. QDiVZi 4) is the full subcategory of QDivy , (resp. QDivy , 4) whose objects are
pairs (G, D) € QDiv such that G is simple.
(iii) For any stability condition ¢ € V, ,;, QDivy ,(¢) is the full subcategory of QDiv, ,, whose objects
are pairs (G, D) € QDivg ;, such that D is ¢-semistable. Note that, if ¢ is general, QDiv, ,,(¢p) is
a full subcategory of QDiVZEi, 4 Where || =d.
Remark 2.8. It is easy to check that:
. QDiV??,i and QDivg ,(¢) are "under-closed” subcategories of QDiv, , in the following sense: if
7:(G,D) — (G/,D’) is a morphism in QDiv, , and (G, D) € QDiVZ% (resp. QDiv, ,(p)), then also

(G, D’) € DIV, (resp. QDiv ().
e ODivg , 4 is a "morphism-closed” subcategory of QDiv, , in the following sense: consider a morphism
7:(G,D) — (G,D’) in QDiv, . If either (G, D) or (G’, D’) belongs to QDiv, , ; then both of them

belong to QDivy , 4. Similarly, QDiVZFi’ 4 is @ morphism-closed subcategory of QDiV?ﬁ.
There is a forgetful-stabilization functor

: t
(2.6) F:QDiv,, — QSGy,—> SG,.
that sends an object (G,D) € QDiv,, into the stabilization G € S8Ggn of G and a morphism
7:(G,D) — (G’,D’) into the stabilization 7%t : Gt — G’St of 71 : G — G’. The restrictions of F to the full
subcategories QDiv, , 4, QDiVZIi( a) and QDiv, ,,(¢) will be denoted again by F.
Throughout the text, and in order to shorten the statements, when we write (d) in the context of any
notation we mean that the sentence applies to the object in discussion either indicating d or not. For

. 1 . 1
we mean that it works for both QDIV?’)n and for QDIVSP

. . . 1
instance, when we write QDiv’¥ and’

— 7 en(d) _
Given a stable graph G € Sgg,n, we will now define the essential fiber of F : QDng,n — Sgg,n over G

(and of its subcategories QDng,n,d, QDiVZ);i,(d) and QDng,n((j))).

Definition 2.9 (The category QDiv). For any GeSG ¢n» let QDiv be the category such that
e the objects of QDiV@ are triples (G,D,p) such that (G,D) € QDng’n and p : G 5 Gt is an

isomorphism in Sgg,n;
e the morphisms 7 : (G, D, p) — (G’,D’,p’) are the morphisms 7 : (G,D) — (G’,D’) in QDivy ,, such
that 7t o p1 = py.
By imposing, in the above definition, that (G, D) belongs to QDivg .4, QDiV?;l’( d) O QDng,n((j)), we obtain,

. . . ._spl . .
respectively, the full subcategories QDivg ;, QDlVa ) °F QDivg(¢) of QDive.
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as { @s@

Figure 2. The two automorphism types of graphs that do not permute the edges: a loop and a
ladder of bridges connecting two identical graphs.

Lemma 2.10. The category QDivg (and hence its full subcategories QDivg 4, Ql)ivséD : 0 " QDive(¢)) does

not have nontrivial automorphisms.

Proof. Let 1t : (G,D,p) — (G,D,p) be an automorphism in QDiV@. The equality 7t o p = p forces
7%t : G' — G to be the identity. By the definition of the stabilization graph G®" (see (2.1)), we get that the
restriction of 7ty to Vi, (G) is the identity and that the restriction of 7ty to Hpey(G) is the identity. Since
any exceptional-half edge of G, i.e. an half-edge of the form hf, for i =1,2 and v € Vi (G), is conjugate to
a non-exceptional half-edge, i.e. ig(h’) is non-exceptional, and using that 77y commutes with i, we deduce
that 7ty = id. Finally, using that 7w : X(G) — X(G) commutes with the root map r; and that 7ty = id, we
get for any exceptional vertex v € Vo, (G) and any i = 1,2:

v (v) = 1y (r6(hy) = r (e () = r(hy) = v,
and we deduce that 7ty =id. Since 7 is uniquely determined by 7y and 7y, we conclude that 7t is the
identity. O

For later use, we will also need a quotient of the above categories in which two morphisms of (quasi-)stable
graphs (or pairs formed by a quasi-stable graph and an admissible divisor) are identified if they induce the
same map on the edge sets. These categories are important because they will turn out to be isomorphic to
the category of strata of the corresponding toroidal stacks. We refer the reader to Figure 2 for the two types
of automorphisms that do not permute the edges.

Definition 2.11 (The categories Sggn, QS gf’n, QDivg’n). Fix an hyperbolic pair (g, n).

(i) Let QSQS}H (resp. S g;n) be the category whose objects are quasi-stable (resp. stable) graphs of type
(g,n) and the morphisms from G to G’ are the equivalence classes of morphisms 7 : G — G’ in
Q83 (resp. in SG, ;) with respect to the equivalence relation

T ~T o g =7y E(G') < E(G).

The equivalence class of a morphism 7 : G — G’ in Q8G, , (resp. in §G, ;) will be denoted by
[7]: G — G
(ii) Let QDivg’n be the category whose objects are pairs (G, D) consisting of a quasi-stable graph G of
type (g,7) and an admissible divisor D € Div(G), and whose morphisms from (G, D) to (G’,D’) are
the equivalence classes of morphisms 7 : (G,D) — (G’,D’) in QDivy , with respect to the equivalence
relation
n~T S g =7y : E(G') < E(G).

) general, two equivalent morphisms of graphs map each pair of adjacent vertices to the same set. From this observation, one
can check that given 111,75 : G — G/, then [r1] = [r3] if and only if there is an automorphism 7 : G’ — G’ with [t] = [id] such
that 711 = T o tp. We thank the referee for pointing out this clarification.
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The equivalence class of a morphism 7 : (G,D) — (G’,D’) in QDiv, , will be denoted by [r] :
(G,D)— (G’,D’).
Similarly, we can define QDivgn’ B QDiV?’Zild), QDivgn(qS).

The forgetful-stabilization functor (2.6) induces the following diagram of functors

2.7) F:QDivy, —> QSGy, —— SGq

l |

E
FF:oDivE, — 0S¢E = S¢E

where the vertical arrows are the essentially surjective and full (but non faithful) functors that are the
identities on objects and send a morphism 7t into [7t].
Finally, the above categories induce some natural partially ordered sets (posets) that we now introduce.

Definition 2.12 (The posets |SG, |, |QSG, .|, |QDiv, , |). Fix an hyperbolic pair (g, 1).

i) Let |9SG, ,,| (resp. |SG, ,|) be the posets whose objects are isomorphism classes of quasi-stable
(i I P I P j P q
(resp. stable) graphs of type (g, n) and

G > G’ © there exists a morphism 77 : G — G’ in QS8G, u(resp. inSG, ;).
(ii) Let |QDng,n | be the poset whose objects are isomorphism classes of objects of QDiv, ,, and

(G,D) > (G’,D’) © there exists a morphism 7 : (G,D) — (G’,D’) in QDivg .

Similarly, we can define the posets |QDivg,n,d |, QDiVZI,D;i,(d) | and ’QDivg,n((j))L

In what follows we will often pass, implicitly, to skeleton categories of each of the categories defined above,
picking one object arbitrarily for each isomorphism class. In particular, we will identify the objects in each
category with the elements in the associated poset.

Remark 2.13. Observe that the binary relations > in the above definition are clearly reflexive and transitive,
while they are antisymmetric because any morphism 7t : G — G’ of (n-marked vertex-weighted) graphs is
either an isomorphism or is such that 7tj, : E(G’) < E(G) is a proper inclusion.

This also implies that the posets |SG, |, |QSG, 4|, |QDivg , (4)| and |QD1VZ$,({1)| are graded with
respect to the rank function given by the cardinality of the edge set. By following the lines of the proof of
Proposition 4.11 and the first part of Theorem 4.15 in [AP20], one gets that [QDiv, ,(¢)| is also graded if ¢
is general (we do not include a proof here since it is not important for what follows). The lengths of the
above posets with respect to this rank function are equal to

1(18Ggnl)=3g-3+mn,
1(1QSG,u1) = (1QDivg,a)]) = 2(3g = 3 +n),
(19D, 1) = [(1QDivg(p)l) = 4g—3+m if pis general.
The forgetful-stabilization functor (2.6) induces the following diagram of posets

Ist]

(28) |F| : |QDng,n| B |Q5gg,n| B |Sgg,n |
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2.4. The universal tropical Jacobian as a cone stack

The aim of this subsection is to construct the universal tropical Jacobian as a cone stack, in the sense
of [CCUW20, Section 2.1, endowed with a forgetful morphism to the cone stack /\/ltgrzp of tropical curves,
constructed in [CCUW20, Section 3].

By slight abuse of notation, by a rational polyhedral cone we will mean the data of a pair (0, N), consisting
of a lattice N and a full-dimensional, strictly convex rational polyhedral cone in N: an intersection o of
finitely many half spaces in N which contain no line and span all of Ng. The effect of this definition is that
a rational polyhedral cone always comes with an integral structure, namely the intersection N N ¢, and a
dual monoid

Sy := Homy;,,(0 NN, IN).
Conversely, the rational polyhedral cone is recovered from S, as
o0 =Hom(S,,Rsy) and N =Hom(S5,7Z).

A morphism (0,N) — (¢,N’) is a homomorphism of lattices N — N’ for which the induced homomorphism
NR — Ny maps o into ¢’. Equivalently, it corresponds to a homomorphism of monoids S, — S,. Denote
the category of rational polyhedral cones by RPC. We usually suppress the reference to N and simply write
o for a rational polyhedral cone.

One may think of a rational polyhedral cone o as a combinatorial analogue of an affine scheme and of
Sy as its ring of functions. Quite like a scheme is glued from affine schemes, we may think of a rational
polyhedral cone complex as a combinatorial object that is glued from rational polyhedral cones along their
faces. Rational polyhedral cone complexes form a category that we denote by RPCC. We refer the interested
reader to [CCUW20, Definition 2.1] for a precise definition of this notion. The category RPCC carries a
natural Grothendieck topology that is generated by embeddings of rational polyhedral cones as faces, the
Jace topology.

Let us begin with the definition of the universal tropical Jacobian as a stack over the category RPCC of
rational polyhedral cone complexes endowed with the face topology, or equivalently as a category fibered
in groupoids over the category RPC of rational polyhedral cones (see [CCUW20, Proposition 2.3]). We go
through the effort of using this formalism, rather than, say, the formalism of generalized cone complexes,
as this is the formalism that will allow us to compare the universal tropical Jacobian with its logarithmic
analogue.

Definition 2.14. Fix an hyperbolic pair (g, n).

(i) Let jgtr,;) P(RPC) be the category fibered in groupoids over RPC such that:

e the objects are triples (I'/o,D), where I'/o is a quasi-stable tropical curve over o € RPC with
n-markings and of genus g (or simply of type (g, 1)), i.e. a pair consisting of a quasi-stable graph
G(T) of type (g, 1) (called the underlying graph) and a (generalized) metric d := dr : E(G(I')) —
S5\ {0}, and D is an admissible divisor on G(I') (so that (G(T), D) € QDivy ,);

e the morphisms are pairs (f, ) : (I/0,D) — (I'"/0’,D’) such that f : 0 — ¢’ is a morphism in
RPC and 7 : (G(I), D’) — (G(I'), D) is a morphism in QDiv, ,, such that 7t is compatible with
f as in [CCUW20, Definition 3.2], i.e. such that for any ¢’ € E(G(I'")) we have that

- 7 contracts ¢’ if and only if f*(dp(e’)) = 0;
- if t(e’) = e € E(G(I')) then f*(dp (e)) = dr(e).

e the fibration jgtf,fp(RPC) — RPC sends an object (I'/o,D) into 0 and sends a morphism
(f,m):(I'/o,D)— (I'"/0’,D’) into f : 0 — 0.

(ii)y Given o € RPC, we will denote by jgt,r,?p(cr) the essential fiber of jgt,r,fp(RPC) — RPC over o, ie.

the groupoid whose objects are (I'/o,D) € jgt,ry(,)p(RPC) and whose morphisms are the ones of the
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orm 7¢ := (1d,, () : o, - o, in ote that any morphism 7t : o, —
f id,, I/6,D) — (I"/0,D’) in Jgn"® (RPC). Note that any morph I/o,D
o, in n (0) is such that 7 : — , the underlying morphism of graphs, is an
'/a,D’) in Jgn" h th G(I’) — G(T), the underlying morphism of graph
isomorphism.
(iii) The universal tropical Jacobian (over RPCC), denoted by jgt,r,;) P is the unique stack over RPCC
(by [CCUW20, Proposition 2.3]) whose restriction to RPC coincides with jgtr,;) P(RPC).

Similarly, we can define the substacks J, tr;g, Jrop Spl and J, trOP((j)) of jgmp by taking only the objects

&m,(d)
(I'/0, D) such that, respectively, (G(I'), D) € QDivy ,, 4, oDiv’? . and QDivg ().

g,”’(d)
The functor 0 — S, gives an equivalence of categories between rational polyhedral cones and the category

of sharp, fine and saturated monoids. We can thus also think of jgt,r,? P (and similarly of J tr:g, J. trol(a djpl and

J. trop(qb)) as a category fibered in groupoids over the category of sharp fine and saturated monoids. We

may expand j;f; P to a category fibered in groupoids over the category ShpMon?? of sharp integral and
saturated monoids, whose fiber over a sharp integral and saturated monoid P is the groupoid of pairs (I', D)
consisting of a quasistable tropical curve I' of genus g with n marked legs, whose edges are metrized by the
monoid P, and an admissible divisor D on G(I'). We refer the interested reader to [CCUW20, Section 5.2]
for more background on this procedure.

The universal tropical Jacobian comes equipped with a morphism towards the stack M;r(,)lp over RPCC of
tropical curves, defined in [CCUWZ20, Definition 3.3].

Definition 2.15. Fix an hyperbolic pair (g, 7). Let

(2.9) DIP TP s M oP

be the unique morphism of stacks over RPCC (called forgetful-stabilization morphism) induced by the
morphism .,7;,(1) P(RPC) - thp(RPC) of categories fibered in groupoids over RPC that sends:

e an object (I'/o,D) € j;r,?p(RPC) to the stabilization (T/0)* = (/o) of T/0, i.e. the stable tropical
curve of type (g,7) such that
- the underlying graph is G(I'®!) := G(I)%,
- the metric drst : E(G(T)%) — S, is defined (using the notation below (2.2)) by
dl"(a ifee EneX(G(r)St)l
drst(e) =
dr(e')+dr(e?) if e € Eeyo(G(T)™).

e a morphism (f,7): (I'/o,D) = (I''/0’,D’) of Jtmp(RPC) into the morphlsm (f, ) of Mtrop(RPC),
where (f,7%) : T%/0 — ([’)*"/0” and 7%t : G(I'') = G(I")%* — G(T)** = G(T™!) is the stabilization of
7t defined in (2.3).

,spl
We will still denote by @OP the restriction of ®TOP to the substacks 7 tr;l) g, jgtr’fl() d?p r J. trOp((j))
tro
Tan -

We will now prove that the universal tropical Jacobian jgtr,;) P is a cone stack, i.e. a geometric stack over
RPCC (see [CCUW20, Definition 2.7]). We will achieve this by describing it as a combinatorial cone stack
in the sense of [CCUW20, Definition 2.15], and then use that cone stacks are equivalent to combinatorial
cone stacks by [CCUW20, Proposition 2.19]. The analogous description for ./\/ltgr,?lp is proved in [CCUW20,

. . . t . . .
Section 3.4] and it realizes ./\/lgr;p as the cone stack associated to the combinatorial cone stack

Isg,, : SGgn — RPC/

E(G
(2.10) Gr— RE,

(n :G— G’) —> (IRiE)G’) <> IR};(OG))
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where the inclusion IRii)G’) — IRiE)G) is induced by the map 7t} : E(G’) < E(G). Here RPC/ denotes the

category of rational polyhedral cones with face inclusions as morphisms.

Theorem 2.16. Fix a hyperbolic pair (g, n).

t
(i) Jg’r,? P is the cone stack associated to the combinatorial cone stack

Topiv,, : QDiven — RPC/

E(G
(2.11) (G,D) — RLY,

E(G’)
>0

(11 0) 5 ),

where the inclusion IR?OG/) — IR?OG) is induced by the map 7y, : E(G’) — E(G).

(ii) The forgetful-stabilization morphism ®P : j;f,?p - Mtgrzp coincides with the morphism of combinatorial
cone stacks from (Igpiy, : QDng;p — RPC/) 10 (Tsg,, : Sgg?np — RPC/) induced by the functor
F: QDivg,, — 8Gg, of (2.6) together with the following collection of contravariant and sutjective
morphisms of cones (for any (G, D) € QDivy )

E(G E(G*
PGp): leEJ ' IRzi) )

L {X]}“ iff € Epex(G*)
Yr=

(xe)eeE(G) — .
Xfl +Xf2 lff € EeXC(GSt) FeE(GY)

. t trop, spl t t
The above Theorem remains true for the cone substacks 7 gr; g, jg;ifdjp or gr,? p((j)) of ]g,r,;) P by

replacing QDiv, ,,, respectively, with its full subcategories QDivy ;, 4, QDiv?i( d) OF QDivg ().

Proof. Let us prove part (i). Denote temporarily by jgc,‘,)zmb the cone stack associated to the combinatorial
cone stack (2.11) and let jg‘i%mb(RPC) be its restriction to RPC.

According to [CCUW20, Definition 2.15, Proposition 2.19], an object of jgc";’lmb(RPC) is a triple (G, D, [ :

o — IRi(OG)), where (G, D) € QDiv, , and [ : 0 — IR};E)G) is a morphism in RPC whose image is not contained

(G)

E
in any proper face of IR;,"". By composing with the projections along the coordinates, the morphism /
is equivalent to the datum of a collection of surjective morphisms {/, : 0 — Rx¢}.cg() in RPC. By
passing to the toric monoids, this is equivalent to giving a collection of injective morphisms of monoids

{I; :IN = S;}eck(G)> Which is indeed determined by the collection of non-zero elements {/;(1) € S;}ccp(G)-

Therefore, the triple (G,D,l: 0 — IR];E)G)) gives rise to (and it is completely determined by) an object (I'/o, D)

of Jgt,r: P(RPC) such that I'/o is the n-marked genus g quasi-stable tropical curve whose underlying graph is

G(T) := G and whose metric is given by dr(e) :=[;(1) € S, for any e € E(G).
i)G)) - (G, D,)I":0" - IR};)G )) in jg‘i(,’lmb(RPC) is the datum of
a morphism of cones f : 0 — 0’ and a morphism 7 : (G’,D’) — (G, D) in QDivy , such that the following

Similarly, a morphism (G,D,l: 0 — R

diagram commutes
I E(
b

_>1RO

o 6)
f ‘

O_/ l’ IRiE)G )
where the left arrow is induced by the inclusion 7t} : E(G) <> E(G’) that identifies the edges of G with the
edges of G’ that are not contracted by 7t. In terms of the objects (I'/o, D) and (I'/0’,D’) of j;’r,;)p(RPC)

associated to, respectively, (G,D,l: o0 — IRigG)) and (G, D",)I" : 0/ — IRiE)G,)) as explained above, the
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commutativity of the above diagram means exactly that 7 is compatible with f in the sense of Definition

2.14, and therefore we get a (uniquely defined) morphism (f,7): (I'/o,D) — (I'/¢’,D’) in gt,rr?p(RPC).

The above discussion shows that we have an isomorphism j;%mb(RPC) = jgtf,f P(RPC) of categories

fibered in groupoids over RPC, which then gives rise to an isomorphism of stacks j;f,’lmb =] j;’r,f P by
[CCUW20, Proposition 2.3].
Let us now prove part (ii). We will temporarily denote by M?’,ﬁnb

combinatorial cone stack (2.10), by ME%nb(RPC) its restriction to RPC and by ®©mb jgc’?lmb — ./\/lfgo,inb

the morphism of cone stacks induced by the morphism of combinatorial cone stacks described in part (ii).

the cone stack associated to the

By definition, the morphism ®“°™ is given on objects by
TP (RPC) — MEMP(RPC)

>0 >0

EG) PGy _E(G)
2) )

(G,D,l: o —>IRE(G)) — (GSt,ZSt: O'—l>1R

. . t t . . .
In terms of the isomorphisms j;%mb > ]g,r,;) P and Mfg%nb = /\/lgr;p, this corresponds to sending an object
trop trop

(I'/o,D) € Jg,n (RPC) into Ist/o € Mg, (RPC). Similarly, a morphism

(fr TZ) : (G, D,l 0 — IRiE)G)) N (G,,D/,l/ . (7/ — IREE)G’))
of jgc,%mb(RPC) is sent via ®©°Mb jnto the morphism

E(G™ E(G™
(f,T(St) . (GSt,lSt ‘o — IRZE) )) N (G,St,l,St . O', N leg )
comb : : comb o 7trop comb ~ 4 4irop :
of M"°(RPC). In terms of the isomorphisms Jg3™ = Jo,n© and MO = Mg ", this corresponds to
sending a morphism (f,n): (I'/o,D) — (I"/0’,D’) in ;,r:l)p(RPC) into (f, %) : /0 > T’8/0” in Mtgrzp
The above discussion shows that, under the isomorphisms j;?lmb = j;r,? P and M?ﬁnb =~ M;?lp, the two
morphisms ®°P and ®°™P coincide when restricted to RPC, and hence they coincide everywhere by

[CCUW20, Proposition 2.3]. O

3. Compactified universal Jacobian

The aim of this section is to introduce and study the compactified universal Jacobian over the moduli
stack of stable curves. In particular, we give a combinatorial description of its toroidal stratification. We
refer the reader to [CC19] for an alternative description of the toroidal stratification in degrees g and g—1
(without marked points).

Definition 3.1. Fix a hyperbolic pair (g, n).

(i) The compactified universal Jacobian (of type (g, 7)) is the algebraic stack 7&” parametrizing pairs
(C — S, L) consisting of a family C — S of quasi-stable curves of type (g,n), i.e. n-pointed nodal
projective and connected curves of arithmetic genus g whose dual graph is a quasi-stable graph, and
an admissible line bundle £ on C, i.e. a line bundle that has degree 1 on any exceptional component
of every geometric fiber of C — S.

(i) The wuniversal Jacobian (of type (g, n)) is the open and dense substack J, , C 78*:” parametrizing
objects (C — S, L) € 7&”(5) such that C — S is a family of smooth curves.

The decomposition of 7g,n into connected components is
(31) jg,n = I_I jg,n,d
deZ

where 7g,n,d is the algebraic stack parametrizing pairs (C — S,£) € 7g'n(8) such that £ has relative degree
donC—S.



Tropicalization of the universal Jacobian 19

We will be considering the following open substacks (for any universal stability condition ¢ € V ,):

—spl — —
(3.2 Tgin © T gn > T gl®)
where 7gn((j)) is the open substack parametrizing pairs (C — S, L) € 78':”(5) such that for any geometric

point s of S the line bundle L, is ¢-semistable on C; (i.e. its multidegree deg(L;) is a ¢-semistable

divisor on the dual graph G(Cs) of the curve C;), while 7;13; is the open substack parametrizing pairs
(C—>S,L)e 7g,n(5) such that for any geometric point s of S the quasi-stable curve Cy is simple, i.e. it
remains connected when we remove its exceptional components, or equlvalently its dual graph G(C;) is

simple. The stack 7gn((f)) is connected and it is contained in J ¢n|p|» While j T admlts the decomposition

spl spl spl
= Tena = L Tana 0T

deZ deZ

into connected components

The stack 7g,n comes equipped with a forgetful-stabilization morphism to Mg,n
(3.3) D: Tgn— Mg,

that sends an object (C — S,L) € 7g 4(S ) into the stabilization (C%' — S) € M 2(S) of the family C — S of

quasi-stable curves. If we denote by /\/l ., the stack of quasi-stable curves of type (g,n), then the forgetful

morphism @ factors as
@ qs

—qs st —
(3.4) O: Tgn— Mg, — Mg,

where the forgetful morphism @9 sends (C — S, L) € jg’n(S) into (C > S) € Mgsn(S) and the stabilization
morphism st sends (C — S) € M;Z(S) into (C%t — §) € ﬂg,n(S).
The algebraic group Gy, injects functorially into the automorphism group scheme Autg(C/S,L) of

every object (C — S,L) € 7&"”(8) as scalar multiplication on the line bundle £. Hence, we may form the
Gy -rigidifications

(3.5) TP G € T [ T () G-

Note that the forgetful morphism ®%° (and hence also the forgetful-stabilization morphism @), factors
through the Gp,-rigidification. By a slight abuse of notation, we will denote by @ : 7, ,, /G, — M, ,, the

—spl —
induced morphism, as well as its restrictions to the open substacks J;,I; [JGm and J ¢ (P) [/Gpy.

Remark 3.2. It follows from [EP16] that 7g]n is isomorphic to the algebraic stack parametrizing pairs
(X — S,7) consisting of a family X' — S of n-marked genus g stable curves and a coherent sheaf Z on &,
flat over S, whose geometric flbers are rank-1 torsion-free sheaves. In this alternative description:

e the open substack T parametrizes objects (X — S,T) as above such that the geometric fibers of 7

gn P
are simple sheaves;
e for any ¢ € V; ,,, the open substack J¢ ,(¢) corresponds to the stack defined in [KP19, Definition 4.2]

(using [MV12, Theorem 6.1)).
— —,
e if ¢ €V, , is general, then J ,(¢) is isomorphic to the Esteves’ universal compactification J g’: )

(see [Est01]) for a suitable choice of a universal vector bundle £ on the universal family over ﬂg,n
(see [Melld, Proposition 4.17)).
e the morphism O :7g’n — M, ,, is the morphism that sends objects (X — §,7) as above into

(X > S)e My,

In the following Proposition, we collect all the properties of the stack 7g’n and of the forgetful morphism
@, that will be used in the sequel.
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Proposition 3.3.
(1) The Gy, -gerbe 7g,n,d - 7g,n,d [ G is trivial if and only if either n > 0 or n = 0 and
ged(d-g+1,2¢-2)=1.
In particular, under the above numerical conditions, the universal line bundle over the universal family
of T gn,a descends to the universal family on the rigidification J ¢ .4 [/ G-
(2) The algebraic stack 7?2 [/Gy, is the DM-locus of 7g,n /G-
(3) The morphism D : 7g,n — ﬂgln of (3.3), as well as its restriction to the open subsets 7;})”1 and 7g,n(¢)
(for any ¢ € Vy ), satisfies the existence part of the valuative criterion for properness.
— —spl —
In particular, the stacks J ¢, and J ;EI satisfy the existence part of the valuative criterion, and J ¢ ,({)
(for any ¢ € V, ;) is universally closed.
(4) For a universal stability condition ¢ € Vg ,,, the following conditions are equivalent
(i) ¢ is general;
(ii) © :7g,n(¢)/([}m — My, is separated (and hence proper);
(iii) jg,n((p)ﬂ(ﬂm is separated (and hence proper);
— —spl
(i) T ®) © T g
(5) The morphism OB :7&” — ﬂ;sn of (3.4) is smooth.
(6) The stack 7g'n is smooth and the boundary 87&,1 = 7&” \Tgn = cp—l(ﬂ;sn \ Mg ;) is a normal
crossing divisor.

Proof. Part (1) follows from [MV14, Theorem 6.4] for n = 0 and [Mell9, Proposition 3.2] for n > 0. Part (2)
follows from [BFV12, Lemma 2.11]. Part (3) follows from [Est01, Theorem 32] together with Remark 3.2. The
proof of part (4) follows by the following cycle of implications:

(i) = (ii) follows from [KP19, Cor. 4.4] and Remark 3.2.

(ii) = (iii) follows from the fact that Mg,n is proper.

(iii) = (iv) follows from [BFV12, Lemma 2.11] using that a separated algebraic stack has finite stabilizers at
every geometric point.

(iv) = (i) follows from [MV12, Proposition 7.3] and Remark 3.2.

Part (5) follows since the obstruction to deform a line bundle on a quasi-stable curve C lies on H 2(C,0¢),
which is zero because C has dimension one.

Part (6) follows from part (5) and the well-known fact that M;}Z is smooth and that aﬂgqsn defined

as ﬂ;sn \ M, ,, is a normal crossing divisor. Alternatively, one could use the explicit description of the
completed local rings of 7g,n given in [BFV12, Section 2.3] or [CMKV15, Section 3] O

3.1. Toroidal stratification of the compactified universal Jacobian

The pair (Jg,, C 7g,n) is a toroidal embeddings of algebraic stacks since 7g,n is smooth and 7g,n \ Ty, is
a normal crossing divisor by Proposition 3.3 (6). We now describe the toroidal stratification of (Jg,,, C 78’”)‘

Proposition 3.4.
(i) The toroidal stratification of (J,,, C 7g,n) is given by

(3.6) Tgn= |_| J(6.p)

(G,D)eQDiv,,

where J(G,p) is the locally closed (reduced) substack 0f7g,n whose k-points are (C,L) € 7g,n(k) such that
(G(C),deg(L)) = (G, D). In particular, each stratum Jc,p) is smooth, irreducible and of finite type over
the base field k.
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(ii) The poset of strata {jG,D}(G,D)eQDng,” is anti-isomorphic to the poset |QDiv, .| of Definition 2.12, i.e.
J6p) €T cp) < (GD)>(G,D’) in|QDivg,|.
(iii) The forgetful-stabilization morphism O : 7g,n — Mg,n of (3.3) is toroidal and, for any G € SGqn, we
have that
(3.7) P (Mg) = I_I JG,p)

(G.D)eQDivg,p:
Gt=G
where M is the locally closed (reduced) substack of ﬂg,n whose k-points consist of curves C € Mg,n(k)

such that G(C) = G.

Parts (i) and (ii) have been proved for 7g,n(¢)a in the special case 1 =1 and for specific choices of ¢ € V, ,,
by Abreu-Pacini in [AP20, Proposition 6.4].
Proof. Let us first prove part ((i)). Since the toroidal embedding (7, C 7g,n) is the pull-back of the toroidal
embedding (M, C M;sn) via the smooth morphism ®% :7g’n - ﬂgsn (see Proposition 3.3), the toroidal
stratification of (J, , C Jg,,) is formed by the connected components of the pull-backs of the strata that form
the toroidal stratification of (M, ,, C m;sn) It is well-known that the toroidal stratification of (M, , C ngsn)

is given by
—gs
Men= | | Ma,
GeQSG,,
where Mg is the locally closed (reduced) substack of M;Sn whose k-points are C € M;Sn(k) such that

G(C) = G. It remains to observe that we have a disjoint union

@) Me)= || Tcon

(G,D)eQDiv,,,

and that each locally closed subset Jg p) is irreducible since it is endowed with a surjective smooth

. gs . .
morphism (DIJ(G,D) : J(G,p) = Mg whose geometric fibers

(@)1 (C) =PicP(C) := L € Pic(C) : degL = D) for any C € Mg (k)
are irreducible.

Part (ii) follows from [CC19, Proposition 3.4.1, Proposition 3.4.2].

Let us finally prove part (iii). Since the toroidal embedding (Jy, C Jg,) is the pull-back of the
toroidal embedding (M, , C ﬂgsn) via the smooth morphism P9 : 7g,n — ﬂ;sn (see Proposition 3.3),
the fact that @ is a toroidal morphism follows from the well-known fact that the stabilization morphism
st: (Mg, C M;Sn) — (Mg, € Mg ) is a toroidal morphism. The equality in (3.7) follows from the definition
of the morphism . g

3.2. The category of strata

We now want to show that the (anti-)isomorphism of posets in Proposition 3.4 is induced by an (anti-
Jequivalence of categories. In order to do that, we have to show that the poset of strata {J( p)} is induced
by a category, namely the category of strata of (g, C 7g’n), that we are now going to define in a more
general setting.

Assume that we have a toroidal embedding of Artin stacks (U C X'), locally of finite type over k. Consider
the lisse-étale sheaves Dy and Ey over X such that, for every smooth morphism V — & with V a scheme,
Dy (V) (resp. Ex(V)) is the group of Cartier divisors on V (resp. the submonoid of effective Cartier divisors
on V) that are supported on V' \ U where U := V xy U. Consider the strata {W;} of the toroidal embedding
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U C X (in particular each W; is irreducible) and pick a geometric generic point w; in each stratum W;. The
stalk Dy ,,. is a finitely generated free abelian group and the stalk Ey ,, is a sharp, saturated, and finitely
generated submonoid that generates Dy ,, as a group.

Definition 3.5. The category of strata of the toroidal embedding (4 C X), denoted by Str(U4 C X') or
simply by Str(X), is the category whose objects are the toroidal strata {W;} and whose morphisms W; — W;
are generated by the following two classes of morphisms:
o the étale specializations w; v w; (see [CCUW20, Appendix Al) whenever W; = W;
e the image Hyy, (called the monodromy group of the stratum W;) of the natural monodromy representa-
tion n‘ft(Wi,wi) — Autpon(Ex,w,) whenever W; = W;.

The category Str(X) comes also equipped with the structure of a category fibered in groupoids over the
category RPC/ of rational polyhedral cones with face inclusions as morphisms. Namely, to any stratum
W; € Str(X), we associate the rational polyhedral cone

o(W;):= Hommon(EX,wfIRZO) - Homgroups(DX,w,v; R).

Moreover, any morphism W; — W, in Str(X) induces a surjective monoid homomorphism
E Xw; > Ex,y, (and it is completely determined by it), and hence it induces a face morphism o (W;) = o (W])
of rational polyhedral cones. In this way we get a functor

Tstr () © Str(X) — RPC/
(3.8) W; — a(W;),

W, — W] —> O'(Wl') — U(W]),

which is easily checked to be a category fibered in groupoids.

In the following Proposition 3.6, we are going to relate Str(J g ) with the category QDngE’n introduced
in Definition 2.11. Observe also that the category fibered in groupoids rQDng,n : QDivg?np — RPC/ of (2.11)
factors through a category fibered in groupoids

I‘QDng’n . (QDng’”)OPP e RPCf

E(G)
>0

[7]: (G, D) = (G, D) — R 5 REL),

(3.9) (G,D)— R

(G

where the face inclusion IR;O — IRE(G)

5o is induced by the injection 7ty : E(G’) < E(G).
The following Proposition 3.6 is crucial for our understanding of both the analytic and the logarithmic
tropicalization map.

Proposition 3.6. Let Str(jg’n) be the category of strata of the toroidal embedding (Jg,,, C 7g’n). There is an
equivalence of categories
£ : (QDivy ,)°PP — Str(T g, )

(3.10)
(G,D) +— J(G,p)

such that I“Qpivgm = l“Str(jg,n) of.

Before giving a proof, we will need the following Lemma where we describe a rigidification of each
stratum J(G p) of 7g’n. For a similar description of the strata of Mg’n (and also of their closure), see [ACGII,
Chapter XII, Proposition (10.11)] (or [EF12, Proposition 4.6] for a more algebraic proof).

Let (G, D) € QDivy ,,. Consider the category fibered in groupoids j;G,D) over the category of schemes,
whose fiber over a scheme S consists of the groupoid of objects (C — S,[) € 7g,n(s) together with

isomorphisms ¢ : (G, D) N (G(C),degLs) in QDivy , for every geometric point s — S, that are compatible
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with étale specializations in the following sense: for any étale specialization f: t ~» s of geometric points,
with induced morphism 77 : (G(C), degLs) — (G(Cy), degLy) in QDivg ,,
The group Aut(G, D) (considered as a constant group scheme over k) acts on ZG,D) by precomposition

we require that ¢; = 7tf o .

with the isomorphisms ¢;.

Lemma 3.7. We have that:

(i) The category fibered in groupoids j(G, D) is a smooth and irreducible algebraic stack of finite type over the
base field k.

(ii) The natural forgetful morphism O p) : j(G,D) — J(G,p) is a representable, surjective, finite and étale,
Aut(G, D)-Galois morphism. Hence, it factors through an isomorphism

6(G,D) : [ZG,D)/Aut(G,D)] — t-7(G,D)'

A slightly different presentation of the strata of 7gn(q[)), in the special case n =1 and for specific choices
of ¢, is given in [AP20, Proposition 6.1].

Proof- Let us first prove part (i). Consider the category fibered in groupoids MG over the category of
schemes, whose fiber over a scheme S consists of families of quasi-stable curves (C — S) € ﬂ;Z(S) together

with an isomorphism ¢;: G N G(C) in QSGy,, for every geometric point s — S, that are compatible with
étale specializations in the following sense: for any étale specialization f: t ~» s of geometric points, with
induced morphism of graphs 7 s : G(Cs) — G(C;), we require that ¢; = 705 o .

We claim that we have an isomorphism of categories fibered in groupoids

(3.11) ]_[ Miw),val(v

veV(G

which implies that MG is a smooth and irreducible algebraic stack of finite type over k.

Indeed, we have a functor MG = [lev(c) M) val(v) that sends (C — S,{¢s};) € Mg(S) into the
relative normalization (C¥ — S) which is seen as an element of [ ev(G) Mh(v)val(v)(S) via the compatible
isomorphisms {¢s}scs. Conversely, we have a functor [],cy () Mpu(w)val(w) = M that sends D — S €
[Toev(G) Mh(v)vai(v)(S) into the family of quasi-stable curves C - S of type (g,n) that is obtained from
D—S by glulng the pairs of marked sections of D — S that correspond to the pairs of half-edges of G
that are exchanged by ig, together with the family of compatible isomorphisms {¢; : G N G(Cy)}s that is
induced by the above gluing procedure. Clearly the two functors are inverse of each other and they define
the isomorphism (3.11).

The algebraic stack MG comes with a universal family 75 : 5(; - /\7@ of quasi-stable curves of type (g, 1)
together with compatible isomorphisms {¢: G N G(gc s)}s, where s runs over all geometric points of MG,
and CG s is the geometric fiber of 7tg over the geometric point s — MG The category fibered in groupoids
j(G, p), endowed with its natural forgetful morphism \P(G,D) J(G D) = MG, can be naturally identified with
the connected component of the Picard stack of the family 7 : Co— MG that parametrizes line bundles
£ on Cg whose multidegree satisfies deg(L;) = ¢5(D) for any geometric point s — Mg, where L, is the
restriction of £ to the geometric fiber CG,s- Hence, we deduce that ~7(G,D) is a smooth and irreducible
algebraic stack of finite type over k.

We now prove part (ii). We begin by establishing several properties of the forgetful morphism @ p) :
Ji6p) = JiGp).

(a) @(,p) is surjective and the fiber over a geometric point SpecK — J(g,p) is a torsor under the
constant finite group scheme Aut(G, D).
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Indeed, if (C, L) € J(G,p)(K) then the fiber of @ p) over (C,L) is the set of all the isomorphisms
(G,D) — (G(C),degL), which is non-empty because of our assumption that (C,L) € Jg p)(K) and it
is clearly a torsor for Aut(G, D).
(b) @(G,p) is representable, finite and unramified.
In order to prove this, consider the commutative diagram

(3.12)

where Mg; is the locally closed (reduced) substack of M;Sn whose k-points are C € ﬂ;i(k) such that
G(C) = G, the morphism @ forgets the isomorphisms {¢,}, the morphism W p) forgets the line
bundle, the square is cartesian and the morphism F(g p) is induced by the universal property of the
fibered product. Now, property (b) will follow from the following two properties:
(bl) D is representable, finite and unramified.
Indeed, it is enough to show that @ is representable, finite and unramified. It follows from
(3.11) (and its proof) that @ is a composition of clutching morphisms which are known to be
representable, finite and unramified by [Knu83, Cor. 3.9].
(b2) F(g,p) is a representable closed embedding.

Indeed, the fibered product J(g,p) X, MG is the algebraic stack whose fiber over a scheme
S consists of (C — S,L,{¢p;: G 5 G(Cy)}s), where (C — S,{¢s : G = G(Cy))}) € MG and £
is an admissible line bundle on C — S such that (G, D) = (G(Cy), degE ). This implies that
@(G D) : J(G,D) XM, ./\/lG - ./\/lG is the union of the connected components of the Picard stack of
the family 7 : CG - MG that parametrize line bundles £ on CG whose multidegree is such that
there exists an automorphism ¢ of G such that (¢,)~!(deg(L;)) = ¢.(D) for every geometric
point s — MG. By what is proved in part (i), it follows that F(¢ p) identifies *7(G,D) as one of the
connected components of J(G,p) X m,, MG - MG, namely the one corresponding to ¢ =id, and

this implies that F(g p) is a representable closed (and also open) embedding.

(c) P(G,p) is flat.
This follows by applying the flatness criterion [Mat89, Theorem 23.1] to the representable morphism
®(G,p) and using that O p) is surjective and finite (by (a) and (b)) from the smooth and irreducible
(by part (i)) algebraic stack j ) to the smooth and irreducible (by Proposition 3.4(i)) algebraic stack
JiG.py

By using the above properties of the morphism @ p), we can now conclude the proof of part (ii).
Properties (b) and (c) and the first part of property (a) imply that @ p) is a representable, surjective, finite
and étale morphism. The second part of property (a) implies that O p) is a torsor under the constant finite
group scheme Aut(G, D)y, which implies that @G p) is a Aut(G, D)-Galois morphism. g

Proof of Proposition 3.6. First of all, we need a local description of the boundary ajg,n C 7g,n around a
geometric point (C,L) € 7 ,(K). The morphism ®%°: jg = ME
of J gn is the pull-back of the boundary 8Mgn
nodal curves it follows that (C, L) admits a smooth chart V(c,1) = J , such that the pull-back Ve 1) of

g, is smooth and the boundary 87&,1

of /\/lg’n. From the well-known deformation theory of
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the boundary 87&” is a normal crossing divisor whose irreducible components are {D,}.cg(G(c)), where
D, parametrizes all the partial smoothings of (C,L) for which the node n, corresponding to the edge
e € E(G(C)) persists.

From this local description of 37g’n, it follows that the stalk of the sheaf E7g,n at the geometric point

(C,L)e 7g,n(K) is canonically isomorphic to

_ WE(G(C
(3.13) E7 (cp) = INFOO,

In particular, the pull-back of the sheaf Ejgn to the finite and étale cover j(G,D) — J(G,p) of Lemma 3.7 is

equal to the constant sheaf

(3.14) =INE©),

(Ejg,n )|:7-(G,D)
Denote by 7G,p) the geometric generic point of the stratum (g p). Since #g p) is also the geometric

generic point of the finite and étale cover *ZGD) — J(G,p), (3.14) gives a canonical identification

_ - NEG)
(3.15) Ejg,n,fl(c,m =IN"",
This implies that the cone associated to J(g p) is canonically isomorphic to
E(G
(3.16) U(j(G,D)) := Hom,op (Ejg,,,,q(G,D)'IRZO) = Homy,on (INE(G),IRZO) = IRZE) ),

Recall that our goal is to define an equivalence of categories & : (QDivg’n)Opp — Str(jg,n) such that we
have the equality of functors

(3.17) Lopivt, = Lsu(7,,) €

We define £ on objects by sending (G, D) € QDivgln into J(g,p) € Str(jg,n), so that £ will be essentially
surjective by Proposition 3.4(i). Moreover, (3.16) says that equality (3.17) holds true at the level of objects.

It remains to define £ on morphisms in such a way that it is fully faithful and (3.17) is satisfied at the
level of morphisms. Since any morphism in QDiv, ,, (and hence also on QDivgln) is a composition of edge
contractions and automorphisms and any morphism in Str(jg,n) is a composition of étale specializations
(between the geometric generic points of the strata) and automorphisms, it will be enough to treat these two
classes of morphisms separately.

Edge contractions and étale specializations. Fix an element (G,D) € QDivg’n. Given a subset

S C E(G), denote by [ns] : (G,D) — (G’,D’) the unique morphism in QDiV?n induced by the mor-
phism of graphs g : G — G/S := G’ which is the contraction of the edges belonging to S (so that

D’ :=(1t5).(D)). Note that
E(G) E(G)

rQDivgn([RS]): Ryp "Ry
is induced by the inclusion (7g);: E(G’) = E(G)\ S < E(G).

On the other hand, to a subset S C E(G) we can associate the étale specialization spg : #(/,p’) > 1(G,D)
such that, on a smooth chart Vg p) of the geometric point 7 p) (as explained at the beginning of the
proof), the pull-back of 775/, p/) is the geometric generic point of the intersection (),cg D, (that is irreducible
if the chart is small enough). Using the identification (3.15), the associated surjective monoid homomorphism

Spg: NEOG) = —» E= = NE©)

T gmliG,0) T gwilia’,’)
is induced by the inclusion E(G’) = E(G)\ S < E(G). In this way, we get fs : Ji¢,p’) = J(G,p)> @ morphism
in Str(7g,n) corresponding to the étale specialization spg, with the property that, using the identification
(3.16), the face inclusion of cones

 REG) _ 5o
Lsu@,)fs): Ray ' = 0(Ji6,p1) = 0(Ti6.0)) = Reg
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is induced by the inclusion E(G’) = E(G)\ S — E(G).

We now define £([g]) = fs for any S C E(G) and we are done since any edge contraction in QDivg’n
with domain (G, D) is equal to [7tg] for a unique S C E(G) and any morphism in Str(7g’n) with codomain
J(c,p) and which is induced by étale specializations (between the geometric generic points of the strata) is
equal to fg for a unique S C E(G).

Automorphisms. By the definition of the morphisms in QDivg'n (see Definition 2.11), the automorphism

group in QDiV;n of an object (G,D) € QDiV;n is equal to
(3.18) Autgpyr (G,D) = Im((-): Aut(G,D) = Sg(g)) € Se(6),

where Aut(G, D) is the automorphism group of (G, D) in QDiv, , and Sg(g) is the permutation group on
the set E(G). Moreover, by the definition (3.9) of the functor Iy = , the homomorphism
gn

E(G)
rQDivg,,(_): AthDiv;n(G’D) — Autppcr (R5y7),
is given by the restriction of the natural action of Sg(g) on IRi)G) by permutation of the extremal rays (note

that indeed we have that Autgpcr (IR}ZEE)G)) = Sg(q))-

On the other hand, by the definition of the category Str(jg,n) and using the canonical identification
(3.15), the automorphism group in Str(jg,n) of the stratum J(g p) is equal to

Autgy, 7 )(«7(G,D)) = Im(ﬂft(j(c,p),ﬁ(c,p)) — AUt yon (NF(©)) = SE(G))-

&n

By (3.14) and the definition of the action of Aut(G,D) on *7(G,D) (see Lemma 3.7), the monodromy repre-
sentation Tfeft(j(G,D)I’?(G,D)) — Autyon (NEG) = Si(c) factors through the quotient 7'(?(«7(~G,D)r 1G,D)) =

Aut(G, D) corresponding to the (representable, finite and étale, Aut(G, D)-Galois) morphism J(G,p) — J(G,p)
followed by the homomorphism (-)} : Aut(G, D) — Sg (). Hence, we deduce that

(3.19) Autgy7 1 (TG) = Im((-);: Aut(G,D) - Sg(g)) € Se(G)-

Moreover, using the canonical identification (3.16) and the definition (3.8) of the functor Iy, = ), the

g,n)
homomorphism

E(G)
FStr(jq,n)(_): AUtStr(jg,n)(j(G,D)) — Autgpcf (IRzE) ),

is again given by the restriction of the natural action of Sg(g) on IRiE)G) by permutation of the extremal rays.
Hence, by comparing (3.18) and (3.19), we can define a canonical isomorphism

E(-): AUtQDivg”(G'D)_:’ AUtStr(7 )(\7(G,D))l

gn
which moreover satisfies (3.17) by what we said above. O
Remark 3.8. Let Str(mg’n) be the category of strata of the toroidal embedding (M, ,, C Mg,n). Analogously
to Proposition 3.6, there is an equivalence of categories
F 1 (8Gy ,)°PP —> Str(M,,)

(3.20)
G > MG;

such that I‘Sggn = rStr(jg,n) oF : (SggE,n)OPP —s RPC/ is the factorization of the category fibered in
groupoids fsggln of (2.10) through the quotient category Sggf’np - (S ggn)opp.
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Moreover, the two equivalences of categories (3.10) and (3.20) are compatible with the functor FF :
QDivy , — 8Gy , of (2.7) and the functor

Str(®): Str(T ) — Str(Mg,,)
\7(G,D) > MGst

induced by the toroidal morphism @ :7g,n — Mg,n (see Proposition 3.4(iii)).

4. Logarithmic tropicalization

The aim of this section is to define and study a logarithmic tropicalization map from a logarithmic
universal Jacobian to a universal tropical Jacobian defined over the category of logarithmic schemes.

4.1. The logarithmic universal Jacobian

Throughout the section, all logarithmic schemes (or stacks) are fine, saturated and locally of finite type
over the base field k. A logarithmic scheme (or stack) will be denoted by X = (X, ax : Mx — Oyx), or simply
by X = (X, My), where X is the underlying scheme, My is a sheaf of monoids and ayx : Mx — (Ox,-) is a
morphism of sheaves of monoids which is an isomorphism over the subsheaf (Oy,-) C (O, ) of invertible
functions. We will denote by My := My/ a;(l (O%) the characteristic monoid sheaf of X. The category of
logarithmic schemes (resp. logarithmic algebraic stacks) will be denoted by LSch (resp. LSta).

The forgetful functor from logarithmic algebraic stacks to algebraic stacks

LSta — Sta
X = (Xl MX) — X}

admits a right adjoint
Sta — LSta

X — X:=(X,0x <= Ox),
where Oy < Oy is also called the trivial logarithmic structure on X. The unit of the above adjoint pair of
functorsgives rise to a morphism of logarithmic algebraic stacks

(4.1) Ty : X = (X, My) — X =(X,0%)

for any logarithmic algebraic stack X.

As usual, the 2-category LSta embeds into the 2-category of categories fibered in groupoids over LSch by
sending X € LSta into HOM[g,(—, X). Observe that the category fibered in groupoids over LSch associated
to X is given by X(S) = X(S) for any S € LSch.

Definition 4.1. The logarithmic universal Jacobian, denoted by jgl,(;g, is the category fibered in groupoids
over LSch whose fiber over S is the groupoid whose objects are pairs consisting of

e a quasi-stable logarithmic curve X — S of type (g, n), i.e. an integral and saturated logarithmically
smooth morphism X — S such that the underlying morphism X — S is a family of quasi-stable
curves of type (g, n);

e an admissible line bundle £ on X.

Remark 4.2. Logarithmic curves (quasi-stable or not) have been characterized in [Kat00, Theorem 1.3]. In
particular, given a logarithmic curve 7t : X — S, the stalk of the characteristic monoid M x at a geometric
point x of X has one of the following forms:

° HX’X ~ Ms,n(x) if x is a smooth point of X — S which is not a marked point;
° HX’X = Ms,n(x) ®Nv if x is a marked point of X — S;
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Mg ()@ Na @ INB
(a+p="0y)

which is called the smoothing parameter of the node x.

) MX,X =

if x is a node of X — S, where 9, is a non-zero element of Ms,n(x)

Denote by /\/l n the algebraic stack of quasi-stable curves of type (g,7) and by M,y Og & the logarithmic

algebraic stack of qua51-stable logarithmic curves of type (g, 7). If we consider J ¢n and /\/l » as logarithmic
algebraic stacks (by endowing them with the trivial logarithmic structure, as explained above), then it is an
immediate consequence of Definition 4.1 that

(4.2) TeB =

— log,qs
T g X4 qSng.

In the next proposition, we will denote by M= the divisorial logarithmic structure on 7g,n associated
&n

to the normal crossing divisor ajg,n (see Proposition 3.36).

Proposition 4.3. The logarithmic universal Jacobian jgl,ong is representable by the logarithmic algebraic stack
(7g,n,M 97, ), i.e. we have an equivalence of categories fibered in groupoids
&n

| _
jgong ~ HOMLSta( X (jg,n'M87g,n))'

Moreover, the natural morphism leog of (4.1) is given by
on

TJ;,"g jlog( )_>7g,n(s) :73"”(5)
(X e S,L:) rd (K _>§;£)x

for any logarithmic scheme S.

Proof. The arguments in [Kat00] imply that M?’% s representable by the logarithmic stack (J\/lg n,M )
n

. log, 2,98 . . .
and that the natural morphism Y iog.qs : Mgoﬁ *® ./\/l;,n sends a quasi-stable logarithmic curve (X — S) €
&n

./\/llgOg’ % into its underlying family of quasi-stable curves (X — S) € ﬂqs (S)= qu (S).
The conclusion now follows using (4.2) and the fact that .7 g¢n is the pull-back of aM , via the smooth
morphism P9 : jg,n — J\/lg’,1 (see Proposition 3.3). O

Remark 4.4. (i) The decomposition (3.1) of 7&” into connected components induces the following
1
decomposition of jgf)ng into connected components

1 1 1
52| ] | [Ty M

deZ deZ

Explicitly, the stack jglong 4 parametrizes those objects (X — S, L) in j;f:qg such that for every geometric
point s of S the line bundle £ has total degree d on X..
(ii) The open inclusions in (3.2) induce the following open inclusions (for any universal stability condition

¢ € Vg,n)

log,spl  —spl 1 1 1 — 1
jg’ong’(zl)’ = j;?; 0, Mog qSCjog jog(¢)3: T on(h) % i Mog as.

Explicitly, the stack jgf)ng(qﬁ) parametrizes those objects (X — S,£) in jg,n such that for every
geometric point s of S the line bundle £, on X, is ¢-semistable, while the stack j;(:;%:(;l))l parametrizes

1
those objects (X — S, L) in jg,(;g such that for every geometric point s of S the curve X  remains

connected when we remove its exceptional components (resp. and the line bundle £ has total degree
d on X ).
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(iii) Proposition 4.3 implies that l(;g . IOg(Spl nd jgn (¢) are represented, respectively, by 7g,n,d’

—spl
T gn(d)
boundary divisors.

and 7g'n(¢), with the divisorial logarithmic structures associated to the normal crossing

The forgetful-stabilization morphism (3.4) induces a logarithmic forgetful-stabilization morphism

log @8®  loo gs sti8 ]
(4.3) P8 o8 —— Mow ¥ = Mgh,

where Mlgoﬁ is the logarithmic algebraic stack parametrizing stable logarithmic curves of type (g, #), which

is representable by (ﬂg,n,M o) by [Kat00], and the logarithmic stabilization morphism stl°8 is defined
gn

in [CCUW20, Section 8.4].

4.2. Lifting the universal tropical Jacobian

We next define a tropical universal Jacobian as a category fibered in groupoids over the category of
logarithmic schemes.

Definition 4.5. The tropical universal Jacobian over LSch, denoted by jigt;qu , is the category fibered in
groupoids over the category of logarithmic schemes such that the fiber over S is the groupoid whose objects
consists of

e a pair ([,/Mg ¢, D;) for each geometric point s of S, where I,/Mg , is a quasi-stable tropical curve over
Mg of type (g,n), i.e. a quasi-stable graph G(I}) of type (g, 1) (called the underlying graph) and a
(generalized) metric dr, : E(G(I})) — MS,S \ {0}, and D, is an admissible divisor on G(I});

o for every étale specialiiation f: t s of geometric points of S, a morphism of graphs 77 : G(I;) —
G(I}) such that (75).(D;) = Dy (so that 7 : (G(I), Ds) — (G(I}), Dy) is a morphism in QDivy ;) and
such that 77 is compatible with f* 5M5,s — Ms,t, i.e. such that for any e € E(G(I;)) we have that

- Tty contracts e if and only if f*(drs(e)) =0;
- if tg(e) = e’ € E(G(I})) then f*(dr,(e)) = dr,(€’).

trop Ft

We can define the subcategories j > J mp Spl , J. trOp((j)) (for any universal stability condition ¢ € V, ;) of

jg " by requiring that the fibers over S are the collections {(T /Ms Ds)}s as above with the extra property
that (G(I), Ds) belongs to, respectively, QDivy ,, 4, QDlV p 2y @Dive ().

The universal tropical Jacobian ‘7g;10p over LSch comes equipped with a forgetful-stabilization morphism
to the stack J\’T;Ep of tropical curves over LSch, as defined in [CCUW20, Definition 7.4J:

(Dtrop jtrop Mtrop
(4.4 (/Mg o, D)) +— {15/Ms, )
frp G G}, (! G - 6(r)7)

fitvos

fitvos
where [//Mg  is the stable tropical curve over M ; of type (g, 1) such that
e the underlying graph is G(I?') := G(I)™,
e the metric dps : E(G(I})*") — Mg\ {0} is defined (using the notation below (2.2)) by
dr (E) ifee Enex(G(rs)St)r
drsst(e) = s
dr(e')+dr(e?) if e € Eexc(G(I)™).
There is a close relationship between the universal tropical Jacobian j;f; P over RPCC (see Definition

2.14) and the above defined universal tropical Jacobian zt,rfp over LSch, that we now want to explain. As
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explained in [CCUW20, Section 6], there is an equivalence of 2-categories
(4.5) ar: {Cone stacks}i {Artin fans over k},

where an Artin fan over k is a logarithmic algebraic stack that is étale locally isomorphic to the stack
quotient of a toric k-variety by its big torus (endowed with its natural toric logarithmic structure). Explicitly,
the above equivalence a* sends a rational polyhedral cone o to

a‘o = [Speck[Sg]/Speck[Sﬁp]].

More generally, the equivalence a* sends the cone stack associated to a combinatorial cone stack W :C —
RPC/ (in the sense of [CCUW20, Section 2]) to the Artin fan which is equal to the following colimit in the
category of logarithmic algebraic stacks

(4.6) lg_r)zl[Speck[S\p(C)]/Speck[Sé,p(c)]],
€

where all the morphisms appearing in the above colimit are open embeddings.
We refer the interested reader to [ACMWI17, ACM*16, Ulil9, CCUW20, Uli2]] for more details on the
theory of Artin fans.

Proposition 4.6. The universal tropical Jacobian j;ffp over LSch is an Artin fan naturally isomorphic to

tro e
*Tam. and, moreover, we have ®'TOP = g*OP,

Proof. Our proof is a generalization of the proof of [CCUW20, Lemma 7.9]. Let S be a logarith-
mic scheme. Following the discussion after Definition 2.14 we may consider jgt,r; Pasa category over
ShpMon’. Then jtmp( I'(S,Mjs)) consists of pairs (I,D) with T’ metrized by the monoid T'(S,Mg).
We can therefore associate to S a natural map jtr p( I'(S,Ms)) — EZOP(S) that is given by associ-
ating to (I', D) in trOp( I'(S,Mjs)) the collection {(FS/MS,S, DS)L of contractions of (I', D) induced by
[(S,Ms) — Mg (for each geometric point s of S) together with the obvious morphisms 7y G(L) = G(I)
induced by the generalization maps Mg, — Mg, (for every étale specialization f: t ~»> s of geometric
points of S). This map is natural in S and therefore, since a*j;yr,? P is a stack, it induces a morphism
a jtrop jtrop‘

We argue that this is an isomorphism, i.e. that every {(I;/Ms,sx DS)} € J. trOp( S) lifts uniquely, up to
unique isomorphism, to an object in a*j;,r,? P Since both a*Jgt,r,? P and jg,n are stacks, this is an étale local
assertion on S. So we may assume that there is a geometric point sy of S and a chart ]\_/IS,S0 N I(S,Mg).

Using this homomorphism, we obtain a natural lift (I'",D’) € jtmp( I(S,Mg)) of {(FS/MS,S, DS)}s' This
lift is unique since the composition

Ten” (0(8,Ms)) = T (8) = Ty (s0) = Tg” (M,
is an isomorphism. Let {( /M., )} be the image of (I/,D’) in ;rnOp(S). Then, by [CCUW20, Lemma
7.8], the isomorphism (FS’J/MS’SO,D;(’)) =~ ( SO/MS,sosto) extends to an étale neighborhood of sy and so the
lift (I, D’) is unique up to unique isomorphism.

The second assertion, namely that ®'°P = g*®'°P_follows from the compatibility of this isomorphism
with stabilization. 0

Corollary 4.7. The universal tropical Jacobian jgt ¥ over LSch admits a stratification into locally closed subsets
(4.7) Tnt= || T&By
(G,D)eQDiv,,

with the property that .ZtGr(g)) is isomorphic to the classifying stack B(G,F(©)) := [Spec k/ Gp, E©) ]
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St .
Moreover, the poset of strata {JGer} is anti-isomorphic to the poset |QDiv, | of Definition 2.12,

i.e.

(G,D)eQDiv,, &n |

jt“’P cj“"P & (G,D) > (G, D) in|QDiv,, .

Proof. Using Proposition 4.6, it is enough to exhibit the desired stratification for a*jgt,ryi) P Using Theo-
rem 2.16(i) and (4.6), we get that a*jgtr,fp is equal to the following colimit in LSta

trop _ . E(G) E(G)
(4.8) a* Jon lim  [AM9]6, 9],
(G,D)eQDivgh

where the morphisms in LSta appearing in the above colimits are given as follows: to a morphism
7:(G,D) — (G,D’) of QDivy ,, we associate the morphism in LSta

7 [AE(G’)/GmE(G’)] - [(AE(G’) x GmE(G)\E(G’))/GmE(G)] N [AE(G)/GmE(G)]
induced by the map 7}, : E(G’) <> E(G) that identifies E(G’) with the subset of E(G) consisting of edges of
G that are not contracted by 7: G — G'.

Therefore, we get a stratification of a*];ﬁ? P into locally closed subsets by considering, for any (G, D) €
QDivy ,, the image in [AE(G)/GmE(G)] of the unique closed GmE(G)-orbit of AE©) namely j rop =
[O/GmE(G)] where 0 is the origin of AF(G),

Moreover, since the morphisms appearing in the colimit are open embeddings, we get (for any

(G,D),(G",D’) € QDivy,).

jtmp C jtmp & there exists a morphism 7 : (G, D) — (G,D’) in QDng,n
O
Remark 4.8. It follows from Remark 2.8, together with the fact that the maps appearing in the diagram

t
(4.8) are open inclusions, that the subcategories of jgﬁlop introduced in Definition 4.5 are Artin subfans,

t
hence open substacks, of jgjlop and they can be represented as

Ftrop _ «f ,trop Ftrop,spl ./ ,trop,spl ~trop trop
Temi =V Tgna) Temiay = (Tgniay ) and Ten"(9) =" (Tgn"(9)

Moreover, the colimit description (4.8) and the stratification (4.7) hold true for the above mentioned
subcategories provided that we substitute the category QDiv, , by, respectively, QDivg ,, 4, QDiVZp; (d) OT
ODivg,,(¢).

4.3. A modular tropicalization morphism
We can now define a modular logarithmic tropicalization map.

Definition 4.9. The modular logarithmic tropicalization map (for 7g,n) is the morphism of categories
fibered in groupoids over LSch (and hence of logarithmic algebraic stacks)

— . log =trop
(4.9) tropj;%a,. jg' j
defined (on objects) as follows. Consider an object (: X — S,£) € jlog( S). For every geometric point
s — S, we define a metric on the dual graph G(X) of the geometric fiber of X — S over s by
dr: E(G(X,)) — Mg s\ {0)
er— oy,

where 0,, is the smoothing parameter (in the sense of Remark 4.2) of the node 7, of X, corresponding to

e. The pair (G(X,),d;) defines a quasi-stable tropical curve over MS,S of type (g,n), that we denote by
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F(Ks)/ﬁs,s. We denote by deg(L;) the multidegree of the line bundle £;:= £x on X, which is naturally
an admissible divisor on G(X). Moreover, given an étale specialization f : t ~> s of geometric points of S,
the family 7 : X — S induces a natural morphism of graphs 7ty : G(X;) — G(X,) that is compatible with
f* :MS’S - Ms’t and such that (T(f)*(%([:s)) = %(ﬁt). Then we define

(4.10) 0P s (73 X — 5, £) i= ({r@s)/ﬁs,s, deg(L)} . {res : G(X) - G(X), M).

From the above definition of trop o5 the explicit descriptions of the maps ®log of (4.3) and QUIoP of
gn
(4.4), we get the commutativity of the following diagram

——log
trop
log Tgn ~trop
(4.11) Toof —— > T
l(plog l Ptrop
trop log
log Me,n T trop
Mgy Mg

Mgfgp is the modular logarithmic tropicalization map for Mg(jg defined in

where trop MO M‘lgoﬁ —
[CCUW20, Section 7.2] (where it is called tropicalization morphism and denoted by trop, ,).

Before proving the main properties of the map trop ngzg in the following Theorem, recall [ACMW]17,
Proposition 3.2.1] that for any logarithmic stack X (fine, saturated and locally of finite type over a base
field k) there exists an Artin fan Ay with faithful monodromy together with a natural strict morphism of

logarithmic algebraic stacks (that we like to call the functorial logarithmic tropicalization morphism of

A)
(4.12) tropy : X — Ay

that is initial among all strict morphisms to an Artin fan with faithful monodromy. Clearly, the map trop,
is functorial with respect to strict morphisms of logarithmic algebraic stacks, i.e. for any strict morphism
¢ : X — Y of logarithmic stacks there exists a strict morphism A(¢) : Ay — Ay of Artin fans that fits into
a commutative diagram

XL)/

tropy L l tropy,

Ay —= A
Y a7

Theorem 4.10.
— 1 —
(i) The modular logarithmic tropicalization map trop s jgf;g — jgt, WE s strict, smooth and surjective.
gn
(ii) The morphism of Artin fans

A(rop i)+ A gios = Age

is an isomorphism. In particular, we have a commutative diagram

og TR
og ) ~trop
(4.13) Ten T
tropjlOg L l trop Ftrop
&n gn
./4 log =~ A ~Ftrop

Tgn A(trop 1og) Tgn
&n
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(iii) There exist morphisms of Artin fans A(DTP): A@rﬂop — Aﬂgzp and A(D'8) .Ajgls;g — 'AMlg‘f% sitting

into the commutative diagram

tropj;,’%
1 /—\
(4.14) jgf’ng _ jg,rnOp A FUrop — Ajk,g,

trop]éoﬁg tropj;n"l’ & A(tropjéo;;;) gn

] Plog ] Ptrop A(atrop) A(q)log)
E(‘)E log tl‘Op —trop A(HBE log )

lo Mg ~tro Me,n Mg

Mg 1% M P —> A trop <———

lo

trop
pjg?r:g

where the first row is the diagram (4.13) and the second row is the analogous diagram established in [Ulil9,
Theorem 1.3] (building upon [CCUW20, §7.2]).
(iv) The two morphisms of logarithmic algebraic stacks

T log trop log
- Jgn log Jgn =trop

(415) jgrn jg,n jg,n

are compatible with the stratifications (3.6) and (4.7), i.e.

(t’rﬁjmg)‘l(igﬁ) = (sz;§)_1(ﬂG,D))

gn

Jor every (G, D) € QDivy .. In particular, we have that

— _1, Ftr 1 1=
o (60 ) (Tyrd) = Tyma =y (T gna) for amy d € 7.
— _1, ~trop,spl log, spl _1,~—spl
o (€10 oe) (T ) = gty = (Fios) ™ (T g )
° (tropjlog)_l(jgfl;?p((p)) = glf;g(qb) = (leog)‘l(jg,n((j))) Jfor any universal stability condition ¢ €
on on

Ven-

Note that the morphisms of logarithmic algebraic stacks ®°8 and ®'"°P are not strict, so that the existence
of the morphisms of Artin fans A(®"°P) and A(P!°8) in part (iii) does not come automatically from the
functoriality of the logarithmic tropicalization morphism trop .

Proof. Part (i) follows along the lines of the proof of [CCUW20, Theorem 7.12]. Given a quasi-stable tropical
curve [' over a monoid P together with an admissible divisor D on G(I'), we can always find a quasi-stable
logarithmic curve X together with an admissible line bundle L such that the dual tropical curve of X is equal
to I and the multidegree of L is equal to D. This shows that E‘T)E j;)”g is surjective.

In order to show that trop 7les 1s strict, we need to check that for every scheme S together with a morphism
gn

Mg — M of logarithmic structures, any diagram

1
(8, Ms) ——— N

|
- =t
(S, Mg) ——— Tgu"
has a unique lift as pictured. In other words: we have a pair (I'/, D’) consisting of a quasi-stable tropical
curve over (S, M) and an admissible divisor D’ on I'” and a pair (X, My, L) consisting of a quasi-stable

logarithmic curve (X, Mx) over (S,Mg) and an admissible line bundle L such that the family I’y of dual
tropical curves of X over S is the family I'/(S, M) of tropical curves that is induced from I"/(S, Mg). We
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wish to show that there is a quasi-stable logarithmic curve (X, Mj) over (S,M) and an admissible line
bundle L’ on X which induces both (X, L) over (S,Mg) and (I'’,D’) in A;ZOP(S,Mé). From the proof of
[CCUW20, Theorem 7.12] we obtain such an (X, My ) by modifying the logarithmic structure on (X, M)
and we set L’ = L in order to find an (X, My, L’) with the desired properties.

Since \Ztrnop is logarithmically étale over the base, we have that trop Jlog is logarithmically smooth, since

jg i is logarithmically smooth over k. Since trop s is also strict, the map trop s is smooth (in the
classical non-logarithmic sense), since strict logarlthmlcally smooth morphisms are automatlcally smooth.
Let us now prove part (ii). It follows from [Ulil9, Proposition 4.5] that A s is equal to the Artin
fan associated, via the equivalence (4.5), to the (combinatorial) cone stack TStr( Str(jg’n) — RPC/
of (3.8). On the other hand, since jgt,rn()p is the Artin fan associated to the (combmatorial) cone stack
Topiv,, : QDivgn — RPC/ of (2.11) (by Proposition 4.6), it follows from [Uil9, Cor. 4.6] that A Fuop is the
Artin fan associated to the (combinatorial) cone stack I (QDng 2)°PP — RPC/ of (3.9). Proposition
&n ’
3.6, together with the modular description of trop o5 implies that the map A(trop Jlog) : A s = A Frer is
gn on gn o
an isomorphism of Artin fans.
Let us prove part (iii). The commutativity of the left square of (4.14) has been already observed in (4.11).
We now define a morphism A(P"P): A 7uop = Agguop of Artin fans making commutative the central
an &n

square of (4.14). Consider the commutative diagram of combinatorial cone stacks

(4.16) (Topy, , : @DV — RPCS ) — (ngiv . (QDivE,,)°PP — RPC/ )
(Fsgz, : (5% )7 — RC/ )

gn

(rsgg,n : Sg;?np —> RPCf)

where the two horizontal arrows are the natural factorizations of I‘QDivg,n (see (2.11)) and FSQM (see (2.10))
through the quotient categories in Definition 2.11, the left vertical arrow is given in Theorem 2.16(ii) and the
right vertical arrow is the induced morphism. Passing to the Artin fans associated to the above combinatorial
cone stacks, we get the required commutative diagram

trop trop
=t gn
(4.17) T’ A gor
Ptrop l A(a“’op)
trop TioP
~tro g'”
Mg, Top
gn

where we used the description of QUIoP i Proposition 4.6 and Theorem 2.16(ii), the description of trop Frep
given in part (i) and the analogous description of trop e given in [Ulil9, §4.3].

Finally, since the morphisms .A(trop jlog) and A(trop Mgﬁ) are isomorphisms of Artin fans, there exists a
unique morphism A(P!°8) : A o = A Mot making commutative the right square of (4.14).

Part (iv): the first assertion follows from the modular description of Tj;;g given in Proposition 4.3 and the

definition of trop 7los The second assertion follows from the first one together with Remarks 4.4 and 4.8. [
gn
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5. Analytic tropicalization

The aim of this section is to describe the relation between the universal tropical Jacobian and the
analytification of the universal compactified Jacobian. In this section, we work over a fixed algebraically
closed field k on which we put the trivial valuation.

5.1. Analytification and functorial analytic tropicalization

In this subsection, we are going to review the definition of the (Berkovich) analytification of an Artin stack
and of the functorial analytic tropicalization map of a toroidal embedding of Artin stacks. We will mostly
follow the presentation and notation of [Ulil9] (that generalizes the previous works of [Thu07] and [ACP15])
although we will describe the tropicalization map in the special case of toroidal embeddings of stacks and
not for arbitrary logarithmic stacks.

Let X’ be an Artin stack locally of finite type over k. It is shown in [Ulil9, Section 5.1] (generalizing the
construction of Thuillier [Thu07] for schemes) that one can associate to &’ (in a functorial way) a strict
k-analytic stack X', i.e. a stack in the category of strict analytic k-spaces endowed with the G-étale topology
having representable diagonal and admitting a G-smooth atlas. We will call X~ the beth-analytification of
X.

We refrain from giving the definition of X7 (since we will not need it in this paper), but we recall that the
topological space associated to X~ admits the following explicit description

(5.1) |27| = {SpecR > &}/ ~,

where R varies among all the rank-1 valuation rings containing k and the equivalence relation ~ is
defined as follows: we say that SpecR — X is equivalent to SpecR’ — X if there exists another rank-1
valuation ring R” containing both R and R’, and a 2-isomorphism between the two natural morphisms
SpecR” — SpecR — X and SpecR” — SpecR’ — X. In particular, note that every point of X~ can be
represented by a morphism Spec R — X" where R is a complete rank-1 valuation ring with an algebraically
closed residue field.

The topological space |X=| admits an anticontinuous surjective map, called the reduction map, to the
topological space |X| underlying the stack X' which is defined by sending a point [¢ : SpecR — X] € X~ to
the image via ¢ of the special point 0 € R. More precisely, we have

redy : |X:| — |X|
5.2)
[SpecR — X] - [SpecR/mR — SpecR — X],

where myp, is the maximal ideal of R.

Remark 5.1. Note that if X" is proper then, by the valuative criterion of properness, we may describe the
topological space underlying X'~ as

(5.3) 27| = {Speck — X}/ ~,

where K varies among all the rank-1 valuation fields extending k with trivial valuation, and the equivalence
relation is defined as above. This is the underlying topological space |X?"| of the non-Archimedean
analytification X*" associated to X in the sense of [Ulil7, Section 2.3].

Assume now that we have a toroidal embedding of Artin stacks (U C X), locally of finite type over k.
Associated to (U C X) there is a canonical topological space X(X'), together with a canonical compactification
Y(X), and a functorial analytic tropicalization map trop%y : |X 2| = X(X), that we are now going to review
following [Ulil9] (which deals with the more general situation of logarithmic Artin stacks) and [ACP15] (which
deals with the special case of toroidal embeddings of DM-stacks).
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As in §3.2, consider the lisse-étale sheaves Dy and Ey over X such that, for every smooth morphism
V — X with V a scheme, Dy (V) (resp. Ex(V)) is the group of Cartier divisors on V (resp. the submonoid
of effective Cartier divisors on V) that are supported on V \ U where U := V xy U. Consider the category
of strata Str(X') = {W;} of the toroidal embedding &/ C X (as defined in §3.1) and pick a geometric generic
point w; in each stratum W;. By composing the functor (3.8) with the natural inclusion RPC/ c Top, we get
a functor

[y : Str(X) — Top
(5.4) Wi o(W;):= Hommon(EX,wﬂIRZO)l

(W; — W;) (a(wi) < o(wj)).

We can also upgrade the above functor Iy to a functor taking values on compact topological spaces as
follows. To any stratum W; € Str(X'), we associate the extended cone

E(Wi) = Hommon (EX,wiJRZO U {+°°})r

which is a canonical compactification of o(W;). Moreover, any morphism W; — W; in Str(X) induces
a surjective monoid homomorphism E Xw, = Ex,,, and hence it induces an extended face morphism
G(W;) < G (W;) of extended cones. In this way, we get a functor

Ty : Str(X) — Top
(5.5) W; +— a(W;),

(W; > W))— (3(W;) = T(W))).

The generalized cone complex Y(X) and the generalized extended cone complex X(X) (in the
terminology of [ACP15, Section 2|) of the toroidal embedding ¢/ C X’ are given by

(5.6) 2(X) := colimyyesir(x) 0(Wi) € T(X) := colimyy,egir(x) T (W)).

where the colimit is with respect to the two functors (5.4) and (5.5). We have a stratification into locally
closed subsets (see [ACP15, Proposition 2.6.2])

(5.7) ()= | | oWy /Hw cS(X)= | | F(W)/Hy,
W;€eStr(X) W;eStr(X)

where o(W;)? := Homp,on(Ex w,, R50) C 0(W;), 0(W;)° := Hompy,on (Ex,w,, Rsg U {+00}) C 0 (W;) and Hyy,
is the monodromy group of the stratum W;.

The functorial analytic tropicalization map tropy' : |X :| — %(X) is defined as follows. Consider
a point [ : SpecR — X] of |X=|, where R is an integral domain which is complete with respect to a
rank-1 valuation valg : R = Ryg U {co}. Let x be the image via i of the closed point of SpecR and
let W; be the toroidal stratum containing x. Since Ey is étale locally constant along each stratum W;
(see [ACP15, Proposition 6.2.1]), any étale specialization s : w; ~» x induces by pull-back an isomorphism

s*:Eyx = Ex w,, which is well-defined up to the action of the monodromy group Hy, on Ey .. Fix an
étale specialization s : w; ~» x and consider the chain of monoid homomorphisms

()" ¥y o pe | VAR
(5.8) Exw, — Exx — ((R\R)/R',-) =5 Ry U (oo}

where the morphism $ sends an effective Cartier divisor D with local equation f € (I’)\X,x at x to the
element 1/)ﬁ( f) € R (well-defined up to units) which is not a unit of R since x € Wj, and valy is induced by
the valuation valg : R = R5o U {oo} using that the units R* are the only elements of R having valuation
zero. Then tropf‘?([gb : SpecR — X]) is the image in ©(X) of the monoid homomorphism (5.8) which
is a well-defined element of o(W;)°/Hy,. The map tropy' is continuous, surjective and proper, and it is
functorial with respect to toroidal morphisms.
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Remark 5.2. The functorial analytic tropicalization map trop¥' has a section Jy : X(X) — |X :| such that
the composition

px =Jy otrop¥} : |X:| — |X:|
is a strong deformation retraction onto the non-archimedean skeleton of | X7, see [Thu07], [ACP15], and
[Uli19, Proposition 6.3], as well as [Ranl7, Section 2.6] for a generalization to toroidal Artin stacks.

5.2. Analytic tropicalization of the universal Jacobian

By applying the construction of the previous section §5.1 to the forgetful morphism @ : J on = Mg 1

which is toroidal by Proposition 3.4(iii), we get the following commutative diagram of continuous maps of
topological spaces

trop%“g L
(5.9) 7] (T gn)
o I
trop3l
3 Mgy —— —
Ml — I(Mg)

Remark 5.3. The decomposition (3.1) of 7g'n into connected components induces the following decomposi-
tion into connected components

|_|d€Z P _ _
trop%‘ |~7gn I_I |jgnd| jg”d I_I Z(sjg,n,d) = Z(jg,n)

deZ deZ

Moreover, we have that

_ 1 —3
° |(\7;p,3)3| can be identified with the closed subspace red— (|;7sp |) |jg,n ;

° 5(7;}311) is a generalized extended cone subcomplex of Z(j an);

o (trop%1 )~ ( Spl ) | :| and trop?”, 7 3|.
g

o is the restriction of tropj to |(j )
an

gn

Analogous statements hold for 7gn(q5) for any universal stability condition ¢ € Vg ,

The aim of this subsection is to describe the above diagram in terms of tropical geometry. First of all, let
us introduce the relevant tropical objects.

Definition 5.4 ((Quasi-)stable (extended) tropical curves).

(1) A (quasi-)stable (resp. extended) tropical curve I' of type (g, n) is a (quasi-)stable graph GI') of type (g, 1)
together with a metric dr : E(G(T')) — Ry (resp. dr : E(G(I')) = Ry U {0}).
(2) The stabilization of a quasi-stable (resp. extended) tropical curve I' of type (g, n) is the stable (resp.
extended) tropical curve I'*' of type (g,7) such that
e the underlying graph is G(I'!) := G(T)*,
e the metric dpst : E(G(I')) = R.q (resp. dpst : E(G(I')) = Ry U {o0}) is defined (using the notation
below (2.2)) by

dl"(a ifee Enex(G(r)St)r
drst(e) = 1 5 . ¢
dr(e')+dr(ec) if e € Eqyo(G(I)™).

. . . t
We now introduce the generalized (extended) cone complex associated to Jg rop.

Definition 5.5.
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(1) The generalized (resp. extended) cone complex associated to jgtr,;) P is defined as the colimit

E(G
(5.10) o= lim  RAVCToP= lim (ReoUfeo))
(G,.D)eQDiv,, (G,D)eQDiv,,,

which are obtained as colimits in the category of topological spaces Top of, respectively, the diagram

PP QDlVg n

(5.11) Tot,, - Q@Divgs —— RPC/ C Top,

where FQDngn is the functor (2.11), and its natural extension

to
I‘Q&V . QDlVg — Top,

(5-12) (G,D) = (R U {+e0})"(),
(71 :(G,D) —> (Gf,Dr)) — ((IRzo U {+OO})E(G’) < (Ryg U {+Oo})E(G))}

using extended cones.
(2) We denote by ®'°P the forgetful-stabilization morphism of generalized (resp. extended) cone
complexes

—trop

(5.13) JomP Ten

l trop l Ptrop
E(G)

trop . E(G) —trop .
Mgy = COhmGeSgg_,, Ry ——=M,, = cohmGesgg'n RS,

induced by, respectively, the morphism of diagrams
(Topiy,, : @Divgy — RPC/ ) - (Tsg, , : SGgt — RPC )

described in Theorem 2.16(ii) composed with the inclusion RPC/ c Top, and its natural extension
using extended cones.

Remark 5.6. From the definition (2.11) of the functor I‘Qpivgm : QDivg?np — RPC/, it follows that the
morphism Iopiy (70) : IRi)G,) < IRigG) in RPC/ induced by a morphism 7 : (G,D) — (G/,D’) in QDiv, ,
depends only from 7t} : E(G’) < E(G). This implies that the functor FQDng’n factors through the functor

FQDiVE of (3.9) and hence that ];r;)p can also be described as the colimit of the diagram
gn

| D
QDiv: 1
(5.14) rgg’l : ODivIEP —, RPCf ¢ Top,
g n

Similarly, the functor ftgogivgn of (5.12) factors through a functor
—t .
(5.15) Tomyr ©(QDivE, )™ — Top
g,ﬂ

whose limit is T;EP
Note that J. ;r,(;p (resp. Térzp) naturally parametrizes pairs (I', D), where I is a quasi-stable (resp. extended)
tropical curve of type (g,7) and D is an admissible divisor on the underlying graph G(I'). Therefore, using

<t
also the presentations (5.10), Jg eP and | gfzp have a stratification into locally closed subsets

t =t
(5.16) Jew = || Jemlen= || Tob

(G,D)eQDiv,, (G,D)eQDiv,,
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trop

where ] =~ ]REE)G)/Aut(G,D) (resp. T(tgog) = (R U {o0})E(9)/ Aut(G, D)) is the locus parametrizing pairs

(T,D’) e ] rOP (resp. fgt,rsp) such that (G(T'), D’) = (G, D). Moreover, since the maps appearing in the colimits

are face inclusions (and hence closed embeddings), we deduce that, given (G, D), , € v
5.10 f: 1 dh losed embedding ded hat, g G,D),(G’,D’) € QDi
we have that

g

t t —trop —trop ) . .
(5.17) Joron Sliap © o €TiGp) © (GD) 2 (G, D’) in |QDivg , |
Similarly, gr,(; (resp. M, am ) naturally parametrizes stable (resp. extended) tropical curves of type
(g,n) (see [BMV1]] and [ACP15]) and, moreover, the map ®'"°P sends (I, D) € | ;ZP (resp. € T;rzp) into the
stabilization It € M;fl (resp. € M Op) of T.
Remark 5.7. Similarly to Definition 5.5, we can define ] r Op (¢) ] ;22, ];:P(’ds)pl C ftgr(:lp(;)p : and
J trop(qb) Jg Toe p(¢) for any universal stability condition ¢ € V, ;,, by replacing QDiv, , with, respectively,
QDivy .4, QDlVg
to these new generalized (resp. extended) cone complexes.
From Remark 2.8 and Definition 5.5, it follows that:

(d) and QDiv, ,(¢). The stratification (5.16) and its modular description extends easily

e we have a decomposition into connected components
trop trop —trop trop
= [ Dz e | [Tena =Tea"
deZ deZ

trop, spl —trop,spl, . .
]ngF() ds)p ( J gr;)}z;)p) is a generalized (resp. extended) cone subcomplex, and hence a closed

t —tI'Op
subspace, of ]gfz’r()@ (resp. J o 0 a))-
o Jga" () (resp. 7;2"(@) is a connected generalized (resp. extended) cone subcomplex, and hence a

closed subspace, of] o |¢| (resp. ]g " |¢|)
We now define a modular analytic tropicalization map.

Definition 5.8. The modular analytic tropicalization map (for 7g’n) is the map

—trop

(5.18) twopy - |_ — T

defined as follows. Consider a point [SpecR - 7g’n] € |7g:n|, where R is an integral domain which is
complete with respect to a rank-1 valuation valg : R — R U{co} and having an algebraically closed residue
field, and let (C — SpecR, £) be the induced family of quasi-stable curves endowed with an admissible line
bundle. On the dual graph G(Cy) of the special fiber C; of C — SpecR we consider the metric

VlR

(5.19) de: E(G(C;)) — ((R\RV/R’,-) = Ry U {oo}
e— [f]

where f, is an element of R, well-defined up to units and which is not a unit, such that an étale local equation
for C at the node 7, of C is given by xy = f,, and valy is induced by the valuation valy using that the units
R* of R are the only elements of valuation zero. The pair (G(C;),d¢) defines a quasi-stable extended tropical
curve of type (g, 1), that we denote by I'(C;), and we set

(5.20) E‘T)ﬁ%lg’”([SpecR—>7g,n]): (T(Cy), deg (L)) €T g
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From the above definition of trop%1 and the explicit descriptions of the maps @ of (3.3) and ®'°P of
gn
(6.13), we get the commutativity of the following diagram (of set-theoretic maps)

EBB%Z —tro
g p
(5.21) 72| Jom
|(1):| j trop
—3 Ea_ﬁmng-n —trop
(M| o

i —3 —
where trop% : |Mg n| — M;r,(;p is the modular analytic tropicalization map for M, , defined in [ACP15,
gn 4 4

Section 1.1] (and therein called the naive set-theoretic tropicalization map).

Note that we hetve similar diagrams with 7g’n and T;rzp replaced, respectively, by either 7; nd J tmp'spl,
or J¢(¢) and ]gfgp((p) for any universal stability condition ¢ € V, ,
an

The main result of this subsection is an identification of the modular analytic tropicalization map trop=
gn

with the functorial analytic tropicalization map trop2®
&n

Theorem 5.9.

(i) There are canonical isomorphisms \ij : 2(73911) 5 t

o and \I/f (T an) i P of respectively,
generalized cone complexes and generalized extended cone complexes

— P— —2 —t
(i1) Using the above isomorphism V= , the map trop%1 T gul =7 gr;)p coincides with the map trop%n
&n &n 4 4 gn

—3 [ — _ — —
1T g ul = (T gn), ice. tropajng = \I]?gn otropz . In particular, trop%n is continuous, surjective and
proper. ‘

(iii) Diagram (5.21) coincides with Diagram (5.9), i.e. we have the following commutative diagram

trop%‘g'n
U
—3 [p— Tgn —trop
(5.22) [T o] == E(T g) —— Jgn
rop?
gn
[os o o
trop2® W
J— g —_ — Mg,n —trop
M| (M) —— Mg,
tFIAE)E%g,n

— = —t
where \I’ﬂgﬂ 1 X(Mg,) > M gf;)p is the isomorphism of generalized extended cone complexes constructed

in [ACP15, Theorem 1.2.1(1)].
(iv) The two maps

ed> trops
- g —3 Tgn —trop
(5.23) | T g T gn| = Tgm

are compatible with the stratifications (3.6) and (5.16), i.e.
_1(=tr -
(iop7, ) (o) = (red7,, )" (1o
Jor every (G, D) € QDivy .. In particular, we have that
— t =
b (tropajr; ) 1( ngP;l) |jg,n d| redjgln) 1(|\7gnd|)f07 any deZ.

 (trop7, )" Ty = (T e = (redz )" (I7 gy i)
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trop

o (op7 ) (Tgm
PeV,,

Parts (i), (i) and (iii) for 7g’n(qb), in the special case n =1 and for specific choices of ¢ € V, ,,, have been

)) = |7g,n(¢):| = (redjg’n)_1(|7g,n(cj))|) for any universal stability condition

proved by Abreu-Pacini in [AP20, Theorem 6.9]. Both their proof and ours follow the blueprint provided by
[ACP15] and go by giving an explicit description of the toroidal stratification (see Proposition 3.6 above).

Proof- Let us first prove part (iv): consider a point [SpecR - 78””] € |7g: .|, where R is an integral domain
which is complete with respect to a rank-1 valuation valg : R — R U {oo} and having an algebraically
closed residue field k, and let (C — SpecR, £) be the induced family of quasi-stable curves endowed with an
admissible line bundle. By (5.2), we have that

(5.24) redz ([SpecR — Tgul) = (Cs, L) € T g u(k)

where s is the special point of Spec R. On the other hand, by Definition 5.8, we have that
— t

(5.25) tropy; | (ISpecR = Tgul) := (T(Cy), deg(Ls)) € Tgn

where I'(Cy) is the quasi-stable tropical curve of type (g,7) whose underlying graph is G(C;) and whose
metric is the metric de in (5.19). In particular, we have that

(5.26) (G(Cy), deg(Ls)) = (G(T(Cy)), deg(Ls)).
By combining (5.24), (5.25) and (5.26), and recalling the definition of (g, p) from Proposition 3.4(i) and of

—=tro

J (G,g) from (5.16), we conclude that (for any given (G, D) € QDivy ;)

J— — t —
[SpecR — jg,n] € (trop%; )" (](mp & [SpecR — jg n] (red7g'n) 1(|\7(G,D)|).
The last assertion follows from what we already proved together with Remarks 5.3 and 5.7.

Part (i) follows immediately by combining Remark 5.6, the definitions (5.6) and Proposition 3.6.

Let us now prove part (ii), using the notation already introduced in the proof of parts (iv) and (i). Fix
(G,D) € QDivg ,, such that (Cg, L;) € J(G,p)(k). From the the proof of Proposition 3.6 (see (3.13) and
the deformation-theoretic arguments that precedes it), it follows that we have a canonical identification
E~7(G,D)'(Cs"cs) = INE(G(C)) and that the monoid homomorphism appearing in (5.8)

NCCC L5 (R\RVR, )

is induced by the morphism E(G(Cs)) — (R \ R*)/R* that sends e € E(G(Cy)) into [f,] € (R\ R*)/R* where
fe € R\ R" is such that an étale local equation for C at the node #, is given by xy = f,. We deduce that the
monoid homomorphism

l:bv . val
INE(G(C)) — E Jon(CoL)— ((R\R )/R?, ) —5 R U {oo}
is induced by the metric d¢ : E(G(Cs)) — Ry U {oo} of (5.19). From this, it follows that the isomorphism
\Ijjg,n constructed in (i) sends the element tropafn . ([SpecR — 7g,n]) €06(G,D)°/H,p) C E(jg,n) to the

tropical curve trop%1 ([SpecR - jg n]) € ]tmp-
s&n

Part (iii): the commutativity of the upper triangle is proved in part (ii), the commutativity of the lower
triangle is proved in [ACP15, Theorem 1.2.1(2)], the commutativity of the left square has already been observed
in (5.9), and the commutativity of the right square follows from the commutativity of the diagram (5.21)
together with the surjectivity of the map trop . O

gn
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6. Fibers of the universal tropical Jacobian and examples

6.1. Fibers of the universal tropical Jacobian
In this subsection, we will study the "fibers” of the forgetful-stabilization morphism
Ptrop . jgt,r;p MU’OP'

tr trop

More precisely, we will describe the fiber product of ®°P : jgtr,? P — Mg,y 'oF with a morphism o 5 M

induced by a stable tropical curve I over o € RPC.

Definition 6.1. Let /o be a stable tropical curve over ¢ € RPC and let G := G(T') € SG ¢n be its underlying
stable graph. The Jacobian cone space of T/o is the (combinatorial) cone space Jacg,, associated to the
category fibered in groupoids

QDivY? — RPC/
given by the following:

e To any object (G,D,p) € QDivg, we associate the following fibered product over ¢ of rational
polyhedral cones over o:

CGDp):= || cGDpri= []| (oxw,Reex || o

ecE(G*t) e€E,.(GY) e€E o (GSt)

where the fibered product (0 xg_, IR;O)e is with respect to the following morphism of cones: the
morphism IRio — Ry is the addition map that sends (a,b) into a + b, while the morphism 0 — Ry
is dual to the following morphism of toric monoids

SIRzO =N— Sm
1 +— dg(pg(e)),

where pr(e) € E(G) is the inverse image of e € E¢,(G™) via p : G > G* and dg: E(G) — S, is the
generalized metric corresponding to the tropical curve I'/o.

e Let 1 : (G,D,p) = (G’,D’,p’) be a morphism in QDivg. For e € E(G™) and ¢’ € E(G*') with
e = (1*");(¢’) we have non-zero maps C(n), . : C(G',D’,p’). = C(G, D, p), such that the following
holds:

- If e and ¢’ are either both non-exceptional or both exceptional then C(7), , = id;
- Otherwise, we must have that ¢’ € E(G’%") and e € E..(G®) and we define

C(n)e’,e: 0 — (G X]Rzo lRio)e

to be induced by the i-th face inclusion R5g «— lRio where i = 1,2 is the index such that ¢’ is

3—i

not contracted by 7 (while ™" is necessarily contracted by 7).

We associate to 7t the morphism

= || cte.: c(6.pp)— C(G,D,p)
e€E(G™)
e eE(G’“)

induced by the C(m),

1
In a similar way, we can define Jacg, ;, ]ac%l;a’ @ °F Jacg,, (¢) using, respectively, the full subcategories

. . 1 . .
QDlVa PR QDlV%), @ or QDlVg((p) of QDive.
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= T
Theorem 6.2. Let I' be a stable tropical curve over 0 € RPC and let 0 — M;rzp be its modular morphism. Then
we have a cartesian diagram

- trop
]acl"/a &n

l trop

r tro
0O ——> Mg, np

Proof. Observe that by Definition 6.1, there is a natural morphism Jacy,, — o and moreover, for any
morphism u : T — o in RPC, we have that 7 %, Jacg,,, = ]acu*(f/g). Hence, in order to show the statement,
it is enough to show that there is an isomorphism of groupoids

= t
Jacg, (0)— (a X pptrop jg’rrfp)(a),
between the fibers of Jacy,, — 0 and of o X, trop jgtr,? P o over the identity.
gn
By Definition 6.1, an object of Jacg, (o) consists of the datum
(G,D,p,s 10— C(G,D,p)),

where (G,D,p) € QDiVE and s is a section of the morphism C(G,D,p) — ¢ such that its image is not
contained in any proper face of C(G,D,p). By the definition of C(G,D,p) — o, giving such a section
s:0 — C(G,D,p) is equivalent, passing to the dual toric monoids, to specifying a collection of ordered
pairs of non-zero elements of S,

{10,121 +12 = delpp(e)] gy

The above collection of ordered pairs determines a tropical curve I'/o such that G(I') = G and the metric
dr: E(G) = S, is given by

dr(e) := dp(pg(e)) if e € Eqex(G),
dr(e'):=1 if e € Eoyo(G®) and i=1,2.

Moreover, by the above definition of I'/o, the isomorphism of graphs p : G = G* induces an isomorphism

p:T%/c = T/o of tropical curves over . Hence, we get an object
. st = = trop
(F/G,D,p /o — F/G) € (G X pqlrop Tgn )(‘7)-
Moreover, again from Definition 6.1, a morphism
(6.1) (G.D,p,s:0 - C(G,D,p))— (G, D,p',s": 0 - C(G',D’,0))

in ]acf/ 0(0) consists of the datum of an isomorphism 7 : (G’,D’,p’) — (G, D, p) in QDiV@ with the property
that s” = C(7t) o s. In terms of the collections of non-zero elements of S, associated to the objects in (6.1)

{8,121+ 12 = dr(pi(e)) _, o 2nd {212y 12 +12 = dr((p")(e))

the compatibility condition s” = C(7t) o s on sections translates into the equalities in S,

e/EEEXC(G/St)’

l(’;-(st)*E(e) =1, foranyi=1,2.
This condition then implies that 7t : (G’,D’,p’) — (G, D, p) gives rise to a morphism in (0 X, rop gt’r;P)(a)
g,”
(I/o,D,p:T%/0 ST/0)— (I'/0,D',p" : I"/5 ST /o)

between the objects associated to the two objects in (6.1).
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Putting everything together, we obtain a morphism of groupoids

Jacg,, (0)—> (0 X o0 Ty )(0),

(6.2) _
(G,D, p,5:0 — C(G,D,p)) > (F/G,D,p T — F/a).

Since the above construction can be reversed, it follows that the morphism (6.2) is an isomorphism and we
are done. 0

6.2. The universal tropical Jacobian as a topological stack

The aim of this subsection is to construct a topological realization of ®P : 7, , rop M;Zp and to study
its fibers.

As explained in [CCUW20, Section 5.3], we can extend (2.9) to a morphism of real cone stacks (i.e.
geometric stacks over the category PC of (non necessarily rational) polyhedral cones):

(63) q)trop,IR . jgtrr(z)p’lR Mtrop IR’
As in [CCUW20, Proposition 5.9], the fiber of the above morphism over a given o € PC can be described as

follows:

o Jomn Hop, ]R( ) is the groupoid of pairs (I', D) consisting of a quasi-stable tropical curve I of type (g, 1)
w1th edge lengths over the dual cone 0V, i.e. a quasi-stable graph G(T') of type (g,7) endowed with a
generalized metric dr : E(G(I')) — 0¥ \{0}, and D is a divisor on G(T) such that (G(T), D) € QDivy ,;

° Mtrop ]R( ) is the groupoid of stable tropical curves T of type (g, 1) with edge lengths over the dual
cone 0", i.e a stable graph G(T) of type (g, ) endowed with a generalized metric d : E(G(T)) —
o\ {0}

o OPR(5) sends (T, D) € jtmp (0) into the stabilization I't € thp IR( ) of T, which is defined
by setting G(I'®") := G(I')** and dps : E(G(T)) — oV \ {0} equal to (usmg the notation below (2.2))

dr(e) if € € Enex(G(I)™),
drst(e) = 1 5 X ¢
dr(e’)+dr(e”) if e € Eexo(G(I)*).

R R ,spl, R R
In a similar way, we can define PtropR . 7 gtr;’g thp , ptrop R, 7 gtr; Fd?p Mtrop and @tropR.
trop, R trop R
Tan' (@) = Mg
Gomg one step further as explained in [CCUW20, Section 5.4], we can take the topological realizations of
the above real cone stacks obtaining a morphism of topological stacks (i.e. geometric stacks over the category
Top of topological spaces):

(64—) |q)tr0p|: |\7gt’fr?P| |Mtr0p .

It follows from [CCUWZ20, Lemma 5.1] that at the level of points, i.e. taking fibers over the topological space
* with one point we have that:

| tmp tmp IR(IRZO) is the groupoid of pairs (I', D) consisting of a quasi-stable tropical curve
r of type ( gn ) w1th real edge lengths, i.e. a quasi-stable graph G(I') of type (g, ) endowed with a
metric dr : E(G(I')) = R, and a divisor D on G(I') such that (G(I'), D) € QDivy ,;
|thp (%)= thp 1R(IRZO) is the groupoid of stable tropical curves T of type (g,7) with real edge
lengths, i.e. a stable graph G(T) of type (g, 1) endowed with a metric dg: E (G(T)) = Rop;

. |®tr0p|(*) = PP R(R, ) sends (T, D) € jtmp (%) into the stabilization 't € thp IR( *) of T.
In a similar way, we can define |®"°P| : | gtr: 3 |Mtr0p , |<I)tr°P| |j trop, slDl| |thp| and

|q)trop| . |jgtrr?p |Mt1'0P _
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i t tro trop, R
We now want to describe the fiber of |CDtr°p| : |jg,r,?p| |M P over a tropical curve Te Mgy rOp (%).

Definition 6.3. Let T € ./\/ltmp IR( *) be a stable tropical curve with real edge lengths and let G := G(T) €
S8Gg,n be its underlying stable graph. The Jacobian topological space of T is the topological space Jacy

obtained as the colimit associated to the functor
QDwgp—epr
defined by
e to any object (G, D, p) € QDivg, we associate the following polytope (seen as a topological space)

PGD,p):= || PGDpLi= [] [0dpen]x [] *

ecE(G*t) e€E.,.(G%Y) e€E o (G*Y)

where pr(e) € E(G) is the inverse image of e via p and d : E(G) > R is the metric corresponding
to the tropical curve T.
e to any morphism 7 : (G, D, p) — (G',D’,p’) in QDive, we associate the morphism

= || P0e.:P(G,D"p)— P(G,D,p)
e€E(G™)
e eE(G’St)

where the possibly non-zero maps P(n), ., : P(G’,D’,p’),, — P(G,D,p), are those for which e =
(7*');(¢’). In this case we have that

- if e and ¢’ are either both non-exceptional or both exceptional then P(r), , = id;

- otherwise, we must have that ¢’ € E,(G’%!) and e = e,, € Eoy(G®) for v € Vy.(G) and we define

P(Tc)e’,e ke [O’ d(PE(E)]
{0 if e! is contracted by 7,
* —>

d(p}(e))  if €2 is contracted by .

o spl
In a similar way, we can define Jacg ,, ]acfp

T,(d)
. 1 . .
QDIVS?E @) or QDIVE((P) of QDive.

or Jacr(¢p) using, respectively, the full subcategories QDivg 4,

Theorem 6.4. LetT € |./\/ltr0p IR|( *) be a stable tropical curve with real edge lengths and let* 5 M rOp| be its
associated modular morphism. Then we have a cartesian diagram

]acr | trop
‘ l |(Dtrop|
* Lo |MgeP

Proof. The proof is similar to the proof of [CCUW20, Proposition 5.12].
We can choose a rational polyhedral cone ¢, a map of cones u : R,y — o and a stable tropical curve
I'/o over o such that G(I') = G(I') and the metric dy of T is equal to the following composition

— ~  d
dp: E(G(D)) = E(G(T)) = Sy <= 0¥ —> (1R>o) =Ry
T
This is equivalent to saying that the morphism of real cone stacks Ry — Mtgfzp’m corresponding to the
tropical curve T € |Mtr0p ]R|(*) = Mtgrf,)zp ’IR(IRZO) factors as

trop, R
IR>0—> 0—> Mqn P
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. T trop,R trop, R
where the last morphism o — /\/lgr;p corresponds to the tropical curve T seen as an element of Mgy (o).

r
Since the fiber of ®'°P over o — Mg,n is equal to Jacy,, — o by Theorem 6.2, we get that the fiber of

r trop, R .
OroPR gver Ryg — Mgr,zp is equal to
R5g X, |0 % najtrOpIR =Rsg X, (Jacs )IR—>1R
>0 MEP >0 %o (Jacg,, >0
where (]acf/g)]R is the real cone space associated to Jacy, .

Passing to the associated topological stacks, we get that the desired fiber |[®°P|~1(T (T) is equal to the fiber

over 1 € [R5 —> |o| of the morphism of topological spaces |]acr/ | = |o|, which is equal to Jacy as it

follows by comparing Definitions 6.1 and 6.3 and the fact that u (F) T by construction. U

We now want to relate the Jacobian topological space Jacy of Te |thp R|( *)

variety Pic(T) = | |;e7 Pic?(T) associated to T. Recall (see e.g. [MZ08]) that Pic?(T) parametrizes linear
equivalence classes of divisors of degree d on T and that, by the tropical Abel-Jacobi theorem, we have an

with the tropical Picard

isomorphism

1R

4. Pic?(T)—> Jac(T @
Ar' Pic%( )— Jac(T') := HE.2)

In particular, Pic?(T) is a real torus of dimension equal to b,(T) := dim H, (T, R).

Theorem 6.5. Lei T € |Mtr0p ]R|( *) be a stable tropical curve with real edge lengths and let G:=G()e SGqgn
be its underlying stable graph.

(i) There exists a surjective degree preserving continuous map
ap: Jacg — Pic(T)

P(G,D,p) 3 (x¢)eck, (G) F Z Px., * Z

ve Vexc ) ve Vnex G)

where py, s the point of T at distance X, from p{, (v).

(ii) For any geneml universal stability condition ¢ € V, ,,, the above map restricts to an homeomorphism

ap(¢): Iacf((p)—:> Picl?l(T).

Part (ii) has been proved by Abreu-Pacini [AP20, Theorem 5.10] using a slightly different language. In
fact, in a sequel to this paper we show that the natural map from jgtr,? P the universal tropical Picard variety
TroPicy,, 4 is a proper subdivision of cone stacks. This will, in particular, imply that the map ag(¢) is a
polytopal subdivision.

Proof- Let us prove part (i). Arguing as in [AP20, Theorem 5.10], it can be proved that, for any (G, D, p) €
QDiV@, the restriction map
(ap)p(G,p 0 P(GD,p)— picdes(D )(F) =, ]ac(f).

Aieg D)

is affine, and hence continuous. Since Jacg is defined as the colimit of the polytopes P(G,D,p), as (G,D,p)
varies in QDivg, it follows that ap is continuous. The map af preserves the degree since D(v) = 1 for every
V € Vexc(G). Finally, the fact that af is surjective follows from the fact that every divisor D on T is linearly
equivalent to an admissible divisor on a quasistable model of T'.

Part (ii): the map a(¢p) is continuous by part (i) and it is bijective by [AP20, Theorem 5.6] (also see the
sequel, where we generalize this), and it is a homeomorphism since Jacy(¢) is compact (being a colimit of

polytopes) and Picl?|(T) is Hausdorff (being a real torus). U
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Remark 6.6. The isomorphism of Theorem 6.5(ii) induce an admissible polytopal decomposition of the real
torus Picl?/(T) (depending on the chosen ¢) which coincides with the Namikawa decomposition studied in
[CPS19, §5.3] (generalizing the decompositions studied in [OS79, §6)].

By combining Theorem 6.4 and Theorem 6.5(ii), we obtain the following

Corollary 6.7. For any general universal stability condition ¢ € Vy ,, the fiber of the forgetfull-stabilization
morphism (6.4) of topological stacks (6.4)

Iq)tr0p| | trop | |Mtr0p .
trop, R . . . - ¢]
over a point T € |M |(*) is canonically homeomorphic to Pic/?!(T).

Remark 6.8. Using Theorem 6.4 and arguing as in [AP20, Theorem 5.14], it can be proved that the fiber of
the forgetful-stabilization morphism (5.13) of generalized cone complexes

t t
Ptrop. ]gfflp N Mgf?lp

over a point Te M;Zp is homeomorphic to ]acf/Aut(f).
In particular, using Theorem 6.5(ii), it follows that, for any general universal stability condition ¢ € V, ;,
the fiber of the forgetfull-stabilization morphism (5.13) of generalized cone complexes

Ptrop. ]trop(¢) N Mggp

is canonically homeomorphic to P1c|¢|( T)/ Aut(T).

6.3. Canonical stability condition and break divisors

For every hyperbolic pair (g, 1) and every degree d € Z, we can define the log-canonical stability condition

qbcan c Vd
can(y) = zg_dﬁ(zh(v)— 2 +val(v)
for G€ GS,,, and v € V(G).

When 7 = 0, as explained in [KP19, Remark 5.14], the stack 7g,0((])“m) is isomorphic to Caporaso’s
universal compactified Jacobian [Cap94, Cap08], which is studied in detail in [Mel09], [BFV12], [BMV12],
[MV14], BMV12], [BFMV14], [CMKV15], [CMKV17] and is, in turn, isomorphic to Pandharipande’s universal
compactified Jacobian [Pan96] (see [EP16]). Note that in this case ¢“*" is general precisely when d — g +1
and 2g — 2 are coprime (see [Cap94, Proposition 6.2] and [KP19, Remark 5.12]).

In the case d = g and 1 = 0, the tropical shadow of these constructions has been discovered independently
in [ABKSI14] under the name break divisor. An admissible divisor D on a quasi-stable graph G of type (g,0)
is said to be a break divisor, if there is a spanning tree T of G as well as a map ¢: E(G)-E(T) = V(G)
such that ¢ (e) is adjacent to e and

D= Zh(v)+ Z Ple) .
veV(G) e€E(G)-E(T)

Such a break divisor is automatically of degree g, since ¢ = b1(G) + )_,cy () h(v). By [CPS19, Lemma 5.13],
an admissible divisor is ¢;"-stable if and only it is a break divisor. So Theorem 6.5 (and thus [AP20]) also
recovers the main result of [ABKSI4] stating that every divisor of degree g on a metric graph I' has a unique
break divisor representative. In Figure 3 we show the induced polyhedral decomposition of Pic,(I') in the
fiber over a stable tropical curve of genus whose underlying graph is a theta-graph (without vertex weights).

Remark 6.9. Let X be a smooth projective curve over a non-Archimedean field K and let A" be its stable
model over the valuation ring R. The fiber product X' x; J,(¢“") is a proper polystable model for the
8

degree ¢ Jacobian J,(X) of X. One may now argue as in [BUI8] and use the combinatorial description of the
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Figure 3. The break divisor decomposition of the Jacobian of the theta graph.

strata from Section 3 above to identify the non-Archimedean skeleton associated to this polystable model
(in the sense of [Ber99]) with the tropical Jacobian ] ;Op(I‘X) of the tropicalization I'y of X. This constitutes
another path towards the main result of [BR15] saying that the skeleton of the Jacobian is the Jacobian of the

skeleton.
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